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Abstract: In this paper, we analyze the dynamics of test particles in a Kalb-Ramond black hole (BH) spacetime
coupled to nonlinear electrodynamics. After explicitly constructing the corresponding BH metric, including the non-
linear electromagnetic contributions to the geometry, we study the geodesic equations, focusing on the effective po-
tential, the innermost stable circular orbits (ISCOs), and test-particle trajectories. This provides a quantitative de-
scription of orbital motion under the combined gravitational, Kalb-Ramond, and nonlinear electromagnetic effects.
We then examine small perturbations of circular geodesics-and derive the associated epicyclic frequencies for local
and distant observers. These results show how the Kalb-Ramond field and nonlinear electrodynamics influence or-
bital stability, quasi-periodic oscillations (QPOs), and possible high-energy astrophysical signatures. Next, we nu-
merically model Bondi-Hoyle-Lyttleton (BHL) accretion onto Kalb-Ramond BHs to assess how spacetime paramet-
ers affect flow morphology and dynamics. As the deformation parameters increase, the shock cone becomes more
collimated, the stagnation point moves closer to the event horizon, and the matter density inside the cone decreases.
For small deformations, QPO frequencies exhibit systematic shifts with enhanced oscillation amplitudes, whereas
strong deformations damp the oscillations and produce a smooth, quasi-steady accretion rate. In this way, we illus-
trate a direct connection between spacetime geometry, shock-cone structure, and accretion variability, demonstrat-

ing that accretion dynamics serve as a sensitive probe of Kalb-Ramond BH spacetimes.
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I. INTRODUCTION

Kalb-Ramond gravity, originally formulated, ex-
plained, and defined by M. Kalb and P. Ramond through
antisymmetric tensor gauge fields [1], constitutes a theor-
etically justified extension of Einstein’s general relativity
(GR) that arises naturally in higher-dimensional field the-
ories and string-motivated constructions [2, 3]. The cent-
ral element of this framework is the Kalb-Ramond field,
defined as a rank-two antisymmetric tensor that aug-
ments the spacetime metric and generates additional

Received 5 March 2026; Accepted 23 April 2026
 E-mail: ranazulqarnain7777@gmail.com
t E-mail: orhan.donmez@aum.edu.kw
$ E-mail: gmustafa3828@gmail.com
# E-mail: abdelmalekbouzenada@gmail.com
# E-mail: gudekli@istanbul.edu.tr
1 E-mail: shuhrat'mardonov@yahoo.com

propagating degrees of freedom not present in standard
Riemannian gravity [4]. From a fundamental viewpoint,
this tensor field belongs to the massless sector of closed
string spectra, thereby showing a concrete and direct con-
nection between gravitational dynamics and string-theor-
etic formulations [5]. In this context, Kalb-Ramond grav-
ity provides a consistent theoretical setting to analyze de-
viations from Einstein gravity induced by extra tensorial
fields that are well motivated by ultraviolet-complete the-
ories [6]. Within this generalized framework, the interac-
tion between the antisymmetric tensor field and the grav-
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itational sector produces nontrivial corrections to the
spacetime geometry and to the corresponding field equa-
tions, especially in regimes where higher-dimensional or
string-scale effects are relevant [7]. These corrections
have motivated extensive studies of Lorentz symmetry vi-
olation and spontaneous symmetry breaking in gravita-
tional models, where antisymmetric background fields
naturally arise and play an essential dynamical role [8].
Related analyses have clarified the phenomenological
consequences of tensor fields coupled to gravity, particu-
larly within effective field theory descriptions designed to
encode low-energy manifestations of Planck-scale phys-
ics [9]. In this setting, Kalb-Ramond-type fields have also
been investigated in relation to modified electromagnetic
sectors and gravitational birefringence, strengthening the
physical motivation for their inclusion in extended theor-
ies of gravity [10—22].

The influence of Kalb-Ramond gravity is particularly
manifest in black hole (BH) frameworks, where antisym-
metric tensor fields introduce additional geometric de-
grees of freedom capable of modifying both local and
global properties of BH solutions [23]. The presence of
the antisymmetric sector leads to quantitative corrections
in the horizon structure, induces shifts in thermodynamic
quantities, and illustrates particle dynamics in the vicin-
ity of the BH through modified effective potentials and
conserved quantities [24]. Many analyses have estab-
lished that Kalb-Ramond fields influence geodesic mo-
tion, gravitational lensing, and stability criteria of com-
pact objects, thereby generating potentially measurable
signatures in astrophysical and cosmological regimes [25,
26]. Furthermore, the simultaneous inclusion of Kalb-Ra-
mond fields and nonlinear electrodynamics enables the
construction of regular or string-inspired BH solutions
whose metric functions deviate from the standard Reiss-
ner-Nordstrom geometry at short and intermediate scales
[27]. Beyond BH configurations, antisymmetric tensor
fields have been systematically tested in cosmological
and semiclassical gravity contexts, where they can affect
early-universe dynamics, dark sector parametrizations,
and effective vacuum polarization processes through ad-
ditional coupling terms [28]. Their impact has also been
assessed within gravitational lensing and optical geo-
metry analyses, which provide precise diagnostics of
strong-field departures from GR via null geodesic struc-
ture and deflection observables [29, 30]. Concurrent stud-
ies of Hawking radiation, quantum tunneling processes,
and horizon thermodynamics in extended gravitational
theories indicate that Kalb-Ramond and related fields
produce nontrivial modifications to BH evaporation rates
and entropy relations [31, 32]. These results are directly
connected to fundamental studies of gauge fields, classic-
al gravity, and horizon thermodynamics, which consti-
tute the theoretical basis of semiclassical and quantum
gravity formalisms [33, 34]. From a formal perspective,

Kalb-Ramond gravity illustrates a GR-like construction
embedded in an enlarged geometric and field-theoretic
framework, contributing to unification programs that in-
corporate gravity within a broader gauge structure [35].
Its compatibility with classical solutions, including elec-
trovacuum and scalar-tensor models, further supports its
consistency as an effective extension of GR at the classic-
al level [36, 37]. Given the strong experimental confirma-
tion of GR [38, 39], Kalb-Ramond gravity can therefore
be regarded as a theoretically controlled generalization
that introduces additional propagating modes without
contradicting established tests. On the other hand, Kalb-
Ramond black holes in ModMax electrodynamics exhibit
significantly modified particle orbits, thermodynamic sta-
bility, and observable signatures, with pronounced differ-
ences between the ordinary and phantom branches [40].
Consequently, this framework provides a systematic set-
ting to probe spacetime structure, gravitational dynamics
in the presence of extra fields, and the interface between
classical gravity and quantum theory [41-44].

