Chinese Physics C  Vol. 51, No. 12 (2026)

®Department of Biosciences, Saveetha School of Engineering, Saveetha Institute of Medical and Technical Sciences, Chennai, 602105, India

Quark Stars in f(7,7) Gravity: Structure, Stability,
and Observational Constraints®

Takol Tangphati'?' Izzet Sakalli¥  Sayantan Ghosh®* 167
'School of Science, Walailak University, Thasala, Nakhon Si Thammarat, 80160, Thailand
Research Center for Theoretical Simulation and Applied Research in Bioscience and Sensing, Walailak University,
Thasala, Nakhon Si Thammarat 80160, Thailand
3 Astrophysics Research Centre, School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal,
Private Bag X54001, Durban 4000, South Africa
*Physics Department, Eastern Mediterranean University, Famagusta 99628, North Cyprus via Mersin 10, Turkey
Department of Physics and Astronomy, National Institute of Technology Rourkela, 769008, India

Ayan Banerjee* Aseel Smera

"Hourani Center for Applied Scientific Research, Al-Ahliyya Amman University, Amman 19328, Jordan

Abstract: Quark stars, hypothetical compact stars composed entirely of deconfined quark matter, provide a well-
defined testing ground for extensions of general relativity. We study their structure in f(T,7") gravity, a teleparallel
theory in which torsion is coupled directly to the trace of the energy—momentum tensor via a single constant coup-
ling. Using the standard MIT bag model of quark matter, we solve the modified stellar structure equations and exam-
ine how the mass, radius, compactness, and surface redshift vary as the coupling is changed across its full admiss-
ible range. The maximum mass depends nonmonotonically on the coupling: it increases above the general relativist-
ic value, peaks near 2.02 solar masses at a moderate positive coupling, and then decreases sharply as the coupling
approaches a critical value at which the structure equations become singular. The two-solar-mass pulsar constraint is
satisfied within a finite range of positive couplings. We also show that, for the linear model with matter Lagrangian
L,, = p, the stellar equations of this theory map term by term onto those of f(R,7) = R+247 under g = -24, so that
the enhanced-mass region studied here corresponds to the negative-4 branch of the curvature-based theory. All con-
figurations on the candidate stable branch identified by the turning-point criterion satisfy causality and remain be-

low the standard general relativistic compactness and surface-redshift benchmarks.
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I. INTRODUCTION

Compact stars are the densest objects that can be dir-
ectly observed, and therefore serve two purposes: they
probe the behaviour of matter at densities inaccessible to
laboratories, and they test gravity in the strong-field re-
gime. Over the past decade, the observational situation
has improved dramatically. The gravitational-wave event
GW170817 provided the first direct measurement of the
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tidal deformability of neutron-star matter [1, 2]. Radio
timing of PSR J0740+6620 established that any accept-
able model must support at least two solar masses [3],
and NICER X-ray observations provided a simultaneous
mass—radius measurement for the same pulsar [4, 5]. At
the extremes of the mass distribution are the “black wid-
ow” pulsar PSR J0952-0607 with M ~2.35M, [6], the
2.6 M, secondary of GW190814, whose nature remains
debated [7], and the unusually light central compact ob-
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ject in HESS J1731-347 with M ~ 0.77 M, [8]. Together,
these observations define a set of targets that any theory
of dense matter, or of gravity, must address.

One long-standing possibility for the interiors of such
objects is quark matter. If strange quark matter is the true
ground state of hadronic matter, as conjectured by Wit-
ten and by Farhi and Jaffe [9, 10], then self-bound quark
stars can exist [11, 12]. The simplest quantitative descrip-
tion of such stars is the MIT bag model [13], in which
confinement is represented by a constant vacuum pres-
sure B. More refined treatments are based on perturbat-
ive QCD at high density, a programme that goes back to
the pioneering calculations of Freedman and McLerran,
Baluni, and Toimela [14—17] and has now reached par-
tial N3*LO accuracy [18—23]. Interpolations between the
perturbative regime and stellar densities yield quark-mat-
ter equations of state that can be confronted directly with
pulsar and gravitational-wave data [24—27]. At the densit-
ies relevant to stellar cores, quark matter is also expected
to pair, most symmetrically in the colour-flavour-locked
phase [28—32], and quark or hybrid configurations have
been proposed as explanations of both GW190814 and
HESS J1731-347 [33-36]. Quark stars have likewise
been used as test beds for modified gravity, for instance
in 4D Finstein—Gauss—Bonnet gravity [37] and in
Rastall-Rainbow gravity [38]. Related programmes have
treated quark stars in the curvature-based counterpart
f(R,T) gravity [39] and in its matter-Lagrangian exten-
sion f(R,L,,T) gravity [40]; the present work extends
this line of trace-coupled constructions to the torsional
sector. The trace-coupled curvature theory has now been
applied to a broad range of stellar matter, from strange
and compact configurations [41, 42] to density-depend-
ent bag descriptions [43] and realistic nuclear equations
of state, including magnetized neutron-star matter [44]
and relativistic mean-field models confronted with
GW170817, pulsar timing, and NICER data [45].

