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Abstract: The spin-orbit correlation (SOC) provides a unique probe of the internal spin structure of hadrons.
Defined in terms of the parity-odd (P-odd) energy-momentum tensor (EMT), this observable can remain nonzero

even in systems with zero total angular momentum. In this study, we connect the formal field-theoretical definition

of the SOC to a nonperturbative quantum many-body framework based on light-front dynamics. Furthermore, we
show how the SOC can be extracted directly from hadronic matrix elements of the P-odd EMT, establishing a path-

way for accessing this observable within the partonic picture. As a practical application, we compute the transverse

and longitudinal SOC distributions for charmonium and B. mesons. Although our findings are consistent with rough
estimates based on the Clebsch-Gordan decomposition, we demonstrate that these observables provide rich, nontrivi-

al information about partonic dynamics.
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I. INTRODUCTION

Understanding the distribution of spin and orbital an-
gular momentum (OAM) within hadrons remains a cent-
ral challenge in quantum chromodynamics (QCD) [1].
Motivated largely by the longstanding proton spin puzzle
[2], decades of experimental campaigns have established
that quark and gluon OAM are essential, yet elusive,
components of the hadronic spin sum rule [3—9]. As the
field advances toward precision tomographic mapping at
the future Electron-lon Collider (EIC) through general-
ized parton distributions (GPDs) and transverse-mo-
mentum-dependent distributions (TMDs) [10, 11], it is
equally important to develop clear theoretical observ-
ables that isolate specific spin-orbit dynamics. Extending
these theoretical investigations beyond the proton to sys-
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tems such as heavy quarkonia provides a particularly
clean environment for investigating the underlying
quantum many-body dynamics and fundamental spin-or-
bit correlations.

A critical step toward understanding hadronic spin
lies in the energy-momentum tensor (EMT) T+, which
rigorously encodes the spatial distribution of energy, mo-
mentum, and stress within the hadron [12, 13]. Although
the standard parity-even EMT is foundational for extract-
ing total angular momentum through Ji's sum rule [14],
decomposing this total J%¢ into distinct spin and OAM
contributions remains theoretically subtle because of
scheme and gauge dependencies [15, 16]. To circumvent
these ambiguities and directly probe the interplay
between spin and spatial dynamics, one can investigate
the parity-odd (P-odd) EMT. Unlike its P-even counter-
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part, the P-odd EMT defines a robust spin-orbit correla-
tion (SOC) observable that cleanly isolates the quantum
entanglement between spin and orbital motion [17]. Eval-
uating this correlation naturally connects formal field-the-
oretical operators with nonperturbative tools, such as
light-front wave function decompositions [18] and Wign-
er distributions [19].

At a fundamental level, SOCs L-S are ubiquitous
across physical systems, from atomic fine structure to
nuclear shell models, and play a similarly important role
in QCD. Remarkably, even in spin-0 hadrons such as the
pion or B., a nontrivial spin-orbit structure can arise
through the correlation (L_S.). Despite the vanishing total
angular momentum of these states, this correlation en-
codes rich internal partonic dynamics [19-27]. This
concept was first articulated by Lorcé for the nucleon [28,
29] and subsequently extended to spin-0 systems [30],
motivating explicit calculations for both mesons [31-33]
and the proton [23]. Formally, this SOC is intimately con-
nected to the aforementioned P-odd EMT, defined as
™ =TY —T", where T}'x representthe EMTs associ-
ated with left- and right-handed quark fields, respectively.
Arising from the chiral separation of the quark EMT, the
matrix elements of 7# between hadronic states directly
map the spatial distribution of the spin-orbit coupling,
thereby linking it to the anomalous tensor charge and
chiral-odd gravitational form factors (FFs) [28].

At the parton level, the SOC is encoded in twist-2
Wandzura-Wilczek contributions together with genuine
twist-3 structures [34]. These correlations are central to
novel momentum sum rules, analogous to the Jaffe-Man-
ohar spin sum rule, that rigorously decompose hadronic
energy into kinetic contributions and potential energies
driven by color Lorentz forces [34]. Furthermore, in the
small-x limit, the SOC exhibits a universal anti-align-
ment behavior: C,(x) ~ —3g(x) and C,(x)~ —g(x). This
striking asymptotic relation highlights a state of maximal
quantum entanglement between partonic spin and spatial
degrees of freedom in this regime [24, 25, 35].

In this paper, we investigate spin-orbit coupling in
heavy quarkonia, particularly charmonium (c¢¢) and B,
(bc) states, as ideal theoretical laboratories for probing
hadronic spin structure [1]. Quarkonia provide a con-
trolled setting: at leading order, sea-quark and gluon con-
tributions are suppressed, enabling a clean separation of
relativistic and nonrelativistic dynamics. Moreover, their
mass scale permits complementary treatments using lat-
tice QCD [36], effective field theories such as potential
nonrelativistic QCD (pNRQCD) [37], and light-front
Hamiltonian approaches [38—42].

