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Semileptonic B~ — »*z¢v, decay over the full =z invariant mass spectrum®
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Abstract: The Belle Collaboration has recently reported a measurement of the branching fraction for the
semileptonic decay B~ — ntn~ ¢~ v,, with £ = e or u. Using the newly available data across the full 7z invariant-
mass spectrum, we determine the non-resonant B — nizr transition form factors. We obtain a non-resonant branching
fraction By(B~ - natn (" v,)=(3.5% 1.4f3:§1) x 1075, This result indicates that the non-resonant contribution can be
comparable in magnitude to the resonant components and should not be treated as a negligible background in preci-
sion measurements. Our findings highlight the importance of dedicated experimental efforts at Belle I and LHCD to

further probe the non-resonant contribution.
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I. INTRODUCTION

Semileptonic b-hadron decays provide an ideal plat-
form for testing heavy-to-light transition form factors
[1-6]. Mediated by the quark-level b — ufv, weak trans-
ition, they offer one of the most reliable avenues for. de-
termining the Cabibbo—Kobayashi-Maskawa (CKM)
matrix element |V,,| [7-15], a key parameter that governs
the overall magnitude of CP violation in the Standard
Model. Moreover, owing to their relatively small hadron-
ic uncertainties, these decays provide a sensitive probe
for potential contributions from physics beyond the
Standard Model [16—18].

The four-body decay channel B — nnfv, is among the
semileptonic B decays that have been measured experi-
mentally [19-23]. In this process, the quasi-two-body
contribution B — pfv,, followed by the decay p — nr,
plays a dominant role. Accordingly, this decay has been
extensively studied within various theoretical frame-
works, including factorization approaches [24-27], QCD
light-cone sum rules [28-33], lattice QCD [34], model-in-
dependent parameterizations [35], and phenomenological
analyses [36]. However, the nonresonant contribution to
B — nnly, represents a genuine four-body decay topo-
logy but is often treated as a negligible background and
has received comparatively little attention.

The Belle Collaboration has recently measured the
branching fractions of B~ — n*n~ ¢ v, over the full nr in-
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variant-mass (M, ) spectrum, as reported in [23].

Br(B- - rta €)= (2275 £3.5)x 107, (1

with ¢~ = e~ or u~. Here, the total branching fraction By
includes contributions from resonant processes of the
form B~ — R{v, followed by R — #*n~, with R=p° or
R = f, = /,(1270). Because the nz invariant-mass spec-
trum is measured over the full kinematic range, potential
non-resonant contributions are also expected. However, a
dedicated statistical analysis of the non-resonant compon-
ent has not yet been performed. Assuming By =~B,+
B, + B, where B,(B~ — p’C v, p° - ntr) = (15.8 £ 1.1)X
10-° [15]and B, (B~ — fol ¥, f» — n77) = (1.8 £0.9°02)x
1073 [37], the non-resonant branching fraction can be es-
timated as Bn(B~ — ata € ¥,) ~O0(107). This indicates
that the non-resonant contribution is comparable in mag-
nitude to the resonant components and should not be re-
garded as a negligible background, thereby warranting
dedicated investigation.

The non-resonant decay channel B~ — n*n ¢ v, is
governed by the B — nr non-resonant form factors, de-
noted F,.. Notably, the non-leptonic B decay channel
B~ — nx*n also requires F,, to account for its sizable
non-resonant contribution [15], although these form
factors remain poorly determined. Currently, little in-
formation is available in the literature [7, 24-43]. This
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situation motivates us to extract F,, from the measured
#n invariant-mass distribution in B~ — atx~ ¢ v,. To this
end, we will separate the resonant contributions from the
non-resonant component and perform a numerical analys-
is of the branching fractions and angular distributions. In
addition, we will examine the sensitivity of the current
data to the CKM matrix element |V,,|.