On the gravity side, teleparallel theories provide an
attractive alternative starting point. In the teleparallel
equivalent of general relativity, the dynamical variable is
the tetrad and gravity is encoded in torsion rather than
curvature; promoting the torsion scalar 7 to an arbitrary
function f(T) gives a modified theory whose field equa-
tions remain second order [46—49]. Relativistic stars are
known to exist in f(T) gravity [50], although the choice
of tetrad requires care: for nonlinear f(7T'), a diagonal tet-
rad in spherical coordinates generates spurious con-
straints, and one must instead use a “good” (rotated) tet-
rad or, equivalently, the covariant formulation with a
nontrivial spin connection [51, 52]. A further extension
couples the geometry directly to matter. On the curvature
side, this leads to f(R,7") gravity [53]; its torsional coun-
terpart, f(T,7) gravity, was introduced by Harko, Lobo,
Otalora, and Saridakis [54], where 7 is the trace of the
energy—momentum tensor. The trace coupling makes the

theory nonconservative, V,0*, # 0, which opens qualitat-
ively new phenomenology. The f(7,7) framework has
since been studied in many settings: late-time cosmology
and dynamical-systems analyses [55—59], gravitational
baryogenesis and Big Bang nucleosynthesis constraints
[60, 61], thick branes [62], black-hole thermodynamics
[63], wormholes [64—66], gravastars [67], charged fluids
with gravitational decoupling [68], and anisotropic
strange-star models based on prescribed metric ansatze
[69-T71].

For isotropic compact stars obtained by direct integra-
tion of the stellar structure equations, however, the avail-
able results remain limited. Pace and Levi Said derived a
working TOV model for quark stars in f(7,7) gravity
and solved it with the MIT bag model [72]; they later
treated neutron stars in a perturbative scheme [73]. Their
quark-star study, however, retained a nonzero cosmolo-
gical constant, adopted the strange-quark-mass-corrected
bag parameter w = 0.28, and explored only a few negat-
ive values of the coupling through single-star mass pro-
files. A nonperturbative treatment with the conformal bag
equation of state is still missing, as are a systematic max-
imum-mass scan over the full admissible range of the
coupling, including its positive branch, and a direct con-
frontation with the modern observational bounds listed
above. Since a positive § corresponds to a negative coup-
ling in the curvature-based description, as we show in
Sec. II C, this is also the region that the f(R,7") stellar lit-
erature has largely left aside. This gap is addressed here.

In this paper, we derive the modified Tolman—Oppen-
heimer—Volkoff (TOV) equations for the linear model
f(T,7)=T+p7 with matter Lagrangian £, = p, solve
them numerically for the conformal MIT bag equation of
state, and scan the coupling over the full admissible range
B€[-10,12.25]. Our field equations were cross-checked
with independent computer-algebra software. The central
result is that the maximum gravitational mass M,.x(B) is
non-monotonic: it peaks at 2.021 M, near S~ 3.10 and
collapses as B — 4r, where the pressure equation devel-
ops a singular denominator. The 2M, pulsar constraint
then selects the window S € (0,~5.5).

The paper is organised as follows. Section II sets up
the action and field equations. Section III derives the
modified TOV system and states the equation of state.
Section IV collects the stability criteria, and Sec. V de-
scribes the numerical method and its validation. The res-
ults are presented in Sec. VI and discussed in Sec. VII.
Throughout, we use geometrised units G =c =1 and the
metric signature (—, +,+,4+).