This work has two primary objectives. First, we de-
rive a quantum many-body expression for the quark SOC
density, Ci(r,), within the framework of light-front dy-
namics. We further decompose the SOC along the longit-
udinal direction to establish a rigorous connection to its

partonic interpretation, CZ(x). Second, we explicitly com-
pute C!(r,) for charmonia and B, states using light-front
wave functions obtained via basis light-front quantiza-
tion (BLFQ, see Ref. [43] for a recent review). These
evaluations yield quantitative predictions for future ex-
periments and provide theoretical insights relevant to the
ongoing debate surrounding spin-orbit correlations in
spin-0 hadrons.

The remainder of the article is organized as follows.
Section II connects the field-theoretical SOC operator C¢,
defined via the P-odd EMT, to the canonical quantum
many-body correlation }°S?L. In Sec. III, we analyze
the covariant structure of the P-odd EMT hadronic mat-
rix elements and demonstrate the proper extraction of
both the SOC and the relevant physical FFs. Section IV
establishes the partonic interpretation of the SOC. We
then present our explicit numerical calculations for heavy
quarkonia in. Sec. V, before summarizing our conclu-
sions in Sec. VI.

II. SPIN-ORBIT CORRELATION

Within quantum many-body theory, the SOC is
defined as

Crs = (WY L- S, (1)

where § and L denote the intrinsic spin and OAM, re-
spectively. The quantum many-body state [¥') can be rep-
resented explicitly by the wave function W(#,7,--,7,).
For example, in the hydrogen atom, C;s ~ 0 for the 1S
ground state, whereas C;s ~ —1 for the P, state. The loc-
al spatial density of the SOC is formally obtained by in-
serting a Dirac delta function:

Cus(® = (WD _6*(F-F)L-S|I¥). 2)

Hadrons are inherently relativistic QCD bound states.
To extend the concept of SOC to QCD, we employ the
light-front Hamiltonian formalism, in which the com-
plete quantum information of the system is encoded in the
light-front wave functions (LFWFs). In a relativistic sys-
tem, the spin-orbit operator L-S is generally not con-
served. However, in the infinite-momentum frame, the
transverse components of L and § are suppressed, while
the longitudinal components remain invariant under lon-
gitudinal boosts. Consequently, it is sufficient to evaluate
the SOC solely along the z-direction on the light front:

Cig = (Y| _LiS¥) 3)
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= ZZ/[dxidzru]nlz:;({xi,?ua sib)

n s}

XZUijL.Z;Jn({X,',Z‘J_,Si}), (4)
J

Here, n; represents the intrinsic parity of the j-th parton,
with n; = +1 for quarks and antiquarks, (L)espectively; s; 1s
the spin projection, and L5 = =2+ (7. Xi V ;1)/2 is the lon-
gitudinal OAM operator, with ¥V =V-V. The n-body
LFWF, denoted by @n({xi,r*i 1,5;}), depends on the trans-
verse coordinates 7, and the longitudinal momentum
fractions x; = pf/P*, where p; and P* are the longitudin-
al momenta of the i-th parton and the hadron, respect-
ively. The light-front coordinates are defined as
x*=x"+x’ and ¥ =(x',x?). The integration measure
[dx,dr; ], covers the appropriate light-front phase space,
as detailed in Appendix A. Thus, Eq. (4) provides a dir-
ect LFWF representation of the SOC.

As in the nonrelativistic limit, transverse boosts are
Galilean and strictly kinematical on the light front. This
crucial property allows us to localize the SOC precisely
in the transverse plane:

Cig(ro) = (P> 8 (re —ri)LiSH¥) ()
=y ) / [dxidry, 1 (i P 530

n {si}
XY 6 = ri s Ll (XL i) (6)

J

Integrating this density over the transverse coordinates
yields the total SOC.
Cis =

/ & Cio(r). (7)

This integrated formulation, however, does not yet de-
termine the distribution of Cj, along the longitudinal ax-
is.

In connecting this framework to field theory, the
quark contribution to the SOC is closely related to the P-
odd EMT, as discussed in Ref. [28]:

l/dx’dle {xlf;rz(x)—xzfq”(X)}‘ . (8)

Ci=
)

where the parity-odd kinematic EMT 7%(x) is defined as
©)

~ 1_ —
Ty (x) = ECI(X))’”)’SI D7q(x),

_ oy _ oy
=T, -T; .