QPOs constitute a primary observable in X-ray tim-
ing analyses aimed at identifying the dynamical pro-
cesses governing accretion onto compact objects, and
they have been conclusively detected in numerous neut-
ron star and BH binary systems through high-time-resolu-
tion measurements [45—56]. In the Fourier domain, QPOs
appear as narrow, statistically significant peaks super-
posed on a broadband noise component in the power
density spectrum, illustrating the action of coherent or
semi-coherent oscillatory modes embedded within an in-
trinsically stochastic accretion flow [57—60]. The meas-
ured QPO frequencies extend from millihertz to kilohertz
regimes, reflecting a spectrum of characteristic dynamic-
al timescales associated with disk structure, orbital mo-
tion, and relativistic effects operating in the strong-field
region around compact objects [61—63]. In this frame-
work, low-frequency QPOs are generally attributed to
global disk phenomena, including Lense-Thirring preces-
sion driven by frame dragging, disk warping, and large-
scale magnetohydrodynamic instabilities, which are pref-
erentially triggered when the angular momentum of the
accretion flow is misaligned with the spin axis of the
central object [64]. This broader accretion context is con-
sistent with the hot-accretion and horizon-based phe-
nomenology emphasized by [65], although our study fo-
cuses on dynamical shock-cone formation and variability
in a deformed spacetime rather than on radiative ADAF
spectra. High-frequency QPOs (HFQPOs), typically ob-
served in the 10?-10° Hzrange, are commonly inter-
preted in terms of fundamental relativistic frequencies
that govern particle motion in the innermost disk region,
namely the Keplerian orbital frequency together with the
radial and vertical epicyclic frequencies generated by
spacetime curvature [66—80].

Moreover, HFQPOs are regarded as direct probes of
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strong-gravity effects predicted by GR. In particular, X-
ray timing observations of several Galactic microquasars,
such as GROJ1655-40 [81], XTEJ1550-564 [82],
GRS1915+105 [83], and H1743-322, have revealed pairs
of HFQPOs exhibiting a stable 3:2 frequency ratio
[84—86]. This persistent commensurability provides
strong support for resonance-based scenarios, especially
models involving non-linear coupling between radial and
vertical epicyclic oscillation modes of accreting matter
[87]. Within relativistic disk models, such resonances
arise naturally because GR induces distinct radial and
vertical epicyclic frequencies, allowing resonance condi-
tions that are absent in Newtonian gravity [88—91]. An
important consequence of this interpretation is the in-
verse dependence of QPO frequency on BH mass
voc 1/M, which provides an observational tool to con-
strain intrinsic BH parameters, particularly the mass and
dimensionless spin [92]. Applying this scaling to the
HFQPO data frequently implies rapidly rotating BH con-
figurations, with typical spin parameters in the interval
a~0.8-0.96 [93]. Although alternative mechanisms, in-
cluding diskoseismic modes, orbiting hot-spot models,
and higher-order harmonic effects, have been proposed
[94—97], resonance-based frameworks remain the most
consistent with both the observed frequency. ratios and
their temporal stability. Furthermore, while analogous os-
cillatory features are observed in neutron star and white
dwarf accretion systems, persistent twin-peak HFQPOs
with fixed ratios appear to be characteristic of BH binar-
ies, reinforcing the conclusion that these signals originate
from strong-field gravitational dynamics in the vicinity of
the event horizon [98—100].

The organization of this work is structured as follows:
Section (II) presents the explicit construction of the Kalb-
Ramond BH metric models with nonlinear electrodynam-
ics, specifying the spacetime geometry, the functional
form of the metric coefficients, and the complete set of
Einstein and field equations governing the coupled gravit-
ational and nonlinear electrodynamic sectors. Section
(ITII) examines geodesic motion in these spacetimes,
providing a detailed investigation of the effective poten-
tial governing particle motion (III A), the exact determin-
ation of ISCOs through stability conditions (III B), and a
quantitative description of particle trajectories in the vi-
cinity of the BHs (III C). Section (IV) analyzes harmonic
oscillations as perturbations of circular orbits, deriving
the associated characteristic frequencies and establishing
their dependence on BH and field parameters, as meas-
ured by local observers (IV A) and distant observers (IV
B). In this context, this structured formulation ensures a
comprehensive assessment of particle dynamics, stability
criteria, and potential observational signatures in Kalb-
Ramond BHs modified by nonlinear electrodynamic ef-
fects. In Section (V), by numerically solving the fully
general relativistic hydrodynamics (GRH) equations in a

fixed Kalb-Ramond spacetime, we investigate the effects
of spacetime deformation parameters on the dynamical
evolution of the shock cone formed through the BHL ac-
cretion mechanism around Kalb-Ramond BHs coupled to
nonlinear electrodynamics, and discuss the testability and
observability of Kalb-Ramond BHs.

II. KALB-RAMOND BH METRIC MODELS WITH
NONLINEAR ELECTRODYNAMICS

In this section, the spacetime of a static, spherically
symmetric Kalb-Ramond BH model coupled to nonlinear
electrodynamics-is described by the line element given in
[101]:

ds® = —h(r)dt* + ™ (r)dr* + dHz,, (1)

where dH3,, = r*(d6® +sin*0d¢?), and the metric function
h(r) is explicitly given by:

o= (55

Here, M denotes the BH mass, whereas a encodes the
Lorentz symmetry-breaking contribution generated by the
Kalb-Ramond background field. Additionally, the event
horizon associated with the metric (1) follows directly
from the root structure defined by the condition Ai(r) = 0.
In this case, Fig. 1 illustrates the functional behavior of
the metric function A(r) for different values of the para-
meter a. One also finds that a larger a systematically in-
creases the amplitude of A(r) throughout the entire exteri-
or spacetime region.

To elucidate the physical structure of the obtained
configuration, it is necessary to examine the parametric
limits of the BH model solution and establish its corres-
pondence with the Schwarzschild geometry. In this case,
the limit 8 — O suppresses the nonlinear electrodynamics
sector, thereby eliminating the electromagnetic correc-
tion to the metric function. Also, the condition Q — 0 re-
moves the charge contribution completely and, in particu-
lar, cancels the r~2 term originating from the electromag-
netic field. Imposing n — 0 suppresses the exponential
deformation factor, restoring the standard radial depend-
ence. Furthermore, the limit o — 0 deactivates the
Lorentz symmetry-breaking effect associated with the
Kalb-Ramond background field. When the combined lim-
itsa—0,8—0, Q— 0, and 5 — 0 are applied simultan-

BO? 2M

+(l—oz)r2}e_ T

2)

eously, the metric function reduces to h(r) = 1—7,

which is identical to the Schwarzschild solution. In this
limit, the spacetime becomes asymptotically flat in the
standard sense, the event horizon is located at r, =2M,
and all corrections induced by nonlinear electrodynamics
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Fig. 1.

and Lorentz-violating background fields vanish. Thus, the
present model constitutes a consistent extension of the
Schwarzschild geometry, where deviations from the clas-
sical solution are fully governed by the parameters
(a,B,0,1), and the Schwarzschild BH is recovered con-
tinuously in the appropriate parametric regime.

The location of the event horizon is obtained from the
condition (h(r) =0); however, a complete geometrical
analysis requires verifying the absence of nonphysical
singularities beyond the central singularity at (r=0). In
particular, the structure of the metric function involves
the prefactor ((1-a)™!) and the exponential contribution
(e™"), which may introduce pathological behavior for spe-
cific parameter ranges. Also, the factor ((1-a)™!) acts
multiplicatively on the metric components and directly
affects their regularity properties. In this case, the limit
(@ — 1) leads to a divergence in the metric coefficients,
signaling a breakdown of the spacetime description rather
than a physical singularity. Although the exponential
term remains finite for regular values of (), its contribu-
tion modifies the radial dependence of the geometry and
can influence the asymptotic structure. Consequently, any
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(color online) Behavior of the metric function of the Kalb-Ramond BHs with nonlinear electrodynamics.

implicit dependence of (;7) on the radial coordinate or
other parameters must be examined to exclude hidden di-
vergences or ill-defined regions. In this context, a consist-
ent parameter domain ((«,3, Q,7n)) must be imposed to en-
sure that the metric function remains regular for (r > 0),
guaranteeing that the only physical singularity is located
at the origin, while all other features correspond to co-
ordinate or removable singularities.