II. THEORETICAL FRAMEWORK

As depicted in Figs. la and 1b, the decay
B~ — ntn ¢ v, proceeds via resonant and non-resonant
B — i transitions, respectively, with the lepton pair pro-
duced by the emitted W boson. In the measured M,, spec-
trum, a dominant peak and a small bump are identified as
arising from the processes B~ — p°¢~ ¥, and B~ — f£,07 v,
respectively, where the vector meson p° and the tensor
meson f, appear as intermediate resonances decaying in-
to 7#*7~. In addition, a non-resonant component is expec-
ted to contribute and can, in principle, be extracted from
the data. For our analysis, we express the total amplitude
of B~ —» n*n € v, as [44]

M= My(B™ = 7' w7 €v,) + My(B™ = p°C 9,,0° = n¥77)

M (B~ = LV oo '),

GF Vuh

V2

Mywy = (m* |y, (1 —ys)bIB vy ey (1 —ys)vy,

@

where the subscripts 7, N, and R = (p, f>) denote the total,
non-resonant, and resonant contributions, respectively.
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Fig. 1. (color online) Semileptonic B~ — n*n~¢ v, decay: (a)
nonresonant contribution; (b) resonant contributions via the

intermediate states p° and f;.

The hadronic matrix elements for the (non-)resonant
B — nrr transitions are parameterized as in Refs. [1, 45]

(T (pa)m™ (pp)lity, (1 —ys)bIB )y
= h€uwapPsP" (Pp— P +irg, +iw,p, +iw_(py — pa),

(" (p)7 (pp)lity, (1 =y5)bIB™ )yp,)
={(n"7"|p(f2))

1

(t = m3 ) + imy( Do)
<P(fz)|ﬁ7’u(1 —vs)b|B”), (3)

where p = py+pu, 4= ps—p = pe+py, and (5,0 = (¢*, ).
The non-resonant form factors are denoted by
For = (h,r,wy). The B — p(f>) transition matrix elements
are parameterized as in Refs. [46—48]

0
2V
Mp + Mp(py)

_ I, e” -p ,
(pUfo)lay,ysblB) =i {e,ﬁ) - %qﬂ} (s + 1y )AY
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where €* = e pg,/mg. Here, € and " denote the polar-
ization vector and tensor, respectively, and
For =(V(”,A§)’,’1,2) collects the corresponding transition
form factors. The strong decay vertices {(nrlp, f>) are giv-
en in Refs. [10, 50, 51]

(nnlp) =gi1€-(Py— Pa)

(n7tl f2) =82€" PayPv ®)
where g;, denote strong coupling constants. To perform
the sums over the vector and tensor polarizations of the
intermediate p and f, states, we follow Refs. [46—48].

Y€€, =M.,
L1 1 1
Zeﬂ"eu'v’ ZEMHH'MVV' + EMHV/ Myll/ - gMHyMH/yf . (6)

with M,,, = —g,,v + pup,r/p*. The form factors in Egs. (3)
and (4) are momentum-dependent and are modeled using
either single- or double-pole parametrizations [46—48]:
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where F, and F,, have been studied within QCD-based
approaches [48, 49], while the parameters (a,b, F,(0))
are extracted from a global fit.

For the four-body decay channel
B (pg) = 7t (p)n~(pp)t~ (pe)ve(p,), the phase-space integ-
ration is performed over the kinematic variables
(5,4,00,0r,¢). As illustrated in Fig. 2, 6y, denotes the
angle between the momenta of the n* and n~ (of the ¢~
and v,) in the n*n~ (£7v,) rest frame. In addition, the
angle ¢ is defined as the angle between the decay planes
of the n*n~ and £ v, systems, which are formed by 7,
and p;;,, respectively, in the B-meson rest frame. The dif-
ferential decay width is given by [1, 3, 4]

2
dl’ = ZKJ‘/’\:(*)L”%X&M&L dsdtdcosy,dcosO, dg, ®)

where X, a,, and a, are defined as in [43, 52, 53]

1/2

1
X= f(m%—s—t)z—st Y

4
L oip, 2 5
Ay =;/l (t9m7r7m7r)’
1
ar =f/l”2(s,m§,m§), 9
s
With A(a,b,c) = a*> + b* +c* —2ab—2bc —2ca. The al-

lowed ranges for (s,¢) and the angular variables (8,,0;.,¢)
are:

(mg+mw)2 <s<(mp— Vi)?, 4m,2r <t< (mB—m(—mw)z,

OSOM,LSTF, 0S¢327T,

(10)

14

Fig. 2. (color online) The angular variables (6y,6;,¢) in the
four-body B~ — n*n~¢"v, decay.