(10)

Here, Dr=d - —-2ig,A* is the covariant derivative,
and Tg, = (1/4)g(x)y"(1 +75)i D”q(x) are the correspond-
ing chiral projections, i.e., T = T%" +T4”. In the present
calculation, we restrict ourselves to the valence gg Fock
sector and do not include explicit gluon degrees of free-
dom. It follows directly that the hadronic expectation
value C?= (‘I’IC‘;’PI’) obeys the same LFWF representa-
tion derived for 2Cj in Eq. (6) when the quark and anti-
quark contributions are summed, namely:

Cr=2) LS. (1

The relative sign encoded by 7; follows from the charge-
conjugation property of C¢, CCIC™' = —C4, where C is
the charge-conjugation operator. Consequently, the full
flavor-current matrix element vanishes for a hadron with
charge symmetry.

To evaluate the spatial distribution of this correlation,
we define the quark SOC density analogously to the in-
tegral operator in Eq. (8):

Clr) =r T 2@ - T(7), (12)
where the light-front transverse density of the P-odd
EMT in the Drell-Yan frame (p’* = p*) is given by

d*A,

e SN NI
Ty (h)—/me P11y (O)lp).

13)
Physically, the Drell-Yan kinematic condition A* = p'*—
pt =0 is equivalent to integrating over the longitudinal
coordinate x~. The factor of 2p* arises naturally from the
normalization of the hadronic states, (p’|p)=2p*(2n)*
&*(p—p’). By construction, Ci(r,) satisfies the LFWF
representation established for 2C5¢(r,).

Thus, this transverse density is the two-dimensional
Fourier transform of the hadronic matrix element C%(A?)
evaluated in the Drell-Yan frame:

Cf(bl) = /

The underlying hadronic matrix element is extracted us-
ing

d*A,
(2m)?

e CIAY).

(14)

ERAPEOD:

GAN2Y = i
C(AD) ‘ant  2p+

+(1e2) (19

with the average momentum P =(p’+p)/2 and mo-
mentum transfer A=p —p. In the Drell-Yan frame,
AT =A% =-A’. The total quark SOC is then obtained
from the forward limit, C? = C?(0).
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III. COVARIANT DECOMPOSITION

Following Eq. (8), the SOC is directly determined by
the hadronic matrix element of the P-odd EMT,
(P'IT}"|p). By Lorentz invariance, this matrix element can
be parameterized in terms of fundamental P-odd covari-
ant structures. For spin-0 hadrons, such as the scalar
quarkonia studied in this work, the Lorentz decomposi-
tion takes the form [30],

(PITY (0)lp) = =i " F (). (16)
Here, P=(p'+p)/2, A=p —p, t=-A% VP =gt
A,P,, and &7 is the Levi-Civita tensor. We use the con-
vention &"% = —gy,3 =+1, which corresponds to
£7"12 = +2 in light-front coordinates. Note that &2 is an-
tisymmetric.

In their study of pionic SOC [31], Tan and Lyu aug-
mented the standard Lorentz tensor ie*” with an addi-
tional P-odd tensor structure, P“s"*4P a form originally
proposed by Lorcé for the nucleon [28]. Because this
term explicitly depends on the light-front “+” direction, it
violates manifest Lorentz covariance for spin-0 hadrons,
as recently emphasized by Lorcé and Song [30]. Never-
theless, such symmetry-breaking terms often arise in
practical calculations employing LFWFs based on finite
Hamiltonian truncations, including Fock-space trunca-
tions". Under such truncations, the full Lorentz group is
explicitly reduced to the kinematic subgroup of the light
front. To rigorously analyze and isolate these truncation-
induced structures, one can employ covariant light-front
dynamics (CLFD) [44, 45]. The CLFD.framework expli-
citly tracks this frame dependence by introducing the
light-front null vector w* =(1,0,0,—1), which specifies
the orientation of light-front time (w,w" =0, w,a" =a*).
It is particularly convenient to construct the scaled null
vector N = M?w*/(w-P), where M?*=p?>=p? denotes
the squared hadron mass. This vector has the appropriate
mass dimension and remains manifestly invariant under
arbitrary longitudinal rescaling, w* — Aw*.

Incorporating this explicit w-dependence, the general-
ized covariant decomposition takes the form:

(P ITPNO)p) = ~ig" " F (1) + e ™A (1)

~ 17
+ig™ MV AL (1) {17
(P ITP"O)lp) = —iP eV 1 (1) + Ae PS5 (1)
+iNVePVS (1)
(18)

where a“b”! = (@b’ —a’b")/2 and a¥“b” = (@b’ +a’b)/2.
Consequently, spurious FFs arise from the explicit de-
pendence on the light-front orientation N*, which viol-
ates manifest Lorentz covariance. Specifically, the FFs
Ay5(7) in the antisymmetric part of 72", together with
S125(f) in its symmetric part, are entirely spurious. These
artifacts must vanish when full Lorentz symmetry is re-
stored. Furthermore, the alternative P-odd structure pro-
posed in Ref. [31] is mathematically related to the basis
structures identified above through the Schouten identit-
ies.

