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Abstract: In this paper, we study an acoustic black hole in Hayward spacetime within the framework of relativistic
Gross-Pitaevskii theory. By examining the critical null geodesics, we sketch the shadow of the acoustic horizon. The
quasinormal mode (QNM) frequencies of the acoustic Hayward black hole are then computed numerically using the
WKB method. The results show that these modes are more stable than those of the Hayward black hole, and that
variations in the QNM frequencies are correlated with the behavior of the effective potential. We also verify the rela-
tionship between QNMs and the acoustic sphere (and the acoustic shadow) in the eikonal limit. Moreover, the WKB
method is employed to calculate the grey-body factor and energy emission rate of the analogue Hawking radiation. It
is shown that, as the tuning parameter increases, both the grey-body factor and the energy emission rate are en-
hanced, which can likewise be attributed to changes in the effective potential. In addition, the acoustic shadow radi-
us also increases with the tuning parameter. Our work extends the acoustic black hole model to regular black hole
spacetime, and the findings provide a potential application for distinguishing regular black holes from black holes
with singularities in astrophysical environments via acoustic black hole effects.
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I. INTRODUCTION

Black holes, among the most important predictions of
general relativity, occupy a crucial role in classical grav-
ity, semiclassical gravity, and quantum gravity. Their ex-
istence has been confirmed through two'landmark obser-
vational breakthroughs. First, the LIGO and Virgo Col-
laboration detected the gravitational-wave signal
GW150914 from a binary black hole merger [1]. Sub-
sequently, the Event Horizon Telescope (EHT) obtained
direct images of supermassive black hole shadows, first at
the center of the galaxy M87 (M87%*) [2] and later at the
center of our own Milky Way, Sagittarius A* [3]. Togeth-
er, these observations provide complementary and con-
clusive evidence for the physical reality of black holes in
our universe. Beyond these observational confirmations,
black holes are theoretically predicted to exhibit other
fundamental properties, such as quasinormal modes
(QNMs) [4, 5] and Hawking radiation [6, 7]. Among
these, Hawking radiation has not yet been observed be-
cause of its relatively weak energy scale and the limited
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sensitivity of current instruments.

In order to detect these phenomena in the laboratory,
alternative approaches have been proposed, such as prob-
ing Hawking-like radiation in acoustic black holes from
analogue gravity [8]. For example, sound-mode perturba-
tions in a fluid within flat spacetime can be described by
a scalar field propagating in an effective curved metric,
where different velocity profiles of the flow correspond
to distinct analogue metrics, thereby enabling the con-
struction of acoustic black holes [9]. Theoretically, the
properties of acoustic black holes, including their hori-
zons, ergospheres, analogue Hawking radiation, and tidal
deformations, have been extensively examined [10-14].
The stability of such systems has also been studied
through analyses of QNMs [15, 16]. See [17-20] for ad-
ditional references on acoustic analogues of the expand-
ing universe in the Bose-Einstein condensate (BEC). Ex-
perimentally, a sonic black hole in a BEC has been real-
ized in [21], followed by observations of analogue Hawk-
ing radiation and its corresponding Hawking temperature
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[22, 23]. Moreover, progress on simulated Hawking
emission has been made in optical platforms [24, 25]. A
comprehensive overview of both theoretical insights and
experimental advances in this field has been provided in
the review [8].

On the other hand, analogue gravitational systems not
only exist in flat spacetimes, but their typical features can
also appear in curved spacetimes. For example, acoustic
black hole geometries can be derived from relativistic
Gross-Pitaevskii (GP) theory and Yang-Mills (YM) the-
ory in real black hole spacetime backgrounds [26]. Re-
cent works have constructed acoustic black holes within
Schwarzschild and charged black hole backgrounds, ana-
lyzing various interesting properties, including quasi-
bound states [27, 28], QNMs, Hawking radiation, and
black hole shadows [29, 30]. The orbits of test vortices
and sound waves in an acoustic black hole from relativist-
ic GP theory have also been studied in three-dimensional
curved spacetime [31]. Moreover, the information para-
dox of an acoustic black hole in Schwarzschild space-
time has been investigated using the island formula [32].
Astrophysical black holes are typically surrounded by ac-
cretion disks composed of plasma [33], or are embedded
in environments such as the cosmic microwave back-
ground radiation or superfluids. These environments can
be described by relativistic fluid dynamics, thereby
providing favorable conditions for the formation of
acoustic black holes. Investigating acoustic black holes
within astrophysical black hole backgrounds not only en-
hances our understanding of sound-wave propagation
near these celestial objects, which may help extract use-
ful information about the background black hole, but also
broadens the scope of analogue gravity.

Previous studies of acoustic black holes in curved
spacetimes remain confined to singular background
spacetimes. It is therefore of interest to extend such stud-
ies to regular black hole backgrounds, which refer to a
class of black hole solutions that possess event horizons
but are free of essential singularities throughout the en-
tire spacetime [34-36]. These solutions can be construc-
ted from models within nonlinear electrodynamics [37,
38], modified gravity theories [39], and the mechanism of
atemporality [40, 41]. Many important properties of regu-
lar black holes have been extensively studied, such as
particle geodesics [42, 43], shadows [44, 45], QNMs
[46—49], and thermodynamic behaviors [50]. Moreover,
the microlensing of regular black holes has been investig-
ated via ray-tracing methods [51]. Studying acoustic
black holes within a regular black hole spacetime can
help us examine the influence of singularities in back-
ground black holes, which provides potential applica-
tions in distinguishing regular black holes from black
holes with singularities. In addition, it provides a useful
framework for analyzing sound-wave propagation in the
vicinity of regular black holes.