With m,+m;, ~0, the angular asymmetry is defined
from Eq. (8), as in Refs. [54-56].

+1 dar 0 dI’
dcosby — — dcosd
A = fo dcosBy cos = |, dcosfy coSEm (11)
s [ M coso +/° M costy
0 dcosfy M1 dcos by, M

where dI'/dcos ), represents the angular distribution.

IIT. NUMERICAL ANALYSIS

In the numerical analysis, we perform a minimum y?
fit to extract, as free parameters, |V,,|, the nonresonant
form factors F,,, and §,,, where &, denotes the relative
phase associated with M, ). The x* function is defined
as

/\/2 = (Bpth_Bpex>2+ <Bf2th_8f2ex)2

Tpex T frex
a8, dBl, | 2 T BN
_ 4B, Fi—F
AdMjx AdMzyx P thp
DICE =
i ex j thp
k kooN 2
D C ey (12)
k b
- 0F s

where d8B/dM,, denotes the differential branching frac-
tion, and o, (6F,,) represents the experimental (theoret-
ical form-factor) uncertainty. The theoretical inputs
By and dBy,/dM,, are obtained from the amplitudes
in Eq. (2), whereas the experimental inputs are taken
from Eq. (1) and Fig. 3. We use FY = (V,(0),A,(0),A,(0))
and F?;) = (V}(0),A1(0),A%(0)) from Table 1 as input val-
ues for Eq. (12), together with |g,| =5.98 and |g,| = 18.56
in units of GeV™' [51, 57].

From the fit, we obtain

100
3 80
w
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T 40
=
2 20
[2)
© [
0
2.5
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Fig. 3. (color online) The nr invariant-mass spectrum. The

solid curve includes all contributions and reproduces the data
points from Belle [23]. The dashed (dotted) curve represents
the contributions from B~ — p(f)¢tv, with p(f;) — a*n~, while
the dot-dashed curve denotes the nonresonant contribution.
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Table 1. We parameterize the B — (o, f>) transition form
factors using the pole mass My =7.0 GeV as given in Eq. (7)
[48, 49]. Here, we adopt the isospin relation \FZF‘,O =F, for
the B — pY transition.

() ) )
vy AY Ay
V2F 0(0) 0.35+0:06 0.27+5:05 0.26*905
Fp,(0) (0.18:£0.02) (0.13+0.02) (0.12+0.02)

Vil = (3.31+£0.61)x 1073,
a=(26.8+25.9), b=(1430.1 +680.1),
h(0) = (1.90 +0.43) GeV ™,
we(0)=(6.16+£3.41) GeV™', w_(0) = (3.67 £ 1.79) GeV~!,
(61,6,) = (=111.6+29.3,0.0+ 1.4)°,
Y’ /nd.f.=1.1,
(13)

with n.d.f.=7 denoting the number of degrees of free-
dom. We note that the form factor » in Eq. (3) and A in
Eq. (4) do not contribute to the fit, as their contributions
to the amplitudes vanish since g,it,»*(1—-ys)v, =0 for
nearly massless leptons.

Using the fitted parameters in Eq. (13), we obtain

BB >t €v,)=(19.6+7.9773701) x 107,
BB — p V0" > 7)) = (15864715 1075,
Bh(B™ = il Ve, frortn)=26+1.153)x 107,

BB >t v) = (3.5 1.4%3)x 107, (14)

where the first uncertainty arises from |V,,|, the second
from the form factors, and the third (for B;) from the

phase 6;. The partial branching fractions as functions of
M., and cos@y are shown in Fig. 3 and Fig. 4, respect-

dB/dcosdy (107°)

cosfy

(color online) Angular distributions for the decay
B~ —» ntn ¢ v,. The solid, dashed, dotted, and dot-dashed
curves represent the same contributions as in Fig. 3

Fig. 4.

ively. We further evaluate the angular asymmetries using
Eq. (11) and obtain

Ag,1(B- = 1" €7, = (1.3+8.979%)%,
Agyp(B” = p"C 9,0 = n'17) = (0.20 £ 0.04)%,
Apy (B~ = 7, fr = n'n) = (0.31+0.08)%,

Agyn(B~ > ' n ) = (-43.0+22.3)%, (15)

where the first set of uncertainties arises from the form
factors, and the second (for Ay, ) arises from the phase
01.

