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Abstract: The innermost stable circular orbit (ISCO) provides a fundamental test of spacetime structure. However,
the influence of anisotropic energy—momentum tensors on its properties in higher-dimensional black hole space-
times remains incompletely understood. In this work, we investigate the upper bound on the ISCO radius in higher-
dimensional, static, spherically symmetric, and asymptotically flat black hole spacetimes in the presence of an aniso-
tropic energy—momentum tensor. We assume that the energy—momentum tensor satisfies the weak energy condition,
has a nonpositive trace, and obeys constraints on the radial and tangential pressures, which are collectively equival-
ent to the dominant energy condition with additional restrictions. By analyzing the effective potential for timelike
geodesics and imposing the ISCO conditions, we demonstrate that, in general, no upper bound exists on the ISCO ra-
dius in higher-dimensional spacetimes. The results show that the allowed equations of state of matter at the ISCO de-
pend explicitly on the spacetime dimension. In the large-D limit, both the radial and tangential equations of state
vanish, corresponding to pressureless dust behavior. These findings advance our understanding of orbital stability in
higher-dimensional gravitational systems and highlight fundamental differences from four-dimensional black hole

dynamics.
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I. INTRODUCTION

Black holes have emerged as indispensable theoretic-
al and observational tools for probing the nature of grav-
ity. Initially conceived as idealized solutions to the Ein-
stein field equations [1], they have now been confirmed
as genuine astrophysical objects by extensive observa-
tional evidence. Observations of supermassive black
holes at galactic centers, notably M87" [2] and Sagittari-
us A" [3], provide compelling evidence for event hori-
zons and relativistic gravitational dynamics. The direct
imaging of black hole shadows by the Event Horizon
Telescope [4, 5] provides the strongest empirical evid-
ence for their existence by enabling observational access
to spacetime geometry and gravitational effects, thereby
confirming the presence of an event horizon, extreme
curvature, and strong gravity in their vicinity [6]. Com-
plementary evidence for black holes comes from stellar-
mass compact objects in X-ray binaries, particularly
Cygnus X-1 [7]. The high orbital velocity of the compan-
ion star and the absence of detectable surface emission in-

dicate that the compact object in this system has a mass
exceeding the theoretical limit for a neutron star [8, 9].
Furthermore, the detection of gravitational waves by the
LIGO and Virgo collaborations [10] revealed the coales-
cence of binary black holes, constituting the first direct
observation of gravitational waves and confirming the
century-old prediction of general relativity [11]. The suc-
cessful detection and analysis of the merger and ring-
down phases provide independent confirmation of their
existence and enable precise measurements of their fun-
damental properties.

Among the notable features of black hole spacetimes,
the innermost stable circular orbit (ISCO) represents the
smallest radius at which a massive particle can maintain a
stable circular trajectory. The ISCO defines the inner
edge of the standard accretion disk and governs key phys-
ical processes in black hole accretion systems [12]. The
ISCO is closely associated with regions where relativist-
ic jets originate, establishing a connection between inner
disk dynamics and jet formation [13]. Measurements of
X-ray binaries reveal features arising from the innermost
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accretion region near the ISCO, including characteristic
shifts in spectral hardness [14], quasi-periodic oscilla-
tions [15, 16], and a broadened iron Ko line [17]. Further-
more, determining the ISCO radius is essential for infer-
ring the black hole spin and radiative efficiency [18, 19].
In compact binaries, the ISCO parameters are critical for
numerical relativity simulations of highly curved space-
time regions. Accordingly, various methods have been
developed to determine the ISCO location, including
Hamiltonian approaches [20—22], Pad¢é approximations
[23], post-Newtonian approximations [24—28], and vari-
ational principles [29]. Since the existence and properties
of the ISCO are not restricted to a particular gravitational
background, extensive studies have investigated the ISCO
in a wide range of spacetime geometries [30—45].

A recent study has shown that a universal upper
bound exists for the ISCO in four-dimensional space-
times [46]. However, higher-dimensional black holes re-
main largely unexplored in this context, and no corres-
ponding universal bound has yet been identified. Higher-
dimensional black holes have significant implications for
extensions of general relativity [47—51]. These implica-
tions arise in the AdS/CFT correspondence, brane-world
scenarios, and string theory, where the presence of extra
dimensions modifies gravitational dynamics. Extra di-
mensions alter the balance between gravitational attrac-
tion and centrifugal forces that governs orbital stability in
four dimensions, leading to distinct behavior for circular
orbits in higher-dimensional spacetimes. Determining
whether universal limits on the ISCO persist in higher di-
mensions is essential for understanding the effects of
spacetime geometry and higher dimensions on orbital sta-
bility in strong gravitational fields. Accordingly, our ana-
lysis demonstrates that the physical properties of matter
impose constraints on particle motion in higher dimen-
sions, providing a higher-dimensional analogue of the
four-dimensional result of [46]. These findings offer in-
direct insights into the effects of extra dimensions and
their potential observational signatures.

In this study, we examined the existence and possible
upper bound of the ISCO radius in higher-dimensional
spacetimes using a general, model-independent setup.
The analysis considered matter subject to physical con-
straints imposed by the energy—-momentum tensor. We
determined the ISCO condition by analyzing equatorial
timelike geodesics and conserved quantities in higher-di-
mensional spacetimes, while accounting for anisotropic
pressures. Our analysis extends the existence of a finite
upper bound in four dimensions [46] to higher-dimen-
sional spacetimes. In higher dimensions, the existence of
an ISCO is demonstrated, and no finite upper bound on
its radius is observed. Moreover, the allowed equations of
state depend explicitly on the spacetime dimension.

The remainder of this paper is organized as follows.
Section II reviews the ISCO in four-dimensional Schwar-

zschild black holes. Section III presents the construction
of higher-dimensional black hole spacetimes and the as-
sociated energy—momentum conditions. Section IV in-
vestigates the existence and possible upper bounds of the
ISCO in higher dimensions. Finally, Section V summar-
izes the main results and outlines possible directions for
future research.