P[,ugv]NAP — M28/1VAP _ stllVAN. (19)

The physical FF F,(f) can be extracted from the anti-
symmetric. part of the transverse components of T+.
Evaluated in the symmetric Drell-Yan frame (A* =0,
P =0), this expression is

(PITENO)p) = —iP* e/ AL F (A%). (20)

Here, €/ denotes the antisymmetric tensor in the trans-
verse plane, with & = —€' = +1. In contrast, the sym-
metric part of f; " need not vanish identically for model
wave functions and is directly related to the spurious FF
S 1-

(PITS0)|p) = —iM*P* el ALS | (A2). 1)

The complete set of hadronic matrix elements is collec-
ted in Appendix B. Returning to the SOC, the FF C%(A?)
is defined directly in terms of the hadronic matrix ele-
ment of the full transverse component 7' =T, +T}"
and therefore includes the spurious contribution:

~ d ~
CUAL) = Fy(AD) + AL 75 Fy(AD)
L

~ d ~
+M*S |(A%) + M*A? Iy Si(AY).  (22)
1

Lorcé and Song showed that the FF F,(?) is related to
two additional FFs [30],

Ft)= —%F"(t) + %H"(r}, (23)

a relation that follows directly from the QCD operator
identity [28]

1) As demonstrated in Ref. [44], a similar breaking of the full Poincaré symmetry is also a known artifact in light-cone perturbation theory.
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'HV - Vv, ] VaQ -
gy"ysi D \q = m,gic*ysq + & P0q (qvpq). (24

Here, the FFs Fi(¢) and HY(t) are defined in terms of loc-
al hadronic matrix elements,

(P'1a0)y"q(0)lp) = 2PTF'(1), (25)
' jetibP
(P'1g(0)ic™ysq(0)lp) = - o 2@ (26)

Since F, is extracted solely from the antisymmetric part
of the hadronic matrix element, as in Eq. (20), this under-
lying relation is naturally preserved even in the presence
of spurious contributions. In our model calculation, the
matrix-element relation implied by Eq. (24) is therefore
maintained. When explicit gauge-field contributions are
omitted, it reduces at the one-body quark level to the Dir-
ac spinor identity

a(k"yy"ys(k' +k)ulk) = mga(k )io*"ysu(k)

+ ée"mﬁ (K" = k)qu(k yygu(k). (27)

This identity follows directly from the on-shell Dirac
equations for the constituent spinors.

Having established a rigorous procedure for isolating
the physical FF F,; from the macroscopic EMT using
CLFD, we now turn to the underlying microscopic pic-
ture. In the next section, we examine the partonic inter-
pretation of the SOC, linking this formal matrix element
to the internal dynamics of the bound state through Wign-
er distributions and GPDs.

IV. PARTONIC INTERPRETATION

The SOC has a natural partonic interpretation in terms
of polarized Wigner distributions [28],

Cl= / dxd®k,d’b, (b, xk.).fy(x.kb)  (28)

where f; denotes the polarized quark Wigner distribution:
&EAL zp
L eﬂA b

3 / dzd%z,
(2m)? 2(2r)3

iyp* *i-)J_ﬁ’J_ ’ = Z Z
x e (P g (=3 ys Waa(Dlp)

~ - o 1
fq(-xakJ_’bJ_) = 5/

7r=0"

(29)

In this expression, W, denotes a Wilson line connecting
the two spacetime points +z/2. The choice of the Wilson-
line path determines which definition of the SOC is ob-

tained. A straight Wilson line corresponds to the kinetic
SOC in Ji's spin decomposition, whereas a staple-shaped
Wilson line corresponds to the canonical SOC in the
Jaffe-Manohar decomposition [28]. In the present calcu-
lation, the Wilson line reduces to the identity. Con-
sequently, the path dependence disappears, and the two
definitions coincide.

Retaining the explicit dependence on the impact para-
meter 5, in Eq. (28) yields the SOC transverse density
Ci(b,) introduced in Eq. (12). Similarly, integrating over
the transverse phase space while leaving the longitudinal
momentum fraction x unintegrated yields the parton dis-
tribution of the SOC in the longitudinal direction:

CI(x)= / Pk &b, (b, XK. fy(x, kb)), (30)

Retaining the impact parameter b, during this integra-
tion naturally leads to the definition of the generalized
parton distribution:

Ci(x,b,) = / Pk, (b, XK).fy(x. kD). (31)

Although the above definition is intuitive, it requires
evaluating a gauge link in the transverse direction. Al-
ternatively, the purely longitudinal distribution C?(x) can
be determined within the GPD formalism in the valence
Fock sector [30, 34]. From Egs. (20-23), Ci(x) is dir-
ectly related to the leading-twist GPDs H4(x,&,1) and
Hi(x,&,1), as well as to the twist-3 GPD Gi(x,&,1):

