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Abstract: The remarkable isotope shift of the charge radius of 52Ca relative to 48Ca presents a significant challenge
to the magic nature of . In this work, we aim to clarify this apparent inconsistency by employing the relativist-
ic Hartree-Fock (RHF) theory and the extended configuration interaction RHF (CI-RHF) model. It is shown that cal-
culations with the RHF Lagrangian PKA1 successfully reproduce the energy observables related to nuclear magicity
at  and 34, as well as the neutron (ν) orbital radii of  and  in 52Ca, accounting for approximately
70% of the measured isotope shift of 52Ca. Moreover, it is demonstrated that the isotope shift of the charge radius is
mainly driven by the relativistic corrections of nuclear interaction,  whereas the spatial  extension of the low-l orbit

 is sensitive to the binding depth. In particular, the relativistic corrections of the interactions between the 
and s orbits are significant for the opening of the sub-shells  and 34, yet contribute only weakly to enhancing
the isotope shift of the charge radius. These results reveal that the anomalous isotope shift and the emergence of the
new magicity  do not  share  exactly  the  same microscopic  mechanism,  at  least  within  the  RHF framework,  thereby
largely resolving the apparent  inconsistency.  Our findings highlight  the importance of  relativistic  effects  in under-
standing the novel properties of unstable nuclei.
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The global progress in rare isotope beam facilities and
nuclear  detectors  has  revealed  a  wealth  of  nuclear  novel
phenomena, including the emergence of new magic shells
[1−4]  and  the  disappearance  of  traditional  ones  [5, 6].
This  significantly  enriches  our  understanding  of  nuclear
magicity, a fundamental aspect of nuclear physics. Partic-
ularly,  two  new  sub-shells have  been  identified  in  neut-
ron-rich  Ca  isotopes,  namely  in 52Ca and 
in 54Ca [3, 4, 7],  in addition to the doubly magic 40,48Ca.
These  findings  have  drawn  considerable  interests  from
both  experimental  and  theoretical  perspectives,  offering
new insights into the magic nature that extends from the
stable nuclei to the unstable ones [4, 7−10].

N = 32

As one  of  the  indicators  of  nuclear  magicity,  a  sud-
den  increase  in  charge  radii  beyond  the  magic  shell  is
typically  observed,  as  well  demonstrated  in  the  Ni  [11]
and Pb [12] isotopes. However, despite the magic nature
of  in 52Ca [3, 4], an anomalous increase in charge
radii was continuously observed from 48Ca to 52Ca [13]. A
similar trend is also evident from 47K to 51K [11, 14, 15],
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given  that  the  magicity  of  has also  been  con-
firmed in 51K [16]. Moreover, the measured spatial exten-
sion  of  neutron  orbits  in 52Ca  also  shows  an  anomalous
enhancement  of  fm  of  the  root-mean-square
(r.m.s) radii  of the neutron (ν)  orbits  compared to

 [17].  Regarding  the  magic  nature  of ,  it  is
challenging to understand the anomalous increase of both
charge radius and orbital  radius of  of 52Ca, which
were expected to contract slightly under the influence of
this magicity.

N > 28

In  parallel,  a  series  of  theoretical  investigations  have
been  carried  out  to  clarify  the  global  tendency  of  the
charge  radii  of  Ca  isotopes.  A  comparison  was  made
between  the  experimental  data  and  the ab-initio calcula-
tions  based  on  realistic  Hamiltonians,  which  incorporate
the  two-body  and  three-body  potentials,  whereas  the
charge radii were underestimated for the Ca isotopes with

 [18].  Within  the  framework  of  nuclear  density
functional  theory,  the  Fayans  functional  has  been  re-op-
timized to reasonably describe the charge radii in the cal-
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cium neighboring  region  by  integrating  data  from  neut-
ron-rich  Ca  isotopes  [19]. Additionally,  a  modified  re-
lativistic mean field (RMF) plus BCS* theory, which in-
cludes  a  semi-microscopic  correction  derived  from  the
Cooper pair  condensation,  has  been  developed  to  repro-
duce the  overall  trend of  the  charge radii  of  Ca isotopes
[20].  Nevertheless,  resolving  the  inconsistency  between
the anomalous increase in the charge radius and the ma-
gic nature of 52Ca remains an open issue [13, 15].