II. REVIEW OF ISCO IN SCHWARZSCHILD
BLACK HOLE BACKGROUND
This review examines the existence of an ISCO in the

Schwarzschild black hole background when the metric is
expressed as

d 2
ds? = —h(NdP + —— + 2d6* + Psin*6de?, (1)
h(r)
where
2
h=1-=7, @

with the speed of light is set to ¢ =1, and m denotes the
mass of the Schwarzschild black hole. We consider the
equatorial motion (6 = 7r/2) of a particle along a timelike
geodesic with normalized four-velocity v, defined as

V =10, + 70, + $pd,,

)

where the dot denotes differentiation with respect to the
affine parameter. In the equatorial plane, the timelike
geodesic condition v? = —1 reduces to

—h()i2+r—2+ 2¢? = —1
r e r¢°=-1.

4)

For the static, spherically symmetric metric (1), the two
conserved quantities associated with the timelike Killing
vector ¢ and the rotational Killing vector ¢y are given
as follows:

E=-{"V'=h(ni,  L={0V =r¢, Q)

where ¢, =0, and {4 = 04, and E and L represent the en-
ergy and angular momentum per unit rest mass of a
particle, respectively. Using the conserved quantities (5),
the timelike geodesic equation (4) can be written as

)

LV =0,

5 (6)
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where the effective potential is given by

E* 1 I?
Veg(r) = —— + = (1 + ﬁ) h(r).

> *5 (7

The ISCO radius, hereafter denoted by r, corresponds to
a circular orbit satisfying

Veff(rl) = O» Véﬂ(rl) = 09 (8)
which determine the conserved quantities as
2h(r)? PH(r)
2 2 (9)

T () —rh ()|

r=rn

T 2 - (R,
where the prime denotes differentiation with respect to
the radial coordinate ». The ISCO is further defined by
the condition that the second derivative of the effective
potential vanishes,

0= Vi) (10)
_h'(n) L: (h”(r) 21 (r) 3h(r))
= + 2 5 p + 2 - (11)
_ (r—=6m)m
= S o—am) r:rl, (12)
which results in
r = 6m. (13)

Thus, the ISCO in Schwarzschild spacetime is loc-
ated at r; = 6m, corresponding to three times the radius of
the Schwarzschild black hole's event horizon.

III. HIGHER-DIMENSIONAL BLACK HOLE
SPACETIMES WITH ANISOTROPIC
MATTER

To investigate the ISCO in higher-dimensional space-
times containing matter fields, we begin with the D-di-
mensional Einstein—Hilbert action:

Iz/de\/—_g(%-i-LM), (14)

where « = 87G, G is the D-dimensional gravitational con-
stant, and Ly is the matter Lagrangian density. The most
general static, spherically symmetric D-dimensional met-

ric can be written as

d 2
ds? = =20 f()dP + —— + 2D,

1
@ (15)

where dQ2 , denotes the line element on the unit (D —2)-
sphere,

dQ},_, = dé} +sin’6,d65 + - +sin° 6, ---sin’ Op_3d6},_,.

(16)
The condition of asymptotic flatness requires
Iim f(r)=1, lim g(r) = 0. 17)

We consider the static, diagonal energy—momentum
tensor for anisotropic matter, expressed as

(Tﬂv) = dlag(_p(r)’ pr(r)7 pt(r)’ Y pl(r))7
~—_—————

D-2terms

(18)

where p, and p, are the radial and transverse pressures,
respectively. From the Einstein equations, G, = kT#,, the
temporal and radial components are

(D=3)(1-f(r) N 2krp

0=f(r)- - Do (19)
o )+ )

0= —_——
SRV 20

Taking the second derivatives of Egs. (19) and (20) yields

_D=3)f (- fN+1)  2k@rp’(r) +p(r))

£ = - O,
(21)
§"(n=
_k{r (@) + pi)) f' (1) = [r (' (1) + pi(n) +p(r) + pi(1)] ()}
(D-2) f(r)? '
(22)

The metric function f(r) vanishes at the event horizon r,
and remains nonnegative outside the horizon, satisfying

fm)=0,  f'(r) > 0. (23)

The metric function evaluated at the event horizon (23)
yields
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(D-3)(D-2)

2/<r§ (24)

o) < , p(ry) = —pe(rn),

where the first inequality follows from Eq. (19), whereas
the second follows from Eq. (20). The metric function
f(r) is assumed to take the form

2M(r)

fn=1- b (25)

where M(r) is the mass function, which encodes the
spacetime curvature generated by the energy density out-
side the event horizon. Using Eq. (19), the function M(r)
can be written as

M(r) = My, + ﬁ . sD"zp(s)ds,

(26)
where M, = r?~3/2. For a nonnegative energy density that
decreases monotonically for large 7, the finiteness of
M(r) imposes the following condition:

lim r?~!p(r) = 0. @7)
Applying the energy—momentum conservation law

V,T#, =0 and substituting Eqgs. (19) and (20) yields the
Tolman—Oppenheimer—Volkoff (TOV) equation for the
radial pressure:

_DP=D (@) =pdr) D =3) )+ pi(r))

pi(r)

r 2r
D=3 «krp(r)\ p(r)+ p(r)
_< T D—2> 7 (28)
_2T(+ D= Dp(r) = (D+ 1) pir)
2r
D-3  «krp.(r)\ p(r)+ p(r)
_( 2w " D—Z) i 29)

where T denotes the trace of the energy—momentum
tensor T#,. The energy—momentum conditions are im-
posed as follows: (i) the energy—momentum tensor is re-
quired to satisfy the weak energy condition

p(r) =0, p() +pi(r) =0, p(+p(r)=0, (30)

which ensures a non-negative energy density for all time-
like observers. (ii) The trace of the energy—momentum
tensor is assumed to be non-positive,

T(r) <0, 31)

which is consistent with a broad class of astrophysical
and cosmological fluids. (iii) The radial and tangential
pressures must satisfy
pur) = pe(r)l. (32)
The condition (32) ensures that the p,— p, term in Eq.
(28) is nonnegative, providing an opposing effect to grav-
itational collapse and supporting the stability of the sys-
tem. Combining conditions (i), (ii), and (iii) yields the
dominant energy condition together with additional con-
straints, which can be summarized as follows:

p(r) =Ipnl, = p(r) > p(r),

p(r) = p(r) +(D =2) p(r), pu(r) = |pi(r)l. (33)
We next introduce an effective equation-of-state paramet-
er w that relates the energy density and pressure and is
defined as

