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Abstract: We investigate the role of the model dependence of the high-density isovector sector in neutron-star mat-
ter within a density-dependent relativistic mean-field framework. A 10-dimensional TW-like DD-RMF baseline
model is compared with an 11-dimensional p-flex extension in which an additional parameter, £,, introduces a con-
trolled deformation of the high-density p-meson channel while leaving the saturation-point isovector properties un-
changed. Bayesian inference is performed for two data combinations: NS+GW, which includes neutron-star mass
and radius measurements and GW 170817 tidal information, and ALL+GW, which further incorporates low-density
xEFT and heavy-ion-collision constraints. For each posterior sample, we construct the beta-equilibrated equation of
state, solve the stellar structure and tidal-response equations, and determine the direct-Urca threshold. The Bayesian
evidence differences, AlnZjns = —0.23+0.08 for NS+GW and —0.02+0.17 for ALL+GW, indicate that present
data do not statistically require the additional p-channel flexibility. The 10D and 11D models yield similar posterior
predictions for the beta-equilibrium pressure, sound speed, mass-radius relation, tidal deformability, and maximum
mass. In contrast, the 11D extension broadens the allowed ranges of the high-density symmetry energy, proton frac-
tion, direct-Urca threshold density, onset mass, and direct-Urca activation probability. These results demonstrate that
current multimessenger constraints primarily restrict the bulk stiffness of beta-equilibrated matter, while residual un-
certainty in the high-density isovector sector remains relevant for composition-sensitive and cooling-related observ-
ables.
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I. INTRODUCTION

The equation of state (EOS) of cold dense matter is a
central problem in nuclear physics, astrophysics, and
gravitational-wave astronomy. It determines the structure
and composition of neutron stars, including their maxim-
um masses, radii, tidal deformabilities, central densities,
and thresholds for fast neutrino-emission processes. The
observational situation has improved substantially in the
last decade. The measurements of massive pulsars re-
quire the EOS to support neutron stars with masses of
about two solar masses or above [1—5]. The detection of
GW170817 and the subsequent gravitational-wave ana-
lyses provide direct information on the tidal deformabil-

ity of neutron stars [6—8]. In addition, NICER pulse-pro-
file modeling of PSR J0030+0451, PSR J0740+6620, and
PSR J0437-4715 has provided independent simultaneous
constraints on neutron-star masses and radii [9—13].
These data, together with nuclear theory and laboratory
constraints, have made it possible to infer dense-matter
properties within increasingly quantitative Bayesian
frameworks [14—22].

An important component of the dense-matter EOS is
the nuclear symmetry energy, E,,m(n), which controls the
energy cost of neutron-proton asymmetry. Around and
below saturation density, the symmetry energy is con-
strained by nuclear masses, neutron skins, dipole polariz-
abilities, isobaric analog states, chiral effective field the-
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ory (yEFT), and heavy-ion collision observables [18,
23-29]. The PREX-II and CREX measurements have fur-
ther stimulated discussions of the isovector sector and the
neutron-skin thickness of neutron-rich nuclei [30—33]. At
suprasaturation densities, however, the symmetry energy
remains much less directly constrained. This uncertainty
propagates to the proton fraction in beta-equilibrated mat-
ter, Y,(n), and therefore to the threshold density and on-
set mass of the direct-Urca process. The direct-Urca
channel is one of the most efficient neutrino-emission
mechanisms in neutron-star matter and is closely related
to the thermal evolution of neutron stars [34—38].

Relativistic mean-field and covariant density func-
tional theories provide a widely used framework for de-
scribing nuclear matter and compact stars in a Lorentz-
covariant manner [39—45]. Density-dependent relativistic
mean-field models are particularly useful because the
density dependence of the effective meson-nucleon coup-
lings can be related to empirical saturation properties and
extrapolated to neutron-star densities. Recent Bayesian
studies based on relativistic mean-field models, covariant
energy density functionals, metamodeling approaches,
and nonparametric EOS representations have examined
how neutron-star observations, yEFT, heavy-ion data, and
finite-nucleus information constrain the EOS [19, 20,
46-52]. These studies indicate that present multimessen-
ger data can constrain the bulk pressure of beta-equilib-
rated matter over a few times saturation density, while the
high-density isovector sector and the composition of
neutron-star matter remain more model dependent.
Closely related efforts have also been carried out in re-
cent works by many groups, including studies of neutron-
star matter, symmetry energy, covariant density function-
als, quark-star and hybrid-star scenarios, and Bayesian or
machine-learning constraints on dense matter [53—65].
These works have emphasized the role of high-density
symmetry energy, hyperonic or quark degrees of free-
dom, sound-speed behavior, and multimessenger con-
straints in determining neutron-star observables. They
also show that different assumptions about the high-dens-
ity isovector interaction can lead to different predictions
for the proton fraction, the direct-Urca threshold, and the
cooling-relevant composition of neutron-star matter.

In standard TW-like density-dependent RMF para-
meterizations, the density dependence of the isovector p-
meson channel is usually fixed once the low-density isov-
ector properties are specified. This economical construc-
tion is useful for Bayesian inference, but it may also im-
pose a restricted high-density continuation of the sym-
metry energy. Consequently, posterior constraints on
quantities such as Eyn(3ng), Y,(3np), the direct-Urca
threshold density npy, and the onset mass Mpy may
partly reflect the assumed functional form of the p-chan-
nel. This issue is especially relevant because neutron-star
radii and tidal deformabilities primarily probe the bulk

stiffness of beta-equilibrated matter, whereas the compos-
ition-sensitive sector is less directly constrained by cur-
rent observations.

In this work we investigate this model-dependence
problem by comparing a 10-dimensional TW-like DD-
RMF baseline model with an 11-dimensional p-flex ex-
tension. The 10D baseline is specified by empirical nucle-
ar matter properties and high-density channel-control
parameters as done in our recent work[66]. The 11D
model introduces one additional parameter, £,, which
provides a controlled deformation of the high-density p-
channel density dependence. The nested limit &, =0 re-
covers the 10D baseline. We do not interpret &, as a new
fundamental coupling required by present observations.
Rather, it is introduced as a model-uncertainty parameter
that tests how strongly high-density isovector and com-
position-sensitive predictions depend on the assumed
high-density continuation of the p-channel.

The relation to our previous 10D study [66] is as fol-
lows. The inverse-mapped 10D TW-like baseline, the em-
pirical-parameter prior ranges, and the general Bayesian
inference framework for the common data sets are reused
as the reference model and numerical infrastructure. The
new elements of the present work are the nested 11D p-
flex extension, the evidence comparison between the 10D
and 11D model spaces, and the systematic propagation of
the additional high-density p-channel freedom to Egy,(n),
Y,(n), npy, Mpy, and the direct-Urca activation probabil-
ity. Thus the present manuscript is not a new global calib-
ration of the 10D model, but a controlled model-depend-
ence study of high-density isovector and direct-Urca pre-
dictions built on that baseline.

We perform Bayesian inference for both the 10D and
11D models using two data combinations. The first data
set, denoted NS+GW, includes neutron-star mass, radius,
and gravitational-wave constraints, including an event-
level treatment of GW170817. The second data set, de-
noted ALL+GW, supplements NS+GW with low-density
xEFT and heavy-ion-collision information[66]. For each
posterior sample, we construct the beta-equilibrated EOS,
solve the Tolman-Oppenheimer-Volkoff equations, com-
pute the tidal deformability, and determine the direct-
Urca threshold. We then compare the two model spaces
at the level of bulk EOS observables, stellar observables,
isovector quantities, and direct-Urca activation probabilit-
ies. The main purpose of the present analysis is to distin-
guish the constraints on bulk stellar observables from
those on high-density composition-sensitive quantities.
The first group includes Py(n), c*(n), Ri4, Rao, A14, Aso,
and Mu,. The second group includes Eqm(2no),
Esym(3l’l0), Yp(2n0), Yp(?)l’lo), npy, MDU: and the direct-
Urca activation probability Ppy(M). This separation al-
lows us to assess whether present multimessenger data re-
quire the additional p-channel flexibility and, independ-
ently, whether the more restrictive 10D ansatz underes-
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timates the residual high-density isovector uncertainty.