IV. DISCUSSIONS AND CONCLUSIONS

We ' investigate the four-body decay channel
B~ = n*n €7y, by performing a global fit to the M,, in-
variant mass spectrum shown in Fig. 3. The resulting
x?/n.d.f. ~ 1 indicates that our model provides a statistic-
ally robust description of the data. By employing the
form factors extracted from the global fit (as detailed in
Eq. (13)), we present the differential branching fractions
dBrp.pn/dM,, in Fig. 3, illustrating the individual and
total contributions to the mass spectrum. The solid curve
representing dBr/dM,, is in good agreement with the ex-
perimental data. Notably, the non-resonant contribution
(dBy/dM,,), shown by the dot-dashed curve, plays a crit-
ical role in shaping the overall distribution, particularly in
the low M,, region. Our analysis yields the first estimate
of the non-resonant branching fraction,
By =(3.5+1.4"33)x107°. This result indicates that By
can reach the 10~ level and, therefore, should no longer
be neglected in precision studies.

The fitted relative phase §; leads to destructive inter-
ference involving the resonant process
B~ — (p° =)ntn € v,, an effect that is most prominent in
the M, ~ m, region. In contrast, &, is found to be consist-
ent with zero. This reflects the suppression of the non-
resonant contribution for M,, >1 GeV, leading to negli-
gible interference with the B~ — (f;, —=)n*n ¢y channel.
From the fit results in Eq. (13), we obtain
V.ol = (3.31£0.61)x 1073, which is consistent with cur-
rent determinations. Although the relatively large uncer-
tainty renders this result less competitive than existing
extractions reported by the PDG [15], it nevertheless
demonstrates that the four-body semileptonic decay
B — nnlv 1s sensitive to |V,,|. This provides a novel and
independent avenue for its determination. Future high-
precision measurements will be essential to reduce the
experimental uncertainty and fully exploit the potential of
this decay channel.

The angular asymmetries provide stringent con-
straints on the underlying form factors [54-56]. Our ana-
lysis, as summarized in Eq. (15), shows that A,,, and
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Aq,,.», are both approximately zero. Specifically, Ay, , ex-
hibits a symmetric distribution, as shown in Fig. 4, while
Aq,,.5, remains nearly flat. By contrast, Ay, n ~ —40% dis-
plays a clear, decreasing dependence on cos8,,. This be-
havior is dominated by the form factor associated with
the structure w_(p, — p,). In the n*(p,)n (p,) rest frame
(see Fig. 2), the term p, — p, = (0,2p,) from the w_ contri-
bution projects onto the four-momentum of the lepton-
pair system, inducing a pronounced cosf, dependence.
Consequently, future experimental measurements of these
angular asymmetries will serve as a powerful tool to test
the existence and magnitude of the non-resonant contri-
bution.

In summary, we have investigated the four-body
semileptonic decay B~ — n*n ¢y. By analyzing the full
nm invariant mass spectrum measured by the Belle Col-
laboration, we have determined |V,,| = (3.31+0.61)x 1073,
a value consistent with current determinations. Further-
more, we have extracted the non-resonant B — nxr trans-
ition form factors and predicted the non-resonant branch-
ing fraction to be By(B~ —nta {7 v,)=(3.5+1.4%3)x
10™. We have also presented the non-resonant angular
asymmetry A, N(B~ = 1t v,) = (—43.0+£22.3)%.
These predictions offer a clear signature of the non-reson-
ant component and can be rigorously tested in future
high-precision measurements at Belle Il and LHCb.
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