S own =2

o(r)

Pi(r)

M= o

(34

In terms of w, and w,, the energy—momentum conditions
can be rewritten as

—l<wn<l, O<w<],

wi(r) +(D=2)w(r) < L, wi(r) = wi(r)]. (35)

IV. ISCO IN HIGHER-DIMENSIONAL BLACK
HOLE BACKGROUNDS

We consider the equatorial motion of a particle in D
dimensions along a timelike geodesic with normalized D-
velocity u, defined as

Mﬂ:(is i’s 9],"'50D—2)' (36)
The D-dimensional equatorial plane is defined by setting
all polar angles to 7/2, as follows:
== Op 2=, 37)
where ¢ denotes the redefined azimuthal coordinate. The
energy E and angular momentum L are defined by the D-

dimensional timelike Killing vector &, and the rotational
Killing vector &, respectively,

E=-& =e*0f(ni,  L=&Y =19,  (38)
where &, =09, and &4 = 4. In the equatorial plane, the
timelike geodesic condition uw? = -1, together with the
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two conserved quantities in (38), reduces to

E2e~280)

f(r)

L2
+—2+1> 0.
r

Using the timelike geodesic equation (39), the effective

(39)

2 2

P @(_

potential is defined as

2
Veg(r) = —%e_zg(’) + % (1 + L—) f). (40)

Krtpy(r) (p(r) = 3p(r))

The energy £ and angular momentum L of a particle at
the ISCO are determined by the circular-orbit conditions

®,

5 2% f(r)?
T2 -r () +2f(Dg (1) |-,
3 , ’
o DU 0H2f(0g () al
2O —r(F D+ 2f P | “h)

Using Egs. (19), (20), (21), (22), (29), and (41), the con-
dition V/;(r;) = 0 reduces to

—(D=3)(D=1) f(r)’ + BD =T)(D=3) f(r) = 2(D=3)

The vacuum ISCO radius, ryy,., can be determined. dir-

(D-2)°
+Kr2 {2f(WT(r)+ (D=1 f(r)+D=3] p(r)+ [(5D=1D) f(r) = T(D-3)] pi(r)} W)
D-2
D-3)M, L[> (D-1)MIL?
Pa(1) = ~Vigpalr) = = - O SR
(44)

ectly from condition (42), yielding

14 Tvac — <

where M, denotes the value of the mass function at the
event horizon. For D =4, Eq. (43) gives rpy.. = 6M;, con-
sistent with Eq. (13). In contrast, no physical solution ex-
ists in vacuum for D > 5, indicating the absence of ryy,. in
higher dimensions. This behavior can be understood in
terms of the effective radial force in vacuum, defined as
the negative radial derivative of the effective potential:

2(D—1)Mh>**’ (43)

D-5

K1 pi(r) (p(r) = 3pe(r))

C(r) =

The gravitational attraction, centrifugal repulsion, and
general relativistic correction terms scale as r~P=2, r=3,
and 2, respectively. In higher dimensions, these dimen-
sion-dependent scalings do not provide the balance
between gravitational attraction and centrifugal repulsion
required for marginally stable circular orbits, thereby pre-
cluding a vacuum ISCO for D > 5. More generally, to ac-
count for the presence of the energy—momentum tensor
(18), the ISCO condition (42) can be reformulated in

terms of the ISCO function C(r):

~(D=3)(D=1) f(r)*+BD=T)(D-3) f(r)-2(D=3)’

(D-2)
. x> {2f (T + [(D-1) f(r)+D=3] p(r) + (5D~ 11) f(r) =T (D =3)] pi(r)} @5
D-2
The ISCO function C(r) can be decomposed as
C(r) = A(r) + B(r), (46)
with
Ay = 2P0 =3pr) | 2 fOT) k2 {[(D=Df()+D=3]p() + (D11 f() =7(D=3)] pn)}

(D-2) D-2

D-2
(47)
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B(r)=-(D-3)(D-1) f(r)*+(BD-T7)(D-3) f(r)
-2(D-3)*. (48)

Using the Einstein equation (19), together with the event-
horizon condition (24) and the energy—momentum condi-
tions (33), we obtain

C(ry) = =212 f'(m)* < 0. (49)

This shows that C(r,) is non-positive at the event ho-
rizon. In the asymptotic region, condition (27) and the en-
ergy—momentum conditions (33) together imply that C(r)
takes the following form:

2M,,
>0 (D=4)

,

2
C(r — o0) ~ —32r]:/1°°+%r2(2p+pr+3pl) (D=5),
—Z(D_S)E)D3_3)Mm <0 (D>6)
pr
(50)

where M., denotes the asymptotic value of the mass func-
tion at spatial infinity. Consequently, the asymptotic sign
of C(r) depends explicitly on the spacetime dimension.
For D=4, C(r) approaches zero from above, whereas
C(ry) <0 for a nonextremal event-horizon; therefore, the
continuity of C(r) guarantees at least one root in the ex-
terior region. For D =5, the asymptotic sign is determ-
ined by the balance between the mass and matter contri-
butions, and an exterior root exists when the positive mat-
ter contribution dominates at large ». By contrast, for
D > 6, C(r) approaches zero from below, and this asymp-
totic behavior does not ensure the existence of an ISCO.
Nevertheless, a suitable matter distribution can yield
C(r) >0 at an intermediate radius, thereby allowing an

A(r) >

ISCO to form. An explicit construction establishing the
existence of an ISCO for D > 5 and further demonstrat-
ing that the ISCO radius has no finite upper bound is
presented in Appendix A. Thus, depending on the space-
time dimension and the matter distribution, C(r) =0 can
admit one or more roots in the exterior region. When such
roots exist, the ISCO radius r; is defined as the smallest
among them and satisfies

C(r) =0. ShH

Requiring the particle at the ISCO in Eq. (41) to have
positive energy and nonzero angular momentum imposes
the constraint

2kr? p(r) +(D-3)(D-2)
(D=2)(D-1)

2Kr2pr(r1)
(D-3)(D-2)’
(52)

<f(r)<l1+

Within the domain r, < r; < oo, where f(r;) >0, the fol-
lowing inequality holds:

2r? pi(r)

0< 1+7(D—3)(D—2)'

(53)

To simplify the subsequent analysis, we introduce two
functions.