i = 1,2,3
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As  well  known,  both  the  spin-orbit  (SO)  and  tensor
forces play a significant role in determining nuclear shell
evolutions  [8, 21, 22]  and  the  emergence  of  new  magic
shells [4, 9]. Due to the relativistic scheme and the inclu-
sion  of  Fock  terms,  the  relativistic  Hartree-Fock  (RHF)
theory  [23−25]  naturally  incorporates  both  the  SO  and
tensor  forces  [26−29].  By  incorporating  the  density-de-
pendent  meson-nucleon coupling  strengths,  the  RHF  ef-
fective Lagrangians PKOi ( ) [21, 24] and PKA1
[25] have been developed,  achieving similar  quantitative
precision as popular nuclear models on the description of
nuclear structure  properties.  In  particular,  the  RHF  the-
ory  with  PKA1  [25]  successfully  reproduces  the  sub-
shells  of  interest,  namely  in 52Ca  and  in
54Ca  [9, 10].  This  unified  description  arises  from  the
strong  couplings  between  the  Dirac  inversion  partners
(DIPs)  and  with same angular momentum j but
opposite  parity  [10].  Notably,  the  exchange  degrees  of
freedom  in  PKA1,  namely  the π-pseudo-vector  (π-PV)
and the ρ-tensor (ρ-T) couplings which contribute almost
entirely  via  the  Fock  terms,  change  significantly  the  in-
medium balance  between  nuclear  attractions  and  repul-
sions  from  popular  RMF  models  [30].  This  is  essential
for  capturing  the  strong  couplings  between  the  DIPs,
which  leads  to  a  significant  SO splitting  of  in 52Ca,
while resulting in a reduced splitting in 54Ca, in a consist-
ent manner [10].

Recently, the RHF theory has been extended to incor-
porate  configuration  interactions  beyond  the  mean  field,
namely  the  configuration-interaction  RHF  (CI-RHF)
model  [31].  Without  introducing  any  new  parameters,
by using  the  effective  Hamiltonian  derived  from the  ex-
isting  RHF  Lagrangians,  the  CI-RHF  model  attains  a
quantitative  precision  similar  to  that  of  the  conventional
shell model in describing the low-lying excitation proper-
ties  [31, 32].  In  particular,  with  the  use  of  PKA1,  the
characteristics  of  the  island  of  inversion  exhibited  by
32Mg, including the deformation and the low-lying excita-
tion energies, have been successfully reproduced through
the  applications  of  the  axially  deformed  relativistic
Hartree-Fock-Bogoliubov  model  [33]  and  the  CI-RHF
model  [32].  It  has  been  demonstrated  that  the  exchange
degrees  of  freedom  associated  with  the π-PV  and ρ-T
couplings play a crucial role in determining both the con-
figuration interactions and the binding of 32Mg [32]. The

successes achieved by the RHF theory and its extensions
[9, 10, 30, 32]  motivate  us  to  resolve  the  inconsistency
between  the  anomalous  enhancement  of  charge  radius
and the magic nature of 52Ca.

In the context of relativity, the Dirac spinor, which is
regarded as the relativistic wave function, consists of up-
per  and  lower  components.  Referring  to  the  non-relativ-
istic  form of wave function,  the lower component  of  the
Dirac spinor can be seen as a relativistic correction. Con-
sequently, the  relativistic  nuclear  interactions  can  be  de-
composed as,
 

V =V+++VR, (1)

V++

VR

VR

where  the  term  corresponds  to  the  part  contributed
solely  by  the  upper  (+)  components,  and  the  remaining
part  denoted  as  the  term represents  a  relativistic  cor-
rection  of  nuclear  interaction.  It  is  worth  noting  that,
due to  the  relativistic  representation  of  nuclear  interac-
tions, mainly the interplay between the Lorentz scalar and
vector  couplings,  repulsive  terms are  typically  ob-
tained [10].

As  generally  recognized,  nuclear  force  consists  of
central,  SO  and  tensor  type  contributions.  While  it  is
challenging to separate these individual components in a
relativistic  nuclear  interaction.  By  applying  non-relativ-
istic  reduction,  one  can  approximately  extract  the  tensor
force components carried by the π-PV and ρ-T couplings
[9, 21, 23, 27, 29]. In order to precisely identify the cent-
ral, SO and tensor contributions in a relativistic effective
interaction,  we  adopt  a  numerical  yet  exact  recipe,
namely the spin-tensor decomposition method [34−39].