The paper is organized as follows. Section II intro-
duces the 10D TW-like DD-RMF baseline, the 11D p-
flex extension, the beta-equilibrated EOS calculation,
stellar-structure equations, direct-Urca diagnostics, and
the Bayesian inference setup. Section III presents the pos-
terior constraints, Bayesian evidence comparison,
10D-11D posterior-predictive results, and the implica-
tions for direct-Urca thresholds and activation probabilit-
ies. Section IV summarizes the main conclusions.

II. THEORETICAL FRAMEWORK

A. 10D TW-like DD-RMF baseline

We start from a density-dependent relativistic mean-
field model in which nucleons interact through isoscalar-
scalar g, isoscalar-vector w, and isovector-vector p chan-
nels. The general form follows the standard covariant
density-functional and density-dependent RMF  frame-
work [39—45]. In uniform matter, the Lagrangian density
may be written schematically as

L=y [y, (0" -T,(mu’ -T,(m)7-p") = (M -T,(m)0)| ¢

1
fmia)ﬂa/’

1 v
- —wwW" + 5

+ % (6#0'6”0' - m?,O'Z) 2

1 1
- Zp,uv 'P/N + Emﬁp,u Pu +-£lep9
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where M is the nucleon mass, v is the nucleon field, and
Ly, denotes the free electron and muon contributions
used in beta-equilibrated matter. The density-dependent
couplings I';(n) are functions of the baryon density #. It is
convenient to introduce the reduced coupling strengths

i=0,w,p.

2

In the TW-like representation used below, each re-
duced coupling is written as

n
x=—,
no

Gi(n) = Gy f (), fiH) =1, 3)

where G = Gi(ng) is the coupling strength at saturation
and f;(x) is the dimensionless density-dependence func-
tion for channel i. The normalization f;(1)=1 separates
the saturation coupling G, from the density-dependent
shape fi(x). For the TW-like baseline adopted in this
work, the shape functions are taken in the rational form
[66].

£ 2 a, [1 +b;i(x+ di)z]

Trvatrar] @

i=0,w,p,

With channel-dependent coefficients a;,b;,c;,d; fixed
by the inverse mapping described below, the ten sampled
parameters are not themselves the coupling constants;
equivalently, they specify the nuclear-matter anchors and
high-density limits from which G, and the coefficients of
fl-(lo) (x) are obtained, as in our recent work [66].

In the mean-field approximation for homogeneous
matter, only the time components of the vector fields sur-
vive. The Dirac effective mass is M*=M-T,(n)o =
M -G, (n)n,, where n, = n,,+n,, is the total scalar dens-
ity. The neutron and proton number densities are denoted
by n, and n,, with n=n,+n, and n; =n,—n,. The en-
ergy density of uniform nucleonic matter can be written
as

1 1 1
EN = ekin(nn,np’ M*) + EGO'(n)n% + EGw(n)nz + EG/)(n)ng’ (5)

where €4, is the sum of the neutron and proton kinetic
contributions.

Because the couplings are density-dependent, thermo-
dynamic consistency requires the rearrangement self-en-
ergy. With the convention used in Eq. (5), the rearrange-
ment contribution is

_1dG, , 1dG, , 1dG, ,

= —tn; - g 6
K 2dnn+2dnn32dnn’ ©)

The nucleon chemical potentials are then given by
Hi = Ep; + G (mn+ t3,G,(n)nz + Zg, i=np, (7)

where Ej; = \/ki;+ M and r; denotes the isospin
factor. The convention used here is n; =n,—n,; thus,
13, = +1 for protons and t;, = —1 for neutrons. The pres-
sure is obtained consistently from

1 1 1
Py=Y  Puni= 5 G + 5 G’ + Gy + nZ.

®)

This expression is equivalent to the thermodynamic
identity.

Py =l (%), )

on\n

provided that the rearrangement term is included.

The baseline model employs TW-like density depend-
ence for the meson-nucleon couplings. Instead of fitting
the coupling-function parameters directly, we use an in-
verse-mapping strategy in which the low-density part of
the functional is specified by empirical nuclear matter
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properties at saturation, while the high-density behavior
is controlled by asymptotic channel parameters. The 10D
parameter vector is given in [66]

010 = (Ko,m*/M, no, EO’ Esym(n())’ Ls Ksym’fa',oo’fw,oo’f;),oo) .
(10)

Here K,, m*/M, ny, and E, characterize the isoscalar
sector around saturation, while Eqy.,(ng), L, and K., spe-
cify the symmetry energy and its first two density derivat-
ives at ny. The three parameters f,, fi.~, and f, . con-
trol the high-density limits of the corresponding density-
dependent channels. The prior ranges used for these para-
meters are listed in Table 1. The inverse mapping pro-
ceeds as follows. First, m*/M, ny, and E, determine the
saturation values of the isoscalar reduced couplings G
and G, using the effective-mass relation and the binding
energy of symmetric nuclear matter at saturation. Second,
Eym(ng) determines G, through the symmetry-energy
expression given below in Eq. (26). Third, the derivat-
ives required by L, Kym, and Ky, together with the im-
posed asymptotic values.

lim £"(x) = ficon i=0,w,p, (11)

This fixes the remaining TW-like shape coefficients.
In this way, a sampled point 6,, uniquely defines the
three density-dependent couplings G,(n), G,(n), and
G,(n), subject to the stability and causality filters used in
the Bayesian analysis.

The numerical implementation follows this inverse
mapping explicitly. At saturation, the chosen effective
mass M; = M(m*/M) fixes

(12)

where ny is the scalar density of symmetric matter at ny.
The binding energy then fixes the isoscalar-vector coup-
ling through

Table 1.

2 in 1 2
Guo = — {M+Eo - G _ ngo@} .13
no no 2 no
and the saturation symmetry energy fixes
2 { k%, }
Gyo=— Es m - s 14
0= By (no) T (14)

where kry = (3n°ny/2)"?® and E}, = +/k%,+ M;>. For the p
channel, the four coefficients of f{'”(x) are obtained by
solving

dfp

dx

d? Jo
dx?

=K,

1
(15)

FoD=1,  f(0) = foc0s =Tlps

1

where 7, and «, are determined from L and K, after
subtracting the kinetic contribution to the symmetry en-
ergy. The o- and w-channel shapes are then constructed
using the same rational form and shift parameter d as the
mapped p channel. For given f, . and f, ., their remain-
ing shape parameters are obtained by solving the two
symmetric-matter conditions.

Psnm(no) =0, Ksnm(no) = Ko. (16)
In practice, these nonlinear equations are solved by a
root search with a least-squares fallback. Sampled points
for which the mapping fails or for which the resulting
EOS violates the stability and causality filters are rejec-
ted.
For symmetric nuclear matter (SNM), the saturation

point is fixed by

0
g (ESNM —M) —0, E,= (ESNM —M) (17
on n n=ng n n=ngp
The incompressibility is defined as
0 /e
_o.2 9 (Enm
Ko =n3 - ( : ) HO (18)

The prior ranges of the model parameters used in the 10D baseline and 11D p-flex DD-RMF analyses are presented below.

The first ten parameters are common to both models, while &, is included only in the 11D extension.