2kri pi(ry)

om=1+ 7(D—3)(D—2)

>0, o(r) = pe(r) + p(r) 2 0.
(54)

A. Positive radial pressure

The analysis can be classified according to the sign of
p:(r)). For positive radial pressure (p.(r;) > 0), the rela-
tion 6(r1)>1 holds. Moreover, from the energy—mo-
mentum conditions (33) and condition (52), we obtain

421 p(r1) { (D= 4) (D= 1) p(ry) + [(D—3)* +2] p(r)) +(D—=2)(D— 1) p(r1) }

(D=-3)(D-2*(D-1)
| 2t {(D-4)(D-1)p(r)) - [(D—1)*=6] p.(r)+(D-2)(D—-1) pi(r) }

(D-2)(D-1) (33)
_ 2(D —4) kris(r)p(rr) . 4% 1 pi(ry) { [(D -3+ 2] o(r)+3(D- 3)pt(r1)}
D-2 (D-3)(D-2)*(D-1)
. 2xr? {— [(D —1)? —(16)] f)rz()rz)l;_(?)— 2)(D - l)p[(rl)} (56)
J 21t [=D=T)p(r) + (D=2) (D= 1) (p(r) = pr(1))] 57

(D-2)(D-1)



Unbounded radius of innermost stable circular orbit in higher-dimensional black holes

Chin. Phys. C 50, (2026)

> _2(D—7)K712Pr("1)_ (58)
D-2)(D-1)

For 4< D <7, the function A(r;) remains nonnegative.
Therefore, the condition C(r;)=0 requires B(r) <0,
yielding

D-5
3T D-1’

(59)

For D =4, the lower bound on A(ry) is strictly positive
owing to the positive pressure, thereby strengthening in-
equality (59) to

rh<r1<6M(r1)<6Moo, (60)

This is consistent with the result of a previous study [46].
For 5 < D <7, inequality (59) does not impose any addi-
tional constraint on ry; thus, the ISCO radius remains un-
bounded above:

(61)

< rp<oo.

For D =8, A(r) can be either positive or negative. When
A(r) = 0, no finite upper bound is imposed on r, as for
5<D<7. By contrast, when A(r) <0, the condition
B(r) > 0 yields

s _2(D=DM) _

O,
! D-5

(62)

demonstrating the nonexistence of r;. Consequently, for
positive radial pressure, the existence of an ISCO re-

1
D-1

D-1
(D-3)(D+2)

0 <w(r) <

The conditions (66) imply that the equation-of-state
parameters evaluated at the ISCO must satisfy dimension-
dependent bounds, which constitute a requirement for the
existence of an ISCO radius in the presence of matter.
Equivalently, matter at the ISCO radius is characterized
by equation-of-state parameters restricted to the ranges
specified in the conditions (66). For D =4, the condi-
tions (66) reduce to w,(r;) < 1/3 and w(ry) < 1/2, permit-
ting isotropic ultrarelativistic matter with
we(r) = w(rp) = 1/3. As D increases, the bounds become

quires A(r;) = 0 for all D > 4. The ISCO radius has an up-
per bound only in four dimensions; no finite upper bound
exists for D > 5.

The condition A(ry) >0, shown above to be neces-
sary for the existence of an ISCO, can be examined fur-
ther by expressing the right-hand side of inequality (57)
as 2«kriP(r1), where

D-7
P(r) = pulr) — 1+m pr(r1). (63)
For 4 < D <7, inequality (58) guarantees that $(r;) > 0.
For D > 8, it imposes no definite sign on P(r;), which

may be positive, negative, or zero. Thus, we first assume
P(r;) = 0, which leads to

7

p> 1+ 0T
D-2D-1)

pr(r). (64)

Condition (64) is more restrictive than the pressure condi-
tion (32) and, for dimensions D > 8, imposes a nontrivial
constraint on the subsequent analysis. Applying condi-
tion (64) to the nonpositive trace of the energy—mo-
mentum tensor (31) yields

(D—=1) pe(ry)
(D-3)(D+2)
D-1

(4<D<17)

pi(r)  (D>38)

p(r) 2 (65)

The expression (65) shows that the energy density p is
bounded below by a multiple of the radial pressure p;,
with a coefficient that depends on the dimension. In par-
ticular, this constraint becomes more restrictive for D > 8.
Combining the energy—momentum conditions (33) with
the bound (65) yields the following constraints on w, and w:

1
o wm) <wln) < 5 (D>4). (66)

more restrictive; in the large-D limit, both equation-of-
state parameters approach zero, and the matter at the
ISCO becomes asymptotically pressureless.

For D > 8, with p.(r;) > 0 and P(r;) < 0, we obtain

D-1

p(r) < |1+ D-2(D-1) (). (67)

Combining inequality (67) with the nonpositive trace
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condition (31) yields the corresponding lower bound for
the energy density, expressed in terms of the tangential
pressure, as

(D=9 (D+3)

p(r1)> D (D—1)2—6

p(ro). (68)

Rewriting condition (68) in terms of w, and combining
the resulting constraint with the energy—momentum con-
dition (33) yields

0<wi(n) <

D-1’
(D-1*-6
Wr(rl)gwt(rl)<(D_3)(D_2)(D+2)’ (69)
and inequality (55) reduces to
_ _ 2
Alr) > 2[D(D—-4)(D—=2)+3]«rip:(r1) 0. (70)

D=-2)(D-1)

This confirms that the necessary condition A(r) > 0 for
the existence of an ISCO is also satisfied in the case
P(rl) < 0

B. Nonpositive radial pressure

For a nonpositive radial pressure (p:(r7) < 0), which
implies 0 < 6(rp) < 1 and P(r) > 0, we obtain

