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Abstract: We construct a static, spherically symmetric traversable wormhole in Finsler—Randers (FR) gravity us-
ing the osculating-Riemannian formulation, in which spacetime anisotropy is encoded by a weak timelike vector
field ¢,(r) rather than introduced phenomenologically at the matterlevel. Starting from the general FR field equa-
tions for a static, spherically symmetric line element, we specialize to a zero-tidal-force Morris—Thorne wormhole
and derive closed-form expressions for the energy density, radial pressure, and tangential pressure sourcing a fixed
shape function b(r) = r2/r. Adopting a decaying weak-field ansatz for the anisotropy field, £y(r) = £.ro/r, we show
that the amount of null-energy-condition (NEC)-violating matter required to keep the throat open decreases mono-
tonically with ¢£.. We also show that the radial extent of the NEC-violating region shrinks from the entire spacetime
in the general-relativistic limit /. — 0 to a compact neighborhood of the throat, within the weak-anisotropy range
identified below as the regime in which our quantitative results are reliable. We further derive the generalized hydro-
static-equilibrium (TOV-type) equation for this geometry and identify an explicit geometric force F,, sourced by the
gradient of y(r), that supplements-the usual hydrostatic and anisotropic forces. The model reduces smoothly to the
general-relativistic Morris—Thorne wormhole as £, — 0, and all reported effects remain within the weak-anisotropy
regime |/;| < 1 under which-the field equations were derived. We also examine tidal forces, finding that the radial
component vanishes identically for all observers. In addition, we analyze sound speeds and the Herrera cracking cri-
terion, restricted to its domain of validity; a corrected, convergent exotic-matter measure evaluated over the NEC-vi-
olating shell itself, which we adopt as our primary quantifier of exotic-matter content; a Herrera-type complexity
factor adapted to the wormhole geometry; an analytic classification of the critical anisotropy strength across the
shape-function and anisotropy-decay parameter space; a thin-shell realization with reduced surface exotic density;
the absence of a photon sphere and the corresponding light-deflection angle; a linearized generalization to a nonzero
redshift function; and a comparison with wormhole constructions in other modified-gravity theories.
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back to Flamm’s 1916 embedding of the Schwarzschild
solution and was given its first field-theoretic treatment

The idea that spacetime might admit a tunnel-like by Einstein and Rosen, who joined two copies of the
passage connecting two otherwise separate regions goes Schwarzschild exterior along their horizon to remove the
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central singularity and represent a particle as a smooth
"bridge" between sheets [15]. Wheeler later termed such
handles in the topology of space "geons" and gave the
first explicit picture of a tunnel connecting distant re-
gions [16]. These constructions were not traversable: the
Einstein—Rosen bridge pinches off before a signal can
cross it. The modern notion of a fraversable wormhole,
held open long enough for a physical observer to pass
through, was formulated by Morris and Thorne [1], who
showed that a static, spherically symmetric throat con-
necting two asymptotically flat regions requires a flare-
out condition on the shape function b(r) that in general
relativity (GR) forces violation of the null energy condi-
tion (NEC) at or near the throat [2]. Morris, Thorne, and
Yurtsever additionally showed that a traversable worm-
hole could in principle be converted into a time machine,
tying the subject to deep and still unresolved questions
about causality and quantum field theory in curved space-
time [17]. Subsequent work developed the thin-shell
formalism for confining the exotic content to a shell via
Darmois—Isracl matching [18], examined the physical
consequences of converting a wormhole into a time ma-
chine [19], and established the generic geometric struc-
ture of static and dynamic wormhole throats and the en-
ergy conditions they must violate [20—22]. This body of
work established two complementary responses to the
exotic-matter requirement: sourcing wormholes = with
genuinely exotic but quantum-field-theoretically ‘motiv-
ated stresses (Casimir energy, phantom fields), or repro-
ducing the effective stress-energy needed for a wormhole
throat purely geometrically, within modified or extended
theories of gravity, so that the "exotic" content is an arte-
fact of the extra geometric degrees of freedom rather than
of new matter.

The second route has been pursued across essentially
every major extension of GR. Reviews of f(R) gravity
[23], of the broader landscape of modified gravity and
cosmology [25, 26], and of unified descriptions of the
cosmic expansion history within curvature-based exten-
sions [24] set out the general motivation: late-time cos-
mic acceleration, the dark-matter problem, and the search
for a consistent ultraviolet completion of gravity all point
toward extra geometric degrees of freedom beyond the
Einstein—Hilbert action. Concretely, f(R,T) gravity
couples the Ricci scalar to the trace of the stress-energy
tensor [27], building on earlier work allowing an arbit-
rary coupling between matter and geometry [28, 29];
symmetric teleparallel f(Q) gravity recasts gravity in
terms of the non-metricity scalar within a coincident, tor-
sion-free and curvature-free connection [30], with a fur-
ther matter-coupled extension to f(Q,T) [31]; and tele-
parallel f(T) gravity replaces curvature with torsion as
the origin of gravitation [32, 33]. Wormhole solutions
have been constructed in essentially all of these frame-
works: in f(R) gravity, where the higher-order curvature

terms in the field equations can support a throat with mat-
ter that itself respects the null and weak energy condi-
tions [34, 35]; in f(R,T) gravity, where several independ-
ent constructions again find matter-satisfying solutions or
wormholes with only localized, reduced energy-condi-
tion violation [36—39]; in Rastall gravity, where the non-
conserved stress-energy tensor supplies an additional
geometric source term [40, 41]; and, most recently, in
symmetric teleparallel f(Q) gravity [42]. Across this lit-
erature, the recurring finding is that a geometric modific-
ation of the field equations can substantially reduce, and
in specific models eliminate, the amount of exotic matter
a fixed wormhole-geometry requires.