The exponential deformation factor (e™") appearing in
the metric function is not introduced phenomenologic-
ally; rather, it represents effective modifications gener-
ated by the nonlinear electrodynamics (NLED) sector
coupled consistently to the Kalb-Ramond background.
Within a consistent theoretical construction, # must be
defined as a dimensionless parameter built from electro-
magnetic invariants entering the NLED Lagrangian dens-
ity, typically involving contractions of the field strength
tensor that alter the standard Maxwell contribution in
strong-field regimes. Moreover, its sign and magnitude
are not arbitrary but are restricted by fundamental physic-
al conditions such as spacetime regularity, positivity of
the energy density, and dynamical stability of the electro-
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magnetic sector. In this case, negative values (7 < 0) pro-
duce an exponential enhancement of the metric function,
which can induce unphysical behavior, including diver-
gences in the asymptotic region or violations of standard
energy conditions, and are thus excluded by consistency
requirements. A complete determination of the allowed
domain of # requires deriving the solution from an under-
lying action principle, where the explicit functional de-
pendence of # follows directly from the selected NLED
Lagrangian. In the absence of such a derivation, the para-
meter 7 should be treated as an effective phenomenolo-
gical quantity, and the explored parameter space must be
limited to regions ensuring the physical consistency of
the spacetime geometry.

III. GEODESIC MOTION IN KALB-RAMOND BH
GEOMETRY WITH NONLINEAR ELECTRO-
DYNAMICS

In this section, we analyze the motion of a neutral test
particle in a static Kalb-Ramond black hole (BH) model
coupled to nonlinear electrodynamics. The particle's tra-
jectory is described within the Hamiltonian formalism as
[102—-104]:

Le, 3)

1
H=-¢"p,p,+ 3

2

where u denotes the particle's rest mass. The four-mo-
mentum is defined as p® = uu®, where u® = dx*/dt is the
four-velocity and 7 is the proper time along the worldline.
By following the procedure in [102—104], one obtains the
following effective expression:

L2 1
o= (1) (5

By restricting the motion to the equatorial plane, 6 = 7/2,
consistent with the symmetry of the metric, the effective
potential reduces to the following form:

(1-a)?r? r

B(Qexp(-m) 2M> @

e (L2 + rz) (,BQ2 —(a-DerQa+r- 2))
(a—1)*r*

Verr(r) = )

The effective potential in Eq. (5) highlights the influ-
ence of the parameters a, 8, O, and M on the radial mo-
tion of a test particle. In particular, the factor (a—1)%*
implies a divergence of the potential as @ — 1, reflecting
a limitation of the current parametrization in this regime.
This divergence indicates that values of a approaching
unity are physically inadmissible, since they produce sin-
gular behavior in the effective potential that is incompat-
ible with a regular spacetime geometry.

The Schwarzschild limit is obtained in the formal
case where the deformations vanish—specifically, @ — 0,
B—0, and Q=0—reducing Eq. ((5)) to the standard
Schwarzschild effective potential

V() = (1 + 1;72) (1 - 2—M> .

r

(6)

This limit serves as an explicit consistency check, con-
firming that the model correctly reproduces the well-
known general-relativistic behavior in the absence of de-
formations.

The parameter a is further restricted by the require-
ment that the spacetime remain free of singularities and
dynamical instabilities. Specifically, a > 1 leads to diver-
gences in the effective potential and may correspond to
naked singularities, thereby violating the cosmic censor-
ship conjecture. Similarly, the parameters f and Q must
be bounded to prevent pathologies arising from nonlinear
electromagnetic contributions to the potential, ensuring
that the effective potential remains finite and the space-
time is regular. Equation (5) explicitly illustrates the
modification of test particle dynamics by each deforma-
tion parameter, while the reduction to the Schwarzschild
case confirms the internal consistency of the framework.
The physical range of « is thus constrained to @ <1 to
maintain a well-defined effective potential and a stable,
regular spacetime structure.

A. Effective potential around Kalb-Ramond BHs with
nonlinear electrodynamics

The effective potential V.g(r) is a fundamental dia-
gnostic for quantifying the influence of black hole (BH)
parameters on particle dynamics. The conditions derived
below determine circular orbits in electrodynamics in the
equatorial plane and provide a systematic method to loc-
ate and assess the stability of such orbits without expli-
citly integrating the full set of geodesic equations. In this
framework, local minima of V.4 correspond to stable cir-
cular orbits, for which small radial perturbations produce
bounded oscillations, whereas local maxima correspond
to unstable circular orbits that are highly sensitive to radi-
al perturbations, leading to escape or infall. Figure 2 dis-
plays the radial dependence of V.4 for representative val-
ues of the BH charge Q and the particle’s angular mo-
mentum L. A decrease in either Q or £ reduces the depth
of the potential well, indicating weaker effective binding
and implying that the corresponding equilibrium circular
orbits lie at larger radii. The necessary conditions for
equatorial circular motion are given by [102—104]:

dVeff(r) _

Ver(r) = E,
(1) dr

0. (7




Rana Muhammad Zulqarnain, Orhan Donmez, G. Mustafa et al.

Chin. Phys. C 50, (2026)

a=04,n=03,8=05 L=3
24L ]

22r 1

2.0r

1.8f

141

1.2F

B=03,7=03Q=03, L£=3

0.4F

o.2f

Fig. 2.
dynamics.

From the relations above, one can determine the spe-
cific energy & and the specific angular momentum £. In
particular, solving Eq. (7) for a nonrotating KR black
hole within the framework of nonlinear electrodynamics

yields the following expression for the angular mo-
mentum:
. ﬂe—n Q2
12
- Sl L®
2BeQ* —(a— Dr(3a+r—3)
(a—1)
The associated energy is defined as:
PO (BQ* - (a—De'rRa+r-2))
28670 —(a—Dr(3a+r—3)  (9)

(a—1)2r

(@—1)

In this context, these expressions explicitly incorporate
the nonlinear contributions of the electromagnetic sector

@=03,7=03,Q=05 L=3 B

N E
IS
o+
©

B=04,a=04,Q=04,L=3 n
‘ : : 05

r

(color online) The effective potential V.q(r) for test particles in the background of a Kalb-Ramond BH with nonlinear electro-

through the charge parameter O and the exponential
factor ¢, thereby elucidating how departures from lin-
ear Maxwell electrodynamics affect the system's orbital
characteristics.

Fig. 3 illustrates the dependence of the specific angu-
lar momentum £ on the radial coordinate for test
particles in equatorial circular orbits around a KR BH.
Larger values of £ correspond to deeper effective poten-
tial wells, enabling particles to sustain more tightly bound
orbits at smaller radii. Fig. 4 presents the radial profile of
the specific energy & of the orbiting particles. The en-
ergy increases monotonically with radial distance from
the BH, reflecting the progressive weakening of the grav-
itational field at larger radii. Moreover, the profile exhib-
its a pronounced dependence on the BH charge O,
thereby highlighting the impact of nonlinear electro-
dynamic effects on the orbital energetics.