4 ri pe(r) [(D=4) p(r1) + Dp(r) + (D = 2) py(ry)]

Alr) 2 5
(D-3)(D=-2)
, 21t [(D=4)p(r) = (D= 6) () + (D= 2) pu(r)]
D-2
(71)
2 2
= 290 (D 4)p(r) + (D-2)r (1)
+2(D=3)(D=3-6(r)) (1 -6(r)) (72)
>0, (73)

which holds in all dimensions D > 4. Applying the argu-
ment presented for the case of positive radial pressure
(Sec. 4.1) shows that the condition A(r) > 0 yields an ex-
pression equivalent to inequality (59). Consequently, for
D > 5, the ISCO radius r; is unbounded above. This res-
ult is identical to that obtained for positive radial pres-
sure in Eq. (61), and the equations of state derived from
the energy—momentum conditions (33) satisfy

(74)

< Wr(rl) < Oa

< <
()l < () < 55—

D-3

In the large-D limit, the radial and transverse equations of
state both vanish.

V. CONCLUSION

In this study, we investigated the upper bound on the
ISCO radius in higher-dimensional, static, spherically
symmetric, and asymptotically flat black hole back-
grounds. We considered an anisotropic energy—mo-
mentum tensor satisfying the weak energy condition with
a nonpositive trace, together with constraints on the radi-
al and tangential pressures. These combined require-
ments are equivalent to the dominant energy condition
with additional constraints.

In vacuum spacetimes, an ISCO exists only in four di-
mensions; no ISCO is present for D > 5. However, when
the aforementioned energy—momentum tensor is intro-
duced, an ISCO can exist even in higher-dimensional
spacetimes. For a positive radial pressure, an upper bound
on the ISCO radius arises exclusively in four dimensions.
For all dimensions D > 5, however, the ISCO radius is
unbounded from above. For a nonpositive radial pressure,
as in the positive-pressure case, the ISCO radius remains
unbounded for all D > 5, with the four-dimensional case
being the only exception. In addition, the existence of an
ISCO constrains the equation-of-state parameter of mat-
ter located at the ISCO radius, with the allowed ranges
depending explicitly on the spacetime dimension. The
overall results are summarized in Tables 1 and 2, where a
dash denotes an undefined quantity.

Therefore, our analysis clarifies the dimensional de-
pendence of the ISCO under the dominant energy condi-
tion with additional constraints on the pressures. In con-
trast to the vacuum case, we demonstrate that an
energy—momentum tensor satisfying the dominant en-
ergy condition, together with these additional constraints,
permits the existence of an ISCO in higher-dimensional
black hole spacetimes. The results show that there is no
upper bound on the ISCO radius in higher dimensions, in-
dicating that spherical symmetry and the dominant en-
ergy condition alone do not impose a finite limit on the
ISCO radius. Furthermore, we demonstrate that the al-
lowed equations of state for matter at the ISCO depend
explicitly on the spacetime dimension. In the large-D lim-
it, the radial and transverse equations of state vanish,
yielding pressureless dust behavior. The possibility of an
arbitrarily large ISCO radius also warrants consideration
from an astrophysical perspective. In thin disk models,
the ISCO is regarded as the inner edge of the accretion
disk, because stable circular motion is no longer possible
inside the ISCO radius. Accordingly, a large ISCO radius
would place the inner edge of the thin disk at a corres-
pondingly large radius. This outward shift of the disk in-
ner edge may therefore lead to a lower maximum disk
temperature, weaker gravitational redshift and Doppler
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Table 1. Existence and Upper Bounds for the ISCO in Four and Higher Dimensions.
Radial Pressure Dimensions ISCO

D=4 Present r=6M,

Vacuum —
D>5 Absent —
D=4 Bounded [46] rn<6M.

pe(r) >0

D>5 Unbounded 7 < 0o

Matter
D=4 Bounded [46] < 6Me

p(r) <0
D>5 Unbounded < 0o
Table 2. Equations of State for Matter at the ISCO in Higher Dimensions.
Radial Pressure Dimensions P(ry) w,(r1) wi(rp)
1 1
4<D<T7 >0 0<w, < wy < wy <
D- D-2
>0 0<w, < Di_l < !
pe(r) >0 2 r\(D+2)(D—3) w,\w‘<D_2
D>8 2
1 (D-1)"-6
< W<
<0 O<wis 5 W SWS D 23 (D-2)(D+2)
1
() <0 D>4 > ———<w < d<w <
Pi(r) 0 D3 <V 0 Wil < w, 53

effects, and lower frequencies of quasi-periodic oscilla-
tions. These features could provide observational indica-
tions that the underlying spacetime is higher-dimensional.
The unboundedness of the ISCO radius also raises the
question of whether extensions of the present framework
incorporating black hole rotation, higher-curvature cor-
rections, or matter fields with specific properties could
yield a finite upper bound. A natural direction for future
study is to extend the present framework to rotating
spacetimes, asymptotically dS/AdS backgrounds, and
modified gravity to assess whether a finite upper bound
on the ISCO radius emerges.

APPENDIX A. EXPLICIT CONSTRUCTION OF
ARBITRARILY LARGE ISCO RADIUS IN
HIGHER DIMENSIONS

As discussed in Sec. IV, for D > 5, the existence of an
ISCO is not guaranteed; rather, it depends on the detailed
configuration of the surrounding matter. Here, we present
a simple, explicit model that supports an ISCO in higher
dimensions. For simplicity, we impose the condition of
vanishing radial pressure, p.(r) =0. Under this assump-
tion, the Einstein equations and the TOV equation reduce
to the following expressions:

on . M) _(D=-2)M'(r)
g = D3 ()’ p(r) = g2
o) = 2= (A

(D=3 ()

The corresponding ISCO function C(r) is therefore given

).