For  fermions  (e.g.,  nucleon)  with  spin  1/2,  one  can
construct a complete set of the linear operators in a two-
particle spin space from their spin operators as [34, 36],
 

S (0)
1 = 1, S (0)

2 = [σ1⊗σ2](0),

S (1)
3 = σ1+σ2, S (2)

4 = [σ1⊗σ2](2),

S (1)
5 = [σ1⊗σ2](1), S (1)

6 = σ1−σ2. (2)

Thus, the two-body interaction can be expressed as
 

V =
∑

k=0,1,2

V (k) =
∑

k=0,1,2

S (k)⊗Q(k). (3)

V (0) V (1) V (2)

k = 0,1,2

In  this  context, ,  and  correspond  to  the
central, SO and tensor parts of the effective nucleon-nuc-
leon  interaction,  respectively.  Under  the LS coupled
scheme, the k-th ( ) order terms of the two-body
interaction matrix elements are extracted as,
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⟨
(ab) : LS , JM

∣∣V (k)
∣∣(cd) : L′S ′, JM

⟩
= k̂2

∑
J′

Ĵ′2DJJ′ ,k
LS ,L′S ′⟨

(ab) : LS , J′M
∣∣V∣∣(cd) : L′S ′, J′M

⟩
,

(4)

k̂2 = 2k+1 Ĵ′2 = 2J′+1 D
where a, b, c, and d denote specific single-particle states,

,  and . The symbol  is expressed
as follows: 

DJJ′ ,k
LS ,L′S ′ =(−1)J+J′

 L S J

S ′ L′ k


 L S J′

S ′ L′ k

 . (5)

VR

VR

N = 32

In  essence,  such  a  decomposition  holds  significant
potential  for  numerically  extracting  the  central,  spin-
orbit,  and  tensor  components  of  the  two-body  intera-
ction, provided that a sufficiently complete set of interac-
tion  matrix  elements  is  available.  Specifically,  the  spin-
tensor  decomposition  provides  insight  into  the  relativi-
stic  correction of  the  nuclear  interaction,  particularly  the

 term.  Furthermore,  it  is  anticipated  that  an  intuitive
understanding  will  emerge  for  interactions  between  the
DIPs,  which  are  augmented  by  the  terms  and  play
a crucial  role  in  the  opening of  sub-shells  at  and
34 [10].

rch

r2
ch = r2

p+0.8622−
0.3362N/Z rp

δ
⟨
r2
⟩

The existence  of  nuclear  magicity  can  be  substanti-
ated by systematic trends in charge radius.  In this  study,
the  charge  radius  is  computed  by  accounting  for  the
finite-size effect of protons and the intrinsic charge distri-
bution  of  neutrons,  expressed  as 

. Here,  denotes the root mean-square (r.m.s)
radius of point-like protons, with the proton radius being
0.862 fm [40], the neutron charge radius being 0.336 fm
[41], and neutron number N and proton one Z. To enable
a quantitative comparison between experimental and the-
oretical results, the differential charge radii along the iso-
topic  chain,  specifically  the  isotope  shift  of  the
charge radius, are introduced as follows. 

δ⟨r2⟩A,A′ = ⟨r2
ch⟩A′ −⟨r2

ch⟩A, (6)

A = 48 δ
⟨
r2
⟩where A and A' denote the mass numbers of the isotopes.

For the Ca isotopes, 48Ca is considered the reference iso-
tope, hence . For simplicity, the subscript of 
will be omitted hereafter.

N = 26 N = 36
In  this  study,  spherical  symmetry  is  imposed  on  the

even  Ca  isotopes  ranging  from  to  in  the
RHF calculations.  The pairing correlations  are  evaluated
using  the  BCS  scheme  with  the  finite-range  part  of  the
Gogny force D1S [42] as the pairing interaction. To elu-
cidate  the  mechanism  underlying  the  anomalous  charge
radius, the RHF effective Lagrangians PKA1 [25], PKO2,
and  PKO3 [21]  are  employed.  These  are  compared  with

the  RMF  Lagrangians,  specifically  DD-ME2  [43],  PK1
[44], and NL3 [45]. For the CI-RHF calculations, the ef-
fective Hamiltonians are derived consistently from the se-
lected RHF Lagrangians [31]. The neutron valence space
is defined as the pf shell on top of the frozen core of 40Ca.