Finsler geometry generalizes Riemannian geometry
by letting the metric depend on both position and direc-
tion on the tangent bundle [4, 43, 44]. The Finsler—
Randers (FR) subclass, obtained by a linear deformation
of a Riemannian metric with a one-form ¢, [3], was de-
veloped into a cosmological framework through a se-
quence of work on Friedmann-like models with weak in-
trinsic anisotropy [45], imperfect fluids and Lorentz-viol-
ating extensions [47], and general very special relativity
in a Finslerian setting [46]. Subsequent work addressed
the weak-field limit and its Raychaudhuri equation [5],
dark-energy-mimicking and DGP-equivalent Finsler—
Randers cosmologies [6, 49], relativistic Finsler geo-
metry more broadly [48], scalar-tensor extensions of the
Raychaudhuri equation in FR spacetime [50], varying-va-
cuum FR cosmology [51], and, most recently, FR-Sasaki
gravity and cosmology [52]. Beyond cosmology, the
same osculating-Riemannian construction has produced
Schwarzschild-like and black-hole solutions [53—56], an-
isotropic compact-star models in which the stellar aniso-
tropy arises directly from the underlying Finslerian geo-
metry rather than being imposed by hand [7, 8, 57], and,
closest to the present work, Finslerian wormholes con-
structed by prescribing a Finslerian modification of an
otherwise standard Morris—Thorne throat [9—11].

This body of work motivates the present study dir-
ectly. Wormholes in modified gravity theories have re-
peatedly been shown to require less exotic matter, or
none at all, than their GR counterparts [35, 42]; and
Finsler—Randers anisotropy, in an entirely independent
line of work, has been shown to increase the maximum
supported mass and moment of inertia of compact stars
relative to GR, again by supplying an additional geomet-
ric source term rather than additional matter [12]. The
natural question — whether the same FR anisotropy field
can similarly reduce the exotic-matter requirement of a
fixed wormhole geometry — has, to our knowledge, not
been addressed using the specific FR field equations of
Ref. [12], which were derived for a completely general
static, spherically symmetric metric under the weak-an-
isotropy, osculating-Riemannian approximation. In this
work we specialize those field equations — for the first
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time, to our knowledge, in closed analytic form — to a
Morris—Thorne wormhole geometry. Because the field
equations were derived independently of any stellar-spe-
cific ansatz, they apply unchanged to the wormhole met-
ric once the metric potentials are replaced by the shape
function b(r) and redshift function ®(r). This lets us isol-
ate, in a controlled and reproducible way, exactly how the
FR anisotropy field £o(r) redistributes the stress-energy
required to support a fixed wormhole geometry, and in
particular how it affects the amount and radial extent of
NEC violation.

The remainder of the paper is organized as follows.
Section II summarizes the FR geometric framework and
the general field equations. Section III specializes these to
a zero-tidal-force wormhole and derives closed-form mat-
ter functions for a specific shape function and anisotropy
ansatz. Section IV analyses the energy density, pressures,
energy conditions, anisotropy, embedding diagram, and
the amount of exotic matter as functions of the FR aniso-
tropy parameter. Section V derives the generalized hydro-
static-equilibrium equation and the associated geometric
force. Section VI extends the analysis to tidal forces,
sound speeds, a corrected exotic-matter measure, a com-
plexity factor, the shape-function and anisotropy-decay
parameter space, a thin-shell realization, light deflection,
and a comparison with other modified-gravity wormhole
constructions. Section VII summarizes our results and
discusses the regime of validity of the weak-anisotropy
approximation.

II. FINSLER-RANDERS GEOMETRIC
FRAMEWORK

We adopt the osculating-Riemannian formulation of
FR gravity, in which the Finsler—Randers structure

L(u,v) = /gapVV + V"

is evaluated along the fluid four-velocity v*, yielding an
effective Riemannian metric f,(«) that reflects the under-
lying Finslerian anisotropy encoded in the one-form ¢,.
For a comoving observer, v* =(1,0,0,0). The weak, stat-
ic anisotropy is characterized by a single radial function,
Lo =(L(r),0,0,0), with |{| < 1 throughout.

For the static, spherically symmetric interior line ele-
ment

(M

ds’ = e'Vdt* —"dr* — 1 (d6* +sin’ 0dg®),  (2)
The field equations obtained from Ry, = 87G (T — 3T fu)
under the weak-field osculating approximation (C,. = 0)
are given by [12]

l—e+e iy T2 (=2+43m +ri') ¢
870 = n (=245 +) &

r2 r
3)
242427y e TP+
8, = e 2’ TG +ru )4’0’ @)
2r2 2r
1 —n—p/2 ’ N ot
8np, = — [e THE6 =3y’ —4r)
8r
+ 27— )2+ 1) + 200" ] (5)

These three relations hold for any choice of the metric
potentials u(r) and n(r). In Ref. [12], they were com-
bined with the Finch—Skea stellar ansatz. Here, we in-
stead substitute the Morris—Thorne wormhole ansatz.

III. WORMHOLE CONSTRUCTION

The Morris—Thorne line element is

; dr? .
ds* = ®0dp? - =0 r* (d6” +sin® 0dg®),  (6)
Thus, by comparison with Eq. (2),
iy =200), e =1-20, ™

r

We restrict attention to the zero-tidal-force case, ®(r) =0,
which is standard in the wormhole literature and isolates
the effect of the FR anisotropy field from that of a con-
ventional gravitational redshift. Substituting u =y’ =pu” =
0 into Egs. (3)—(5) yields

8rp(r) = blr(;) + %g) [rb(r) = 4r +3b(r)]. ®)
b(r) 3¢
1, =~ + 20D ), ©)
srpi(r) = WL D iy o).
(10)

In the limit ¢, — 0, these equations reduce exactly to the
standard general-relativistic Morris—Thorne relations,
8nmp=b'/r?, 8rp,=-b/r*, 8xp,=(b-rb)/2r, confirm-
ing the consistency of Egs. (8)—(10) with GR in the ap-
propriate limit.

A. Shape function and anisotropy ansatz

We adopt the simplest shape function that is compat-
ible with a throat at r =ry, asymptotic flatness, and the
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flare-out condition.