B. ISCOs

In this section, the ISCO is the minimum radius at
which a test particle can maintain a stable circular orbit
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around a BH. It is determined by analyzing the effective
potential, where local minima correspond to stable orbits
and local maxima to unstable configurations. In Newtoni-
an gravity, the effective potential exhibits a minimum for
any finite angular momentum, implying that all circular
orbits are stable and no innermost stable orbit exists. In
GR, the effective potential depends explicitly on both the
particle’s angular momentum and the BH parameters,
leading to a critical radius below which circular motion
becomes dynamically unstable. For a Schwarzschild BH,
this critical radius is r = 3r,, where r, denotes the gravita-

e (4820" —9(a — 1)°Be" Q%r + (@ — 1)1 (6a + 1 - 6))

a=0.3,7=03,Q=05 B
: : : = 05

3.6F
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24r
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N
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(color online) Angular momentum of particles in equatorial circular orbits around a Kalb-Ramond black hole with nonlinear

tional radius. In the case of Kalb-Ramond BHs coupled to
nonlinear electrodynamics, the ISCO parameters are ob-
tained by solving the standard conditions [102—104] for
the ISCO:

& Ven(r) _

an (1o

The ISCO radii can be determined by solving the follow-
ing equation:

=0.

2@ -1 {(a-Derr(Ba+r—-3)-2B0%

2Be™ Q% — (a— Dr(3a+r-3)

Be"Q?

An exact analytical expression for the ISCO radius is not
feasible because the above equation is highly complic-

(@—1)? "Tla-1y

ated. Nevertheless, we can compute and analyze the in-
fluence of the relevant parameters on the ISCO using nu-
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1CS.

merical methods. In this framework, the effective poten-
tial depends on the BH charge (Q) and the nonlinear elec-
trodynamics parameters, leading to shifts in the ISCO ra-
dius relative to the Schwarzschild BH limit. Figure 5
quantifies how the ISCO radius varies with increasing
BH charge, illustrating an outward displacement of stable
orbits due to the combined gravitational and nonlinear
electromagnetic effects.

C. Particle Trajectories around Kalb-Ramond BH
models with nonlinear electrodynamics

In this section, we numerically integrate the equa-
tions of motion [102—104] for test particles in the back-
ground of a charged Kalb-Ramond BH with nonlinear
electrodynamics. The resulting trajectories for different
BH charge values are illustrated in Figs. (6) and (7). In
each figure, the first row corresponds to the uncharged
Schwarzschild BH limit (Q =0), while the subsequent
rows depict configurations with Q = 0.5 and Q = 0.7, with
all other parameters held fixed. Our computations reveal
that increasing the BH charge (Q) extends the radial

range of stable orbits and modifies the orbital geometry,
reflecting the enhanced electromagnetic repulsion that
counteracts gravitational attraction. These results high-
light the influence of nonlinear electrodynamics on the
orbital structure and elucidate the interplay between grav-
itational and electromagnetic effects in determining
particle dynamics around Kalb-Ramond BHs.

IV. HARMONIC OSCILLATIONS MEASURE-
MENT AS PERTURBATIONS OF CIRCULAR
ORBITS IN KALB-RAMOND BHS WITH NON-
LINEAR ELECTRODYNAMICS

In this section, we analyze the dynamics of small per-
turbations about stable circular orbits in the equatorial
plane by considering neutral test particles subjected to
minor displacements from their equilibrium positions.
Such perturbations induce epicyclic motion that can be
modeled as simple harmonic oscillations governed by the
effective potential associated with the background space-
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Fig. 5. (color online) ISCO radii of test particles orbiting a Kalb-Ramond BH in nonlinear electrodynamics.

time [102—104]. This framework provides a systematic
approach for computing the radial, vertical, and azimuth-
al frequencies in the vicinity of a black hole (BH) de-
scribed by a Kalb-Ramond metric coupled to nonlinear
electrodynamics, explicitly accounting for modifications
introduced by the gauge fields.

A. Frequencies Measured in the case of the Local Ob-
server in Kalb-Ramond BHs with Nonlinear Elec-
trodynamics

In this section, the exact epicyclic frequencies, as
measured by a local observer comoving with the particle,
are determined from the second derivatives of the effect-
ive potential Veg(r,0) [102—104]:

2 _ _lazveff(ng)

T2 o
a)z — lgrr(ng) 82Veff(r39)
‘T2 e 0
d
wy = d—‘f. (11)

where w,, wy, and w, denote the radial, vertical, and azi-
muthal angular frequencies, respectively. In this case,
these quantities depend explicitly on the BH model para-
meters, including contributions from the Kalb-Ramond
field and the nonlinear electromagnetic charge, and they
encode the response of particle trajectories to spacetime
curvature and gauge interactions.
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e ((@—De'r (3L (4a+r—4)+2(@— D)r?) - O (10L* +3r?))

Wy

In the limit where nonlinear electromagnetic effects van-

(=12 ’ ish, the epicyclic frequencies reduce to the standard

BO*—(a—1)%e'r

Wy =

r2((a - Der(3a+r-3)-2B0%’°

Schwarzschild values for neutral particles, providing a
consistency check and showing the influence of the addi-

(12) tional fields on orbital dynamics.
Equations (12) yield identical values for the vertical

BQ* —(a—1)e"r (13)  and azimuthal epicyclic frequencies, w, and w,, thereby

Wy = .
* T P ((@-Derr(Ba+r-3)-2B0%) reflecting the leading-order spherical symmetry of the
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Fig. 8. (color online) Radial profiles of epicyclic frequencies for neutral test particles orbiting a non-rotating Kalb-Ramond black hole

coupled to nonlinear electrodynamics, as measured by a local observer.

black hole (BH) spacetime. This equivalence arises be-
cause, at lowest order, the particle dynamics are domin-
ated by the radial structure of the effective potential,
while angular perturbations around circular orbits re-
spond isotropically. In the context of a charged BH with
nonlinear electrodynamics, however, the inclusion of the
electromagnetic charge Q and the nonlinear coupling
parameter S introduces additional contributions that
couple the electromagnetic field to the spacetime
curvature. These couplings modify the effective potential
differently along the 8 and ¢ directions, particularly when
higher-order corrections in BQ? are included. As a result,
the degeneracy wy = wy can be lifted at second or higher
perturbative orders, depending on the values of the BH
mass, charge, the nonlinear parameter S, and any addi-
tional contributions from fields such as the Kalb-Ra-
mond term o or metric modifications encoded in #. These
corrections are expected to produce measurable devi-
ations in the epicyclic frequencies, influencing orbital sta-
bility, precession rates, and resonant interactions near the
BH. It is therefore essential to examine whether wy = w,
remains valid under second-order BQ? corrections in or-
der to quantify the influence of nonlinear electrodynam-
ics on test-particle motion in such spacetimes.

B. Frequencies Measured in the case of the Distant Ob-
server in Kalb-Ramond BHs with Nonlinear Elec-
trodynamics

For a static observer at asymptotic infinity, the meas-
urable angular velocities Qg are obtained from the gravit-
ational redshift relation [102—104]:

dr

Qs = ws— 14

6= Wp (14)

where the redshift factor dr/ds is determined from the

conserved energy per unit mass, &, and the g, compon-
ent of the Kalb-Ramond BH metric as

dt &

el

(15)
In physical units, the angular frequencies of neutral test
particles, as measured by a distant observer, are given by
[102—-104]:

1 &
V.