δe =
S 2n(N)−S 2n(N +1) ∆2n =

S 2n(N)−S 2n(N +2) S 2n

2+1

∆2n

E(2+1 )

It  is  well  established  that  the  filter  function, 
, and the two-neutron energy gap, 
–where  represents  the  two-neut-

ron  separation  energy–along with  the  energy  of  the  ex-
cited state , provide quantifiable criteria for identifying
nuclear  magicity.  To  provide  a  comprehensive  analysis,
both  the  RHF  and  CI-RHF  calculations  were  performed
for  the  even  isotopes 48~56Ca  using  the  Lagrangians
PKA1, PKO2, and PKO3. Figure 1 displays the two-neut-
ron  energy  gaps  (MeV)  and  the  excitation  energy

 (MeV) obtained from the RHF and CI-RHF calcu-
lations, respectively.

 
  

∆2n

E(2+1 )
Fig.  1.    (color  online)  Two-neutron energy gaps  (MeV)
and the excitation energies  (MeV) of the even isotopes
48~56Ca calculated by PKA1, PKO2 and PKO3, in comparison
with the experimental data [3, 4, 7, 46].

 
∆2n E(2+1 )

∆2n E(2+1 )
δe

N = 32

As  illustrated  in Fig.  1,  the  values  of  and 
predicted by  PKA1  are  in  excellent  agreement  with  ex-
perimental  data  [3, 4, 7, 46],  particularly  for  the  doubly
magic  nucleus 48Ca and  the  newly  identified  magic  iso-
topes 52,54Ca. In contrast, both PKO2 and PKO3 underes-
timate  and  values  for 52,54Ca.  It  is  noteworthy
that  the  filter  functions ,  another  energy  observable
used to assess nuclear magicity at  and 34, are also
accurately reproduced by PKA1 [10]. These findings un-
derscore the predictive capability of the RHF Lagrangian
PKA1 in capturing nuclear shell effects at both the mean-
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field level and beyond, specifically in the RHF and exten-
ded CI-RHF models. This capability is crucial for further
elucidating  the  underlying  mechanism  of  the  anomalous
charge radius of 52Ca.

δ
⟨
r2
⟩

δ
⟨
r2
⟩Exp.
=

0.530±0.012

Taking 48Ca as  the  reference,  the  isotope  shift  of  the
charge radius is determined for 52Ca, as shown in Eq. (6).
Table 1 presents the  values (fm2) extracted from the
RHF calculations,  along with results  from selected RMF
models.  Compared  to  the  experimental  value 

 fm2 [13, 47], all the selected models under-
estimate  the  isotope  shift  for 52Ca  to  varying  degrees.
Notably,  extending beyond the mean-field level,  the res-
ults  are  not  significantly  altered,  as  indicated  by  the  CI-
RHF calculations, which are not shown here.

 
 

δ
⟨
r2
⟩

Table  1.  Isotope  shift  of  charge  radius  (fm2)  of
46,50,52,54Ca given by the  RHF Lagrangians  PKA1 [25],  PKO2
and PKO3 [21],  and the RMF ones DD-ME2 [43],  PK1 [44]
and  NL3  [45],  by  taking 48Ca as  the  reference.  The  experi-
mental values are taken from Refs. [13, 47].

Exp. PKA1 PKO2 PKO3 DD-ME2 PK1 NL3

46Ca
0.125 0.077 −0.040 −0.020 −0.023 −0.025 −0.020

− 62% −32% −16% −18% −20% −16%

50Ca
0.290 0.207 0.161 0.173 0.168 0.126 0.142

− 71% 56% 60% 58% 43% 49%

52Ca
0.530 0.376 0.346 0.342 0.336 0.253 0.244

− 71% 65% 65% 63% 48% 46%
54Ca − 0.564 0.577 0.528 0.521 0.393 0.388

 

δ⟨r2⟩

N = 28

∆2n E(2+1 )