Ci(x) = %Wf(x, 0,0) - H¥(x,0,0) + xG%(x,0,0),  (32)

where the GPDs are defined in terms of bilocal light-cone
operators:

d i pro-
/ et W la=2/2 a(eDIp)
JT

=2H(x,&,1),

zt=z,=0

(33)

dz” LxPtz /1= . i
/ 2T P1a=2/ i ysq@ )| .,
N
M

Hi(x,&, 1),
(34)

dz= ipr, o ;
/ 2T P1a=2/2Yv5q@/2IP)] ., o
i€l A
= - p+ gg(x,f,t)

(35)
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Using these definitions, the LFWF representation of
C?(x) can be obtained straightforwardly. Moreover, when
the spurious contributions vanish, the twist-3 GPD G is
rigorously related to the leading-twist GPDs HY and H{
through the QCD equations of motion. Under this condi-
tion, C4(x) depends exclusively on G?, as first demon-
strated in Ref. [30]. The integral of the distribution C?(x)
gives the hadron's SOC.

1
/ dxC?(x) = CY. (36)
0

V. NUMERICAL RESULTS

In this section, we evaluate the SOC for charmonia
and B, (bc¢) states. The B.(nS) and B.(nP) states con-
sidered here correspond to spin-zero states with J” =0~
and J* = 0%, respectively. We evaluate the SOC for both
spin-zero and spin-one mesons using the many-body ex-
pression in Eq. (4). Because the valence Fock sector dom-
inates the wave functions of heavy quarkonia [46, 47], we
evaluate the observables within this leading sector. Trun-=
cating Eq. (4) accordingly, the valence contribution to the
SOC takes the explicit form:

1 ~
Clo= -3 / Er |xr))

X{s(l —x)—Ex}lZ, 37
where x and 7, denote the longitudinal momentum frac-
tion and the quark's relative transverse coordinate, re-
spectively. Because the relevant operator C‘Z is odd under
charge conjugation, its full matrix element, including
both quark and antiquark contributions, vanishes identic-
ally for charge-symmetric states such as charmonia. Con-
sequently, for these states, our analysis focuses exclus-
ively on the isolated quark (or antiquark) contributions.
By contrast, for asymmetric systems such as the B.
meson, the total SOC is generally nonzero. In the limit
x < 1, the valence expression in our model asymptotic-
ally reduces to:

Ci(x) ~ Cigq(x). (38)

We adopt heavy quarkonium wave functions ob-
tained from the BLFQ approach [39, 40]. In this frame-
work, the wave functions are determined by diagonaliz-
ing an effective light-front Hamiltonian in a holographic
basis. Practical calculations require a basis truncation
governed by the cutoff parameter N.,. This truncation
determines the effective ultraviolet (UV) resolution
through Ayy ~ k VNmx, Where x~1GeV is the basis

scale parameter. Guided by our previous studies [39, 40,
48—50], we use Ny.x = 8 to compute the central values for
charmonium, which corresponds to a UV resolution com-
parable to the charmonium mass (Ayy ~ M). The sensitiv-
ity to this basis truncation is estimated from the differ-
ence between the Ny, =8 and Np, = 16 results. For the
B. system, we similarly use the N, =32 results as our
central values, while the basis sensitivity is estimated as
twice the difference between the N, = 32 and N, = 24
results. The specific values of the BLFQ model paramet-
ers used for each hadronic system are given in Refs. [39,40].

Table I summarizes the charm-quark SOC for several

Table 1. The spin-orbit correlation (SOC) C? for selected
charmonia and B, states was obtained using basis light-front
quantization (BLFQ). The quoted uncertainties reflect the the-
oretical sensitivity to basis truncation (see text). For charmo-
nia, only the quark contribution is presented, because the total
SOC wvanishes exactly due to charge conjugation symmetry.
For the B, system, the total SOC is shown. The final column
provides theoretical estimates derived from Clebsch-Gordan
coefficients within the non-relativistic quark model (NRQM).

BLFQ NRQM
n:(18) —0.04(1) 0
7:(28) -0.019(16) 0
17:(35) —-0.006(10) 0
Xco(1P) -0.367(5) -1/3
Xo(2P) ~0.414(18) -1/3
Iy -0.0003(0) 0
w(2S) -0.0010(1) 0
w(3S) —0.0008(4) 0
m; =0 W(1D) —0.3799(86) -3/10
Xei(1P) —0.457(15) -1/2
X1 (2P) —0.468(28) -1/2
h(1P) -0.0125(18) 0
h.(2P) —0.0071(42) 0
B.(1S) 0.041(6) 0
B.(2S) 0.04(1) 0
B.(1P) 0.343(6) 0.33
B.(2P) 0.356(11) 0.33
I -0.0019(7) 0
w(2S) ~0.0020(4) 0
W(1D) -0.8432(35) -3/5
¥w(3S) —0.0006(6) 0
my =1
Xei(LP) —-0.0174(17) 0
X1 (2P) -0.0105(33) 0
h(1P) -0.0179(29) 0
h(2P) ~0.009(5) 0
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low-lying charmonia, together with the total SOC for the
B, states. A simple estimate based on the non-relativistic
quark model (NRQM) is also presented as a baseline. As
shown in the table, the SOC of the quark is consistently
negative, indicating that the quark spin and OAM are
anti-aligned within the quarkonium system. In contrast,
the SOC of the antiquark is positive owing to the explicit
negative sign associated with the antiquark in the defini-
tion. Consequently, charge conjugation symmetry causes
the total SOC for charmonia to vanish exactly.