_1c 16
‘T 2rGM (16)

Q;[Hz],
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with i € {r,6,¢}, where Q,, Q,, and Q, denote the dimen-
sionless radial, polar, and azimuthal angular frequencies
in the observer's frame. In this work, all dynamical calcu-
lations are carried out in geometrized units with M =1;
thus, the evolution is expressed in units of the black-hole
mass. The observable frequencies are then obtained
through the standard inverse-mass scaling given in Eq.
16. In particular, the frequency profiles shown here cor-
respond to a fiducial black-hole mass of 10 M,; these di-
mensionless results can be directly rescaled for other
masses. For the Kalb-Ramond BH coupled to nonlinear
electrodynamics, these quantities are given explicitly by

- e (482 Q% +9(a — 1)*Be" Q*r — (@ — 1)*e*'r* (6a + r - 6))

s

(a—1)*r°
(7)
(@@= 17er-pQ?
oo )
e ((a—1)*e"r - BO?
o= e erie), (19)

Fig. (9) illustrates the radial variation of v; for small-
amplitude harmonic oscillations of neutral particles

around a non-rotating Kalb—Ramond BH. The radial pro-
files of the azimuthal and polar frequencies coincide, re-
flecting the underlying spherical symmetry of the back-
ground spacetime. Variations in the BH parameters
primarily shift the locations of the frequency maxima
with respect to the event horizon, highlighting the quant-
itative impact of nonlinear electromagnetic contributions
on the dynamics of orbiting test particles. In the same
spirit as recent analyses of particle dynamics and perturb-
ations in nonstandard black-hole backgrounds, our res-
ults show that the modified geometry affects not only or-
bital frequencies but also the nonlinear hydrodynamic
variability of accreting matter [105]. Our epicyclic-fre-
quency analysis is complementary to recent studies of
particle dynamics and observational signatures in
Kalb—Ramond black holes; here, we further link the un-
derlying spacetime deformation directly to time-depend-
ent BHL aceretion and shock-cone variability [106].

V. NUMERICAL ANALYSIS OF ACCRETION
FLOW AND VARIABILITY AROUND KALB-
RAMOND BHS WITH NONLINEAR ELEC-
TRODYNAMICS

In this section, we aim to perform a comprehensive
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Fig. 9. (color online) Comparison of the radial and vertical epicyclic frequencies in the Kalb-Ramond BH spacetime. In the equatori-

al plane, the orbital (azimuthal) frequency coincides with the vertical frequency.
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numerical simulation of accretion dynamics around Kalb-
Ramond BHs coupled to nonlinear electrodynamics, in
order to reveal how Lorentz symmetry breaking and non-
linear electromagnetic effects jointly influence the phys-
ical structure of spacetime and the resulting accretion
flow. By numerically solving the GRH equations
[107—110], possible new physical mechanisms that may
arise due to spacetime deformation, their observational
signatures, and the testability of gravity are investigated.
To achieve this, a systematically adjusted set of space-
time parameter values, listed in Table 1, is employed in
the simulations. By considering a broad and representat-
ive parameter range, the configurations summarized in
Table 1 are constructed such that they simultaneously
modify the event horizon of the BH and induce distinct
levels of spacetime deformation within the Kalb-Ramond
BH framework. In particular, the selected values of the
parameters a, S, Q, and 7 allow us to systematically dis-
entangle global geometric modifications driven by the
Kalb-Ramond background from short-range corrections
associated with nonlinear electrodynamics. On the other
hand, the parameter = defined in Table 1 is not a new
spacetime parameter, but simply the effective charge
strength defined by the combination of f, O, and #. The
parameter = provides an effective measure of the nonlin-
ear-electrodynamic contribution. In particular, this non-
linear-electrodynamic effect appears as a quantity that re-
mains encoded in the spacetime geometry after being ex-
ponentially suppressed by 7. In other words, £ sets the in-
trinsic strength of the nonlinear electromagnetic sector, Q
fixes the charge scale, and # weakens this contribution.
Thus, the combination of these parameters through =
contains the net short-range correction relevant in the
near-horizon region. Therefore, = should be understood
as a physically meaningful indicator of how strongly non-
linear electrodynamics competes with the global Kalb-
Ramond deformation in determining the event-horizon-
scale structure, the gravitational focusing of the flow, and
the resulting shock-cone morphology. By varying the ef-
fective charge strength while keeping the BH mass fixed,

Table 1.

a controlled comparison between the deformed space-
times and the Schwarzschild case becomes possible. At
the same time, this setup provides a consistent frame-
work for isolating the influence of each deformation para-
meter on the accretion flow. This ensures that the numer-
ical results reflect genuine spacetime effects, enabling a
clear physical interpretation of the accretion morphology
and variability in Kalb—-Ramond BH spacetimes.

It is important to clarify the astrophysical validity of
the parameter ranges listed in Table 1. The values adop-
ted in Table 1 are not intended as direct best-fit con-
straints from current Event Horizon Telescope (EHT) or
gravitational-wave observations. Rather, these paramet-
ers are chosen to reveal how the physical mechanisms de-
veloping around the black hole depend on the deforma-
tion introduced by the spacetime parameters. Current ob-
servational results mainly constrain how much the black-
hole spacetime can deviate from the Kerr or Schwarz-
schild cases, rather than uniquely determining the indi-
vidual values of a, 8, O, and 7. In particular, EHT ana-
lyses of Sagittarius A" have shown that the observed hori-
zon-scale image is broadly consistent with the Kerr case
[111]. On the other hand, recent results from LIGO-
Virgo-KAGRA in the inspiral, merger, and ringdown re-
gimes indicate no significant deviation from general re-
lativity [112]. From this perspective, the weakly modi-
fied models C1 and C2 can be regarded as having space-
time geometries that are more consistent with current ob-
servations. In contrast, the more strongly deformed mod-
els C3-C6 are included to reveal the limiting response of
the shock-cone structure, stagnation-point location, and
variability properties under larger departures from the
standard geometry. Therefore, the spacetime parameters
listed in Table 1 include both near-GR models that are
more compatible with current observations and strongly
deformed models that may be useful for exploring config-
urations that could become observationally relevant in the
future.

Here, we also clarify the validity of the numerical
method employed in this work. In the BHL simulations

We employ models to constrain the deformation parameters of Kalb-Ramond black holes with nonlinear electrodynamics

using BHL accretion simulations. The parameters a, 8, O, and # govern the global spacetime deformation and the short-range 1/r* cor-
rections to the gravitational potential. The effective charge strength is defined as = = Q% ". All models assume M = 1 and admit a real

event horizon of radius r;,.

Model o B O(M) n = =BQ%(M?) rp(M)
Cl1 0.00 1.00 0.80 0.50 0.3880 1.7822
C2 0.10 1.00 0.70 0.20 0.4008 1.5035
C3 0.30 0.20 0.60 0.40 0.0483 1.3482
C4 0.20 1.20 0.70 0.60 0.4610 1.2864
C5 0.30 2.00 0.60 1.00 0.2649 1.0341
C6 0.40 3.00 0.50 1.40 0.1542 0.8275




Rana Muhammad Zulqarnain, Orhan Donmez, G. Mustafa et al.