More  specifically,  regarding  the  experimental  data,
the  RHF  and  RMF  models  reproduce  the  isotope  shift

 of charge radii from 48Ca to 52Ca, averaging approx-
imately 67% and 52%, respectively.  Among the selected
models,  the  best  agreement  is  achieved  with  PKA1,
which accounts  for  about  70%  of  the  experimental  iso-
tope  shift  [13, 47]. Notably,  PKA1  also  predicts  a  dis-
tinct decrease in the charge radii from 46Ca to 48Ca, align-
ing  with  the  experimental  trend.  It  is  evident  that  PKA1
provides  a  more  accurate  description  of  the  kink  around
the traditional magic number  compared to the oth-
er selected  effective  interactions.  Considering  its  repro-
duction of energy observables such as  and  re-
lated  to  nuclear  magicity,  the  RHF Lagrangian  PKA1 is
employed for the subsequent systematic investigation.

ν2p3/2

VR V++
ν2p3/2

δ
⟨
r2
⟩

To elucidate the underlying mechanisms of the anom-
alous  charge  radius  and  the  orbital  radius  of ,  we
performed test calculations for 52Ca by selectively exclud-
ing the  or  term from the interactions between the
neutron valence orbital  and other orbitals. The dif-
ferences  between  the  test  calculations  and  the  original
calculation for the isotope shift  of the charge radi-

rnl j ν2p3/2

∆
⟨
r2
⟩
= δ

⟨
r2
⟩test−δ

⟨
r2
⟩

∆rnl j = rtest
nl j − rnl j

∆
⟨
r2
⟩

∆rnl j

V++
VR

us  and  the  orbital  radius  of  are  defined  as
 and , respect-

ively. Figures  2(a)  and 2(b)  present  the  values  of 
(fm2) and  (fm), respectively, where the open (filled)
circles  represent  the  test  calculations  excluding  the 
( ) terms.

 
 
 

∆
⟨
r2
⟩

∆rnl j

δ
⟨
r2
⟩

rnl j of ν2p3/2

V++ VR

Fig.  2.    (color online)  Differences  between the  test  and ori-
ginal calculations, namely  (fm2) and  (fm), respect-
ively for the isotope shift of charge radius  and the orbit-
al radius  in 52Ca. The results are given by the cal-
culations with PKA1, and the open and filled circles represent
the test calculations excluding the  and  terms, respect-
ively.

 
VR

δ
⟨
r2
⟩

V++

VR

δ
⟨
r2
⟩

2p3/2

ν2p3/2

VR

As demonstrated in Fig. 2(a), excluding the  terms
results in significant reductions in the isotope shift 
of the charge radius for 52Ca. This contrasts with the out-
comes obtained from the exclusion of the  terms but is
consistent with theoretical expectations. According to the
relativistic  representation  of  nuclear  interactions,  the 
terms are generally repulsive [10]. Their exclusion causes
the 48Ca core in 52Ca to contract, thereby reducing the iso-
tope shift . Consequently,  the unexpected enhance-
ment in  the  isotope  shift  of  the  charge  radius  can  be  at-
tributed to the polarization of  the valence  neutrons
on  the  nuclear  core.  Moreover,  such  polarization  effects
are primarily  driven  by  the  repulsive  relativistic  correc-
tions in the interactions between the  orbital and the
48Ca core, specifically the  terms.

VR

ν2p3/2

In  particular,  as  shown  in Fig.  2(a),  relatively  weak
effects on  the  isotope  shift  of  the  charge  radius  are  ob-
served  in  the  test  calculations  when  excluding  the 
terms  in  the  interactions  between s and  orbits,  in
contrast to the other cases.  Intuitively,  nucleons populat-
ing various orbits are displaced outward by the repulsive
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VR

l = 0

VR

ν2p3/2

VR

 terms, resulting in a spatial expansion of charge distri-
butions.  However,  such  effects  are  expected  to  be  weak
for  the s-orbits,  given  that s-orbital  nucleons  ( ) re-
main  in  the  interior  region  of  the  nucleus.  In  contrast,
nucleons in the p, d, and f-orbits, due to centrifugal repul-
sions,  are  located  on  the  periphery,  and  on  average,  the

 terms exert substantial effects on the charge radius. In
fact,  as  illustrated  in Fig.  2(a),  these  outcomes  exhibit  a
certain  dependence  on  angular  momentum.  Notably,  the
polarization  effects  from  the  neutrons  are  overall
considerable,  except  in  the  case  of s-orbits,  indicating  a
generally strong repulsive  term.