In the present paper, we aim to investigate the near-
horizon properties associated with observable quantities
of acoustic black holes within the Hayward black hole
background [34], which is a typical class of regular black
holes that has attracted much attention recently. In other
words, we investigate the so-called acoustic Hayward
black hole, focusing on the acoustic shadow, QNMs,
grey-body factors, and the energy emission rate of ana-
logue Hawking radiation for this system. The acoustic
shadow can be studied through phonon propagation,
which is effectively described by null geodesics in the
analogue gravity framework. Meanwhile, QNMs and ana-
logue Hawking radiation can be analyzed via scalar fields
within the same analogue gravity formalism. Explicitly,
by examining the critical null geodesics, the shadow of
the acoustic horizon is sketched. Then, the QNM frequen-
cies of the acoustic Hayward black hole are computed nu-
merically using the WKB method, confirming the stabil-
ity of the system, and variations in the QNM frequencies
are shown to correlate with the behavior of the effective
potential. Moreover, the WKB method is also employed
to calculate the grey-body factor and energy emission rate
of the analogue Hawking radiation. Our results show that,
as the tuning parameter increases, the grey-body factor,
the energy emission rate, and the shadow radius all in-
crease significantly. In contrast, the absolute values of the
QNM frequencies decrease accordingly, and the poten-
tial function becomes smoother, indicating that the
QNMs tend to stabilize in the acoustic scenario. Further-
more, as the Hayward parameter increases, the acoustic
shadow slightly diminishes, and the analogue Hawking
radiation also weakens slightly. Our results not only ex-
tend studies of acoustic black holes to regular black hole
spacetimes, but may also be useful for future experiment-
al tests of astrophysical black holes.

This paper is organized as follows: In Sec. II, we con-
struct the metric of the acoustic Hayward black hole and
analyze its horizon structure. After a brief review of the
horizon structure of the Hayward black hole, we recall
the formulation of analogue gravity within the GP theory
and apply it to the Hayward spacetime background. In
Sec. III, the acoustic shadow of the acoustic Hayward
black hole is examined by analyzing null geodesics. The
variation of the shadow radius with different parameters
is discussed. Subsequently, in Sec. IV, we analyze the co-
variant scalar field equation and the effective potential in
acoustic Hayward spacetime, laying the groundwork for
subsequent calculations. In Sec. V, the WKB method is
employed to numerically compute QNMs for various
parameter choices, and the stability of the acoustic Hay-
ward black hole is examined. We also verify the relation-
ship between QNMs and the acoustic sphere (and the
acoustic shadow) in the eikonal limit. Then, in Sec. VI,
the grey-body factors and energy emission rates in ana-
logue Hawking radiation are calculated, also using the
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WKB method. Finally, Sec. VII presents the conclusions
and discussions.

II. ACOUSTIC HAYWARD BLACK HOLE

A. Hayward black hole

The Hayward black hole is a typical example of a reg-
ular black hole that can be constructed via nonlinear elec-
trodynamics. The action for an electrically charged black
hole is given by [38]

I d*x v=g(R - L(¥)). (1)

" Tén

Here, we have defined & = F,,F*”, where F =dA is the
field strength of the electromagnetic field associated with
the vector potential A*, and L(F) is the electromagnetic
Lagrangian density. According to the principle of least
action, the gravitational field equations are

Gy =Ty ()

where GyszMV—%Rg#V is the Einstein tensor, and the
stress tensor is

v va 1 24
T) =2L3F, P~ 8L

S, ®)

oL
where Ly := FRR The equations of motion for the electro-

magnetic field are

V (LrF*) =0 “)
combined with the Bianchi identities
V,(xF*) = 0. 5)

The electromagnetic field can be fully determined, where
* denotes the Hodge dual. Therefore, in nonlinear elec-
trodynamics, different electromagnetic Lagrangians £(&)
lead to distinct spacetimes and electromagnetic fields [38,
52]. In particular, the Hayward black hole can be con-
structed as a purely magnetically charged black hole with
Lagrangian density [38]

6 (L2F):

== 6
L2 [1+ QL) P ©

where the Hayward parameter L>0 is a length-scale
parameter [36] related to the magnetic charge ¢, of the

1
Hayward black hole through ¢ = 3 V/12L, with ry=2M

denoting the Schwarzschild radius [38]. Consequently,
the Hayward metric is given by

ds? = —f(df + 71 (dr? + 72 (d6? +sin*6d¢?),  (7)
with the lapse function as given in [34]
0 P L (8)
= Pard? -
. . r3r2
For the subsequent discussion, we define g(r) := PIPYEE

This Hayward black hole indeed avoids the intrinsic sin-
gularity at its center, s%nce as r — 0, the lapse function

;
behaves as f(r) — 1 - 12

ter spacetime core with finite curvature. At spatial infin-

exhibiting the form of a de Sit-

ity, as r— oo, f(r)—>1- rf, matching the asymptotic
form of the Schwarzschild spacetime.