Parameter Prior range Parameter Prior range
Ko [220,260] MeV Kym [-400,100] MeV
m* M [0.45,0.65] S [0.3,0.9]
no [0.145,0.170] fm™ Jweo [0.3,1.4]
Ey [-16.5,-15.8] MeV Jp,e0 [0.2,0.9]
Eym(no) [28.5,34.9] MeV & [(-1,1]
L [20,120] MeV
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The symmetry energy is obtained from the quadratic
expansion of the energy per baryon in the isospin asym-
metry 6 = (n, —n,)/n, namely

,0
E(’; ) M = Eqo(n) + Eyn(m&> +O@Y.  (19)
Its slope and curvature at saturation are
OEym 0’ Egym
L=3ng yi(n) Kym = 9n(2) ﬁ . (20)

on ’

n=ngp

on?

n=ngy

The inverse mapping determines the density-depend-
ent couplings such that the chosen parameter set 6, re-
produces these nuclear matter properties and, after the
stability and causality filters described below are applied,
yields a causal and thermodynamically consistent EOS.
The ranges in Table 1 were chosen to be broad enough to
encompass the empirical uncertainties of the saturation
properties while avoiding parameter regions already in-
compatible with standard nuclear-matter systematics [24,
44]. The intervals for Ky, ng, Ey, Egm(no), L, and K
cover commonly used phenomenological and microscop-
ic constraints around saturation, and the range
m* /M = 0.45-0.65 spans the relativistic effective masses
typically used in covariant density functionals [44, 66].
The three quantities f,., fuo, and f,. are dimension-
less asymptotic shape factors rather than coupling con-
stants themselves. Their prior intervals were therefore
chosen as wide channel-control ranges, following the in-
verse-mapped 10D baseline analysis [66]: they allow both
softened and stiffened high-density continuations relative
to the saturation-normalized value f;(1) =1, while keep-
ing the mapping numerically well conditioned and ensur-
ing that the final EOS is subject to the stability and caus-
ality filters. In particular, f,. controls the high-density
scalar attraction, f,, . controls the high-density isoscalar-
vector repulsion and hence the bulk stiffness, and f, .
controls the baseline high-density isovector channel. For
the additional 11D parameter we adopt the symmetric pri-
or &, € [—1,1]. With the fixed deformation width 1, = 1.5,
the function Ai(x) peaks at x = 3; hence, this prior modu-
lates the p-channel shape by a moderate multiplicative
factor around the density region most relevant for the
high-density symmetry energy, proton fraction, and dir-
ect-Urca threshold, without modifying the saturation
value, slope, curvature, or asymptotic limit of the baseline
shape. Larger values of |£,] would cause the posterior to
be dominated by artificial prior excursions of the p-chan-
nel rather than by the data constraints considered here.

B. 11D p-flex extension

In the 10D baseline, the density dependence of the
isovector p-channel is fixed once the saturation-point

isovector quantities Eqm(no), L, Kym, and the high-dens-
ity control parameter f,., are specified. This density-de-
pendent construction follows the standard TW-like DD-
RMF framework [41, 44, 45, 49, 66]. Although this para-
metrization is economical, it may restrict the high-dens-
ity extrapolation of the symmetry energy. This is relev-
ant because current neutron-star and multimessenger con-
straints mainly restrict the bulk stiffness of beta-equilib-
rated matter, while the isovector sector at high densities
remains less directly constrained [19, 20, 28, 29, 51, 52].
To quantify this residual model dependence, we intro-
duce an 11D extension in which the p-channel is allowed
to vary through one additional parameter, &,. The para-
meter vector is

0 = (010»{,:/))' (21)

In the nested limit &, =0, the 10D baseline is re-
covered. The extension is applied only to the isovector
channel. The density dependences of the isoscalar ¢ and
@ channels are kept identical to those of the 10D
baseline. Thus, in the notation of Eq. (3), the 11D model
changes only f,(x), whereas Gyo, G0, G, fV'”(x), and
fU19(x) are inherited from the corresponding 10D mapped
point.

The 11D p-channel shape function is written as

FI00 = fOWexp [Eh(0)],  x=—,  (22)
no

where f{'”(x) is the TW-like baseline shape for the p

channel. The deformation function is chosen as

h(x) = (x=1)*exp [-2,(x—1)] O(x - 1). (23)

This term is not part of the original 10D baseline
parametrization. It is introduced only in the 11D p-flex
extension as a localized suprasaturation deformation. For
the calculations in this work, the width parameter is fixed
to A, = 1.5, and this value is treated as a hyperparameter
rather than as an additional sampled parameter. With this
choice, the function h(x) reaches its maximum at
Xmax = 1 +3/4, =3, so that the deformation is centered
around 7 =~ 3ny, a density region relevant for neutron-star
radii, proton fractions, and direct Urca thresholds. The
value A, = 1.5 is not intended to represent a uniquely pre-
ferred physical scale. It defines a compact one-parameter
basis deformation that turns on only above saturation,
preserves the saturation-point matching conditions, and
probes the intermediate-to-high-density interval where
the isovector channel is only weakly constrained by
present data. Changing A, would shift the maximum ac-
cording to Xmux = 1+3/4,: a smaller value would move
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the deformation to higher densities, while a larger value
would move it to lower densities. The quantitative pos-
terior intervals reported below should therefore be under-
stood as conditional on this fixed p-flex basis. The qualit-
ative diagnostic conclusion, however, is not tied to the
precise value of the peak position: the additional p-chan-
nel freedom mainly affects composition-sensitive quantit-
ies such as Ey,(n), Y,(n), and the direct Urca threshold,
whereas the bulk mass-radius and tidal observables are
much less sensitive.
The functional form in Eq. (23) satisfies

M) =r1)=h"(1)=0, lim A(x) = 0. (24)

Thus, the value, first derivative, and second derivat-
ive of the p-channel shape at saturation are unaffected by
&,. The asymptotic value f,. isalso preserved. Con-
sequently, the saturation-point isovector inputs Eyn(ng),
L, Ky, and the high-density limiting parameter f,. re-
tain their definitions in the 10D and 11D models. The
corresponding p-channel coupling is

GV(n) = Gy {f;”) (:O)r (25)

The symmetry energy in the parabolic approximation
is

KoL
6E; 2

Esym (n) = Gp(n)n, (26)

where kr = (37°n/2) P Ep = /K + M. The first term in
Eq. (26) is the kinetic contribution, while the second term
is the p-channel contribution. Thus, &, changes the high-
density symmetry energy by modifying G,(n) above sat-
uration without changing the imposed saturation-point
quantities. The parameter £, should not be interpreted as
a new empirical nuclear-matter coefficient. Rather, it is a
diagnostic parameter used to test the sensitivity of high-
density isovector and composition-sensitive predictions to
the assumed p-channel density dependence. The prior
range adopted in the Bayesian analysis is &, € [-1,1], as
listed in Table 1. For the 10D baseline calculations, the
same formalism is used with &, fixed to zero.

C. Bayesian inference and data sets

We perform Bayesian inference for both the 10D
baseline and the 11D p-flex model. For a model paramet-
er vector 6, the posterior distribution is

L(DI0, M)z (6] M)
Z(DIM) ’

pOID,M) = 27

where D denotes the adopted dataset, M is the model,
n(@|M) is the prior, and L(D|#, M) is the likelihood.
Z(D|IM) denotes the Bayesian evidence and is written as

Z(DIM)=/d0£(DIO,M)n(0IM). (28)

It is used below to compare the 10D and 11D model
spaces. The prior ranges are listed in Table 1. Uniform
priors are used for all sampled parameters within the ad-
opted ranges.