II. FIELD EQUATIONS OF f(7,7) GRAVITY
A. Action and geometrical setup

Teleparallel gravity and its generalisations are formu-
lated in Weitzenbock geometry, in which the tetrad e*, is
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the dynamical variable and the metric is a derived quant-
ity,

gu=mpe' e,  e=det(e’,) = V=g (1
where n,p = diag(—1,1,1,1). Greek indices y,v,... denote
spacetime coordinate labels, whereas capital Latin in-
dices A,B,... denote tangent-space labels. The
WeitzenbOck connection is curvature-free; hence, all

gravitational information is encoded in the torsion tensor

A _ A A A B A B
T ) =ey (B#e y—0e" +wipe”, —wipe ,,),

@)

where w? s denotes the inertial spin connection. The con-
torsion tensor and superpotential are defined as

K", = —% (T, - T, ~T,"), 3)
1
S = 3 (K", +84T% =6, T™",), 4)
and the torsion scalar is
T=STF,. 5)

When the teleparallel Lagrangian is generalised to an
arbitrary function f(7,7") of the torsion scalar and the
trace 7 = @, of the energy—momentum tensor [54], the
total action is

S= L/d“xef(T,‘T)+/d4xe£m, (6)
16r

We use geometrised units, G=c=1. The matter
energy—momentum tensor is defined by varying the mat-
ter action with respect to the tetrad,

16 .
®AV = <e‘£ ) > ®HV = eA# ®VA' (7)
e oefd,
For the stellar interior, we assume a perfect fluid,
©, =diag(-p,p,p,p), T =-p+3p, (®)
and adopt the matter Lagrangian
L,=p. )

The choice of £, is not merely cosmetic: it determines
the variational response of the energy—momentum tensor

that enters 67 and, consequently, the form of the trace-
coupling term in the field equations.

B. Field equations

We vary Eq. (6) with respect to the tetrad ¢*,. The
elementary variations are

6e=eeA“5eA#, Sest = —egtes” 5éb,. (10)

The variation of the torsion scalar, integrated by parts us-
ing 0, fr = frr0,T + frr0,T , generates the purely gravita-

tional terms

eipSp’“'ﬁﬂTfTT + ei’)Sp”"ﬁﬂTfrq—

+e '0,(eelS ) fr+ el T WS  fr.  (11)
Writing 7 = g"'©,, and defining
50 »PL
(var) — _aB o _ _ _ ap m
uo 6g”v - 2®MV + gﬂvLm 2g 8gl”8g"ﬁ ’ (12)

Adopting £,, = p and assuming 8°p/dg"*dg® = 0, we find
that the trace-coupling contribution yields the matter-
coupling term

fr

_T(eiﬂ(avﬂ +pe,~v>. (13)

Setting the coefficient of ée', to zero yields the f(T,7)
field equations,

ei”S[,“VaﬂTfTT + el‘pSpHVaﬂTfor + e_] 6#(6’ ei”Sp“")fT

eiv v v
+e' T WS  fr— Zf— fg (&'1@ 1tpe )

= —4ne'®",.

(14)

We work in the pure-tetrad formulation, with wp, =0.
For the linear model f =T +B7 (a =1 by normalisation,
and ¢ =0 because it is dynamically negligible on stellar
scales), consistency of the stellar equations requires

8n—B#0, l6n-78+0, w(l6m-78)+B#0, (15)

the latter reduces to S8 # 4x for w = 1/3.

C. Relation to f(R,7") gravity

The torsion scalar and the Ricci scalar differ by a
boundary term, 7 = -R— B, with B=(2/e)d,(eT"™,). For
a gravitational sector linear in 7, this boundary contribu-
tion does not affect the field equations. Thus, the telepar-
allel field equations reproduce those of general relativity,
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and the two descriptions differ only in the variables in
which they are written [74—76]. It is therefore natural to
ask what the trace-coupled model f(7,7)=T+B7 adds
to f(R,7)=R+2A7 [53]. We address this question expli-
citly here.