2
b =", (1)

for which b(rq) =ry and b’(ry) = —1 < 1. Thus, the flare-
out condition is trivially satisfied, independently of the
FR sector. The wormhole shape itself is fixed; instead,
the matter content required to support this fixed shape is
modified by the FR geometry.

For the anisotropy field, we adopt the simplest decay-
ing, weak-field ansatz that is consistent with both the re-
quirement ¢, — 0 far from the throat (thereby recovering
GR asymptotically) and the regularity of the metric,

@m=a%, (12)

where the dimensionless parameter . = {y(ry) controls the
strength of the Finslerian anisotropy at the throat. Con-
sistency with the weak-field approximation underlying
Egs. (3)—(5) requires ¢, < 1. We therefore quantify the
results for /. € {0,0.15,0.3,0.45,0.6} and discuss the form-
al limit £, — 2 in Sec. VII only as a mathematical bound-
ary of the model, not as a physically admissible regime.

Because the field equations in Egs. (3)—(5) retain only
the leading terms in ¢, and its derivative, the fractional
size of the FR correction to any GR matter function is, by
construction, of order ¢, at the throat. Moreover, Eqs.
(13)—~(15) below are manifestly linear in £, at fixed r/ry.
We regard . 0.3 as the practical range in which the
quantitative trends reported below can be trusted within
the weak-field approximation used to derive Egs. (3)—(5).
In this range, the linear corrections to p, p,, and p, at the
throat remain below roughly 30% of the leading GR
terms. The larger values . =0.45 and {.=0.6 are re-
tained in the figures because they make the systematic
trend with ¢, visually unambiguous across an extended
set of diagnostics. Wherever a specific number is quoted
for these larger values—for instance, r.({.) in Table I-it
should be interpreted as an extrapolation of the linear-or-
der formulas rather than as a quantitative prediction of the
full nonlinear theory, whose O({Z) and Cartan-torsion
corrections we have not computed. Strictly, only the
formal limit £. — 0 and its immediate neighborhood are
guaranteed to satisfy |{y| < 1. The monotonic trends we
report are, in our view, substantially more robust than any
single quoted number at £, > 0.5, and we consistently flag
this distinction wherever such values are discussed below.

Substituting b(r) = r3/r and Eq. (12) into Egs. (8)-
(10) gives the closed-form matter functions

70 [g"c(ZrZ - r%) - rro]

3 s

8mp(r) = (13)

I

Table 1.
sign for the shape function b = Z/r and the anisotropy ansatz

do=&erolr

Radius r, (in units of ry) at which p+ p, changes

4 /1o
0.0 — (NEC violated for all r)
0.2 19.95
0.4 9.90
0.6 6.51
0.8 4.79
1.0 3.73
1.5 222
>2.0 — (NEC satisfied for all )

o [ero + 3{0(1’2 — rg)}
25 ’

8mpu(r) = - (14)

ro(4ro—3rf.)

P (15)

8np,(r) =

B. Effective Finslerian shape function
The functions b(r) and n(r) appearing in Egs. (8)—(10)
parameterize the osculating Riemannian metric g,, used
to construct the field equations; they are independent of
{.. However, the physically measured Finsler—Randers
metric is f,, not g,,. Specializing Eqgs. (14)—(15) of Ref.
[12] to u =0 gives

Jor =" (14 4(1), (16)
Thus, the radial sector of the physical wormhole geo-
metry is distorted by the anisotropy field, although b(r)
itself remains unchanged. We define an effective, ¢, -de-
pendent shape function by writing fr = [1 —bes(r)/ V]_],
which captures this distortion. For b(r)=ri/r and
Lo(r) = .ro/r, this yields the following closed-form ex-
pression

ro (L. r+71p)

be(r) = rlor
clo

(17

It is straightforward to verify that b.4(ry) = ry for every Z;
thus, the throat location is unaffected by the FR field.
Moreover, by — r3/r as . — 0, recovering b(r), and the
flare-out condition generalizes to blz(ro) = (L. —1)/
(.+1)<1 for all £.>0. Hence, the flare-out condition
holds throughout the family. We use b.g(r), rather than
the bare b(r), in Figs. 1 and 2 below because b.g governs
the actual embedded geometry of the throat. The func-
tion b(r) itself is retained as the source of the matter func-
tions in Egs. (13)—(15), consistent with its role in the field
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(a) Shape function and throat b(r) =r

3.01 , —— GR(.=0)
’ /. — 2.=015
J/ — =03
2.5 e =045
ya 2.=06
4 ——- b=r
2.01 /
154
Q L
1.0
0.0 T T T .
1 2 3 4 5 6

riro
Fig. 1.
each /.. (b) Ratio b.(r)/r, confirming asymptotic flatness.

Embedding diagram of the wormhole throat

3.00
<0 z>
2.75 er|\universe) (upper unjvers
2.501
2.251
=
£2.001
1.75 1 — GR(3:=0)
= (=0.15
—7.=03
1.50 1 7.=0.45
%=06
1.25
throat (r=rg)
1.00 T T l r .
-2 -1 0 1 2
z/ry
Fig. 2. (color online) Embedding diagram of the wormhole

throat using the effective shape function b.4(r) in the GR lim-
it and for four Finslerian values. The two branches, z <0 and
z> 0, represent the two asymptotically flat regions joined at
the throat r=ry, z=0; by construction, they are mirror im-
ages of each other. Increasing ¢, widens the embedded throat
profile for fixed » while leaving the throat location r, un-
changed.

equations. We emphasize that this is a radial-sector dia-
gnostic: the angular sector of f, is also rescaled,
foo = P*(1+ ), which would shift the areal radius itself
under a full reparametrization. We leave such a fully self-
consistent treatment for future work. Accordingly, every
subsequent result that relies on b.g(r), rather than on the
bare matter functions in Eqs. (13)—(15), should be inter-
preted as a leading-order, radial-sector approximation to
the physical FR geometry rather than as an exact state-
ment. This applies specifically to the embedding dia-
grams in Fig. 2, the lateral tidal force in Eq. (20), the
thin-shell surface density in Eq. (26), and the light-deflec-

(b) Flare-out / asymptotic flatness

1.0 — GR(:=0)
e (.= 0.15
— (=03
0.8 {-=0.45
! =06
0.6
0.4
0.2
0.0

riry

(color online) (a) Effective shape function b.(r), Eq. (17), and the line b = r; their intersection marks the throat at r = r, for

tion angle in Eq. (27). A fully self-consistent construc-
tion that uses’ f,, and fy together to redefine the areal ra-
dius ‘and the observers’ proper distances could shift each
of these quantities by terms of order ;. We expect the
qualitative trends reported for these quantities—the widen-
ing of the embedded throat, the growth of the lateral tidal
force and the deflection angle with ¢., and the reduction
of the thin-shell density—to be robust, because they track
the sign and monotonicity of y(r) itself rather than the
specific radial-only construction of b.s. However, we do
not claim that the curves shown in Figs. 2, 8, and 13 are
exact.