For each posterior sample, we construct the zero-tem-
perature EOS of charge-neutral beta-equilibrated matter.
The stellar sequence is obtained by solving the Tolman-
Oppenheimer-Volkoff equations[67, 68], and the tidal de-
formability A(M) is computed from the corresponding
linear tidal-response equation. Samples that do not yield a
stable (i.e., dP/de>0) and causal (ie, 0<c?=
dP/de < 1) EOS over the density interval relevant to the
neutron-star sequence are rejected. We consider two data
combinations. The first one, denoted NS+GW, contains
neutron-star mass, radius, and gravitational-wave inform-
ation. The maximum-mass information is implemented as
a soft lower-bound likelihood with M =2.08M, and
oy =0.07M,, motivated by massive-pulsar measure-
ments that require the EOS to support neutron stars with
masses of about 2M, or above [1-5]. The neutron-star
mass-radius information is implemented through two-di-
mensional KDE likelihoods for the three sources con-
sidered in the analysis: PSR J0030+0451 [9, 10], PSR
JO740+6620 [11, 12], and PSR J0437-4715 [13]. The
gravitational-wave part includes the binary neutron-star
event GW170817 and is implemented through an event-
level tidal likelihood using the EOS-dependent relation
A(M) [6, 7, 69]. The second data combination, denoted
ALL+GW, supplements NS+GW with low-density mi-
croscopic nuclear theory and heavy-ion-collision con-
straints. The yEFT likelihood constrains the low-density
neutron-rich matter EOS in the density region where mi-
croscopic calculations are expected to be reliable [18, 26,
27, 70]. The heavy-ion-collision likelihood used here
constrains the symmetric-nuclear-matter pressure in the
suprasaturation region probed by terrestrial experiments
[71]. The total likelihood is written as

LNS+GW = LmaSSLNICERLGWWOSI% (29)

and

(30)

LALL+GW = LNS+GW~£XEFT‘£HIC .

Information from massive pulsars is implemented as a
soft lower bound on the maximum mass supported by the
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EOS, consistent with the numerical likelihood used in the
sampling code.

0, Mo = Mipy,,
In = 2 31
Linass _1 |:Mggsx - Mmax} M < Mrontzlsx, (31
2 O M
where M =2.08M, and o = 0.07M,. EOSs with in-
sufficient maximum mass are therefore penalized

smoothly, while EOSs above the lower bound receive no
additional maximum-mass penalty. The NICER likeli-
hood is evaluated by projecting the two-dimensional
mass-radius likelihood of each source onto the model
mass-radius curve,

1
Lo =[ [ 5 / P,[R(M), M]ds, (32)
i Jj o/ stable

where #;(R, M) denotes the two-dimensional radius-mass
KDE likelihood for source j, ds is the line element along
the stable mass-radius curve, and §; = [, _ds is the nor-
malization used for that curve. In the numerical imple-
mentation, the NICER KDEs are constructed from the
two-dimensional posterior samples in the (R, M) plane for
PSR J0030+0451, PSR J0437-4715, and PSR J0740+
6620. For each source, the first two columns of the cor-
responding sample file are read as (R, M), and a Gaussian
KDE with Scott's bandwidth is used to represent
P;(R,M). The model prediction is the stable part of the
TOV sequence up to M,,; the integral in Eq. (32) is
evaluated as a line integral along this curve using
ds = [(dR)?> + (dM)*]">. The three NICER sources are
treated as statistically independent, and no additional cov-
ariance matrix between different sources is introduced
beyond the two-dimensional KDE representation of each
source posterior.

For GW170817, the likelihood is evaluated using the
EOS prediction for A(M). Schematically,

-[:GW170817=/dm1dm27DGw [m1,m, A(my), A(mo)],  (33)

where Pgw is the event-level likelihood for the binary

component masses and tidal deformabilities. For the
event-level GW170817 likelihood, we use the precom-
puted KDE surrogate for the posterior in (¢,A,As), to-
gether with the source-frame chirp mass M, = 1.186M,.
The mass ratio is integrated over g € [0.60,0.995] with
200 grid points, after restricting the range to the support
of the processed GW170817 samples when needed. For
each ¢, the component masses are obtained from M., and
the model values A, =A(@m;) and A, = A(m,) are ob-
tained by interpolation along the computed A(M) curve.

The yEFT and HIC likelihoods are implemented as
band constraints on pressure. For yEFT, the lower and up-
per pressure bounds are read from the tabulated files cov-
ering n~0.10-0.24fm™ and are linearly interpolated in
density. At each point we use the beta-equilibrated pres-
sure Py(n) predicted by the EOS and assign a diagonal
Gaussian penalty with midpoint u = (P, +P,)/2 and
width o = (Py, — P},)/2. For the HIC constraint, the lower
and upper symmetric-nuclear-matter pressure bounds are
tabulated over u=n/ny=1.3—4.5 and are linearly inter-
polated as functions of u. For each sampled EOS, the ab-
solute densities are n = ung, the predicted quantity is the
symmetric-nuclear-matter pressure Psyy(n), and the
Gaussian penalty uses u=(Py,+P)/2 and o = (Py,—
P,)/4. In both band likelihoods, the density points are
treated as independent effective constraints; no off-diag-
onal covariance matrix is included because the tabulated
bands used here provide only upper and lower envelopes.

The posterior distributions and Bayesian evidences
are computed with the Python tool MultiNest using the
nested-sampling algorithm [72, 73]. The Bayesian evid-
ence comparison is listed in Table 2, where the evidence
difference is defined as

AlnZ =InZ;jp—InZp. (34)

Positive values of AlnZ indicate that the data statist-
ically favor the 11D p-flex model, whereas negative val-
ues indicate a preference for the 10D baseline. Unless
otherwise stated, one-dimensional posterior summaries
are reported as the posterior mode together with the 90%
highest-posterior-density (HPD) credible interval. For a
posterior sample {x;}, the 90% HPD credible interval is
defined as the shortest interval containing 90% of the

Table 2. A Bayesian evidence comparison is performed between the 10D baseline and 11D p-flex models. The reported values are
the Nested Importance Sampling estimates from MultiNest. The difference is defined as AlnZins = InZjjp —InZjop.
Data set Model InZiNs AlnZns
NS+GW 10D baseline -32.20+0.08 -
NS+GW 11D p-flex -32.43+0.02 -0.23+0.08
ALL+GW 10D baseline -43.81+0.17 -
ALL+GW 11D p-flex -43.83+0.02 -0.02+0.17




Wen-Jie Xie, Cheng-Jun Xia

Chin. Phys. C 50, (2026)

posterior probability. This convention is used for the nu-
merical summaries reported below.

1. RESULTS AND DISCUSSION

A. Single-point effect of &,

Before presenting the full Bayesian results, we first il-
lustrate the role of the p-flex parameter at the level of a
representative EOS. In this diagnostic calculation, the ten
baseline parameters are fixed to a representative 10D
point, namely

010 = (KOam*/M,nOsEOsEsym(n())sL,Ksymsfa',ooafw,oo»ﬁ),oo)
= (242.3 MeV,0.64,0.15 fm™>,-16.1 MeV,

33.67 MeV,37.29 MeV,—-87.43 MeV,0.79,0.78,0.23),
(35)

while ¢, is varied in the range of £,=-1.0, -0.5, 0.0, 0.5,
1.0. This calculation is not used as an additional con-
straint in the Bayesian inference. Its purpose is to display
the channel in which the extra parameter acts and to clari-
fy the quantities that are most directly affected.

Figure 1 shows the density dependence of the p-chan-
nel shape function f,(n), the symmetry energy Em(n),
and the beta-equilibrium pressure Ps(n). By construction,
all curves coincide at saturation density up to the order
fixed by the saturation-point isovector inputs. At supra-
saturation densities, varying £, changes the p-channel
shape and therefore modifies the potential part of the
symmetry energy, especially above ny. In contrast, the
beta-equilibrium pressure Pg(n) varies more weakly over
the same range of &,. This behavior follows from the fact
that &, is introduced only in the isovector (p) channel,
while the isoscalar - and w-channel density depend-
ences are kept fixed.