ν2p3/2

V++ VR

ν2p3/2

V++ ν2p3/2

π1d5/2 rnl j

δ
⟨
r2
⟩

VR

δ
⟨
r2
⟩

VR

ν2p3/2

ν1d3/2 π1d3/2

Conversely,  as  shown in Fig.  2(b),  the  orbital  radius
of  appears  to  be  more  sensitive  to  the  attractive

 terms  than  to  the  repulsive  terms.  These  results
may suggest that the enhanced isotope shift of the charge
radius in 52Ca is not directly related to the enlargement of
the orbital radius of . For instance, when excluding
the  term  of  the  interaction  between  the  and
proton  (π)  orbits,  the  orbital  radius  increases
notably,  yet  the  isotope  shift  decreases  slightly.
Moreover,  as  revealed  in  Ref.  [10],  the  repulsive 
terms are  even  more  pronounced  for  the  DIPs.  Corres-
pondingly, as illustrated in Fig. 2(a), the most substantial
reductions of  occur when excluding the  terms of
the  interactions  between  the  orbit  and  its  DIPs,
specifically  and .

ν2p3/2

V++ ν2p3/2

V++
δ
⟨
r2
⟩

VR V++

Due to  its  low orbital  angular  momentum l, the  spa-
tial distribution of the valence orbit  in 52Ca can be
sensitive to  the  binding  depth.  Indeed,  when  the  attract-
ive  terms  are  excluded,  the  orbit  becomes
more  weakly  bound,  resulting  in  significantly  enlarged
orbital  radii,  as  shown  in Fig.  2(b).  This  observation  is
consistent  with  the  role  of  weakly  bound p orbits  in  the
formation  of  nuclear  halos,  such  as  in  the  drip-line iso-
topes of Zr [48]. In contrast, the proton orbits in neutron-
rich 52Ca are  relatively  deeply  bound.  Consequently,  the
exclusions of the  terms have no substantial impact on
the  isotope  shift ,  as  illustrated  in Fig.  2(a).  It  is
noteworthy  that,  in  all  the  test  calculations  excluding
either  the  or  terms,  the  proton  orbits  of 52Ca re-
main deeply bound.

ν2p3/2

2p3/2 VR

V++ VR

ν2p3/2

ν1d3/2 π1d3/2

As deduced from the above discussions, it is clear that
the  anomalous  charge-radius enhancement  and  the  en-
larged  orbital  radius  should be distinguished.  The
former is primarily due to the polarization of the valence

 neutrons  influenced  by  the  repulsive  term,
whereas  the  latter  is  closely  associated  with  the  binding
depth of the orbit. To more clearly disentangle these two
effects, we perform two additional diagnostic test calcula-
tions  using  the  PKA1 interaction.  In  these  tests,  no  new
effective  interaction  is  constructed,  nor  is  any  refitting
conducted. Instead, only the  and  terms of the mat-
rix  elements  between  the  orbit and  its  DIPs,  spe-
cifically  and ,  are  multiplied  by  prescribed

Vpd ⇑ Vpd ⇓
(1.24V++,1.45VR) (0.76V++,0.55VR)

ν2p3/2

2p3/2

factors.  These two cases are denoted as  and ,
corresponding to  and ,
respectively. These factors are chosen numerically so that
the single-particle  energy of  remains close to that
obtained  in  the  original  PKA1  calculation,  as  shown  in
the inset of Fig. 3(a), while the polarization of the valence

 neutrons is enhanced or weakened. Therefore, these
calculations should be regarded as sensitivity tests rather
than new parameterizations.
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Fig.  3.    (color  online)  Isotope  shift  (fm2)  for 46~56Ca
[plot  (a)]  given  by  PKA1,  and  the  orbital  radii  (fm)  of

 and  orbits for 52Ca [plot (b)] and 54Ca [plot (c)] giv-
en by PKA1, PKO2 and PKO3. See the text for details.
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Figure 3(a)  presents  the isotope shifts  (fm2)  of
the  charge  radius  for 46~56Ca  obtained  from  the  test  and
original calculations using PKA1, in comparison with the
experimental data [13, 47]. Figures 3(b) and 3(c) display
the orbital radii  (fm) of  and  orbits for 52Ca
and 54Ca, respectively. These results are given by the test
and original calculations using PKA1, PKO2, and PKO3,
in comparison with the available experimental  data [17].
As seen from Fig. 3(a), PKA1 produces a substantial en-
hancement of the isotope shift  of the charge radius
from 48Ca  to 52Ca  and  the  kink  across  the  magic  shell