Furthermore, Table I shows that the BLFQ results for
S-wave states are not exactly zero, contrary to expecta-
tions from the NRQM. This deviation is a distinct relativ-
istic effect. Specifically, it originates from dynamically
generated P-wave mixing, which is forbidden by non-re-
lativistic symmetry rules but naturally accommodated in
relativistic dynamics, including light-front dynamics [39,
52]. For P-wave and D-wave mesons, our BLFQ results
are of the same order of magnitude as the NRQM estim-
ates, consistent with the predominantly non-relativistic
nature of these heavy bound states.

The spatial distribution of the SOC in the transverse
plane, Ci(r,), is shown in Figs. 1-2. Figure 1 compares
these transverse densities for selected ground and orbit-
ally excited states, namely 7.(1S), x.o(1P), B.(1S), and
B.(1P). Consistent with physical intuition, the magnitude
of the SOC is substantially enhanced in the P-wave sys-
tems relative to their S-wave counterparts. Extending this
analysis to radial excitations, Fig. 2 shows the corres-
ponding transverse densities for higher radially excited
quarkonia. In these states, a clear nodal structure appears
in the density, reflecting the sign-changing structure of
the radially excited wave functions, together with the
competition among different helicity components and,
where applicable, the quark and antiquark contributions.

The parton distribution of the SOC along the longit-
udinal direction, C?(x), is shown in Fig. 3. For the
charge-symmetric charmonium system, the quark and an-
tiquark distributions both peak around x=1/2.In con-
trast, the unequal constituent masses in the B. meson pro-

2.5 T T T T T
anti—quark —™"

Xco

277y CIr)[fm™)

Fig. 1.

277 CI(r)[fm™]

duce a relative shift in the peaks of the b- and c-quark
distributions, resulting in a distinctive zigzag profile. To
provide a complete spatial picture, the fully unintegrated
three-dimensional mixed distribution of the SOC on the
light front is visualized in Fig. 4.

The results for the FF F,(Q?) extracted from the anti-
symmetric tensor in Eq. (20) are shown in Figs. 5-6. The
FF F,(Q?) for the 1S charmonium state 7. is presented in
Fig. 5(a), while the corresponding results for the B.(1S)
meson are shown in Fig. 5(b). Figures 5(c) and 5(d) show
the results for the P-wave states, y. and B.(1P), respect-
ively, which are significantly less sensitive to the basis
truncation. B

In the covariant limit, one expects F,(0)=C?. Al-
though the P-wave states approximately satisfy this rela-
tion, the extracted F¢(0) for the S-wave states is an order
of magnitude larger than C?, as shown in Table II. This
discrepancy indicates a substantial spurious contribution
in the S-wave states, suggesting that the small nonzero C?
is strongly affected by truncation effects. Consequently,
the magnitude of C? may carry a sizable systematic un-
certainty as an estimate of the physical SOC.

Figure 6 compares the quark FFs F,(Q) across dif-
ferent radial excitations. Specifically, Fig. 6(a) shows
F,(Q%) for the S-wave charmonia (1., 77, and 7”"). Figure
6(b) presents the corresponding quark FFs for the P-wave
charmonia (. and x/,). Finally, the total FF F,(Q%) for
the various radially excited B, states is summarized in
Figs. 6(c)-6(d).

VI. SUMMARY AND OUTLOOKS

In this work, we systematically investigated the spin-
orbit correlation (SOC) of quarks using a relativistic
quantum many-body approach. By deriving the many-
body representation of C? within the valence Fock sector,
we demonstrated that it is equal to twice the longitudinal
SOC on the light front, i.e., C¢ =23, 5,L:S;. This physic-
al interpretation extends naturally to coordinate space,

—ne ]
o Xeo
20f quark BelS)
..... B.(1P)
vy ] ] ] ] ]
8.0 0.1 0.2 0.3 0.4 0.5 0.6
r.[fm]

(b)

(color online) Spin—orbit correlation distributions for the ground and excited states 7., y., B.(1S), and B.(1P). Panel (a)

shows the antiquark contribution alone, whereas panel (b) shows the corresponding quark contribution. The shaded bands indicate the

theoretical sensitivity to the basis truncation (see text for details).
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Fig. 2.