To analyze the horizon structure of the Hayward
black hole, we rewrite the lapse function f(r) in polyno-
mial form: [50]

ryr? P5(r;ry, L)
= l - = — s 9
U r3+r,L? r3+r,L? ©)
where
Ps(ryrg, L) :=1 —r? + 1,7, (10)

which is an ordinary cubic polynomial. To find its roots,
a standard technique is to shift the variable r via
r
r=x+—=, which transforms P; into a polynomial in x
with the quadratic term absent:
8 83

Pi(x;r, L) =x*—=x-22

4 4’ (b

where the coefficients g, and g; are given by

g =P (1 E) s L (1B
g3 7% sy \Utn)Tyme )
(12)
with the constant L, defined as
2
Ly= ﬁr‘ ~0.272r,. (13)

According to [53], the discriminant of the cubic polyno-
mial in Eq. (11) is given by
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. (14)

e (8 (8 B -]

and the sign of the discriminant A, determines the nature
of the roots as follows [50]:

e For A. >0 (L < V2L,), there are three distinct real
roots: two positive and one negative;

e For A, =0(L=0,V2Ly), there is one positive
double root and one distinct negative root;

e For A, <0 (L> V2L), there is one negative root
and a pair of complex conjugate roots.

Therefore, a Hayward black hole possesses an event
horizon only if A, >0, thatis, 0 < L < V2L,. The horizon
radius is determined by solving the equation

4x3 —grx—g3=0. (15)

. o 8 . :
Using the substitution x = 4/ fcosa, the equation sim-
plifies to

L2
4cos3oz—3cosa/—<1——2) =0. (16)
L
Using the trigonometric identity
4cos’a—3cosa—cos3a=0, (17)
we further obtain
L2
Cos3a/:l—P. (18)

0

2
L
real. The general solution can be written as

For A, >0, we have -1 <1-— <1, ensuring that « is

LZ
3a=arccos(1 ——) +2nm, n=0,1,2.
LO

(19)

The outermost root, which corresponds to the event hori-
zon, is obtained for n = 0, yielding

&2 1 ( Lz)
X=4/=cos@, «a= = arccos 1——2 .
3 3 L

Finally, transforming back to the original variable, the
event horizon radius of the Hayward black hole is

(20)

2

L2
i)

B. Analogue gravity from the GP theory

) 1
g = %(2005a+ 1), a= garccos (1 -

Returning to the construction of the acoustic black
hole in relativistic GP theory [26], we consider fluctu-
ations of a complex scalar field ¢. The action of GP the-
ory is given by [54, 55]

b
S = / d*xv-g (Iamolz +m’lgl’ - §|<,0|4> N 2))

where b is a constant and m? is a temperature-dependent

parameter that governs the behavior of the system near
the critical temperature 7., scaling as m> ~(T —T,). In a
static background spacetime with metric

dsp, = gudf® + g dx® + gy, dy* + g.d2%. (23)
The equation of motion for ¢ follows as
O¢ +mg = blelp =0, (24)

1
where O¢ = fga“ (v—8¢"d,¢). Using the Madelung

representation ¢ = Vp(x,0)e™ ", the complex field ¢ can
be separated, and the equation of motion (24) decom-
poses into its real and imaginary parts. The real compon-
ent yields the Euler equation

1

e \/— 8, (V=88"8,\p) — " (8,6)(8,0) + m* —bp = 0,

(25)

where the first term corresponds to the quantum potential,

07

here, this quantum potential term is neglected [26].
Meanwhile, the imaginary part takes the form

. In the long-wavelength approximation adopted

\/_,,(\/_gﬂu/'ae)jqu(a L VP) (0,0)=0,  (26)
which simplifies to the continuity equation.
0, (V=2¢"pd,0) = (27)

\/_

Consider small fluctuations (p;,8,) abouta back-
ground configuration (pg,6,), i.e., p=po+p; and
0 =6y +0,. Linearizing Egs. (25) and (27) yields, at lead-
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ing order,

bpy = m* = g"(8,60)(0,80) = m’* (28)

— v,

where v, is defined by v, := -0,6, and v; := 9,6,. At sub-

leading order, we obtain

gn(C? - Vivi)

with ¢ :=

1
—d -GG"0,0, ) = (29)
gt (v-65700)

which is a relativistic d'Alembertian equation for the
phase fluctuation 6, (i.e., the phonon) propagating in an
effective curved spacetime described by the effective
metric G,,,, which is

; (30)

1
Ebpo. It is evident that the effective metric G,, depends on both the background spacetime ds;, and the fluid

four-velocity v,. When the four-velocity has only nonzero ¢ and » components, namely, v; # 0, v, # 0, and vy = v4 =0, the

effective metric can be further reduced to [26]:

g3 —v,v")
g _ Cs —ViVr grr(
Ao R 0
0

To proceed, we diagonalize the effective metric using the

coordinate transformation (d7— 2 -dr) = dr. Tmpos-

-V,
ing the condition g,g,, =—-1 on the background space-

time, the effective line element becomes

c

2 r
—VV
ds? =¢; /¢ 2y, 7g,,dt2
€2 =y,
2

+ rg,.,drz =+ g%d@z + g¢¢d¢2) . (32)

2=y

Thus, the analogue gravitational metric emerging
from the relativistic GP theory is derived.