,  although  the  values  of  are somewhat  un-
derestimated when compared to the data. Further, the iso-
tope  shifts  obtained  from  the  test  calculations,
namely  the  cases  of  and ,  differ  significantly
from the original calculations. Specifically, the former re-
produces  the  enhancement  of  from 48Ca  to 52Ca.
This suggests that the charge radius of 52Ca is very sensit-
ive  to  the  interactions  between  the  orbit  and  its
DIPs, after  excluding  the  influence  of  the  spatial  expan-
sion of . In conjunction with the results in Fig. 2(a),
such an effect originates mainly from the relativistic cor-
rections  of  the  interactions,  specifically  the  repulsive 
terms. In principle, similar results as Fig. 3(a) can also be
obtained  by  modifying  the  interactions  between  the

 and other orbits like  and . Given that the
 terms of  the  interactions  between the  DIPs  are  much
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ν2p3/2

stronger  than  other  cases  [10],  it  would  be  preferable  to
adjust the interactions between the DIPs to test the polar-
ization effects from the  neutrons on the charge ra-
dius.

ν2p3/2

ν1 f7/2
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ν2p3/2
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δ
⟨
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Furthermore, as illustrated in Fig. 3(b), PKA1, PKO2,
and PKO3 accurately reproduce the orbital radii of 
and  for 52Ca  [17].  In  contrast,  as  shown  in Figs.
3(b)  and 3(c),  the  orbital  radii  of  do  not  exhibit
significant  variation  with  changes  in  the  interactions
between the  orbit and its DIPs. This is because the
binding  depth  of  remains nearly  unchanged  com-
pared  to  the  original  PKA1  calculations,  as  depicted  in
the inset of Fig. 3(a). Thus, when combining Figs. 2 and
3,  it  can be inferred that  the  enhancement  of  the  isotope
shift  in  the  charge  radius  from 48Ca  to 52Ca  is
primarily  due  to  the  polarization  effects  of  the  valence

 neutrons, which are mediated by the  terms of the
interactions.  This  reveals  a  significant  relativistic  effect
on  the  charge  radius,  which  is  applicable  to  the  further
enhancement  of  the  charge  radius  of 54Ca.  Specifically,
the valence  neutrons in 54Ca also exert similar po-
larization  effects  on  the  charge  radius  via  the  terms,
resulting in a continuous enhancement of  as depic-
ted in Fig. 3(a).

VR

ν2p1/2 s1/2

N = 32

ν2p3/2

N = 32
ν2p3/2

It is noteworthy that, for reasons similar to those dis-
cussed in Fig. 2(a),  the strong  terms of the couplings
between  the  DIPs  and ,  which  are  crucial  for
the opening of the sub-shells  and 34 [10], do not
produce  significant  effects  on  the  charge  radius  of 54Ca.
This  suggests  that  the  anomalous  isotope  shift  of  the
charge radii  of 52,54Ca is  not  directly  related to  their  ma-
gic nature. Conversely, it is evident that the orbital radius
of  is  sensitive  to  binding  depth  due  to  its  low-l
characteristic. To a certain extent, the opening of the sub-
shell  results  in  a  relatively  high-lying and exten-
ded  orbit.

VR

2p3/2

N = 32 VR

ν2p

V++ VR

VC VSO VT

ν2s1/2, ν2p1/2 (ν1d3/2, ν2p3/2

∆ESO ν2s1/2

ν1d3/2 V++ VR

As  mentioned  previously,  the  isotope-shift enhance-
ment  from 48Ca to 52Ca is  primarily  due  to  the  polariza-
tion  effects  carried  by  the  terms  of  the  interactions
between the valence  neutrons and the core. Interest-
ingly,  as  highlighted  in  Ref.  [10],  the  opening  of  the

 and  34  sub-shells  is  also  influenced  by  the 
terms of the interactions between the  and s orbits. To
provide  further  insight, Figs.  4(a-b)  display  the  spin-
tensor  decompositions  of  the  and  terms,  namely
the , ,  and  components,  using  the  DIPs
( ) and ) as representatives. Ad-
ditionally, Figs.  4(c-d)  show the  contributions  to  the  SO
splittings  (MeV) of 52Ca from the orbits  and