The impact of the same variation on the composition

—E=-10 &=-05

rho-channel shape

— £,= 400

symmetry energy

of beta-equilibrated matter is shown in Fig. 2. The proton
fraction is obtained from the beta-equilibrium and charge-
neutrality conditions, w,—p, =t =, n, = n. +n,. Since
the symmetry energy controls the isospin dependence of
the energy per baryon, a change in the high-density p-
channel modifies the high-density proton fraction Y,(n).
The direct-Urca process becomes kinematically allowed
when the Fermi momenta satisfy the triangle condition
[34-36],

kpn < kpp +kpy, I=e,pu. (36)

For the electron channel, this condition can be mon-
itored through the margin Ak, = kr), + kr, —kr,, and ana-
logously for the muon channel, Ak, = kg, +kr, —kr,. The
zero crossing of Ak; defines the onset of the correspond-
ing direct-Urca channel. In the representative cases
shown in Fig. 2, the electron channel gives the first onset,
while the muon channel appears only after muons are
populated and its margin is correspondingly evaluated at
higher density.

These single-point diagnostics show that &, primarily
changes the high-density isovector and composition-sens-
itive sector: f,(n) = Eym(n) = Y,(n) = npy. They also
show that the same variation does not act as a leading
modification of the bulk beta-equilibrium pressure. This
separation motivates the posterior-level comparison be-
low between bulk observables, such as Ps(n), M—R, and
A(M), and composition-sensitive observables, such as
Y,(n), npy, and Mpy.

B. Bayesian evidence and posterior model comparison

We first compare the 10D baseline and 11D p-flex
model at the level of Bayesian evidence. The evidence
values are listed in Table 2. For each data set, we define

AIIIZ]NS = anIII\lISD - IIIZIIISIS), (3 7)

— =405 — £=+10

beta-equilibrium pressure

400
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(color online) Density dependence of the p-channel shape function f,(n), the symmetry energy Egm(n), and the beta-equilibri-
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(color online) Direct-Urca threshold diagnostics for representative values of &,. Panel (a) shows the proton fraction Y, and the

corresponding direct-Urca threshold in charge-neutral npey matter. The vertical dotted lines mark the first crossing of the electron dir-

ect-Urca threshold. Panels (b) and (c) show the electron and muon direct-Urca margins, krp +kre —kpn and kgp + kg, — kra, respectively.

The horizontal dashed lines denote zero margin.

where Zns denotes the Nested Importance Sampling es-
timate of the evidence obtained from MultiNest [73]. Pos-
itive values of AlnZs favor the 11D p-flex model, while
negative values favor the 10D baseline. The evidence dif-
ference includes the Occam penalty associated with the
additional parameter in the 11D model.

For the NS+GW data set, we obtain AlnZpyg =
—-0.23+0.08, while for the ALL+GW data set, AlnZs =
—0.02+0.17. Both values are close to zero. According to
the usual Jeffreys-type interpretation of evidence ratios
[74-76], these differences do not constitute decisive sup-
port for either model. The present data therefore do not
statistically require the additional p-channel flexibility
parameter. This result is important for the interpretation
of the 11D extension. We do not regard £, as an observa-
tionally required new degree of freedom. Instead, the 11D
model is used as a controlled extension of the 10D
baseline to quantify the residual model dependence asso-
ciated with the assumed high-density continuation of the
p-channel. The near equality of the evidences indicates
that the current data are compatible with both the more
restrictive 10D ansatz and the extended 11D p-flex para-
metrization. In the following subsections, we therefore
focus not on whether the 11D model improves the global
evidence, but on which physical observables are affected
when the high-density isovector freedom is relaxed.

For completeness, Table 3 lists the posterior summar-
ies of the sampled 11D model parameters for both data
sets. The entries are computed from the same posterior
samples and with the same mode-plus-90% highest-pos-
terior-density summary routine used for the diagonal an-
notations in the corresponding corner plots; therefore the
table and the corresponding corner-plot diagonals are
based on the same values. The table shows that the
ALL+GW data set constrains the isoscalar high-density
controls f,. and f,., as well as the low-density isov-
ector parameters L and Ky,, more strongly than
NS+GW. In contrast, &, remains broadly distributed in
both data sets, consistent with the evidence result that

present data do not require the extra p-channel flexibility.
As a quantitative prior-dependence diagnostic, we estim-
ated the information gain of ¢, relative to its uniform pri-
oron [-1,1],

Ig, = Dy [p& D) || (&) - (38)

Using the equal-weight posterior chains and a one-di-
mensional histogram estimate over the prior interval, we
obtain I, ~0.086 nats for NS+GW and I ~0.104 nats
for ALL+GW, corresponding to only about 0.12 and 0.15
bits, respectively. The small information gain confirms
that the posterior of &, is only weakly compressed relat-
ive to the prior. Therefore the broader 11D intervals for
high-density isovector and direct-Urca quantities should
be interpreted as a conservative estimate of residual mod-
el dependence within the adopted p-flex prior, rather than
as a measurement of a preferred nonzero p-channel de-
formation by the present data.

C. Posterior-predictive EOS and stellar observables

We now compare the posterior-predictive results of
the 10D baseline and the 11D p-flex model. Figure 3
shows the posterior-predictive bands of the symmetry en-
ergy Egym(n), the proton fraction Y,(n), the mass-radius
relation, and the tidal deformability A(M). The upper row
corresponds to the NS+GW data set, while the lower row
corresponds to ALL+GW. The tidal deformability is ob-
tained consistently from the stellar structure and linear
tidal-response equations [77—80]. For both data sets, the
10D and 11D models give similar posterior-predictive
mass-radius and tidal-deformability bands. This indicates
that the additional p-channel flexibility does not lead to a
large change in the macroscopic neutron-star observables
constrained by the present mass, radius, and gravitational-
wave data. In particular, the resulting M—R and A(M)
predictions remain close in the two model spaces. This
behavior is consistent with the Bayesian evidence com-
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Table 3.

Posterior summaries of the sampled 11D p-flex model parameters are listed; each entry gives the posterior mode and the

90% HPD interval for the NS+GW and ALL+GW data sets, computed from the same posterior samples and with the same summary
method used for the diagonal annotations in the corresponding corner plots.

Parameter Unit NS+GW ALL+GW
Ko MeV 22877273 233.01234
m*|M - 0.6399+0:0199 0.6437+5:0963
no fin? 0.1661+5:9039 0.1475+5:0092
Eo MeV -16326*0:48 ~15.979+0137
Egym(no) MeV 3245418 34.06*9%
L MeV 92,9213 3497474
Ksym MeV -26872)7 -10175¢
oo - 07437345 08048738
o - 122875166 0.78937427
fpos - 0.555793% 0262332
& - 057418 0547404

parison in Table 2, which shows no decisive preference
for either the 10D or 11D model.

The differences between the two models are more vis-
ible in the isovector and composition sectors. The posteri-
or bands of E,,(n) and Y,(n) show that allowing the ex-
tra p-channel deformation changes the range of high-
density symmetry energy and proton fraction compatible
with the adopted constraints. The effect is especially rel-
evant at suprasaturation densities, where the symmetry
energy is less directly constrained by terrestrial and astro-
physical data [28, 29, 52, 55]. This behavior is expected
from the construction of the 11D model, in which &,
modifies the high-density p-channel while leaving the sat-
uration-point isovector quantities unchanged.

To further examine the bulk part of the EOS, Fig. 4
shows the posterior-predictive beta-equilibrium pressure
Py(n) and squared sound speed c?(n). The comparison
demonstrates that the 10D and 11D posterior bands of
Ps(n) largely overlap in the density region relevant for the
stable neutron-star branch. The corresponding sound-
speed bands also remain close in the two model spaces.
This explains why the macroscopic stellar observables in
Fig. 3, especially M—R and A(M), are only weakly af-
fected by the additional p-channel parameter.