(A2)

M) 2(D-DMF)? (D=5 M)
-4 F2AD-3) - D=3

C(r)= 2(D—3)(

We next consider the following smooth mass function:
M(r)= My + (Mo — My,) S (),

0 (r<ro)

S(r)= 1
exp —m (r>r0)

; (A3)

where >0 and ry>r,. The function S(r) is smooth
throughout the entire domain, including at r = ry, and in-
creases monotonically from zero, approaching unity as
r — oo. The properties of S () are as follows:

S =0, Sr—oco)~l-e . (Ad)

Thus, M(r) smoothly interpolates between M, and M.,
with the difference M., — M(r) decaying exponentially at

large r. For r<ry, the conditions M(r)=M, and
M'(r) =0 yield
2(D-1)M?> (D-35M,
0 ==20-3) (2255 + T ) <o
14 > T
(for r<ry), (A5)
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for D > 5. To analyze the sign change of C(r), we define
r. = ro+1n(2)/a, for which

1
S(r)=—,
e

2

S'(r)="2, (A6)
e

and hence

C(r.)=2(D-3)
(za% -My) 2(D-DHM(r) (D—@M(n))

erD=4 2073 yD-3
(A7)
The condition C(r,) > 0 is satisfied if
e 2(D-1)M(r.) (D—5)M(V*)}
. (A
S Me—My) { PR y (A%)
Since r, > rg, the preceding condition reduces to
eM(r,) { 2(D—1)M(r*)}
arg> 5o = Mo M) (D-5)+ =t (A9)

For any D > 5, this condition is satisfied for suffi-
ciently large a. Therefore, the corresponding matter dis-
tribution with vanishing radial pressure admits at least
one ISCO, with the ISCO radius r; lying in the interval
ro<r <r. The requirements for positive energy and
nonzero angular momentum, together with the energy
conditions, reduce to

Since P73 > =3 and M(r) < M., for r> ry, it suffices to
impose

P73 > (D-1)M.,. (Al1)
With w, =0 defined by convention in the vacuum region

r < ry, the tangential equation-of-state parameter is given
by

0 (r <o)
(D=3) () :
D= —amiy 7

w(r) = (A12)

To illustrate the dependence of the solution on the space-
time dimension, we fix the overall scale by setting My, = 1
and choose the following parameter values:

a=2, r=5 My=1, M,=2, (A13)
For this choice of parameters, r, = 5.3466. The resulting
ISCO radius and the tangential equation-of-state paramet-
er evaluated at the ISCO are shown in Fig. Al.

As shown in Fig. Al, in this particular model, the
ISCO radius increases monotonically with the number of
spacetime dimensions, whereas the tangential equation-
of-state parameter rapidly approaches zero. Thus, as the
spacetime dimension increases, the ISCO occurs at pro-
gressively larger radii, and the matter at the ISCO be-

haves like pressureless dust. Furthermore, the ISCO radi-

D-3 D-3 . . .
> D=DM(r), 77> D-1)M(r) (for r>r), us can be made arbitrarily large through appropriate
(A10) choices of a and ry, explicitly demonstrating the absence
of a finite upper bound for D > 5.
T1 Wy,
5.16-
0.02-
5.12+-
5.08+-
0.01+-
5.04-
500 1 1 1 1 1 A
) 6 7 8 9 D ) 6 7 8 9 D
Fig. A1. Dependence of the ISCO radius r; and the tangential equation-of-state parameter evaluated at the ISCO, w,(r), on the space-

time dimension D.



Unbounded radius of innermost stable circular orbit in higher-dimensional black holes

Chin. Phys. C 50, (2026)

References

(1]

(9]
(10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]

K. Schwarzschild, On the gravitational field of a mass point
according to Einstein’s theory, In: Sitzungsber. Preuss.
Akad. Wiss. Berlin (1916), pp. 189-196, arXiv:
physics/9905030

P. J. Young, J. A. Westphal, J. Kristian et al., Astrophys. J.
221, 721 (1978)

R. Schodel et al., Nature 419, 694 (2002), arXiv: astro-
ph/0210426

K. Akiyama et al., Astrophys. J. Lett. 875, L1 (2019),
arXiv: 1906.11238 [astro-ph.GA]

K. Akiyama et al., Astrophys. J. Lett. 930, L12 (2022),
arXiv: 2311.08680 [astro-ph.HE]

S. Vagnozzi et al., Class. Quant. Grav. 40, 165007 (2023),
arXiv: 2205.07787 [gr-qc]

S. Bowyer, E. T. Byram, T. A. Chubb et al., Science
147(3656), 394 (1965)

J. A. Orosz, J. E. McClintock, J. P. Aufdenberg et al.,
Astrophys. J. 742, 84 (2011), arXiv: 1106.3689 [astro-
ph.HE]

L. j. Gou, J. E. McClintock, M. J. Reid et al., Astrophys. J.
742, 85 (2011), arXiv: 1106.3690 [astro-ph.HE]

B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016),
arXiv: 1602.03837 [gr-qc]

A. Einstein, Approximative Integration of the" Field
Equations of Gravitation, In: Sitzungsber. Preuss. Akad.
Wiss. Berlin (Math. Phys.) (1916), pp. 688—696

M. A. Abramowicz and P. C. Fragile, Living Rev. Rel. 16, 1
(2013), arXiv: 1104.5499 [astro-ph.HE]

R. D. Blandford and R. L. Znajek, Mon. Not. Roy. Astron.
Soc. 179, 433 (1977)

H. Tananbaum, H. Gursky, E. Kellogg ef al., Astrophys. J.
177,15 (1972)

M. van der Klis, F. Jansen, J. van Paradijs et al., Nature
316, 225 (1985)

J. Middleditch and W. C. Priedhorsky, Astrophys. J. 306,
230 (1986)

Y. Tanaka et al., Nature 375, 659 (1995)

I. D. Novikov and K. S. Thorne, Astrophysics and black
holes, In: Les Houches Summer School of Theoretical
Physics: Black Holes 1973, pp. 343-550

D. N. Page and K. S. Thorne, Astrophys. J. 191, 499 (1974)
G. B. Cook, Phys. Rev. D 50, 5025 (1994), arXiv: gr-
qc/9404043