IV. PHYSICAL ANALYSIS

A. Density, pressures, and anisotropy

Figure 1 shows the effective shape function b.4(r),
Eq. (17), together with the line » = r, whose intersection
marks the throat, and the ratio b.z(r)/r, which confirms
asymptotic flatness. Figure 2 shows the corresponding
embedding diagrams. Both figures show the GR limit and
four representative Finslerian cases, ¢, €{0, 0.15, 0.3,
0.45, 0.6}. Increasing ¢, visibly widens the embedded
throat profile at fixed r, while leaving the throat location,
ry, unchanged. All r-dependent matter quantities below
follow the same convention: the GR limit plus four Fins-
lerian values. These cases remain within the weak-field
range /. < 1 under which Egs. (3)—(5) were derived. The
radial window is restricted to the region where essen-
tially all of the FR-versus-GR contrast occurs.

Figure 3 shows p(r) from Eq. (13). The energy dens-
ity remains negative near the throat for all values of £,
shown, but its magnitude is reduced relative to the GR
curve. The FR correction also shifts the zero crossing of p
inward as . increases.

Figure 4 shows the radial and tangential pressures
separately. The magnitude of p,(r) is reduced by the FR
correction over most of the range shown, whereas p,(r) is
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Energy density profile

0.0
-0.2
W
< —0.4 1
=
® -0.6
— GR(Z=0)
— Z.=0.15
0.8 R
2.=045
—-1.01 (=06
10 15 20 25 30 35 40
riro
Fig. 3. (color online) Energy-density profile, Eq. (13), in the

GR limit (£, = 0) and for four Finslerian values.

only mildly affected near the throat and becomes increas-
ingly suppressed at larger » as (. increases, consistent
with the anisotropy analysis below.

B. Energy conditions and the amount of exotic matter

Figure 5(a) shows the radial NEC combination p + p,.
In the GR limit, p+ p, = =2r3/r* < 0 everywhere, which is
the standard Morris—Thorne result. As /. increases, the
NEC-violating region contracts from the entire radial
range to a finite neighbourhood ry < r < r.({.) around the
throat, beyond which p+ p, > 0. Setting p + p, =0 in Egs.
(13)—(14) yields the quadratic condition

e (r2+r(2)) —4rry =0, (18)
with roots 7./ro=[2% \/4=] /¢ when ¢ <2. For
£ > 2, the discriminant is negative and p+ p, >0 for all
r>ry; thus, the NEC is formally satisfied everywhere.
Table I lists r.(Z,) for representative values, and Fig. 6(b)
shows the same quantity over a continuous range. Figure
5(b) shows the tangential combination p + p,, which re-

(a) Radial pressure

mains closer to the marginal value (~ 0) throughout and
is less sensitive to £, than the radial sector.

To quantify the total amount of NEC-violating matter,
we use the Visser-type volume integral [2]

ro+A
Ivz/ (p+p,)r2dr,

o

(19)

evaluated over a fixed reference shell A = 5r. Figure 6(a)
shows Iy as a function of ¢.. The magnitude |Iy| de-
creases monotonically as the FR anisotropy strengthens,
quantifying the reduced amount of exotic matter required
to keep the throat open. However, this fixed-shell meas-
ure is not physically well motivated: since (o+ p,)r* ~
rol./(2r) at large » (from Eqgs. (13)—(14)), the integral Iy
diverges [logarithmically as A — oo for any /. > 0. Thus,
extending it to an arbitrarily large shell is not meaningful.
The 'appropriate convergent and physically motivated
measure integrates only over the NEC-violating region,
[r0,7.(¢.)], which is finite by construction; we return to
this corrected measure in Sec. VI. We use that conver-
gent measure, I{"({,), as our primary quantifier of exot-
ic-matter content throughout the remainder of the paper.
The fixed-shell value I, discussed here is retained only
for continuity with the reference-shell convention of Ref.
[2] and is not used to support any quantitative claim be-
low.

C. Anisotropy

The pressure anisotropy A() = p,(r) — p,(r), shown in
Fig. 7, is generated solely by the FR geometric field. For
. =0, A reduces to the nonzero GR Morris—Thorne an-
isotropy, whereas increasing . modifies both its sign
structure and its magnitude near the throat. This behavior
is consistent with the interpretation of £y(r) as a direction-
dependent geometric stress rather than a phenomenolo-
gical matter anisotropy.

(b) Tangential pressure

i i = GR ({c=0)
0.0 1.0 il
— (=03
2.=0.45
-0.2 0.8 ¥ os
Ne —0.41 N 0.61
= <
Q S
& —0.61 % 0.41
= GR ({,=0)
-0.8 2.=0.15 0.2
— =03
2.=0.45
—1.01 2.=06 0.0
10 15 20 25 30 35 40 10 15 20 25 30 35 40
rirg rirg

Fig. 4.
the GR limit and the same four Finslerian values as in Fig. 3.

(color online) (a) Radial pressure p,(r), given by Eq. (14). (b) Tangential pressure p,(r), given by Eq. (15). Both panels show
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(a) Radial NEC

0.0
_05-
N
Iy
+ -1.01
S
=
0]
—-1.51 —— GR ({.=0)
— =015
— .=0.3
2.=0.45
—-2.01 2.=06
1.0 15 20 25 30 35 40
riro

Fig. 5.