C. Acoustic Hayward black hole

We now embed the effective metric in Eq. (32) into
the Hayward background spacetime described by Eq. (7).
This corresponds to studying the acoustic black hole
arising in a fluid governed by GP theory in the vicinity of
a Hayward black hole. In other words, we construct the
acoustic Hayward black hole. To determine the effective
metric in analogue gravity, the four-velocity of the fluid
must be specified. In this paper, we consider a fluid that
starts at rest at infinity and undergoes radial free fall out-
side a Hayward black hole. Thus, the radial component v,
corresponds to the escape velocity from a given radius 7,

-V, 0 0
2 —vp') 0 0
(€29)]
0 ggy(cf =V, 0
0 0 2os (2 =V, M)

Vg(né, where £ >0 acts as a tuning

parameter whose range for the existence of an acoustic
2

2 2
m?—1 is obtained. At

and is given by v, =

horizon will be discussed later. Upon rescaling m — —
V,“

2¢%°

the critical temperature of GP theory, where m?* vanishes,

and v,V = ——, the relation v,* =

1
it follows that v,»* = —1. Setting ¢s = V3 for conveni-

ence and substituting the four-velocity and the Hayward
background spacetime (7) into the effective line element
(32), we obtain the line element of the acoustic Hayward
black hole as

P = =F(1dP + ——dr’ +r7(d¢* +sin’6dg?),  (33)
F(r)
where
rer? >{ rer? < rr? )}
=(1-— -6 =57 '
F ( r3+rL2 r3+rl? r+r[?

(34

Using the definition of g(r) given in Eq.(8), this can be
written more compactly as
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F(r)=(1-g(n)[1-£g(r(1-gm)]. (35)

We can see that the acoustic Hayward black hole de-
scribed by Eq. (33) reduces to the original Hayward black
hole, Eq. (7), in the limit £ — 0. Conversely, as & — oo,
the acoustic Hayward black hole fills the entire space-
time, as will be examined in more detail in the sub-
sequent discussion.

The acoustic horizon is determined by solving
¥ (r) = 0. The vanishing of the first term in Eq. (35) gives
the horizon of the background Hayward black hole, Eq.
(21), while setting the second term to zero gives the
acoustic horizon of the acoustic Hayward black hole,
which satisfies

1-¢£g(r)(1-g(n) =0. (36)
This can be simplified to
1 1 1
g(r)_ii Z—g (37
1 1 1 . .
We define 3% 1~ £ :=A:. This result also imposes

the constraint £ > 4 for the existence of an acoustic black
hole. Substituting the expression for g(r) defined in Eq.
(8) into Eq. (37), we obtain the following cubic equation
for the acoustic horizon radius 7:

rs
P2+ ?=0,
+

(38)

which has a form similar to that of the Hayward horizon
equation (10). Therefore, we can apply the same method,
making the substitution r = x+ 5 to eliminate the quad-
ratic term. After this transformation, Eq. (38) becomes

X - rf X+ (r L’ - ng
322 * 2723

>:x3—&x—&:0,

e (39)

where the coefficients g, and 23 are defined as follows:

. 4r?
8275270
8rl ( L? ) 1 3 ( L? >
93 = S l - == =—(2,)2 1 - = N 40
83 270 (L) 27 (82) (L) (40)
> 2 - L
and L. = a0 Similarly, the discriminant of the cu-

bic equation is

L2\’
- (L)z) '
41

(&)
T 16

S(8) (22

The acoustic horizon exists only when 0<L< V2L.,
which ensures that the discriminant satisfies A, > 0. Fol-
lowing the same procedure as in Eq. (16) to Eq. (19), the
solutions for x are given by

X =

g 1 L?
%cos&i, . = garccos (l - (Z¢)2> . (42)

Finally, the acoustic Hayward horizons are obtained as

r’_ = s

T34,

(1+2cosa.). (43)

1
Given that 0<A_< 3

equality holding at £ =4, corresponding to the extremal
acoustic Hayward black hole. Moreover, when the Hay-
ward black hole and the acoustic black hole are con-
sidered simultaneously, the conditions A, >0 and A, >0
imply 0 < L< V2L,. To compare the relazttive sizeszof rH
L. 1- £ 1
Ly (L.)?

gives cosa < cos@., which guarantees that the acoustic
horizons r, always lie outside the Hayward horizon ry, as

expected. In summary, we find that

<A <1, we have 7, >r, with

and 7, note that the relation -1 <1-—

r,>r > ry. (44)

The Hayward horizon and acoustic horizons are illus-
trated in Fig. 1. Without loss of generality, we set r, =1
in the following discussion. In the left panel, with £ =5
fixed, we show how the horizon radii vary with the Hay-
ward parameter L. One can see that », > r_ > ry and that
the Hayward black hole exists for 0 < L < V2L,. In the
right panel, with L = L, fixed, we plot the horizon radii as
functions of the tuning parameter ¢ The acoustic hori-
zons r), exist for £ >4, and the case £ =4 corresponds to
the extremal acoustic black hole, as noted earlier. In the
limit £ — oo, we have 7, — oo, indicating that sound can-
not escape from the entire spacetime, which is consistent
with the preceding discussion. In summary, for £ >4 and
0 < L < V2L, the analogue metric embedded in the Hay-
ward spacetime partitions the spacetime into four regions:

® r < ry: the interior of the Hayward black hole;
® ry<r<r.: aregion from which light can escape

and sound can also escape, but sound cannot be detected
by an observer outside this region;
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Fig. 1. (color online) Horizon structure of the acoustic Hayward black hole. Left panel: radii of the outer acoustic horizon r} , inner

acoustic horizon r~, and Hayward horizon ry as functions of L at fixed &£=5. The vertical dashed line indicates the critical value
L = V2Ly. Right panel: the same horizon radii as functions of & at fixed L = Ly. The vertical dashed line marks the critical value & = 4.