S. Brandt and B. Bruegmann, Phys. Rev. Lett. 78, 3606
(1997), arXiv: gr-qc/9703066

T. W. Baumgarte, Phys. Rev. D 62, 024018 (2000), arXiv:
gr-qc/0004050

T. Damour, B. R. Iyer, and B. S. Sathyaprakash, Phys. Rev.
D 57, 885 (1998), arXiv: gr-qc/9708034

J. P. A. Clark and D. M. Eardley, Astrophys. J. 251, 311
(1977)

D. Lai and A. G. Wiseman, Phys. Rev. D 54, 3958 (1996),
arXiv: gr-qc/9609014

[26]
[27]
(28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]
[40]

[41]
[42]
[43]

[44]

[45]

[46]
[47]
(48]
[49]

[50]

[51]

M. Shibata, K. Taniguchi, and T. Nakamura, Prog. Theor.
Phys. Suppl. 128, 295 (1997), arXiv: gr-qc/9801004

M. Favata, Phys. Rev. D 83, 024027 (2011), arXiv:
1008.4622[gr-qc]

L. Blanchet, D. Langlois, and E. Ligout, Phys. Rev. D 112,
064025 (2025), arXiv: 2505.01278[gr-qc]

J. K. Blackburn and S. L. Detweiler, Phys. Rev. D 46, 2318
(1992)

S. Suzuki and K. Maeda, Phys. Rev. D 58, 023005 (1998),
arXiv: gr-qc/9712095

M. Favata, Phys. Rev. D 83, 024028 (2011), arXiv:
1010.2553 [gr-qc]

D. Pugliese, H. Quevedo, and R. Ruffini, Phys. Rev. D 83,
104052 (2011), arXiv: 1103.1807 [gr-qc]

H.-C. Lee and Y. J.. Han, Eur. Phys. J. C 77(10), 655 (2017),
arXiv: 1704.02740 [gr-qc]

K. Schroven, E. Hackmann, and C. Lammerzahl, Phys. Rev.
D 96, 063015 (2017), arXiv: 1705.08166 [astro-ph.HE]

Y. P. Zhang, S. W. Wei, W. D. Guo et al., Phys. Rev. D 97,
084056 (2018), arXiv: 1711.09361 [gr-qc]

T. Igata, K. Nakashi, and K. Ogasawara, Phys. Rev. D 101,
044044 (2020), arXiv: 1910.12682 [astro-ph.HE]

M. y. Guo and P. C. Li, Eur. Phys. J. C 80(6), 588 (2020),
arXiv: 2003.02523 [gr-qc]

K. Schroven and S.a Grunau, Phys. Rev. D 103, 024016
(2021), arXiv: 2007.08823 [gr-qc]

E. Larrafaga, Int. J. Mod. Phys. D 29(16), 2050121 (2020)
J. Li and C. h. Jiang, Mod. Phys. Lett. A 37(28), 2250187
(2022)

C. Y. Wang, D. S. Lee, and C. Y. Lin, Phys. Rev. D 106,
084048 (2022), arXiv: 2208.11906 [gr-qc]

Y. b. Du, Y. L. Liu, and X. d. Zhang, JCAP 05, 045 (2025),
arXiv: 2411.13316 [gr-qc]

S. Y. Ciou, T. Hsieh, and D. S. Lee, JCAP 05, 086 (2025),
arXiv: 2503.12911 [gr-qc]

Y. P. Zhang, S. W. Wei, and Y. X. Liu, Evolution of
innermost stable circular orbit and light ring of a charged
black hole induced by the scalarization (2025), arXiv:
2505.02638 [gr-qc]

T. Wang, Innermost stable circular orbit of Kerr-Bertotti-
Robinson black holes and inspirals from it: Exact solutions
(2025), arXiv: 2508.04684 [gr-qc]