For a perfect fluid with £,, = p, the curvature-based
theory gives the effective source

2
per=p+——(Tp-p), (16)

2
peﬁ—p+§(3p—5p), o

and, upon imposing dp/dp = w in the contracted Bianchi
identity, the hydrostatic coefficient

8m+21
2[(8+2)+51- 1/ w]

47+ A
w=1/3 4Q2r+ )
(17)

Kr(D) = —

A comparison of Egs. (16) and (17) with Egs. (21)—(26)
shows that the two systems coincide term by term under

B=-24. (18)
The pressure-gradient coefficients satisfy  K(-22)=
Kr(1), and the radial pressures entering Eq. (21) are
identical. Moreover, the algebraic closure (24) repro-
duces e B = 1 = 2me/r With mey = [ 477 peq dir, with both
the term linear in M and the term proportional to the bag
constant matching identically. The singular surfaces also
map onto one another: B =4x corresponds to A= -2,
precisely where Kz diverges.

Two consequences follow, setting the scope of the
rest of this paper. First, within the linear model with
L,, = p, the physical content of our results is determined
by the parameter range rather than by the choice of geo-
metric variable, and the numerical values reported below
may be interpreted in either language. Second, the map
reverses orientation: the positive-f region, where the
maximum mass is raised and the two-solar-mass window
opens, corresponds to A < 0. Existing f(R,7") stellar stud-
ies have concentrated on A >0 [41, 42, 77], and the earli-
er f(T,7) quark-star work [72] considered only 8 <0, so
the branch examined here has not been explored from
either side. The correspondence is also specific to the
present case. A nonlinear f(7,7 ) leaves the boundary
term in the field equations, and the two families separate
[78]; the same separation occurs once a matter Lagrangi-
an other than £,, = p is adopted [79].

III. STELLAR STRUCTURE IN £(7,7) GRAVITY

A. Modified TOV equations

We assume a static, spherically symmetric spacetime,

ds* = —"dr? + P dr? + PdQ?, (19)
where the subscript m in B,, distinguishes this metric
function from the bag constant B. In the pure-tetrad for-
mulation with a vanishing inertial spin connection
w*p, =0, we employ the rotated good tetrad compatible
with the metric (19) [50, 52]. For this tetrad choice, the
torsion scalar is given by

2¢~Bn

T(r)=- 2

(1-e®) (1= +rA"),  (20)

where a prime denotes differentiation with respect to 7.
Using the rotated good tetrad ensures the consistency of
the pure-tetrad field equations and avoids the spurious
off-diagonal constraints that arise from the diagonal tet-
rad in nonlinear f(7') models [51].

Projecting’ Eq. (14) onto the metric (19) for
f=T#+BT, with a perfect-fluid source and £, = p, we
obtain

’ B —e b :Br
Al =er 7+87Tpr+?(p—7p) , (21)
dp _ B-8m)wA’(p+ p) 22)
dr ~ w(16x=78)+f8
M
M _ g, (23)
dr
with the algebraic closure
s M_ 7
e =1+—=3X+=¢, (24)
r 3
where
38 SBw
E=-24———-—) 25
T8 8n 25)
& = 10BwBym, (26)

and By, is the bag constant in geometrized units. Equa-
tion (22) follows from the contracted Bianchi identity ap-
plied to the effective source. Because the trace coupling
renders the theory non-conservative for B # 0, the hydro-
static equilibrium equation differs from its general-re-
lativistic form and reduces to it only in the limit 8 — 0. In
this limit, Egs. (21)~(24) reduce to the standard
Tolman—Oppenheimer—Volkoff system [80, 81].

For the conformal equation of state, w = 1/3, the de-
nominator of Eq. (22) simplifies to
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w(16m—1B)+8 = §(4n—ﬁ), 27

Thus, the only singular value associated with the hydro-
static equation is 8 =4m~ 12.57; no regular solution ex-
ists at this value, and it is therefore excluded. The factor
(16w —7pB), which appears in the intermediate form of the
conservation law before the equation of state is imposed,
does not, by itself, produce a singularity or a sign change
in the full denominator.

B. Equation of state

We model the quark-star interior using the conformal
MIT bag model [10, 13],

1 1
ng(p_él'B)’ g’ (28)

w =

S

with B=60MeVfm=. The stellar surface is defined by
the condition p(R) = 0. Outside the star, the matter sector
vanishes; hence 7 =0 and the model reduces to TEGR.
The exterior geometry is therefore exactly Schwarzschild,
e Bn|.r =1-2M/r. Following the operational prescrip-
tion adopted by Pace and Levi Said [72], we identify the
terminal value M(R) of the integrated mass function (23)
with the mass parameter of this exterior solution and use
it to construct the mass—radius sequences.