The posterior summaries of selected bulk and stellar
observables are listed in Table 4. The table includes R, .4,
Roo, Ara, ANoo, Mua, Pp(2no), C%[nc(1~4M®)]: and
c*[n.(2.0M,)]. The tabulated values show the same trend
as the posterior-predictive bands: the 10D baseline and
the 11D p-flex model give comparable bulk pressure,
sound speed, radii, tidal deformabilities, and maximum
masses for both NS+GW and ALL+GW. Therefore, at
the level of bulk stellar structure, the additional paramet-
er £, does not act as a leading stiffhess-control parameter.
The small bends or apparent abrupt changes near the up-

per end of the M—R bands in Fig. 3 should not be inter-
preted as phase transitions or discontinuities in the EOS.
They occur close to the maximum-mass end of the stable
branch, where different posterior samples terminate at
different M,,, values and the credible band is construc-
ted from a rapidly changing subset of stellar sequences.
Thus the high-mass edge of the plotted band is more
sensitive to finite posterior sampling and interpolation
than the well-populated mass range below about 2M,,.

This separation between bulk and isovector responses
is central to the interpretation of the p-flex extension. The
present constraints determine the beta-equilibrated bulk
EOS sufficiently well that the additional high-density p-
channel freedom has only a limited impact on M-R,
A(M), and M,,,. At the same time, the high-density com-
position, through E.,(n) and Y,(n), remains sensitive to
the p-channel ansatz. The consequences of this residual
isovector uncertainty for the direct-Urca threshold are ex-
amined in the next subsection.

The systematic reduction of M, from NS+GW to
ALL+GW in Table 4 is a consequence of the additional
pressure-band constraints rather than of the p-flex exten-
sion itself. It appears in both the 10D and 11D analyses.
The HIC likelihood is the main additional constraint on
the high-density stiffness because it acts directly on the
symmetric-nuclear-matter pressure over the suprasatura-
tion-density range u = n/ny = 1.3—4.5. It removes the very
stiff high-density isoscalar-vector sector allowed by
NS+GW alone; for example, in the 11D posterior the
mode of f, ., shifts from 1.228 for NS+GW to 0.789 for
ALL+GW. The yEFT band mainly constrains the low-
density neutron-rich EOS and, together with the HIC
pressure band, lowers the beta-equilibrium pressure
around 2n,, from about 32 to 16—17 MeV fm>. The res-
ulting ALL+GW posterior therefore favors a softer EOS
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(color online) Posterior predictive comparison between the 10D baseline model and the 11D p-flex model. The upper row

shows the NS+GW results, while the lower row shows the ALL+GW results. From left to right, the panels display the symmetry en-
ergy Egm(n), the proton fraction Y,(n) in f-equilibrated matter, the mass-radius relation, and the tidal deformability A(M). The solid
curves denote representative posterior predictions, and the shaded regions show the corresponding 90% credible bands. Small kinks
near the high-mass end of the M-R bands arise from the termination of different posterior stellar sequences at their own maximum

masses and do not indicate a physical discontinuity in the EOS.

whose maximum mass lies close to the imposed massive-
pulsar lower-bound likelihood, while still satisfying the
2M, constraint. Thus the lower M, in ALL+GW re-
flects the adopted yEFT+HIC pressure likelihoods, with
the high-density HIC term providing the dominant stiff-
ness constraint.

D. Direct-Urca threshold and activation probability

We next examine how the high-density isovector un-
certainty affects the direct-Urca threshold. The nucleonic
direct-Urca process,

n— p+i+v, p+l—-n+v, l=e,pu, (39)

is kinematically allowed when the Fermi momenta
satisfy the triangle condition in Eq. (36). For a given
EOS, this condition defines the direct-Urca threshold
density npy. If the central density of a star of mass M, de-
noted n.(M), exceeds this threshold, the direct-Urca chan-
nel is open in the stellar core.

Figure 5 compares the posterior central-density
curves n.(M) with the corresponding direct-Urca
threshold density npy. The results are shown separately
for NS+GW and ALL+GW. For each model, the stellar
sequence determines n.(M), while the composition of
beta-equilibrated matter determines npy. Thus, the onset
of direct Urca in a star of mass M depends on the relative

position of these two quantities. The 10D and 11D mod-

els can have similar central-density curves because their
bulk beta-equilibrium pressures are similar, but they can
still differ in npy through their different high-density pro-
ton fractions. The difference between the 10D and 11D
direct-Urca thresholds is more visible for ALL+GW than
for NS+GW. For NS+GW, the high-density isovector
sector is only weakly constrained by the mass-radius and
tidal data, and the allowed ranges of L, Ky, and f,
already generate a broad spread of Ey,(n), Y,(n), and npy
within the 10D baseline. Consequently, the additional p-
channel flexibility in the 11D model mostly broadens an
already wide threshold distribution, and the 10D and 11D
npy intervals strongly overlap. For ALL+GW, the addi-
tional yEFT and HIC constraints restrict the low- and in-
termediate-density EOS and reduce part of the 10D pos-
terior freedom. After this compression of the baseline
model space, the residual high-density p-channel deform-
ation in the 11D model produces a more visible shift in
the representative npy, even though the 10D and 11D
HPD intervals still overlap. This behavior reflects the fact
that n.(M) is mainly controlled by the bulk pressure,
whereas npy is controlled by the composition through the
proton fraction. The apparent high-mass bends in n.(M),
especially near the end of the NS+GW sequences in Fig.
5(a), have the same origin as the high-mass behavior of
the M—R bands: the stable branch is approaching M,
and the posterior sample set contributing to the plotted
representative curve and band changes rapidly. They are
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Fig. 4. (color online) Posterior-predictive beta-equilibrium pressure Pg(n) and squared sound speed c2(n) for the 10D baseline and

11D p-flex models. The upper panels correspond to NS+GW, and the lower panels to ALL+GW. The left column shows Pg(n), and the
right column shows ¢2(n). Solid curves denote the posterior representative curves, and shaded regions denote 90% posterior credible

bands.

Table 4.
report the posterior mode and the 90% HPD interval.

Posterior summaries of bulk and macroscopic neutron-star observables for the 10D baseline and 11D p-flex models. Entries

Dataset ~ Model R4 km Ry km Arg Asg Muax Mo Pp(2ng) MeV fm”  c2lne(1.4Mo)]  c3[n(2.0Mo)]
NS+GW 10D 12287099 1257058 56511 59.5t320 2455700 316172 0.455+0021 0.596* 03¢
NS+GW 1D 12277038 12.5770%% 5607216 59.87341  2.462+0008 31.7+82 0.463+0:032 0.604+0017
ALL+GW 10D 11.88*313 11357018 40073 2167/, 21023028 17.0113 0.374*0012 0.6037007%
ALL+GW 11D 11.80%)39 11387920 398+%  23.073%,  2.111#)9%¢ 15.8+34 0.38370018 0.594+0-063

therefore endpoint and sampling effects rather than ab-
rupt changes of the underlying EOS.

The corresponding posterior summaries of the high-
density isovector and direct-Urca quantities are listed in
the following table. The table includes Eqm(2no),
Esym(3n0), Y,,(Zno), Y,,(3n0), }’lDU/}’lo, and MDU- Here MDU
is defined as the stellar mass for which the stable branch
first reaches n.(M) = npy. If the direct-Urca threshold is
not reached on the stable branch, the corresponding
sample is treated as a right-censored no-onset sample; the

finite-onset Mpy summary and the no-onset probability
are reported separately below. The comparison between
10D and 11D shows how the additional p-channel flexib-
ility propagates from the symmetry energy to the proton
fraction and then to the direct-Urca threshold.