Chin. Phys. C 50, (2026)

presented in this study, the time evolution of the fluid ac-
creting onto the black hole is obtained on a fixed Kalb-
Ramond background metric. Therefore, the self-gravity
that could be generated by the accreting matter is neg-
lected. This is justified because the present work is fo-
cused only on the physical processes occurring in the re-
gion close to the black hole, namely where the gravita-
tional field is very strong. In this region, the gravitational
timescale is much shorter than the self-gravity timescale,
which allows this effect to be safely neglected. For this
reason, the models considered in this work should be in-
terpreted within the test-fluid approximation. In other
words, the flow probes the deformed spacetime geometry
without dynamically modifying it. In this framework, the
effective charge-strength parameter = measures the mag-
nitude of the short-range nonlinear electromagnetic cor-
rections already encoded in the background geometry.
However, by itself, it does not imply a breakdown of the
test-fluid approximation. Such a breakdown would re-
quire the mass-energy of the accreting fluid in the strong-
field region to become non-negligible compared with the
black-hole mass. As a result, our findings are reliable be-
cause they describe the system in a regime where the ef-
fect of the internal forces of the fluid on the spacetime
geometry remains sufficiently small to be. neglected.
Therefore, the changes observed in the dynamical struc-
ture of the shock cone should be understood as ' con-
sequences of the spacetime deformation.

Understanding how the structure of the shock cone
formed around a BH in BHL accretion varies with space-
time parameters is crucial. Such variations reveal how de-
formations in the spacetime geometry affect the redistri-
bution of matter around the BH and modify the mo-
mentum and energy of the accreting material in the
strong-field regime, thereby informing the interpretation
of observable signatures. Variations in the cone geo-
metry—namely its opening angle and the density of mat-
ter trapped within —directly affect the mass accretion
rate, which in turn alters the stability properties of the
shock cone. Consequently, nonlinear electrodynamics and
modified gravity may yield observationally distinguish-
able outcomes. In this context, we model the shock-cone
structure formed through the BHL accretion mechanism
around Kalb-Ramond BHs coupled to nonlinear electro-
dynamics for the configurations listed in Table 1, and the
influence of the spacetime parameters a, 5, Q, and 7 is il-
lustrated in Fig. 10. Compared with the Schwarzschild
solution shown in the upper-left panel of Fig. 10, all
Kalb-Ramond models systematically exhibit pronounced
changes in both the geometry of the shock cone and the
distribution of rest-mass density inside and outside the
cone. These differences arise from spacetime deforma-
tions induced by Lorentz-symmetry breaking and nonlin-
ear electrodynamics.

For the C2 model shown in Fig. 10, where the de-

formation parameters are relatively weak, the shock cone
remains wide, similar to the Schwarzschild case, while
the location of the maximum density inside the cone
shifts closer to the BH. The density gradients remain
smooth, indicating a moderate level of spacetime deform-
ation. In the C3 model, the opening angle of the cone be-
comes noticeably narrower and the structure appears
more elongated. In particular, the contour lines of rest-
mass density near the stagnation point are significantly
compressed, indicating strong flow focusing and an en-
hanced density contrast. Compared to C3, the C4 model
shows a slight re-expansion of the cone opening angle,
accompanied by asymmetrically distributed density con-
tours, signaling competing effects of global geometric de-
formation and nonlinear electromagnetic corrections. In
the C5 model, the shock cone becomes strongly com-
pressed and the high-density region moves closer to the
BH horizon, consistent with the combined influence of
Kalb-Ramond deformation and nonlinear electrodynam-
ics. The steep density gradients indicate strong gravita-
tional focusing. Finally, among all models, C6 exhibits
the most pronounced deviation from the Schwarzschild
case, with the dense region inside the cone confined even
closer to the BH horizon. We emphasize, however, that
the strong compression observed in models C5 and C6 is
not driven by the largest values of the effective charge
strength Z. According to Table 1, E is 0.2649 for C5 and
0.1542 for C6, whereas larger values are found in models
Cl1, C2, and C4. This indicates that the pronounced nar-
rowing of the shock cone in C5 and C6 is primarily asso-
ciated with cumulative spacetime deformation— particu-
larly the larger values of a and the corresponding reduc-
tion of the event-horizon radius—rather than with a max-
imization of E alone.

Fig. 11 illustrates the azimuthal variation of the rest-
mass density at r =2.66M for the Schwarzschild case and
the Kalb-Ramond BH models listed in Table 1. This dir-
ectly demonstrates how the spacetime parameters modify
the structure of the shock cone formed around the BH. As
the Lorentz-symmetry-breaking parameter a increases,
the maximum density inside the cone systematically de-
creases, indicating that the Kalb-Ramond background
weakens the compression efficiency of matter accreting
toward the BH. The reduction in peak amplitude indic-
ates that the matter distribution around the BH is reorgan-
ized by the altered spacetime geometry. The deformed
spacetime geometry effectively weakens the gravitation-
al field, which in turn hinders efficient compression of
matter inside the cone. At the same time, as the effective
charge parameter E, which is controlled by S, O, and 7,
decreases, a significant reduction in the opening angle of
the shock cone is observed. These nonlinear electromag-
netic corrections enhance short-range repulsive effects,
modify the balance between gravitational focusing and
pressure-supported forces, and consequently reconfigure
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Schwarzschild

Fig. 10.

(color online) The dynamical structure of the shock cone formed by the BHL accretion mechanism around the Schwarz-

schild and Kalb-Ramond BH models listed in Table 1 is illustrated with color maps and contour plots of the rest-mass density. Vector
fields are overlaid on the density distribution to show how matter accretes toward the BH and how the shock cone develops in the
downstream region opposite the accretion flow. Each snapshot depicts the late-time, steady-state configuration of the system.

the cone geometry.

From an observational perspective, both behaviors of
the shock cone have a direct impact on QPOs. A lower
peak density reduces heating within the shock cone and
decreases the local emissivity. In addition, as the opening
angle becomes smaller, the coherence and characteristic
size of the post-shock region are modified. This can
either completely suppress strong oscillations or, if they
persist, shift their characteristic frequencies, as will be

discussed later. As a result, the decrease in peak density
with increasing a, together with the influence of the ef-
fective charge parameter, causes significant changes in
the power spectral density (PSD). These effects establish
a clear connection between spacetime-deformation para-
meters in Kalb-Ramond BHs coupled to nonlinear elec-
trodynamics and observable QPO signatures. Con-
sequently, the azimuthal density profile emerges as a
sensitive diagnostic of modified-gravity effects in the
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Fig. 11.
r=2.66M is shown for the Schwarzschild case and for various
Kalb-Ramond BH models. This illustrates the density distribu-
tion of matter both inside and outside the shock cone. It

The azimuthal variation of the rest-mass density at

clearly demonstrates that spacetime parameters modify the
gravitational field, leading to significant changes in the struc-
ture of the resulting shock cone.

strong-field accretion region.

The stagnation point is the location inside the shock
cone where the accreting matter becomes momentarily
stationary. From this point, the material closer to the BH
is funneled inward within the cone toward the event hori-
zon, while the matter outside the cone is redirected out-
ward. Therefore, the stagnation point directly reflects the
effectiveness of gravitational focusing acting on the ac-
cretion flow. As shown in the upper panel of Fig. 12, the
stagnation point varies systematically across the different
models. With an increasing Lorentz symmetry-breaking
parameter a, the stagnation point moves closer to the BH
horizon, indicating a reduction in gravitational focusing.
This, in turn, implies a gradual decrease in the size of the
shock cone and consequently in the effective cavity
formed downstream of the accretor. The evolution of the
stagnation point is fully consistent with the changes in the
shock-cone structures shown in Figs. 10 and 11. As seen
in the upper panel of Fig. 12, in the C4 model, the value
of a is lower than in C3, and accordingly the stagnation
point shifts slightly away from the BH. This behavior sig-
nifies a partial recovery of gravitational focusing. Over-
all, this trend illustrates the non-monotonic response of
the accretion flow to competing geometric deformation
and nonlinear electrodynamic effects, and demonstrates
that the stagnation radius provides a consistent link
between flow morphology, density stratification, and the
dynamical properties of accretion in Kalb-Ramond BH
spacetimes.