Throughout this work, we adopt the conformal MIT
bag equation of state with w = 1/3. This choice enters the
hydrostatic equation (22) and the closure (24) directly;
holding it fixed therefore isolates the stellar response to S
from its response to the microphysics, as appropriate for
an initial scan of the coupling. The trade-off is that a self-
bound conformal bag star cannot reach the masses of the
heaviest observed pulsars, a limitation to which we re-
turn in Sec. VII. Stiffer descriptions are available and
have been used in trace-coupled curvature theory, includ-
ing a density-dependent bag parameter [43], relativistic
mean-field matter [44, 45], and the unified interacting
quark equation of state with its perturbative-QCD correc-
tion [82, 83]. Each of these raises the maximum mass
already in general relativity and would shift the window
quoted below; we consider this separately rather than in-
corporating it into the present scan.

IV. STABILITY ANALYSIS

Within the one-parameter equilibrium sequence, the
onset of instability is identified by the first maximum of
M(p.) [84]. Configurations with dM/dp. >0 define the
candidate stable branch identified by the turning-point
criterion, whereas those with dM/dp. <0 beyond M,
are unstable. The full radial perturbation equations in
f(T,T) gravity have not yet been derived. Moreover, in a
non-conservative matter—geometry coupling, neither the

pulsation equations nor the applicability of the general-re-
lativistic turning-point theorem can be assumed to carry
over unchanged. Therefore, the criterion is used here as a
diagnostic rather than as a proof of dynamical stability,
and a complete Sturm—Liouville pulsation analysis is re-
served for future work. In the curvature-based theory, the
corresponding calculation has been carried out, and the
radial spectrum of R+ 217 stars was found to be consist-
ent with the turning point of the equilibrium sequence
[77, 85]. Through the correspondence of Sec. II C, that
result covers the linear model treated here, providing a
reason to expect the diagnostic to be reliable, although it
is not a substitute for deriving the pulsation equations in
the torsional variables.
The conformal bag EOS yields

dp 1
2= S =, 29
=273 (29)

which' is constant, independent of £, and satisfies both
causality (¢? < 1) and the Le Chatelier condition (c? > 0)
for all p > 4B. This independence from S reflects the fact
that ¢? is determined entirely by the equation of state,
which does not depend on the gravitational coupling. The
p-dependence of dynamical radial stability is a separate
issue and is addressed here only diagnostically through
the turning-point criterion discussed above.
The effective adiabatic index [86] is

ptp ,_ptp _ Ap-B)

I'= c = .
p ' 3p 3(p-4B)

(30)
For all physically admissible configurations (o > 4B),

4
F>§ < 3B>0,

€2))

which holds identically. Since dI'/dp = —4B/(p—4B)* <0,
the central value ', =T(p.) is the minimum of " within
the stellar interior. Thus, I'. > 4/3 implies that this condi-
tion holds throughout the star for all admissible . This
provides a local matter-stability diagnostic; however, it
does not, by itself, establish the absence of exponentially
growing radial modes in the trace-coupled theory.

V. NUMERICAL METHOD AND VALIDATION
We integrate Egs. (21)—~(24) from ry = 10~*km, with
TT
initial conditions M(r) = ?rgpc and p(ro) = p(p.), using
the SCIPY RK45 integrator with relative and absolute
tolerances of 10719 and 107'2, respectively. The surface
p(R) =0 is located using an ODE event. Maximum-mass

configurations are identified using the turning-point
method: a sign change of dM/dp. from positive to negat-
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ive over a 300-point density grid p.€[200,
3000]MeV fm~ identifies the coarse turning point, which
is then refined on a 400-point local grid over
+100MeV fm=.

We apply a six-level validation protocol before con-
ducting any production run.

1. GR-limit gate: At B =0, the solver reproduces an
independent GR MIT bag solution with AM =
1.816x 1073 M,,.

2. Tolerance convergence: The output remains stable
under a two-order-of-magnitude tightening of the ODE
tolerances.

3. Density-grid convergence: the results remain stable
when the central-density grid is doubled to 600 points.

4. GR benchmark: The GR maximum mass MSR =
1.964 M, at B=60MeVfm™ agrees to within 1% with
published MIT bag model results [11, 12].