, including the total V, , and  terms.
V++

VC

VC VR

VR

VSO

In Figs.  4(a-b),  the  terms are  dominated  by  at-
tractive  central  components , which  are  largely  can-
celed  by  the  repulsive  components  in  the  terms.
Particularly,  the  terms  are  predominant  in  the  SO
components .  Consistently, as illustrated in Fig. 4(c),

ν2p
ν2s1/2

VR

ν1d3/2 VR

V++

N = 32 ν2p

s1/2, ν2p1/2

δ
⟨
r2
⟩

2p
δ
⟨
r2
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N = 32
VR

the  splitting (highlighted in gray) is significantly en-
larged  by  the  couplings  with  the  orbit,  especially
due to the  terms. Conversely,  this splitting is slightly
reduced by the couplings with the  orbit, as the 
term  contributes  negatively,  opposing  the  term,  as
shown  in Fig.  4(d).  It  is  evident  that  the  opening  of  the
sub-shell ,  specifically  the  splitting, is  signi-
ficantly influenced by the couplings with the s-orbits, par-
ticularly  the  DIPs  ( )  [10]. However,  as  illus-
trated in Figs. 2(a) and 3(a), the enhancements of the iso-
tope shift  originate from the polarization effects of
the  neutrons on the core orbits, excluding the s-orbits.
Thus,  the enhancements of  from 48Ca to 52Ca, and
further to 54Ca, do not  share the exact  mechanism as the
emergence  of  new  magic  numbers  at  and  34.  In
other words, although both phenomena involve strong 
terms  in  relativistic  interactions,  the  specific  ways  in
which they exert  influence are microscopically different,
at least within the RHF framework.

ν2p3/2 ν1 f7/2

In summary, the anomalous isotope shift of the charge
radius, along with the neutron orbital radii and the magic
nature,  is  investigated  for  the  novel  magic  isotopes 52Ca
and 54Ca  using  the  relativistic  Hartree-Fock (RHF)  the-
ory and the extended configuration interaction RHF (CI-
RHF)  model.  The  RHF and  CI-RHF calculations,  utiliz-
ing the  RHF Lagrangian  PKA1,  exhibit  excellent  agree-
ment  with  experimental  data  on  the  energy  observables
related to nuclear magicity for 52,54Ca. Moreover, the RHF
theory with PKA1 accurately reproduces the orbital radii
of  and  for 52Ca and accounts for approxim-
ately 70% of the isotope shift in the charge radius of 52Ca
relative to 48Ca.

δ
⟨
r2
⟩

ν2p3/2

In a  series  of  test  calculations,  it  has  been  demon-
strated that the anomalous isotope shift in the charge radi-
us  of 52Ca arises from the polarization effects of the

 neutrons on the core orbits, excluding the s orbits.
These polarizations are primarily mediated by the relativ-

 

V++
VR ν2s1/2, ν2p1/2

(ν1d3/2, ν2p3/2
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Fig. 4.    (color online) Spin-tensor decompositions of the 
and  terms  in  the  interactions  of  the  DIPs  ( )
[plot  (a)]  and )  [plot  (b)],  and  the  contributions
to  the  SO  splittings  of 52Ca  from  the  [plot  (c)]  and

 [plot (d)] orbits. The results are extracted from the RHF
calculations with PKA1. See the text for details.
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N = 32

δ
⟨
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istic  correction  term  in  the  interactions.  Considering
that  the  couplings  between  the s and  orbits  play  a
crucial role in opening the sub-shells at  and 34, it
can be inferred that the anomalous isotope shift  and
the emergence of new magicity in 52,54Ca do not entirely
share  the  same  microscopic  mechanism,  at  least  within
the RHF framework. These findings provide a microscop-
ic  explanation  for  the  apparent  discrepancy  between  the

N = 32

ν2p3/2

anomalous isotope shift in the charge radius and the ma-
gicity of  in 52Ca. They highlight the importance of
relativistic  corrections  in  nuclear  interactions  and  offer
new insights into the exotic properties of unstable nuclei.
Additionally, due to the low angular momentum, the spa-
tial expansion of the  orbit is influenced by its bind-
ing depth.
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