(b) Tangential NEC

0.20
0.15-
o
5 0.10
S
=
[ee]
0.05- o
— .=0.15
— . =0.3
7.=0.45
0.00+ “oe
1.0 15 20 25 30 35 40
riro

(color online) (a) Radial NEC combination p + p,: the GR curve is negative forall r > r,, whereas increasing /. progressively

restores p + p, > 0 beyond a finite radius r,(Z,). (b) Tangential NEC combination p + p,.

Anisotropy A =p:—p,

—— GR(¢:=0)
1.751 Z,=0.15
— 2=03
1.501 {c=0.45
7=0.6

8nA(r) r3

c o = =

U N o N

S u o wu
! ) ! !

0.251 \
0.00 1 : : — : » 4 :
1.00 1.25 150 1.75 2.00 2.25 250
riry
Fig. 6. (color online) (a) Exotic-matter quantifier 1y(¢.) over

the fixed reference shell A =5ry: its magnitude decreases
monotonically with increasing FR anisotropy strength (see the
caution above regarding A — o). (b) Radial extent r,(f.) of
the NEC-violating region, which vanishes (in the sense that
r.—rg)as . — 2.

(a) Total NEC-violating content
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D. Tidal forces

A wormbhole is traversable in the sense originally in-
tended by Morris and Thorne only if the tidal accelera-
tions experienced by a traveler crossing the throat remain
below human tolerance. We computed the relevant
curvature components directly from the Riemann tensor
of the metric in Eq. (2), rather than assuming a standard-
form result, for both a static observer and an observer
moving radially at velocity v with Lorentz factor y. Two
results follow. First, the radial tidal force depends only
on @' and ®” and vanishes identically for the zero-tidal-
force ansatz ® = 0—for every (., every r, and every trav-
eler velocity v, not merely for v =0. This is, after all, the
defining property of a ' zero-tidal-force" wormhole.
Second, the lateral (tangential) tidal force does not van-
ish and is boost dependent,

2,2 bet(1) = 1b (1)

Fra(r,v) =yv 7 (20)

(b) Radial extent of NEC violation

e
0}
§ Y
2 104 S
= | |
£
*
o
T
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e

(color online) Pressure anisotropy A = p, — p, for the same set of £ values as in Fig. 3.
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where we use the effective shape function b.g(r) from
Eq. (17), because tidal forces are measured by physical
observers moving through the actual Finsler—Randers
geometry. Figure 8 shows ¥, for two representative
crossing speeds. Increasing . increases the magnitude of
the lateral tidal force for fixed  and v. Thus, the trade-off
for the reduced exotic-matter content identified in Sec. IV
is a somewhat less gentle passage for a traveler moving
rapidly through the throat, although the effect remains
small for the weak-field ¢, values considered here.

E. Equation of state and sound speed

The equation-of-state parameters w,=p,/p and
w,=p:/p, the radial and tangential sound speeds
v} =dp,/dp and v =dp,/dp, and the associated Herrera
cracking combination v?>—v? [13]are standard dia-
gnostics for anisotropic relativistic matter. For our
closed-form expressions for p, p,, p;, these quantities can
all be computed straightforwardly. However, an import-
ant subtlety arises: both diagnostics require division by p
or by dp/dr, and p(r) is non-monotonic for any . >0
(Fig. 3 already shows that it crosses zero and has a_turn-
ing point). Consequently, w,, diverge at the radius
Fp=0({) at which p vanishes, and vi, diverge at the gener-
ally smaller radius r,a(Z.) at which dp/dr =0. Beyond
these radii, the diagnostics are not merely large but form-
ally ill-defined, since dp/dp presupposes an invertible
p(r). We therefore show each curve in Fig. 9 only up to
its corresponding validity radius, rather than allowing it
to approach a spurious divergence. In the GR limit, be-
fore any FR correction is applied, the standard b =r3/r
Morris—Thorne choice already yields w; =1 and w, = -1
identically for all r (a stiff radial fluid and a cosmologic-
al-constant-like tangential component), and correspond-
ingly v* =1 and v? = —1 exactly. This is a known limita-

satz rather than derived from a single covariant equation
of state. Turning on ¢, does not remove this limitation;
instead, it reduces the domain over which the sound-
speed diagnostic is meaningful, since r;p(l.) decreases
with £, (from ~4.6ry at . =0.15 to ~ 1.6ry at £, =0.6).
We report this transparently rather than omit it: it is a
genuine limitation of this benchmark shape function, not
of the FR framework itself, and the same caution applies
equally to the GR solution to which it reduces. Because
both diagnostics are restricted to r < min(r,—o,rna), the
Herrera cracking combination v? —v? shown in Fig. 9(d)
can be interpreted only as-a local stability indicator with-
in that restricted domain. It does not, and cannot, consti-
tute a statement about the stability of the complete worm-
hole configuration for all r > ry: beyond ra(<.), the dia-
gnostic itself is undefined rather than merely large, so no
conclusion about cracking can be drawn there from the
present analysis. A genuinely global stability statement
would require a criterion that does not presuppose an in-
vertible p(r), which we leave for future work.