To express the direct-Urca onset in a mass-dependent
form, we define the direct-Urca activation probability

Ppy(M) = Prob [n.(M) = npy | My > M]. (40)
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Fig. 5. (color online) The central density n.(M) along the stable stellar branch is compared with the posterior direct-Urca threshold

density npy. Panel (a) shows the NS+GW results and panel (b) shows the ALL+GW results. Solid curves denote the representative pos-
terior prediction for n.(M)/ng, while dashed horizontal lines indicate the corresponding representative value of npy/ng. The shaded

bands show the 90% posterior uncertainty. The square markers with vertical error bars show the same representative npy/ng values and

their 90% HPD intervals from the corresponding summary table. They are placed near the high-mass end of the corresponding posteri-

or stellar sequences solely to indicate the threshold-density uncertainty; they are not additional observational data.

The condition M., > M restricts the probability to
posterior samples that support a stable star of mass M.
This definition avoids counting samples for which the
stellar model does not exist at the specified mass. The ac-
tivation probability therefore gives the posterior probabil-
ity that a star of mass M contains a core region where the
direct-Urca process is kinematically allowed.

Figure 6 shows Ppy(M) for the 10D baseline and 11D
p-flex models. As expected, the activation probability
generally increases with stellar mass because the central
density rises along the stable branch. The comparison
between 10D and 11D converts the difference in npy into
a mass-dependent quantity. This quantity is directly re-
lated to the fast-cooling channel, although a full cooling
calculation would also require neutrino emissivities, su-
perfluid gaps, envelope composition, and thermal evolu-
tion modeling [35, 36, 81]. In the present analysis,
Ppuy(M) is used only as a composition-sensitive diagnost-
ic derived from the EOS posterior. Because Ppy(M) is
conditioned on M., > M, the ensemble used in the de-
nominator changes with M. Near the high-mass end,
where only a small subset of posterior samples still sup-
ports a stable star, this conditional normalization and fi-
nite sampling can produce small nonmonotonic features,
such as the drop visible in Fig. 6(a). This feature should
not be interpreted as a physical decrease of the direct-
Urca probability along an individual stellar sequence; for
any fixed EOS, once the central density exceeds npy, the
direct-Urca channel remains open at larger central densit-

ies on the stable branch. To check this explicitly, we
monitored the effective number of posterior samples en-
tering the denominator, denoted by N.4(M). Here N4(M)
is simply the number of samples for which M, > M and
the interpolated central density n.(M) is finite. In the
NS+GW panel of Fig. 6, N4 remains close to the full
plotted sample size through the well-populated mass
range, but decreases rapidly at the extreme high-mass en-
dpoint. For example, in the posterior sample set used for
this diagnostic N.s =80 at M =2.0M,, remains about
75-76 at M =2.4M,, and then falls to only a few samples
near the endpoint of the 10D and 11D curves. Thus the
visible non-smooth behavior is caused by conditional nor-
malization and finite posterior sampling near the edge of
the supported mass range, not by a discontinuity in the
EOS or by a physical closing of the direct-Urca channel.

The representative direct-Urca onset probabilities are
listed in Table 5. Instead of presenting the mass-depend-
ent activation probability Ppy(M) directly, we report the
cumulative posterior distribution of the onset mass,
P(Mpy < M.,), evaluated at representative mass
thresholds M.,. This quantity gives the posterior probab-
ility that the direct-Urca process starts below a specified
stellar mass. It provides a compact summary of the Mpy
posterior and is complementary to the mass-dependent
activation probability shown in Fig. 6. Samples for which
the direct-Urca threshold is not reached anywhere on the
stable branch are treated as right-censored rather than dis-
carded. We therefore also report
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Fig. 6. (color online) The direct-Urca activation probability as a function of stellar mass is Ppy(M) = Prob[n.(M) > npy | Mmax > M].

Panel (a) shows the NS+GW result, and panel (b) shows the ALL+GW result. Small non-monotonic features near the high-mass end
arise from changes in the set of posterior samples satisfying Mp. > M and from finite sampling, not from a closure of the direct-Urca
channel. Interpretation of the endpoint behavior is limited by the rapid decrease in the effective number of posterior samples in that
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mass range.

P..py = Prob [n.(M) < npy for all stable M].

The probabilities P(Mpy < M) in Table 5 are evalu-
ated unconditionally, counting no-onset samples as not
satisfying any finite onset-mass cut.

E. Posterior correlations

We finally examine the posterior correlations in the
11D p-flex model. To keep the main text readable, we
show the two most relevant ALL+GW corner plots in this
section and place the corresponding NS+GW parameter/
isovector plots, together with the selected macroscopic-
observable corner plot, in Appendix A. The corner plots
use consistent colors, line styles, diagonal annotations,
and label positions across the main text and appendix.
Figure 7 shows the parameter posteriors for the ALL+
GW data set. The diagonal panels display the one-dimen-
sional marginalized posteriors of the 11D model paramet-
ers. For the ten parameters common to the 10D and 11D
models, the corresponding 10D one-dimensional posteri-

Table 5.

ors are overlaid on the diagonal panels. The off-diagonal
panels show the two-dimensional posterior contours of
the 11D model. This representation reveals the correla-
tions between the additional p-channel parameter ¢, and
the standard saturation and high-density control paramet-
ers.

The parameter correlation plot shows that £, is not
strongly constrained by the ALL+GW data alone. This is
consistent with the evidence comparison in Table 2,
which indicates no decisive preference for either the 10D
baseline or the 11D extension. The posterior distribution
of &, therefore reflects the remaining freedom in the high-
density p-channel that is not removed by the present com-
bination of neutron-star, gravitational-wave, yEFT, and
heavy-ion constraints. The comparison with the 10D di-
agonal posteriors also shows that introducing ¢, does not
strongly alter the marginalized distributions of most com-
mon bulk parameters.

Figure 8 shows the corresponding corner plot for se-
lected isovector and direct-Urca observables in the
ALL+GW data set. The displayed quantities include &,,

Posterior probability (in percent) that the direct-Urca onset mass lies below representative mass thresholds, treating no-on-

set samples as right-censored. The column P,,py gives the posterior probability that the direct-Urca threshold is not reached anywhere

on the stable branch.

Data set Model PaoDU P(Mpy < 1.4My) P(Mpy < 1.6Mo) P(Mpy < 1.8My) P(Mpy < 2.0My)
NS+GW 10D 3.6 14.7 237 347 48.8
NS+GW 11D 43 17.8 24.1 31.6 43.0
ALL+GW 10D 0.0 0.0 33 29.1 92.1
ALL+GW 11D 0.0 7.9 12.9 23.2 78.2
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Fig. 7. (color online) Posterior distributions of the 11D (p)-flex model parameters and their correlations for the ALL+GW data set are

shown. For the 10 parameters common to both model spaces, the 10D baseline posterior is overlaid on the diagonal for comparison.
The diagonal annotations indicate the posterior mode and the 90% credible intervals.

L’ Ksym: Esym(zno): Esym(3n0), Yp(znﬂ), Yp(3n0), nDU/nO,
and Mpy. The diagonal panels compare the one-dimen-
sional posterior distributions of the 10D and 11D models
where applicable, while the off-diagonal panels show the
11D correlations. This figure directly illustrates how the
additional p-channel freedom propagates into high-dens-
ity composition-sensitive quantities. The correlations in
Fig. 8 are consistent with the posterior summaries in Ta-
ble 6. The numerical entries are derived from the same
posterior samples that produced the corresponding corner

plots; therefore, the table and these figures are based on
identical data and are mutually consistent. For ALL+GW,
the 10D baseline yields relatively narrow intervals for
Eym(3n9), Y,(3n9), npuy/no, and Mpy. When the p-chan-
nel flexibility is introduced, the 11D model permits a
broader range of these quantities. For example, Table 6
shows that the 11D ALL+GW result gives wider inter-
vals for Ey(3n9), Y,(3n9), and Mpy than the correspond-
ing 10D result. The broader 11D intervals indicate that
part of the apparent precision of the 10D prediction is
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Table 6. Posterior summaries of high-density isovector and direct-Urca observables. Entries list the posterior mode and the 90% HPD
interval. For Mpy, the one-dimensional summary is reported for the finite-onset subset, while the posterior probability of no direct-
Urca onset on the stable branch is reported separately in Table 5.