® / <r<r,: aregion from which light can escape
but sound cannot;

® r>r,: a region from which both light and sound
can escape.

In the subsequent analysis, the acoustic horizon is
identified as the outer horizon r/,.

III. ACOUSTIC BLACK HOLE SHADOW

We begin by investigating the acoustic shadow of the
acoustic Hayward black hole. In analogue gravity, sound
rays follow the null geodesics of the acoustic metric [8].
Consequently, an acoustic black hole also exhibits an
acoustic shadow for a distant observer. The formation of
such a shadow can be understood with the aid of Fig. 2.
The grey region represents the acoustic black hole, and
the rightmost point corresponds to the observer. The ob-
servation of the acoustic black hole by the observer can
be described in terms of null geodesics. As illustrated,
these null geodesics fall into two categories: those shown
in blue and those in green. The blue geodesics are ulti-
mately captured by the acoustic black hole, whereas the
green ones, though deflected, manage to escape. The
boundary between captured and escaping trajectories is
defined by the red geodesics, which play a pivotal role in
the formation of the acoustic shadow. In what follows, we
therefore concentrate our analysis on this particular class
of critical null geodesics.

For geodesics, the Lagrangian takes the following
form:

1

aLm=%gWWV= (=F(P+F (i +r°¢%). (45)

N

The equations of motion are obtained from

(5)

Along null geodesics, the following condition is satisfied:

d

oL
=0
da

Fp (46)

G X =-F (NP +F 1 (nNit+r¢* = 0. (47)

We consider null geodesics in the equatorial plane, i.e.,
b
0 = 5 .
The observer perceives the surrounding space as Euc-
lidean [56]; thus, the shadow radius corresponds to rs, as

determined by the tangent to the red geodesic, as shown
in Fig. 2. Moreover, the relation between rs and ro 1s

/G ssd d
rs =tana ro = gg—ffdf i} ro = \/r3F (ro) £ . ro (48)
¢ .
where 4 can be obtained from Eq. (47).
W _0_ (it )
Pt F(r) 7 Fr)) (49)

where 7 and ¢ are determined by the 7 and ¢ components
of the Lagrange equations (46), respectively. These
quantities are related to two constants of motion along the
red geodesic, expressed as

E=F(i, L=r. (50)

Hence, ar

can be expressed in terms of £ and L as
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Acoustic
Shadow rg

Acoustic

Sphere 5

Fig. 2.

Observer

(color online) Schematic of the acoustic black hole shadow. The central gray circle denotes the acoustic black hole, which is

surrounded by an acoustic sphere (yellow circle) of radius r5. Null geodesics emitted from the observer on the right are grouped into
three families: blue trajectories captured by the acoustic black hole, green trajectories that escape after deflection, and red critical
geodesics that determine the acoustic shadow between the captured and escaping paths.

=

o _ (Ej 2 ) .
i Lzr F(r) . (628
Substitution of this result into Eq. (48) yields
E? 1} ) -2
rs = (E?‘-(ro)_l ro, (52)
where 71 fixed by an additional property of the critical

red geodesic: for such an orbit, the minimum distance
from the acoustic black hole should equal the radius of
the acoustic sphere, r,, as shown in Fig. 2, which depicts
the circular null geodesics around the acoustic black hole
[56]. This condition implies

dr E? 2
=<iri—‘7‘—(l’,\)> rA:O,
rA

@ (53)

where r, denotes the radius of the acoustic sphere. Then,

substituting
(2)
L

_ F(ra)
o (54)
into Eq. (52) gives

1>_é o= (T(lro) ¢£}ZA) - %)‘i_ (53)

For an observer at infinity, ro — oo, and F(ro) > 1. As a
result,

_ (T(VA) é _
ST\Feo R

F(ra) _%_ A
=5 - e

The final quantity to determine is the radius of the acous-
2

tic sphere, r,. This can be obtained by evaluating d7>2 on
dr

the acoustic sphere, which is done by differentiating 7

On the acoustic sphere, r is constant, so this second deriv-

ative must vanish, i.e.,

1

el [((E?, )f 1((15)2 , )5
i, " K(L)zr T e
By, g ) } dr _
X((L)22r F'(r))r a6 =0, 57
where gy:and L also clearly satisfy Eq. (53), and
F'(r) = # Therefore, r, is the solution of