V. EQUILIBRIUM AND THE GEOMETRIC
FORCE

In GR, hydrostatic equilibrium for an anisotropic flu-
id is expressed by the TOV balance F, + F, + F, =0, with
Fy=-dp,/dr, Fg = _%(D/(p"'pr)n and F,= 2/r)(p:—pr)-
Because Egs. (8)—(10) are heuristic field equations con-
structed from the osculating Ricci tensor rather than de-
rived from a diffeomorphism-invariant action, we do not
assume a priori that this identity continues to hold when
lo(r) #0. Instead, we compute F), + F,+ F, directly from
Egs. (13)—(15) (with F, = 0 because ® = 0) and find

_ 3rele (3r5—-217)

. .. . Fy+F = —F/(r), 21
tion of this widely used textbook shape function, reflect- W Ta 2r6 «r) @
ing that p, p,, p; are reverse-engineered from a metric an-

(a) Geometric force F¢ (b) Force balance, {,=0.3
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(color online) Lateral tidal force #,(r), Eq. (20), experienced by a traveler crossing with (a) v = 0.5¢ and (b) v =0.99¢. The ra-

dial tidal force vanishes identically throughout (see text) and is therefore not plotted.
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(color online) (a)—(b) Radial and tangential equation-of-state parameters; each curye is truncated at its corresponding p = 0 ra-

dius. (c) Sound speeds 12 (solid) and v? (dashed); each curve is truncated at its corresponding dp/dr = 0 radius, and dotted lines indic-

ate the causal bounds 0 and 1. (d) Herrera cracking combination v —v?, with dotted lines at +1.

such that the generalized equilibrium condition becomes

3role (2;’2 - 3r§)

Fu+F+F,+F, =0, F/(r)= o
p

(22)

F, vanishes identically when ¢ = 0; thus, it is a genuine
geometric force sourced by the gradient of the Finslerian
anisotropy field and is distinct from the pressure-aniso-
tropy force F,. Figure 10 shows the three forces and their
sum, numerically confirming Eq. (22). We stress that F,
should not be interpreted as an independent material force
arising from an additional matter component with its own
equation of state. Once b(r) and (y(r) are fixed, Egs.
(8)—(10) completely determine p, p,,-and p,. Therefore,
F, carries no independent degrees of freedom; it is
simply the residual term obtained when the ordinary GR
force balance F,+F,+F, is evaluated for this matter
content and found not to vanish by itself. Instead, we in-
terpret F, as an effective geometric exchange term: a
bookkeeping device for the momentum that the osculat-
ing-Riemannian construction transfers between the met-
ric sector, encoded by b(r), and the anisotropy sector, en-
coded by ¢y(r), at fixed total matter content. This inter-
pretation is analogous to the interaction term in a two-flu-
id or scalar-tensor system, which does not itself consti-
tute a third independent source. It is also consistent with
F, vanishing identically whenever ¢, = 0 and with its sign
reversal at r = ry v/3/2, which we take to indicate the radi-
us where the direction of this geometric exchange re-
verses rather than where a new physical force switches on
or off. In this sense, we interpret F, as the direct mechan-
ical action of the FR geometry on the fluid: for . >0, it
changes sign at r = r, V3/2, acts outward near the throat,
and acts inward at larger radii. This behavior is consist-
ent with the redistribution of the exotic-matter require-
ment described in Sec. I'V.

VI. EXTENDED ANALYSIS

A. Corrected exotic-matter measure and complexity
factor

As noted in Sec. 1V, the fixed-shell quantifier Iy is
not a physically principled measure of exotic-matter con-
tent because it diverges logarithmically as the shell size
A — oo. The appropriate convergent quantity integrates
only over the NEC-violating region itself,

r:(8e)
B@= [ @rpordr

o

(23)

which is finite by construction because the domain of in-
tegration is bounded. Figure 11(a) shows I3!(Z.). This
quantity retains the same qualitative and monotonic trend
as in the fixed-shell version: the magnitude of the con-
fined exotic-matter content decreases as /. increases.
However, it is now a well-defined, cutoff-independent
result rather than an artifact of an arbitrarily chosen shell
size.

We further evaluate the Herrera-type complexity
factor [14], which, for a self-gravitating stellar configura-
tion with a regular center, is usually written as Yrr =
87rH—(47r/r3)f0rx3p’(x) dx, with I1 = p,— p,. A wormhole
has no regular center; its domain begins at the throat. We
therefore adapt the definition by integrating the density
gradient from r, rather than from 0,

4 r
Yrr(r) = 87 (pi(r) — p(r) — r%r / p'(xdx, (24

o

This expression integrates to the closed form used in
Fig. 11(b). Y7r remains finite throughout and is systemat-



Shahid Hussain Gurmani, Allah Ditta, Imtiaz Khan et al.

Chin. Phys. C 51, (2026)

(a) Radial EoS parameter

80 1

=== GR ({c=0)

— 2=0.15

—2.=03
(=045
(=06

60 1

=pdp

wr=

1.5 2.0

25 3.0 35 40

riro

(c) Sound speeds (valid domain only)

—_ 2-
©
2
6 117
z
Ns_, 0-
=)
[ B B e I R R R
- N T
-2 \\ \\\\
\ RN
AY ~
AY \\
—31 I [ | | I |
1.0 15 20 25 30 35 4.0
rirg

Fig. 10.

Wt = p/p

vZ = v? (solid), v? — v? (dashed)

(b) Tangential EoS parameter
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(color online) (a) Geometric force F,(r) in the GR limit and for four Finslerian values (it vanishes identically for £, =0, as

expected). (b) Force balance for the representative case £, = 0.3: hydrostatic (F,), pressure-anisotropy (F, ), and geometric (F,) contri-
butions to Eq. (22). The dashed curve, representing their sum, vanishes identically, confirming equilibrium.

ically modified by ¢, providing a complementary single-
function summary of how Finslerian anisotropy redistrib-
utes the configuration’s structural complexity relative to

GR.

B. Dependence on the shape-function and anisotropy-
decay powers

The benchmark model uses b(r) =ry(ro/r)" and
Lo(r) = L(ro/r)* with n=k=1. To assess how restrictive
this choice is, we solved the generalized (n,k) field equa-
tions (a straightforward generalization of Egs. (13)—(15))
and determined, for each (n,k), the value of ¢, required to
satisfy the radial NEC for all r > ry. This is equivalent to
finding the supremum over r > ry of

2+ 1)r*

h(r;n, k) = m,

(25)

Since p+ p, >0 for all » if and only if £, > h(r;n,k) for all
such 7, three regimes emerge. We verified this classifica-
tion against exhaustive numerical maximization over

(n,k):

* For k<1, the supremum is attained exactly at the
throat, yielding the closed-form expression £ (n, k) = 2/k.
This result is remarkably independent of n: the shape-
function steepness does not affect the critical anisotropy
strength, provided that the anisotropy field decays no
faster than 1/r. (This recovers & =2 for the benchmark
casen=k=1.)