Y. t. Cen and Y. Song, Phys. Lett. B 866, 139545 (2025),
arXiv: 2505.02107 [gr-qc]

Z. j. Shi, X. d. Zhang, and Y. g. Ma, Phys. Rev. D 110,
104074 (2024), arXiv: 2408.15821 [gr-qc]

S. z. Li, Y. g. Ma, F. q. Yuan et al., Phys. Rev. D 113,
L041503 (2026), arXiv: 2508.07962

Y. Song, J. q. Fu, and Y. t. Cen, Eur. Phys. J. C 86(4), 413
(2026), arXiv: 2601.01451 [gr-qc]

M. Bravo-Gaete, J. A. Herrera-Mendoza, J. Oliva et al.,
Eur. Phys. J. C 86(5), 502 (2026), arXiv: 2601.18048 [hep-
th]

S. d. Jiang, J. h. Lin, and X. d. Zhang, Universe 12(6), 168
(2026), arXiv: 2606.08182 [gr-qc]


https://arxiv.org/abs/9905030
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1086/156076
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://doi.org/10.1038/nature01121
https://arxiv.org/abs/0210426
https://arxiv.org/abs/0210426
https://arxiv.org/abs/0210426
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://arxiv.org/abs/1906.11238 [astro-ph.GA]
https://arxiv.org/abs/1906.11238 [astro-ph.GA]
https://arxiv.org/abs/1906.11238 [astro-ph.GA]
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://arxiv.org/abs/2311.08680 [astro-ph.HE]
https://arxiv.org/abs/2311.08680 [astro-ph.HE]
https://arxiv.org/abs/2311.08680 [astro-ph.HE]
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://arxiv.org/abs/2205.07787 
https://arxiv.org/abs/2205.07787 
https://arxiv.org/abs/2205.07787 
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1126/science.147.3656.394
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://doi.org/10.1088/0004-637X/742/2/84
https://arxiv.org/abs/1106.3689 [astro-ph.HE]
https://arxiv.org/abs/1106.3689 [astro-ph.HE]
https://arxiv.org/abs/1106.3689 [astro-ph.HE]
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://doi.org/10.1088/0004-637X/742/2/85
https://arxiv.org/abs/1106.3690 [astro-ph.HE]
https://arxiv.org/abs/1106.3690 [astro-ph.HE]
https://arxiv.org/abs/1106.3690 [astro-ph.HE]
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837 
https://arxiv.org/abs/1602.03837 
https://arxiv.org/abs/1602.03837 
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://arxiv.org/abs/1104.5499 [astro-ph.HE]
https://arxiv.org/abs/1104.5499 [astro-ph.HE]
https://arxiv.org/abs/1104.5499 [astro-ph.HE]
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1086/181042
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1038/316225a0
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1086/164335
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1038/375659a0
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1086/152990
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://doi.org/10.1103/PhysRevD.50.5025
https://arxiv.org/abs/9404043
https://arxiv.org/abs/9404043
https://arxiv.org/abs/9404043
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1103/PhysRevLett.78.3606
https://arxiv.org/abs/9703066
https://arxiv.org/abs/9703066
https://arxiv.org/abs/9703066
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://doi.org/10.1103/PhysRevD.62.024018
https://arxiv.org/abs/0004050
https://arxiv.org/abs/0004050
https://arxiv.org/abs/0004050
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.57.885
https://arxiv.org/abs/9708034
https://arxiv.org/abs/9708034
https://arxiv.org/abs/9708034
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1086/155360
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://doi.org/10.1103/PhysRevD.54.3958
https://arxiv.org/abs/9609014
https://arxiv.org/abs/9609014
https://arxiv.org/abs/9609014
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://doi.org/10.1143/PTPS.128.295
https://arxiv.org/abs/9801004
https://arxiv.org/abs/9801004
https://arxiv.org/abs/9801004
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://doi.org/10.1103/PhysRevD.83.024027
https://arxiv.org/abs/1008.4622
https://arxiv.org/abs/1008.4622
https://arxiv.org/abs/1008.4622
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://doi.org/10.1103/mtv7-lkv8
https://arxiv.org/abs/2505.01278
https://arxiv.org/abs/2505.01278
https://arxiv.org/abs/2505.01278
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.46.2318
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://doi.org/10.1103/PhysRevD.58.023005
https://arxiv.org/abs/9712095
https://arxiv.org/abs/9712095
https://arxiv.org/abs/9712095
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://doi.org/10.1103/PhysRevD.83.024028
https://arxiv.org/abs/1010.2553 
https://arxiv.org/abs/1010.2553 
https://arxiv.org/abs/1010.2553 
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://doi.org/10.1103/PhysRevD.83.104052
https://arxiv.org/abs/1103.1807 
https://arxiv.org/abs/1103.1807 
https://arxiv.org/abs/1103.1807 
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://doi.org/10.1140/epjc/s10052-017-5152-7
https://arxiv.org/abs/1704.02740 
https://arxiv.org/abs/1704.02740 
https://arxiv.org/abs/1704.02740 
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://doi.org/10.1103/PhysRevD.96.063015
https://arxiv.org/abs/1705.08166 [astro-ph.HE]
https://arxiv.org/abs/1705.08166 [astro-ph.HE]
https://arxiv.org/abs/1705.08166 [astro-ph.HE]
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://doi.org/10.1103/PhysRevD.97.084056
https://arxiv.org/abs/1711.09361 
https://arxiv.org/abs/1711.09361 
https://arxiv.org/abs/1711.09361 
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://doi.org/10.1103/PhysRevD.101.044044
https://arxiv.org/abs/1910.12682 [astro-ph.HE]
https://arxiv.org/abs/1910.12682 [astro-ph.HE]
https://arxiv.org/abs/1910.12682 [astro-ph.HE]
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://arxiv.org/abs/2003.02523 
https://arxiv.org/abs/2003.02523 
https://arxiv.org/abs/2003.02523 
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://doi.org/10.1103/PhysRevD.103.024016
https://arxiv.org/abs/2007.08823 
https://arxiv.org/abs/2007.08823 
https://arxiv.org/abs/2007.08823 
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0218271820501217
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1142/S0217732322501875
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://doi.org/10.1103/PhysRevD.106.084048
https://arxiv.org/abs/2208.11906 
https://arxiv.org/abs/2208.11906 
https://arxiv.org/abs/2208.11906 
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://doi.org/10.1088/1475-7516/2025/05/045
https://arxiv.org/abs/2411.13316 
https://arxiv.org/abs/2411.13316 
https://arxiv.org/abs/2411.13316 
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://doi.org/10.1088/1475-7516/2025/05/086
https://arxiv.org/abs/2503.12911 
https://arxiv.org/abs/2503.12911 
https://arxiv.org/abs/2503.12911 
https://arxiv.org/abs/2505.02638 
https://arxiv.org/abs/2505.02638 
https://arxiv.org/abs/2505.02638 
https://arxiv.org/abs/2508.04684 
https://arxiv.org/abs/2508.04684 
https://arxiv.org/abs/2508.04684 
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://doi.org/10.1016/j.physletb.2025.139545
https://arxiv.org/abs/2505.02107 
https://arxiv.org/abs/2505.02107 
https://arxiv.org/abs/2505.02107 
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://doi.org/10.1103/PhysRevD.110.104074
https://arxiv.org/abs/2408.15821 
https://arxiv.org/abs/2408.15821 
https://arxiv.org/abs/2408.15821 
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://doi.org/10.1103/pv8v-wphn
https://arxiv.org/abs/2508.07962
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://doi.org/10.1140/epjc/s10052-026-15623-1
https://arxiv.org/abs/2601.01451 
https://arxiv.org/abs/2601.01451 
https://arxiv.org/abs/2601.01451 
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://doi.org/10.1140/epjc/s10052-026-15742-9
https://arxiv.org/abs/2601.18048 
https://arxiv.org/abs/2601.18048 
https://arxiv.org/abs/2601.18048 
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://doi.org/10.3390/universe12060168
https://arxiv.org/abs/2606.08182 
https://arxiv.org/abs/2606.08182 
https://arxiv.org/abs/2606.08182 

	I INTRODUCTION
	II REVIEW OF ISCO IN SCHWARZSCHILD BLACK HOLE BACKGROUND
	III HIGHER-DIMENSIONAL BLACK HOLE SPACETIMES WITH ANISOTROPIC MATTER
	IV ISCO IN HIGHER-DIMENSIONAL BLACK HOLE BACKGROUNDS
	A Positive radial pressure
	B Nonpositive radial pressure

	V CONCLUSION
	APPENDIX A. EXPLICIT CONSTRUCTION OF ARBITRARILY LARGE ISCO RADIUS IN HIGHER DIMENSIONS
	REFERENCES