2F (ra) —ra¥'(ra) =0, (58)

which can be solved numerically using Mathematica. In
general black hole spacetimes, multiple photon (acoustic)
spheres can exist, complicating the analysis. For the
acoustic Hayward black hole, however, only one acous-
tic sphere exists outside the event horizon. Substituting
this solution into Eq. (56) yields the radius of the black
hole shadow, rs, as illustrated in Fig. 3, where we plot the
shadow radius rg, the largest acoustic sphere radius r4,
the horizon radius r,, and the second-largest acoustic
sphere radius r,, as functions of the parameter ¢. It can
be observed that the largest acoustic sphere lies outside
the event horizon, while the second-largest one lies in-
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Fig. 3.
ciated radii as functions of ¢ for fixed L= L,. The acoustic

(color online) Acoustic black hole shadow and asso-

shadow radius rs, acoustic sphere radius rs, acoustic horizon
., and second-largest acoustic sphere radius ra, are plotted
from the critical value ¢ = 4 onward.

side, as mentioned earlier. Moreover, starting from ¢ =4,
as ¢ increases, rs, ra, and 7, all increase monotonically,
with the order rs > rn >, maintained throughout.

Given that the acoustic Hayward black hole is spher-
ically symmetric, once the shadow radius rg is obtained,
the approximate image of the black hole shadow can be
constructed. By defining rs = /a?+5?, the shadows are
plotted in the (@,B) plane for different parameter choices,
as shown in Fig. 4. In the left panel, with L = L, fixed, we
plot the acoustic shadow for different values of the tun-
ing parameter ¢ =4,5,6,7. As & increases, the black hole
shadow also expands. In the right panel, with £ =5 fixed,
we plot the acoustic shadow for different values of the

Fig. 4.
with an inset showing a magnified view of a local region.

Hayward parameter L=0,%,L, V2Lo. The variation in
the acoustic shadow with respect to L is relatively small.
To highlight this subtle trend, an inset is included, which
reveals a slight decrease in the acoustic shadow as L in-
creases. The variation of the acoustic shadow with re-
spect to & follows the same pattern as in the acoustic
Schwarzschild and charged black hole cases [29, 30],
while its dependence on L is consistent with that ob-
served for the Hayward black hole [57].

IV. COVARIANT SCALAR FIELD EQUATION
AND THE EFFECTIVE POTENTIAL

Another important property of black holes is their in-
fluence on the fields in their vicinity. For instance, black
holes can affect the propagation and decay of fields, as
manifested in the behavior of QNMs, and can also influ-
ence the greybody factor and energy emission rate associ-
ated with Hawking radiation. All these phenomena can be
studied by solving the equations for test fields near the
black hole. Therefore, it is first necessary to derive the
covariant field equations in the black hole background.
Then, for different physical processes, appropriate bound-
ary conditions are imposed, and the resulting equations
are solved accordingly. For acoustic black holes, the fluc-
tuation of the phase 6; in Eq. (29) is a massless scalar
field y, i.e., the phonon, satisfying

9,(V66"aw) =0.

_— 59
Nar 9

Using the standard separation of variables, we write

/" 11.900
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1890——o | \
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(color online) Acoustic shadow patterns for different values of & and L. Left panel: L = L is fixed. Right panel: ¢ =5 is fixed,
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.
wer0) =3 0y, 6.0) (60)

Im

which forms a complete basis. Substituting this ansatz in-
to Eq. (59) and summing over all components yields

?2 dw-¢< )T 0, (61)

where a prime denotes differentiation with respect to 7.

Introducing the tortoise coordinate defined by
ey
dr, = F-'dr, the first two terms combine to give PR
The equation then simplifies to ’
2‘P 1
o v ?(W+) )w:a (62)
a2 r? r
Defining the effective potential as
I(I+1
vy =7 (107 @)

The covariant equation reduces to a Schrddinger-like
equation

ey
—+

a2 (u) —V(r)) (64)

The influence of a black hole on a scalar field is
largely determined by the form of the effective potential
V(r), shown as a function of » in Fig. 5 and Fig. 6, with
the Hayward parameter fixed at L =L, in all cases. In
Fig. 5, the angular quantum number is set to /=0 in the
left panel and /=1 in the right panel, allowing a compar-
ative study of the effective potential V(r) for different
values of the tuning parameter, & =0,4,5,6, where £ =0
corresponds to the Hayward black hole. In Fig. 6, the tun-

V(r)

0.10

0.08

0.06

0.04

0.02

Fig. 5.
with fixed L = Ly. Left panel: fixed /= 0. Right panel: fixed /=1.

ing parameter is fixed at £ =5 in the left panel and £ =6
in the right panel, illustrating the dependence of the ef-
fective potential on the angular quantum number /.

In both figures, the effective potential vanishes at the
acoustic horizon, marked by the vertical dashed line, ex-
hibits a barrier-like profile outside the horizon, and
asymptotically tends to zero at large . In Fig. 5, as ¢ in-
creases, the peak height of the potential barrier decreases.
Moreover, the location where the potential vanishes,
which corresponds. to the acoustic horizon, shifts out-
ward to larger radii, in agreement with the earlier analys-
is. In Fig. 6, the peak of the effective potential increases
with /, while the position at which the potential vanishes
remains unchanged, since the radius of the acoustic hori-
zon is independent of the angular quantum number /. The
influence of the parameter ¢ and the angular quantum
number / on the effective potential discussed above will
manifest in the subsequent analyses of QNMs and Hawk-
ing radiation.