The middle panel of Fig. 12 shows how the shock-
cone opening angle Ay varies across the different models.
This opening angle measures how efficiently matter ac-
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ation, the shock-cone opening angle, and the maximum rest-

(color online) Variations in the stagnation-point loc-

mass density of matter trapped inside the shock cone are
shown for the different models. These trends, plotted for the
Schwarzschild and Kalb-Ramond BH configurations, demon-
strate how modifications to the spacetime systematically alter
the geometry and density structure of the shock cone, as well
as the overall accretion dynamics.

creting toward the BH through the BHL mechanism is fo-
cused, and thus reflects the strength of gravitational fo-
cusing. It also encodes the combined influence of space-
time deformation parameters and nonlinear electro-
dynamic effects. As seen in the figure, Ap generally de-
creases as one moves away from the Schwarzschild case
toward Kalb-Ramond BH models with stronger deforma-
tion. This indicates that increasing spacetime deforma-
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tion leads to a more collimated shock cone and a pro-
gressively smaller post-shock cavity. Such behavior dir-
ectly affects the oscillation modes trapped inside the cav-
ity and results in shifts in their characteristic frequencies.
These trends are fully consistent with the flow morpho-
logy and density distributions shown in Figs. 10 and 11.
However, the decrease in Ay is not observed in the C1
and C4 models, where the opening angle is larger than
that of their neighboring configurations. This non-mono-
tonic behavior arises from the combined effect of the
nonlinear electrodynamic parameters £, O, and 5. The
strength of this combined effect for each model is quanti-
fied by the parameter =, as listed in Table I. As seen in
Table 1, whenever E attains relatively large values, as in
the C1 and C4 models, short-range nonlinear electro-
dynamic corrections significantly modify the balance
between gravitational focusing and pressure-supported
forces in the post-shock region, leading to an increase in
Agp. In these models, the strong effective charge partially
counteracts the focusing tendency triggered by the Kalb-
Ramond deformation parameter o, causing a re-expan-
sion of the shock-cone opening angle. Consequently, the
behavior of A¢ reflects a competition between global
spacetime deformation effects, which favor narrower
cones, and nonlinear electrodynamic corrections encoded
in 2, which contribute to widening the opening angle.

The bottom panel of Fig. 12 shows the variation of
the maximum density of matter trapped inside the shock
cone as a function of the model. The behavior of the max-
imum density closely follows that of the stagnation point
shown in the upper panel. As listed in Table 1, the space-
time deformation parameter o increases with model num-
ber. As o increases, the maximum density decreases, mir-
roring the inward shift of the stagnation point. Only in the
C4 model does the maximum density tend to increase
again, because the value of a in C4 is smaller than in C3.
As the stagnation point approaches the BH horizon, a lar-
ger fraction of matter inside the shock cone is redirected
outward, which leads to a reduction in the maximum
density.

Fig.13 shows the mass accretion rate in the strong-
field regime for the Schwarzschild and Kalb-Ramond BH
models. As seen in the figure, both the magnitude of the
mass accretion rate and its oscillatory characteristics ex-
hibit significant changes, particularly in the Kalb-Ra-
mond models. This demonstrates how the dynamical re-
sponse of BHL accretion is governed by the underlying
spacetime deformation. In the Schwarzschild case and in
the weakly deformed Kalb-Ramond models C1 and C2,
the shock-cone opening angle remains relatively wide,
and the cavity in the post-shock region between the stag-
nation point and the BH horizon is large because the stag-
nation point lies sufficiently far from the horizon. In this
regime, the mass accretion rate displays coherent flow in-
stabilities, giving rise to pronounced oscillations. The
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Fig. 13. (color online) The time evolution of the mass accre-

tion rate measured at r=2.3M is presented for the Schwarz-
schild case and the Kalb-Ramond BH models listed in Table
1. The Schwarzschild, C1, and C2 models clearly exhibit os-
cillatory behavior once the system has reached a steady state,
whereas the strongly deformed Kalb-Ramond models display
a smoother, nearly steady accretion rate.

time-dependent fluctuations originate from the interac-
tion between gravitational focusing and pressure-suppor-
ted oscillations of the shock cone. These oscillations
maintain a finite amplitude as long as the stagnation point
remains sufficiently distant from the BH horizon. In con-
trast, for the strongly deformed Kalb-Ramond models
C3-C6, the stagnation point moves closer to the BH hori-
zon, leading to an increasingly collimated shock cone. As
a result, a substantial fraction of the inflowing matter rap-
idly falls through the horizon, suppressing large-scale os-
cillatory modes and producing a smoother accretion rate.
As discussed in detail earlier, larger values of the deform-
ation parameter o cause the cavity within the post-shock
region to shrink, while nonlinear electromagnetic effects
further enhance the outward damping of fluctuations. Ob-
servationally, whereas the Schwarzschild, C1, and C2
cases can generate detectable temporal signatures and
QPOs, the remaining Kalb-Ramond models make QPO
detection nearly impossible.

The PSDs computed from the mass accretion rate for
the Schwarzschild, C1, and C2 models exhibit clear dif-
ferences, as shown in Fig.14. These differences arise
from the spacetime deformation induced by the Kalb-Ra-
mond parameters. In the Schwarzschild case, the PSD
shows broadband variability with modest peaks corres-
ponding to the natural oscillation modes of the shock
cone, supported by gravitational focusing within the post-
shock cavity. In contrast, the weakly modified Kalb-Ra-
mond models C1 and C2 produce stronger, sharper peaks,
indicating enhanced QPO-like behavior. Moreover, the
QPO frequencies in C1 and C2 are shifted relative to the
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puted from the mass accretion rate at r=2.3M are shown for

(color online) Power spectral densities (PSDs) com-

the Schwarzschild, C1, and C2 models, assuming a black hole
10 M. The weakly deformed Kalb-Ramond mod-
els C1 and C2 produce stronger and more coherent shifted

mass of M =

peaks than the Schwarzschild model.

Schwarzschild case, with the low-frequency QPOs " fur-
ther amplified. This behavior arises because, in C1 and
C2, the stagnation point remains sufficiently far from the
BH horizon, allowing strong oscillations to persist; at the
same time, dynamical modifications of the shock-cone
structure shift the characteristic QPO frequencies. The
peaks in the Kalb-Ramond cases also appear more coher-
ent. In the remaining, more strongly deformed Kalb-Ra-
mond models, however, the spacetime deformation
highly collimates the accretion flow, and oscillations, es-
pecially in the post-shock region, are strongly suppressed.
As a result, the accretion rate exhibits smoother temporal
behavior, and no QPOs form in these models.

To quantify this, we also computed PSDs for the
strongly deformed models C3-C6. In these analyses, no
distinct narrow peak emerges above the irregular amp-
litudes produced by noise. The remaining variability can
therefore be interpreted only as an upper bound on any
possible QPO-like signal, rather than as a resolved oscil-
lation mode. In all of these models, the residual amp-
litudes are much smaller than the dominant QPO peaks
clearly seen in C1 and C2, indicating that strong space-
time deformation significantly suppresses the coherent
peaks produced by shock-cone oscillations, rendering
them indistinguishable from the residual fluctuations.