5. Admissibility guard: The singular surface B8 =4 is
identified and flagged before integration.

6. Cross-check: An independent evolution of p(r)
agrees with the primary p(r) evolution to within ~ 10713,

The reduced stellar equations were cross-checked us-
ing independent computer-algebra software, and the nu-
merical implementation was validated against an inde-
pendent TOV integration.

VI. RESULTS

A. Mass-radius relation and stellar stability

The mass—radius sequences for g € {-10,-5,0,3,5,10}
are displayed in Fig. 1; the corresponding M—p./B se-
quences are shown in Fig. 2. Filled circles indicate the
maximum-mass (turning-point) configuration on each
candidate stable branch, whereas faded lines denote the
unstable branch (dM/dp. < 0).

The maximum mass varies non-monotonically with £.
The asymmetry between the negative and positive bran-
ches is examined in Sec. VI C and Sec. VII. For 8 <0, the
coupling suppresses M., below the GR value: M, =
1.549 M, at §=-10 and 1.765M, at B=-5 (Table 1).
The GR limit (8=0) yields My,=1964M, at
R =10.71km, consistent with standard MIT bag results
[11]. At B =3, the maximum mass increases to 2.021 M,
exceeding the 2 M, threshold [3]. At 8 =35, it decreases to
1.985M,, and at B =10, it falls sharply to 1.162M,, re-
flecting the approach to the singular surface at g = 4r.

The central density at M, increases with p:
oM /B =16.03 at B=-10, 19.25 at =0, 21.25 at B =3,
and 36.19 at 8 =10 (Table 1).

B. Compactness and surface redshift

The compactness C=M/R (in geometrized units,
G =c =1) along the candidate stable branch is shown in
Fig. 3. For all configurations, the compactness remains

2Mo limit
2.00

1.75}|

1.50

GW170817

S
s 1.25
=
1.00|
0.75} K
o
s = B=0(GR)
0.50 K 7 —_ §:3 1
sasi B=5
== B=10
0'257 8 9 10 11 12 13
R [km]
Fig. 1. Mass-radius relation for quark stars in f(T,7)=

T+p7 gravity using the conformal MIT bag EOS
(B=60MeVfm=, w=1/3) for ge{-10,-5,0,3,5,10}. This
set includes g =3, corresponding to the location of the M,
peak identified in Fig. 5, so that the peak configuration is dir-
ectly visible in the mass—radius plane. Solid lines indicate the
candidate stable branch identified by the turning-point cri-
terion (dM/dp. > 0), whereas faded lines indicate the unstable
branch. Filled circles mark the maximum-mass configuration.
The dashed horizontal line indicates the 2 M, observational
threshold. The shaded contours show the GW170817 posteri-
or [2] derived under hadronic-EOS priors; their overlap with
quark-star sequences is shown for orientation only.

below the standard GR Buchdahl benchmark,
C=4/9~0.444 [87]; the peak compactness is C =0.279
at g =3.

The surface gravitational redshift,

) AN
%= (1 -?) -1=01-20)"*~1,

(32)
is shown in Fig. 4. The calculated surface redshifts also
remain below the commonly quoted GR reference value
of z,=0.85 [88]. At M., the redshift ranges from
7z, =0.354 (B=-10) to z,=0.503 (8=3); the complete
set of values is provided in Table 1. The enhancement of
Az; =0.026 at 8 =3 relative to GR could, in principle, be
observed through spectroscopic measurements of surface
absorption lines [89].

C. Non-monotonic dependence of M., on f§

Figure 5 shows the results of a dense scan over
B €[-10,12.25] with step size AB=0.25. The curve rises
from M. =1.549M, at B=-10, crosses the GR refer-
ence near 8 =0, reaches a maximum of M, =2.021 M,
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2.00

1.75}| 1
1.50 1
o
s 1.25¢ 1
=
1.00F ]
0.75F -
— B=—10
7 p=-5
I — B=0(GR)
0.50 —_pe3 ]
= B=5
——= =10
025 10 20 30 40 50
Pc/B
Fig. 2. Gravitational mass M as a function of the dimension-

less central density p./B for the same parameter set as in Fig. 1.
Solid lines indicate the candidate stable branch identified us-
ing the turning-point criterion; faded lines indicate the .un-
stable branch beyond the turning point (filled circle).

at S~3.10, and then decreases steeply, falling below
2 M, near 8 ~ 5.5 and approaching zero as 8 — 4x~.