V. QUASINORMAL MODE FREQUENCIES

Once the Schrodinger-like equation (64) and the ef-
fective potential in Eq. (63) are established, both the
QNMs and Hawking radiation can be investigated. We
first consider the computation of QNMs. The physical
process associated with QNMs can be understood as a
"knock" or perturbation outside the black hole, and a
QNM, characterized by the complex frequency w, gov-
erns the propagation and decay of this perturbation. In the
wave function y (59), the temporal dependence takes the
form e~/ = lm@rg=Re(@) "wwhich implies that:

e The imaginary part, Im(w), determines the decay
(or growth) rate, with Im(w) <0 corresponding to a de-
caying mode.

® The real part, Re(w), gives the oscillation fre-
quency, corresponding to the propagating mode, and is
typically taken to be positive, Re(w) > 0.

V(r)
04!

03

0.2
0.1

V0

-0.1

--bae

(color online) The effective potential V(r) as a function of the radial coordinate r for several values of the tuning parameter &,
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(color online) The effective potential V(r) as a function of the radial coordinate » for several values of the angular momentum

number /, with L = Ly fixed. Left panel: fixed ¢ = 5. Right panel: fixed £=6.

Accordingly, the appropriate boundary conditions for
the wave equation are as follows:

e At the event horizon (r. —» —c0), the waves are
purely ingoing, ¥ ~ e~

e At spatial infinity (r. — +o0), the solutions are
purely outgoing waves, ¥ ~ et

A. The WKB method

Due to the complexity of the effective potential (63),
we employ the WKB method [58] to compute the QNMs
numerically and validate the results using the asymptotic
iteration method (AIM) [59, 60]. The WKB method is
based on performing a WKB expansion of ¥ near the
event horizon and at spatial infinity, i.e., for r, — oo [61,
62]. A Taylor expansion of Q@)= w?=V(r) is carried
out around the peak of the effective potential, allowing ¥
to be expressed in terms of parabolic cylinder functions
D,, where

(65)

where Qo= 0|, is the maximum value of Q(r.),

, d
Qo_dr

Explicit*expressions for A,,As can be found in [63], those
for Ay — Ag in [64], and those for A; — A5 in [65]. The in-
teger N is referred to as the WKB order. By analyzing
this solution asymptotically and matching it to the WKB
expansions, the scattering matrix (S matrix) can be de-
rived [61]. The boundary conditions for QNMs require
that T'(—v) in the § matrix be singular. Consequently, v
must be an integer. Eq. (65) therefore gives the WKB for-
mula for w:

Qo, and A; are higher-order correction terms.

i(w? = Vo)

W_

ul 1
ZAi=n+§, n=0,1,2,---  (66)

i=2

where n is called the overtone number. We use the Math-
ematica code provided in [58] to compute the QNMs. The
results.converge well in the sixth-order WKB approxima-
tion; nevertheless, we carry out the calculation up to ninth
order to improve accuracy.

The results for the tuning parameter ¢ < 10 are shown
in)Tabs. 1, 2, and 3, where Tab. 1 corresponds to the
mode n=0,/=0, Tab. 2 to n=0,/=1, and Tab. 3 to
n=1,l=1.In each table, we present the QNMs com-
puted using the ninth-order WKB method and AIM.

The universal properties of the QNM frequencies are
summarized as follows:

e In all modes, the real part satisfies Re(w) >0, and
the imaginary part satisfies Im(w) < 0, indicating that the
acoustic Hayward black hole remains stable under per-
turbations for small & as established earlier. This is con-
sistent with the behavior of the Hayward black hole [47,
66].

e The QNM amplitudes of the acoustic Hayward
black hole with ¢ > 4 are significantly smaller than those
of the Hayward black hole with £ = 0. This indicates that

Table 1. QNM frequencies of the acoustic Hayward black
hole, computed for 0<¢<10 in the n=0,/=0 mode. Left
column: ninth-order WKB results. Right column: AIM valida-

tion.

14 9th-order WKB AIM

0 0.229004 - 0.194160i -

4 0.056704 —0.038036i -

5 0.046820 —0.033090i 0.046997 —0.033164i
6 0.039084 —0.029403i 0.039107 —0.029420i
7 0.033356 —0.026193i 0.033321-0.026143i
8 0.029382 - 0.023358i 0.028989 -0.023417i
9 0.025671-0.021313i 0.025642-0.021161i
10 0.022958 —0.019425i 0.022983 - 0.019279i
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Table 2. QNM frequencies of the acoustic Hayward black
hole, computed for 0<¢<10 in the n=0,/=1 mode. Left
column: ninth-order WKB results. Right column: AIM valida-

tion.
14 9th-order WKB AIM
0 0.600961 —0.183503; -
4 0.164347 —-0.034759i -
5 0.127850-0.031791i 0.127850-0.031791i
6 0.104689 —0.028027i 0.104689 — 0.028027i
7 0.088693 —0.024794i 0.088693 —0.024794i
8 0.076965 —0.022141i 0.076965 — 0.022141i
9 0.067990 —0.019965i 0.067990 — 0.019964i
10 0.060896 —0.018160i 0.060896 —0.018160i
Table 3. QNM frequencies of the acoustic Hayward black

hole, computed for 0<£<10 in the n=1,/=1 mode. Left
column: ninth-order WKB results. Right column: AIM valida-

tion.