(color online) Transverse distributions of the spin—orbit correlation, 27r, C(r, ), for (a) S-wave charmonia (7.,7,, and r/); (b)

P-wave charmonia (y, and y/,); (c) S-wave B, mesons (B.(1S5),B.(25)); and (d) P-wave scalar B, mesons (B.(1P),B.(2P)). The
shaded bands represent the theoretical uncertainty arising from basis sensitivity (see text for details).

where the density C?(r,) is identified as twice the SOC
one-body density. Finally, we provided a rigorous parton-
ic interpretation of the SOC by linking it directly to the
formalism of generalized parton distributions (GPDs).

Prior work by Lorcé et al. established a fundamental
link between the SOC C? and the hadronic matrix ele-
ment of the P-odd energy-momentum tensor (EMT) T%".
Nevertheless, tensions persist in the literature regarding
the correct procedure for extracting the associated FF F,
in practical calculations. In this work, we resolved this
ambiguity by performing a covariant light-front dynam-
ics (CLFD) analysis, which yielded the complete para-
metrization of the matrix element (p’IT4"(0)lp) for had-
ronic states described by partonic degrees of freedom. We
rigorously demonstrated that the genuine physical FF F,
is accessed exclusively through the antisymmetric P-odd
EMT component, 7."'. Our framework not only general-
izes the decomposition introduced by Tan and Lyu but
also smoothly recovers the standard covariant decomposi-
tion in the appropriate limit. Consequently, this extrac-
tion method provides a robust theoretical tool for practic-
al light-front calculations in which manifest covariance is
broken.

As a practical application of this formalism, we com-
puted the SOC for charmonia and B. mesons. As anticip-
ated, the numerical results are consistent with estimates
based on the non-relativistic quark model (NRQM). We
also compared the transverse and longitudinal SOC distri-
butions in detail across various S-wave, P-wave, and D-
wave quarkonia, including radially excited states, which

exhibit distinct and intriguing spatial topologies.

Experimental access to the SOC presents a unique
phenomenological challenge. Formally, the most direct
pathway to the SOC is through the framework of GPDs.
As we have demonstrated, the physical P-odd EMT FF is
rigorously connected to specific twist-3 GPDs within the
valence Fock sector, providing a profound 3D tomo-
graphic map of the spin-orbit correlation in impact-para-
meter space. For stable hadrons such as the nucleon, such
GPDs are systematically probed via deeply virtual
Compton scattering (DVCS). However, the unstable
nature of heavy quarkonia precludes their use as fixed tar-
gets, rendering standard DVCS measurements unfeasible.
Nevertheless, this exact mapping to GPDs remains highly
advantageous because it tightly links the macroscopic
SOC to the underlying microscopic light-front wave func-
tions (LFWFs). Consequently, precision measurements of
hard exclusive processes, such as two-photon fusion
(v*v* = n.,x0) or exclusive double charmonium produc-
tion at e*e” colliders (e.g., BES 111, Belle 11, and the pro-
posed Super Tau-Charm Factory), can constrain these
phenomenological LFWFs and provide a data-driven
method for reconstructing quarkonium GPDs and extract-
ing the internal SOC.

As a complement to this spatial GPD picture, the par-
tonic SOC can be comprehensively probed in full phase
space through generalized transverse momentum distribu-
tions (GTMDs). As the exact quantum-mechanical phase-
space distributions of the bound state, GTMDs contain
the most direct macroscopic representation of the SOC.
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(color online) Parton distributions of the spin—orbit correlation, C4(x), for (a) 7.; (b) 7.; (€) x5 (d) x5 (€) B(18); (1) B.(2S);

(g) B.(1P); and (h) B.(2P). The shaded bands indicate the theoretical uncertainty arising from basis sensitivity (see text for details).

Recently, as proposed by Bhattacharya et al., highly
promising avenues for directly accessing the proton's
SOC via GTMDs at the EIC have been established using
exclusive dijet production (y*p — p’ +jet+jet) and semi-
inclusive diffractive deep inelastic scattering (SIDDIS)
[51].

Our current numerical evaluation is restricted to the
valence quark sector, which provides a robust approxima-
tion for heavy quarkonia. However, the SOC observable
is fundamentally capable of probing the full many-body
content of QCD bound states. Consequently, investigat-
ing the SOC contributions from sea quarks and gluons re-

mains a primary goal for future study. For scalar mesons,
a particularly intriguing paradox arises regarding these
gluon contributions. On the one hand, the many-body
representation can be directly extended to incorporate
gluons, namely, C#*¥=2%", . LiS;. On the other hand,
Lorcé and Song demonstrated the absence of an appropri-
ate gluonic operator for the P-odd EMT, implying that the
macroscopic gluonic contribution to scalar mesons must
vanish identically. Reconciling this apparent tension
between the microscopic many-body picture and the mac-
roscopic EMT formalism will be a critical step toward
unraveling the complex gluonic structure of QCD.