Conversely, the PSDs presented here are computed
solely from the time variability of the mass accretion rate.
Although they suggest a plausible physical mechanism
for sources producing QPOs within a certain frequency
range, they cannot be used for a direct one-to-one com-
parison with observations to determine instrumental de-
tection thresholds. Such a comparison would require nu-

merically computed observables based on radiation trans-
port, which are beyond the scope of the present paper.

VL

In this paper, we investigate neutral test particle dy-
namics in the static KR BH model coupled to nonlinear
electrodynamics, analyzing the effective potential, circu-
lar orbits, ISCOs, and general particle trajectories. Also,
the geodesic motion is derived using the Hamiltonian ap-
proach, which allows explicit separation of the radial and
angular components and. incorporates conserved quantit-
ies, specifically the energy & and azimuthal angular mo-
mentum £, associated with the spacetime Killing vectors.
In this case, the effective potential V.x(r), encompassing
both gravitational and nonlinear electromagnetic contri-
butions, governs the radial motion and orbital stability.
Focusing on the equatorial plane, we obtain analytic ex-
pressions for the energy and angular momentum of circu-
lar orbits, which fully account for the nonlinear electro-
magnetic effects through the BH charge O and the expo-
nential nonlinear factor e¢™”. These results indicate that in-
creasing either the BH charge or the orbital angular mo-
mentum deepens the effective potential, enabling tighter
and more stable orbits nearer to the horizon, whereas re-
ducing Q or £ decreasing the gravitational binding res-
ults in wider orbits. The ISCO, determined from the con-
ditions V; = Vi = 0, shifts outward as the BH charge in-
creases, reﬂectlng the competition between gravitational
attraction and electromagnetic repulsion. Also, numerical
integration of the geodesic equations confirms these be-
haviors, showing that higher Q extends the radial domain
of stable motion and modifies orbital geometries relative
to the uncharged configuration. In the limit where the
nonlinear electrodynamics parameters vanish and the KR
charge @ — 0, the metric function reduces to the classical
Schwarzschild BH form f(r) —» 1-2M/r, and the effect-
ive potential, circular orbit parameters, and ISCO radius
reproduce the standard Schwarzschild values, including
the innermost stable orbit at » =3r,. In the further limit
M — 0, the gravitational contribution disappears, yield-
ing Vg — 1+ L2/r?, corresponding to Minkowski space-
time, where only the centrifugal term governs the dynam-
ics and no gravitational binding exists. In this context,
these limiting cases demonstrate that the deviations ob-
served in KR BHs with nonlinear electrodynamics consti-
tute quantitative modifications of orbital properties relat-
ive to the Schwarzschild BH solution, affecting the depth,
curvature, and stability of the potential well, the energy
and angular momentum of circular orbits, and ISCO posi-
tions, while the classical Schwarzschild behavior is ex-
actly recovered when the KR and nonlinear electromag-
netic contributions are removed.

The analysis of small perturbations around stable cir-
cular orbits in the equatorial plane of a non-rotating Kalb-

CONCLUSIONS
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Ramond BH coupled to nonlinear electrodynamics en-
ables a quantitative characterization of epicyclic motion
and its dependence on the spacetime geometry and gauge
sector. By representing radial, vertical, and azimuthal de-
viations as linear harmonic oscillations around equilibri-
um orbits, the corresponding angular frequencies w,, ws,
and w,, as measured by a local comoving observer, are
obtained from the second derivatives of the effective po-
tential V4(r,0). These expressions explicitly incorporate
the contributions of the Kalb-Ramond parameter a, the
nonlinear electromagnetic coupling SQ?%, and the metric
function ¢”, testing direct insight into how each compon-
ent modifies particle dynamics. Analysis indicates that
the radial frequency w, exhibits the largest sensitivity to
the combined influence of the gravitational and nonlinear
electromagnetic potentials, producing shifts in both the
magnitude and radial position of frequency maxima relat-
ive to the Schwarzschild reference, whereas the vertical
and azimuthal frequencies remain identical in the equat-
orial plane, wy = wy, reflecting the residual spherical sym-
metry of the background. Also, transforming these fre-
quencies to those measured by a distant static observer,
Q,, Qy, and Q,, requires the gravitational redshift factor
dr/dr associated with the conserved energy per unit mass
&, yielding observable frequency relations that incorpor-
ate both spacetime curvature and gauge field effects.

Radial profiles show that nonlinear electromagnetic
interactions and the Kalb-Ramond field systematically al-
ter the epicyclic frequencies, with stronger deviations at
smaller orbital radii, while the equality of polar and azi-
muthal frequencies persists, confirming spherical sym-
metry. In this case, in the limit o — 1 and 8Q* — 0, cor-
responding to the absence of Kalb-Ramond and nonlin-
ear electromagnetic contributions, the epicyclic frequen-
cies consistently recover the Schwarzschild values for
neutral particles, providing a consistency check and illus-
trating that additional fields generate measurable correc-
tions to orbital dynamics. Also, these modifications are
reflected as shifts in the frequency maxima positions rel-
ative to the Schwarzschild event horizon, changes in the
relative magnitudes of radial and azimuthal oscillations,
and potential adjustments in resonance conditions relev-
ant for QPOs in accretion disks, emphasizing the observa-
tional significance of the Kalb-Ramond and nonlinear
electromagnetic parameters. In this context, these results
establish a framework to quantify how extensions of GR,
incorporating antisymmetric tensor fields and nonlinear
gauge interactions, influence the harmonic motion of
neutral test particles and their observable epicyclic fre-
quencies, while recovering classical Schwarzschild beha-
vior under appropriate limits.

In the numerical simulations section of this work, we

investigated the effects of spacetime deformation para-
meters around Kalb-Ramond BHs on accretion flow dy-
namics by numerically modeling the infall of matter to-
ward the BH through the BHL accretion mechanism. Us-
ing the systematically varied parameters listed in Table 1,
we demonstrate that the shock-cone morphology under-
goes significant changes, the stagnation point inside the
cone moves progressively closer to the BH horizon with
increasing a, the shock opening angle gradually de-
creases, and as a consequence, the maximum density of
matter trapped inside the cone is reduced. At the same
time, we showed that an increase in effective charge
strength Z = BQ% " leads, in particular, to an increasing
tendency in both shock opening angle and stagnation
point location. These behaviors indicate the emergence of
a coherent physical picture in which Lorentz symmetry
breaking and nonlinear electrodynamic corrections weak-
en gravitational focusing and reduce the size of the cav-
ity formed in the post-shock region.

In addition, the time-dependent behavior of the accre-
tion flow reveals the dynamical consequences of space-
time deformation. For the Schwarzschild case and the
weakly deformed Kalb-Ramond models C1 and C2, pro-
nounced QPOs in the mass accretion rate are observed,
and the corresponding PSD analyses show clear QPO fre-
quencies. Due to the deformed spacetime geometry, these
QPO frequencies are shifted, and even higher-amplitude
peaks with enhanced observational relevance emerge. On
the other hand, in Kalb-Ramond models with strong de-
formation parameters, these oscillations are systematic-
ally suppressed, resulting in a smooth and nearly steady
accretion regime. The numerical results demonstrate a
direct connection between the shock-cone geometry, the
stagnation point, and the variability properties. Con-
sequently, the observability and testability of Kalb-Ra-
mond BHs are shown to be strongly dependent on the
spacetime geometry and its deformation parameters.
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