The non-monotonic profile cannot be attributed to a
sign change at 8=16n/7. As shown in Eq. (27), for
w = 1/3 the denominator of Eq. (22) reduces to §(47T -8,
whose only zero is at 8 = 4.

B-8mw  B-8n
w(1671-TB8)+B  4(4n—p)

KPp) = (33)

reduces to the general-relativistic value —1/2 at =0 and
increases steadily in magnitude for 8 > 0, reaching mag-
nitudes that are 1.16 and 2.95 times the GR value at =3
and B = 10, respectively. Thus, the coupling does not en-
hance the maximum mass by slowing the pressure fall-
off. Instead, the non-monotonicity emerges from the com-
bined influence of the trace coupling on the pressure

Table 1.

gradient (22), the metric potential (21), and the algebraic
radial-metric closure (24). These competing effects are
resolved only through the numerical solution of the full
coupled system.

The trade-off among these effects can nevertheless be
inferred directly from the coefficients. At w =1/3, the

1
closure (24) contains X =-2+8/6x and &= ?ﬂBkm. A

positive f therefore has two simultaneous effects: it re-
duces |Z| below its general-relativistic value of 2, weak-
ening the mass term in e~ and adds a positive & contri-
bution proportional to the bag constant. Both effects in-
crease e ®». Consequently, the interior metric becomes
shallower than in general relativity, and a given central
density supports more mass before the turning point is
reached. Opposing this behavior is K(B), which steepens
the pressure fall-off and reduces the stellar radius. For
moderate positive f, the two closure terms dominate,
which is why M,,.x rises to 2.021 M, near 8~ 3.10 while
the radius remains close to its general-relativistic value
(Table 1). Beyond that point, the balance shifts. The de-
nominator 47r—B in (22) decreases toward zero, |K|
grows without bound, and the pressure drops so rapidly
with radius that the surface is reached before much mass
has accumulated. The star contracts, p™*/B increases
from 21.25 at =3 to 36.19 at =10, and M, col-
lapses toward zero as 8 — 4x~. The turnover is therefore
the intersection of a closure effect that saturates and a
pressure-gradient effect that diverges.

VII. DISCUSSION AND CONCLUSIONS

We have studied quark stars in f(7,7) =T +B7 grav-
ity with the conformal MIT bag EOS at B = 60MeV fm™.
The maximum mass M (8) is non-monotonic in f: it
peaks at 2.021 M,, for B~ 3.10, exceeding the GR value
by AM =+0.057 M, (+2.9%), and is suppressed as the
singular surface § =4n is approached. The conventional
2 M, pulsar requirement [3] is satisfied for B8 € (0,~5.5);
thus, a moderate positive trace coupling is compatible
with this observational threshold within a finite interval.
However, the peak mass M,,,, =2.021 M, does not reach
the central mass estimate of PSR J0952-0607,

Key stellar parameters for the maximum-mass configuration of f(T,7) =T +p7 quark stars with B=60MeVfm~ and

w=1/3. Here, C = M/R (in geometrized units) and z; = (1 —2C)~'/> - 1. All values are obtained from a refined turning-point search.

B Minax (Mo) R (km) P /B C 2
-10 1.5494 10.0655 16.030 0.22729 0.35406
-5 1.7648 10.4433 17.245 0.24953 0.41288

0 (GR) 1.9641 10.7121 19.249 0.27073 0.47677
3 2.0206 10.7115 21.253 0.27854 0.50258

5 1.9853 10.5545 23.282 0.27775 0.49989

10 1.1615 8.4581 36.189 0.20277 0.29700
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Fig. 3. Compactness C = M/R (in geometrized units) as a

function of gravitational mass M along the candidate stable
branch identified by the turning-point criterion for each f.
Filled circles indicate the maximum-mass configuration. All
configurations remain below the standard Buchdahl compact-
ness benchmark in GR, C =4/9 ~ 0.444.