* For 1 <k <n+1, the supremum occurs at the interi-
or radius r. = [kn/(n+1-k)]"""Y > ry. Thus, (n,k) =
h(re;n,k) is finite but requires a transcendental evalua-
tion.

e For k>n+1, h(r;n,k) - oo as r — co: no finite £,
can fully restore the NEC everywhere. This occurs be-
cause a larger decay power k makes £o(r) = £.(ro/r)* fall
off more rapidly, not more slowly, as r increases. When
k> n+ 1, the anisotropy field is driven toward zero faster
than the shape function’s own contribution to p + p, falls
off. Consequently, at sufficiently large r, too little aniso-
tropy remains to compensate for the residual NEC viola-
tion sourced by b(r), regardless of how large . is made
near the throat.
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(b) Complexity factor
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(color online) (a) Corrected, convergent exotic-matter measure /;*!!(£,), obtained by integrating only over the NEC-violating

shell [ry, r.(Z.)]- (b) Complexity factor Yrr(r), Eq. (24), adapted to a wormhole geometry.

Figure 12 shows £(n,k) in the (n,k) plane; the bound-
ary k = n+ 1 marks the onset of the third regime.
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Fig. 12. (color online) Critical anisotropy strength (&i(n, k)

required for the radial NEC to be satisfied for all r>ry, as a
function of the shape-function power # and the anisotropy-de-
cay power k. Above the dashed line k=n+1, no finite £, is
sufficient. The red point indicates the benchmark model used
throughout the remainder of this paper.

C. Thin-shell construction and optical properties

As an alternative to distributing the FR-modified mat-
ter throughout the bulk, one can confine it to a thin shell
at a radius R > ry by gluing two identical copies of the ex-
terior geometry at that surface (Darmois—Israel matching
[2]). For our effective geometry, the resulting surface
density is

1 beg(R) R2—r}
Ry=——1/1- =- . (26
o® 2nR R 2nR32 AR+ .1y (26)

which reduces to the standard Morris—Thorne thin-shell
result when ¢, = 0. Because b.g(R) > b(R) for /. >0 (Sec.
11T B), the magnitude of the surface density, |o-(R)|, is re-
duced by the FR anisotropy at every shell radius. This
mirrors the bulk result in Sec. IV: the exotic content
needed to keep a wormhole open, whether distributed
throughout the bulk or confined to a shell, decreases as .
grows. Figure 13(a) shows o(R) in the GR limit and for
four Finslerian values.

Regarding light propagation, because ® =0 throughout,
the photon-sphere condition for a static, spherically sym-
metric spacetime, @’(r) =1/r, is never satisfied (@' =0
for all > 0). Thus, the zero-tidal-force wormhole has no
photon sphere for any (.. Light bending is nevertheless
present and computable: for a photon with impact para-
meter B, the standard substitution » = B/ cosf removes the
turning-point singularity in the null-geodesic integral and
yields the deflection angle in closed integral form,

/2
o(B)=2
® /0 V1—=ber(B/

Figure 13(b) shows 6(B) in the GR limit and for four
Finslerian parameter values. At a fixed impact parameter,
the deflection increases with £, consistent with the ef-
fectively larger throat geometry described by bg.

d9 )
cos0)/(B/cosd)

@27

D. Generalization: nonzero redshift function

Throughout this paper, we set ©(r) =0 to isolate the
effect of the FR anisotropy field from conventional grav-
itational redshift. Relaxing this assumption is straightfor-
ward in principle: substituting a weak, decaying Newtoni-
an-like potential ®(r) = -®yry/r into the general field
equations, Egs. (3)—(5), and expanding to linear order in
@, yields closed-form corrections to Egs. (13)—(15). We
verified that these corrections reduce identically to our
@ = 0 results when @, = 0.

The main structural change is that the gravitational
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(a) Thin-shell surface density

(b) Light deflection angle
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the impact parameter B.

force F,=-1®'(p+p,) in the generalized equilibrium
equation, Eq. (22), is no longer identically zero. Con-
sequently, the full force balance becomes F,+ F,+ F,+
F; =0, with all four terms generally nonzero. A systemat-
ic reanalysis of the energy conditions, sound speeds, and
stability diagnostics for @, # 0—analogous to the ‘com-
plete treatment given here for ® = 0—is a natural exten-
sion of this work but is beyond the scope of the present
paper. We record the linearized field equations and the
reappearance of F, here to facilitate that extension.

E. Comparison with other modified-gravity wormhole
constructions

It is useful to place our results in the context of other
geometric approaches to reducing the exotic-matter con-
tent of wormholes, several of which were cited in the In-
troduction. In f(R) gravity, Harko et al. showed that spe-
cific choices of f(R) can support a fixed Morris—Thorne-
type geometry with matter satisfying the null and weak
energy conditions everywhere. This constitutes a genuine
elimination of exotic matter, albeit at the cost of a highly
constrained, non-elementary form of f(R) [35]. Construc-
tions in f(R,T) gravity typically yield an outcome closer
to ours: NEC violation is confined to a finite region
around the throat rather than eliminated outright, with the
size of that region determined by the theory’s coupling
parameter [36—39]. The f(Q) construction of Rastgoo
and Parsaei similarly satisfies the energy conditions only
over a bounded parameter range, rather than uncondition-
ally [42]. Our FR result is closest to this second class of
outcomes: as in the f(R,T) and f(Q) constructions, the
geometric modification confines, rather than eliminates,
the exotic region. This confinement is controlled by a
single anisotropy parameter, (., which plays a role
broadly analogous to the coupling constants in those the-
ories; the size of the confined region is set by the same
competition between throat-adjacent strength and large-r
decay that we quantify in Sec. VI B. A distinctive feature

B/rg (impact parameter)

(color online) (a) Thin-shell surface density given by Eq. (26). (b) Light-deflection angle given by Eq. (27) as a function of

of the present FR construction is that the same aniso-
tropy field was shown, in an entirely separate calculation,
to increase the maximum supported mass of compact
stars [12]. To our knowledge, no comparably direct link
between a compact-star observable and a wormhole ob-
servable, governed by the same single parameter, has
been established for the f(R,T), f(Q), or Rastall-gravity
constructions cited above [40, 41]. A fully quantitative
side-by-side comparison, for instance, of I across the-
ories at a matched throat radius and a matched fractional
deviation from GR would require a common convention
for this measure across formalisms with substantially dif-
ferent field content. We leave this comparison as a natur-
al extension of the present analysis.