Tianyang Hu, Xianghui Cao, Siqi Xu et al. Chin. Phys. C 51, (2026)

e es0%

TR
&MM ...‘!Jn.h,

Gl s o™

(2) (h)

Fig. 4. (color online) Mixed distributions of the spin-orbit correlation C(x,r,) as functions of x and the impact parameter r, are
shown for (a) 7, (b) 7., (¢) xw» and (d) x,, and for (e) B.(1S), (f) B.(2S), (g) B.(1P), and (h) B.(2P). For the charmonium states in
(a—d), only the quark contribution is presented. For the B, states in (e-h), the total contribution is shown.
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Fig. 5. (color online) Calculated form factors (FFs) fq(QZ) for selected S-wave and P-wave systems. The panels show results for (a)
the S-wave charmonium state 7., (b) the S-wave B. meson, (c) the P-wave charmonium state y,,, and (d) the P-wave B, meson. The
shaded bands indicate the theoretical sensitivity to basis truncation (see text).
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Fig. 6. (color online) FF Fq(Q2) evaluated for selected radial excitations. The panels are organized by system and orbital angular mo-
mentum: (a) S-wave charmonia (n., n., and n”), (b) P-wave charmonia (y., and y/,), (c) S-wave B, mesons (B.(1S) and B.(2S)), and
(d) P-wave B, mesons (B.(1P) and B.(2P)). The shaded bands indicate the theoretical uncertainty associated with sensitivity to basis
truncation (see text).
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Table 2
zero ground states. The uncertainties
the basis truncation.

and f,,(O) for the spin-
reflect the sensitivity to

Comparison between C?

ce Fi(0) C1—F(0)

quark -0.037(12) —0.201(11) 0.164(23)

7:(15) antiquark 0.037(12) 0.201(11) -0.164(23)

quark -0.0197(29) —0.1387(69) 0.1190(98)

B.(18) antiquark 0.0606(86) 0.1183(95) —0.058(18)

total 0.0410(58) —0.0204(26) 0.0614(84)
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Appendix A: Many-body kinematics on the light front
For an n-body light-front-quantized Fock state

|{p?—9ﬁiJ_9si}> = |pT5p_)lL9slvp;’ﬁ2L’s2a"' ’p;:’ﬁnJ.vsn%

we introduce the relative momenta as,

i

=pi /P, kii=pi _-xiﬁJ_’ (A1)

where P*=3",pf
menta satisfy

and P, =3P, The relative mo-

doxi=1 Y k=0 (A2)

The light-front wave functions depend only on these rel-
ative variables.

(pi i sty = wix Kiv, i) (A3)
The n-body measure is defined as,
2 _ dx,- dzkil
/ [dxidhir], = H/ 2% 27
x250> %= D> k) (A4)

where S, is the symmetry factor.
The transverse coordinate-space wave function is

defined as

Ua({xi, P sih) = / [dzku]n@iiz"h'm X W ({xi,Kir :1).
(AS)

Here, we have denoted,

Jwnl, =11/

Finally, the n-body measure over the transverse coordin-
ates is defined as follows:

[l = L]
"=l
><4716(Z Xi— 1)52(2 XiFiL).

d%k;,

2n)? (A6)

Q@8> k).

(AT)

Appendix B: Hadronic matrix elements

The covariant decomposition of the parity-odd tensor
matrix element for spin-0 hadrons is given in Egs.
(17-18):

(PITHN0)|p) = — i F (1) + "™ A, (1)

+ie" "V Ay (1) (B1)
(PITHNO)p) = —iP¥e™AVS (1) + APV S (1)
+iNWEPAVE (1)
(B2)
In the symmetric Drell-Yan frame (A* = A~ =0, P, =0),
the light-front components are:
PITY ) = (P ITEIp) = (p/IT) p)
= p/ITMpy = (p/ITP)|py =0, (B3)
(PITY ) = —iP* el AL F(AY), (B4)
(PIT?|py = MPAy(AY), (B3)
PNy p)
l_/A
_ Z€T {2+ 7A2 DF(AY)+2MPA(AY)},  (B6)
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(IS Npy = (P ITEpy = (p'IT Ip) =0, (B7) (PIT}"V|p) = 201 A M?SH(AY), (B10)
PITSIp) = —IMP e ALS 1 (A), (B8) PITEp)y = 2L A2 WS (A2), (B11)
P'IT ") B
N Lo o o PITyp) = [(AL = (AL M2S (D). (B12)
= M= {—(M +7ADS1(A)+2M S3(AL)},
(B9) The transverse  Levi-Civita symbol is defined by
el? = +1.
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