L L L

0.0 . . . .

1.4
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M[Mo]
Fig. 4. Surface gravitational redshift z, = (1-2C)"'/?~1 as a

function of M along the candidate stable branch identified by
the turning-point criterion. All configurations remain below
the commonly quoted GR reference value z, = 0.85 [88]. See
Table 1 for values at M.

M ~235M;, [6]. Accommodating such a high mass
would require either a stiffer quark-matter equation of
state, additional microphysical effects, or an extension of
the present one-parameter model; we identify this as a
direction for future work rather than a result established

2.2

.

1.0 L= Mot ]
: W Peak: = 3.10, Mgy = 2.021 Mo
==+ GR(B=0): 1.964M,
----- 2Mg threshold
0.8 -10 -5 0 5 10
B
Fig. 5. Maximum gravitational mass M,,,, as a function of
the | trace-coupling parameter JS for quark stars in

f(T,7)=T+pT gravity (B=60MeVfm™, w=1/3). Each
point is obtained from a refined turning-point search. The
green dashed line indicates the GR reference value
(MSR =1.964 M,,), and the black dotted line denotes the 2 M,
threshold. The grey dashed vertical line marks the singular
surface p=4n~12.57. The red star indicates the peak at
B~3.10, M. =2.021 M,, which is the central result of this

work.

here. All configurations on the candidate stable branch
are causal, satisfy I > 4/3 analytically, and remain below
the standard GR compactness and surface-redshift bench-
marks. The non-monotonic behaviour cannot be attrib-
uted to a sign change of the factor (167rz7ﬁ): for w=1/3
the denominator of Eq. (22) reduces to §(47T -pB), and the

pressure-gradient coefficient (33) increases monotonic-
ally in magnitude for 8 > 0. Instead, the turnover reflects
the competition among the coupling's effects on the pres-
sure gradient, the metric potential, and the algebraic clos-
ure, and is established here numerically rather than ana-
lytically.

The correspondence established in Sec. II C places
these numbers in a broader context. Under 8= -24, the
peak occurs at A~ —1.55, the observationally allowed
window becomes A € (-2.75,0), and the singular surface
is A = —2x. Interpreted in this way, the results constitute a
statement about the negative-coupling branch of R+ 217
gravity as well as about its torsional counterpart, and this
branch has not previously been mapped with a self-bound
equation of state. The teleparallel formulation provides
the setting in which the positive, physically favoured side
of the coupling is the natural one to explore.

Several limitations should be noted. The full radial
pulsation equations in f(7,7) gravity have not been de-
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rived; our stability statements rest on the turning-point
criterion [84] and on the analytic bound T" > 4/3 [86], and
a complete Sturm-Liouville analysis would provide a
more robust basis for them. The tidal Love number k, and
the dimensionless deformability A, which are directly
constrained by GW170817 [1, 2], remain to be computed
in this framework. As in the original compact-star treat-
ment of Pace and Levi Said [72], the terminal value of the
integrated mass function has been identified with the
gravitational mass of the star. An explicit analysis of the
surface junction conditions would provide a useful inde-
pendent test of this prescription; such an analysis is left
for future work. Finally, more realistic quark-matter de-
scriptions, including perturbative-QCD  corrections
[24—26] and colour-superconducting phases [28, 30, 31],
together with a scan over the bag constant B, would
broaden the parameter space and sharpen the comparison
with objects such as HESS J1731-347 and the

GW190814 secondary [7, 8]. The unified interacting
equation of state, with its repulsive perturbative-QCD
term, is the most promising of these for reaching the
heaviest pulsars [82, 83], and a density-dependent bag
parameter offers a further route [43]. Whether the coup-
ling window quoted here survives once the microphysics
is stiffened remains an open question.

In summary, quark stars in f(7,7)=T+B7 gravity
with the conformal MIT bag EOS display a non-mono-
tonic maximum-mass profile bounded above by the sin-
gular surface at 8 = 47, with a peak of M, =2.021 M,, at
B~3.10 and observational viability for g€ (0,~5.5).
These results establish f(7,7") gravity as a viable frame-
work for massive quark stars, equivalently the negative-4
branch of R+2A7 gravity, and motivate further studies of
tidal deformability, radial stability, and extended EOS
families.
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