Data set Model Egym(2n9) Esym(3n9) Y,(2no) Y,(3n9) npu/no Mpy
MeV MeV Mo
NS+GW 10D 53.1782 6437182 0.108*+9029 0.12670:0% 2447333 2.363973
NS+GW 11D 52.1+160 64.41150 0.104+5032 0.128+0:046 3.011148 2.36410-133
ALL+GW 10D 47.0739 59.8%33 0.090*9-0% 0.115%0:9% 4.62+978 1.929+0.19%
ALL+GW 11D 43.8%66 55.17118 0.078+0928 0.100+0.933 5.03+0:38 195610149
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Fig. 8. (color online) Corner plot of high-density isovector and direct Urca observables in the ALL+GW data set. The displayed
quantities include &,, L, Kgym, Esym(2n0), Esym(3no), Yp(2n0), Yp(3no), npu/no, and Mpy. The diagonal panels display the one-dimension-
al posterior distributions, overlaid with the 10D baseline results where applicable. The off-diagonal contours show the 11D posterior
correlations.
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Fig. 9. (color online) A corner plot displays the posterior distributions of the 11-dimensional p-flex model parameters for the

NS+GW data set. Diagonal panels show one-dimensional marginalized posterior distributions; the 10-dimensional baseline posteriors
are overlaid for the ten common parameters. Off-diagonal panels show two-dimensional posterior contours for the 11-dimensional

model. Diagonal annotations provide the posterior mode and the 90% highest-posterior-density interval.

conditional on the fixed high-density p-channel ansatz. In
view of the small information gain of ¢, reported in Sec.
IIIB, this broadening is not interpreted as evidence that
the present data favor a nonzero p-channel deformation. It
mainly reflects the residual high-density isovector free-
dom allowed by the adopted 11D prior after the current
data have constrained the bulk EOS.

The main role of Fig. 8 is therefore complementary to
that of Figs. 3—6. The posterior predictive figures show

-17

that the bulk stellar observables are similar in the 10D
and 11D models, whereas the isovector/DU corner plot
reveals where the additional freedom appears in the com-
position-sensitive sector. Thus, the posterior correlation
analysis supports the interpretation of £, as a controlled
high-density model-uncertainty parameter
rather than as a parameter that primarily alters the bulk

isovector

neutron-star structure.
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Fig. 10. (color online) Corner plot showing selected high-density isovector and direct-Urca observables for the NS+GW data set. The

plotted quantities are &,, L, Kym, Esym(2n0), Esym(3n0), Y,(2n0), Y,(3no), npu/ng, and Mpy. Diagonal panels show one-dimensional mar-
ginalized posteriors, with the 10D baseline distributions overlaid where applicable. Off-diagonal panels show two-dimensional posteri-

or contours for the 11D model.

IV. CONCLUSION

We performed a Bayesian comparison between a 10D
TW-like  density-dependent relativistic —mean-field
baseline model and an 11D p-flex extension. The 10D
model is specified by empirical saturation properties and
high-density channel-control parameters, while the 11D
model introduces one additional parameter, &,, in the
high-density p-channel. The nested limit &, =0 recovers
the 10D baseline. Compared to our previous 10D analys-

is, the present work reuses the inverse-mapped baseline
and common Bayesian infrastructure, but adds the nested
p-flex degree of freedom to quantify the residual high-
density isovector model dependence of symmetry energy,
composition, and direct-Urca observables. For both mod-
el spaces, we constructed beta-equilibrated EOSs, solved
the stellar-structure and tidal-deformability equations,
and evaluated the direct-Urca threshold. The analysis was
carried out for the NS+GW and ALL+GW data combina-
tions.
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(color online) A corner plot of selected bulk and macroscopic neutron-star observables is shown. The plotted quantities are

&, Pg(2ng), 2[ne(1.4Mo)1, c2[ne(2.0Mo)], Ria, A1, Roo, Azo, and Mmax. The diagonal panels display the one-dimensional marginalized
posterior distributions, overlaid with the 10D baseline distributions where applicable. The off-diagonal panels display the two-dimen-

sional posterior contours for the 11D model.

The comparison shows that the additional p-channel
flexibility has only a limited impact on bulk neutron-star
observables. The 10D and 11D models yield similar pos-
terior predictive results for the beta-equilibrium pressure
Ps(n), the sound speed ¢?(n), the mass-radius relation, the
tidal deformability A(M), and the maximum mass M.
The posterior summaries of R4, Ryo, A14, Azos Mmax,
Ps(2ny), and the central-density sound speeds are simil-
arly close in the two model spaces. This indicates that
current neutron-star and gravitational-wave constraints
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primarily constrain the bulk stiffness of beta-equilibrated
matter.

The effect of £, is more pronounced in the high-dens-
ity isovector and composition-sensitive sector. By modi-
fying the high-density p-channel, the 11D extension
changes the symmetry energy E.,n(n) and the proton frac-
tion Y,(n) at suprasaturation densities. This, in turn, af-
fects the direct-Urca threshold density npy, the onset
mass Mpy, and the direct-Urca activation probability
Ppuy(M). The posterior comparison shows that the 10D
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baseline yields narrower intervals for these quantities be-
cause its high-density p-channel continuation is more re-
strictive. The broader 11D intervals therefore provide a
more conservative estimate of the residual high-density
isovector uncertainty.

The Bayesian evidence comparison shows no statist-
ical preference for the 11D model over the 10D baseline.
Using the Nested Importance Sampling evidence, we ob-
tain AlnZys = InZ\Y —InZ}%® = -0.23 £0.08 for NS+GW
and AlnZps = —0.02+0.17 for ALL+GW. These values
are close to zero and, therefore, do not provide decisive
evidence in favor of either model. Consequently, &,
should not be interpreted as an observationally required
new degree of freedom. Its role in the present work is in-
stead to quantify the model dependence associated with
the assumed high-density continuation of the p-channel.

The main conclusion is that current multimessenger
constraints can result in a degeneracy between bulk neut-
ron-star observables and high-density composition. The
quantities M-R, A(M), Ps(n), and c*(n) can remain
nearly unchanged when the high-density isovector sector
is relaxed. At the same time, Eyw(n), Y,(n), npy, Mpu,
and Ppy(M) can change appreciably. Thus, direct-Urca
and cooling-related observables provide a useful dia-

gnostic of the residual high-density isovector uncertainty
that is not fully resolved by current mass, radius, and tid-
al-deformability data. Future work should incorporate
neutron-star cooling data to directly link the direct-Urca
activation probability with thermal-evolution observables,
and exploit isovector-sensitive measurements to further
constrain the high-density symmetry energy. A systemat-
ic assessment of finite-nucleus compatibility for the pos-
terior samples will also be necessary to establish a uni-
fied energy-density-functional description.

APPENDIX A: ADDITIONAL POSTERIOR-
CORRELATION PLOTS

This appendix presents additional posterior-correla-
tion plots, shown in Figures 9, 10 and 11, which comple-
ment the ALL+GW results presented in the main text.
The plotting conventions are the same as those used in
Figs. 7 and 8. In the diagonal panels, the one-dimension-
al posterior distributions from the 10D baseline model are
overlaid for parameters common to both the 10D and 11D
models. The off-diagonal contours show the two-dimen-
sional posterior correlations of the 11D p-flex model.
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