VII. DISCUSSION AND CONCLUSION

We have constructed a traversable wormhole in Finsler—
Randers gravity by specializing the general osculating-
Riemannian field equations of Ref. [12] to a zero-tidal-
force Morris—Thorne metric with shape function b(r) =
rg/r and closing the system with a simple, decaying,
weak-field ansatz for the FR anisotropy field, ()=
Lero/r. The resulting matter functions, Egs. (13)—(15), re-
duce identically to the general-relativistic Morris—Thorne
solution as ¢, — 0.

Within the weak-anisotropy regime (. <1 under
which the field equations were derived (and, more pre-
cisely, within ¢, 0.3, the practical range identified in
Sec. III over which our quantitative results are reliable),
we find that increasing {.: (i) reduces the magnitude of
the negative energy density near the throat, (ii) shrinks
the radial extent of the NEC-violating region from the en-
tire spacetime to a finite shell ry <r<r.(.), and (iii)
monotonically decreases the exotic-matter content con-
fined to that shell. Formally, the NEC-violating shell van-
ishes at . = 2; however, this value lies outside the strict
validity range |{y| < 1 of the weak-field, osculating ap-
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proximation used to derive Eqgs. (3)—~(5). We therefore do
not claim a fully non-exotic wormhole solution here.
Rather, the monotonic trend for /. < 0.5 demonstrates that
Finslerian anisotropy can substantially reduce, without
eliminating, the exotic-matter requirement of a fixed
wormhole geometry, consistent with the way the same FR
anisotropy was shown to increase the maximum suppor-
ted mass of compact stars in Ref. [12].

We also derived the generalized hydrostatic-equilibri-
um equation for this class of solutions and showed that it
acquires an explicit geometric force F,(r), sourced by the
radial gradient of y(r), in addition to the usual hydrostat-
ic and pressure-anisotropy forces. As discussed in Sec. V,
we interpret this term as an effective geometric exchange
between the metric and anisotropy sectors of the theory
rather than as an independent material force. This term
vanishes identically in the GR limit and provides a clear
diagnostic of the direct mechanical role of the Finslerian
geometry in supporting the wormhole.

The extended analysis of Sec. VI, together with Secs.
IV D-1V E, yields several further results. The radial tidal
force vanishes identically for every observer and every
{.—an exact consequence of ® =(0—whereas the lateral
tidal force is nonzero, computable in closed form, Eq.
(20), and grows modestly with ¢.. Thus, the reduction in
exotic matter comes at the cost of a slightly less gentle
passage for a rapidly moving traveler. The equation-of-
state and sound-speed diagnostics reveal a genuine limita-
tion of the benchmark shape function b=rj/r itself,
already present in its GR limit, where v> = —1 identically.
We explicitly report this limitation: the FR correction
does not cure the pathology and, in fact, shrinks the do-
main over which the diagnostic remains well-defined.
Therefore, the associated Herrera cracking combination,
as noted in Sec. IV E, should be interpreted only as a loc-
al indicator within that restricted domain and not as a
global stability statement for the wormhole. We also cor-
rected an initial overstatement: the fixed-shell exotic-mat-
ter quantifier used in Sec. IV diverges logarithmically as
the shell size grows, and the properly convergent meas-
ure integrates only over the NEC-violating region itself.
We adopt this convergent shell measure, I;"(Z,), as our
primary quantitative measure of the amount of exotic
matter required by the model; the fixed-shell value Iy, of
Sec. IV is retained only for continuity with the conven-
tion of Ref. [2] and should not be interpreted as a compet-
ing measure. The (n,k) parameter sweep of Sec. VI B
shows that the critical anisotropy strength is, notably, in-
dependent of the shape-function power whenever the an-

isotropy field decays no faster than 1/r (£=2/k for
k < 1), whereas decay at least as fast as 1/r*' (k>n+1)
admits no finite critical value. Finally, we exhibited a
thin-shell realization of the same geometry with a re-
duced surface exotic density, established the absence of a
photon sphere as an exact consequence of ® =0, com-
puted the light-deflection angle in closed integral form,
linearized the field equations for a nonzero redshift func-
tion ®(r) = —Dyry/r to show how the equilibrium equa-
tion regains a genuine gravitational force term F, once
the zero-tidal-force restriction is lifted, and compared, in
Sec. VI E, the character of this reduction with wormhole
constructions in_f(R), f(R,T), and f(Q) gravity. The FR
reduction found here is comparable to the shell-confine-
ment outcomes reported in f(R,T) and f(Q) gravity,
whereas the full elimination of exotic matter, as found in
specific f(R) models, remains outside the weak-aniso-
tropy regime considered here.

Natural extensions of this work include a compre-
hensive reanalysis of the energy conditions, sound
speeds, and stability diagnostics for the nonzero-®, case
introduced in Sec. VI, analogous to the complete treat-
ment given here for ® = 0; extension of the analysis bey-
ond linear order in ¢, for which the Cartan torsion contri-
butions C,,. neglected here become relevant and could, in
principle, permit genuinely non-exotic configurations
even at O(() ~ 1; a fully self-consistent reparameteriza-
tion of the areal radius using the angular sector
foo = r*(1 + &), rather than the radial-sector diagnostic beg
used here; and an examination of the stability of these
solutions under linear radial perturbations, following the
methodology used for FR compact stars in Ref. [12].
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