9th-order WKB

AIM

¢
0
4
5
6
7
8
9

10

0.549237 - 0.569090i
0.153030-0.106792i
0.121258 - 0.097278i
0.098970 - 0.086232i
0.083434 -0.076551i
0.072068 — 0.068514i
0.063427 -0.0618851
0.056634 —0.056364i

0.121258-0.097278i
0.098966 —0.086231i
0.083427 - 0.076548i
0.072074 - 0.068519i
0.063432 -0.061889i
0.056639 —0.056368i

the QNM signals are weaker in an acoustic black hole
than in an astrophysical black hole, which is consistent
with previous findings [29, 30].

e As ¢ increases, the real part and the magnitude of
the imaginary part of the QNMs decrease. This means

that both the oscillation frequency and the decay rate de-
crease, which can be attributed to the suppression of the
effective potential and the alteration of the spacetime
geometry as ¢ increases, as shown in Fig. 5 and Eq. (34).
This decrease persists for £> 10, as will be shown in
Figs. 8 and 7.

e In each table, the results obtained using the AIM
and WKB methods show only minor discrepancies, con-
firming the accuracy of the WKB calculations.

In addition to presenting the values of the QNMs for
£ > 10, we further investigate their behavior at larger ¢ for
different overtone numbers n and angular momentum
numbers /, as illustrated in Figs. 7 and 8. In Fig. 7, with n
fixed at 0, the dependence of the QNMs on ¢ is plotted
for 1=0,1,2,3. Conversely, Fig. 8 shows the evolution of
the QNMs with ¢ for n=0,1,2,3, while keeping /=1
fixed. Inboth figures, the left and right panels display the
real and imaginary parts of the QNMs, respectively.

The following conclusions can be drawn from these
figures:

e In Figs. 7 and 8, it is evident that, for all combina-
tions of n and / considered, the real part of the QNM fre-
quencies remains positive, while the imaginary part re-
mains negative. This indicates the stability of the acous-
tic Hayward black hole. Moreover, both the real and ima-
ginary parts tend toward zero as ¢ increases, consistent
with the preceding discussion.

e In Fig. 7, as the angular momentum number / in-
creases, the real part of the frequency increases, and the
magnitude of the imaginary part of the frequency de-
creases. This trend is attributed to the corresponding re-
duction in the effective potential for higher /, as shown in
Fig. 6.

e In Fig. 8, as the overtone number # increases, the

Re(w

0.30( ) Tm(w)
20 40 60 80 100 ¢
0.25 10
0.20 -0.005 -
0.15
-0.010

0.10
0.05 -0.015 " |

’ ~00051| _—

-0.0052
‘ ‘ ‘ ¢ 400 405 410 415 420
20 40 60 80 100 -0.020 -
Fig. 7. (color online) QNM frequencies as functions of & for different angular numbers / at fixed n = 0: real parts (left panel) and ima-

ginary parts (right panel). A magnified view is shown in the inset of the right panel.
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Fig. 8.

imaginary parts (right panel).

real part Re(w) decreases, while the magnitude of Im(w)
increases. This indicates a reduction in the oscillation fre-
quency together with an enhanced damping rate, consist-
ent with the behavior of other acoustic black holes [29,
30].

B. The eikonal limit

The WKB method can be used not only to numeric-
ally calculate the QNM frequencies but also to-reveal the
geometric correspondence between QNMs and unstable
circular null geodesics in the eikonal limit [67]. In the
eikonal limit (/> 1), the effective potential in Eq. (63)
becomes

(67)

According to Eq. (66), the first-order WKB formula is

i(w* = Vo) 1

N7

=0,1,2,
2 n
where V, = V|, is the extremum of the effective poten-

(68)

tial, and V= JVO. Furthermore, ry is actually the radi-

us of the acoustic sphere r,, since it also satisfies the con-
dition (53). In the eikonal limit, the QNM frequency can

1
be written as w = IQ,;—i(n+ 5) |4 [67], where the spe-

cific meanings of the coefficients will be explained later.
Thus, the QNM frequencies can be obtained as

() 7
"2 )\ 27 )

Moreover, from Egs. (50), (54), and (56), we note that the
coefficient of / satisfies

F(ra)
2

T'a

=1

( & F)

dr2 2

r=rp

(69)

(color online) QNM frequencies as functions of & for different overtone numbers n at fixed /=1:

Im(w)

/29,
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-0.20 -

real parts (left panel) and

Fra) _ L Fow _1_ 9 70

r's t

X X B
which coincides with the definition of the angular velo-
city Q. of the acoustic sphere. Moreover, the coefficient

of the term —i(n+ 5) is identified as the Lyapunov expo-

nent 4, which reflects the instability of the acoustic sphere
since or(r) ~ et [67, 68]. After simplifying the expres-
sion for the Lyapunov exponent, one obtains the relation-
ship between the QNMs and the acoustic sphere (and the
acoustic shadow) as

1
a):ch—i<n+ 5) [1], (71)

where the expressions for the angular velocity Q. and the
Lyapunov exponent / are

, &*F |rA}

TR

F(ra) {271(”/&)

2
2ry

(72)

Note that, in the rotating black hole case, the loss of
spherical symmetry leads to a slightly different form of
this formula [68, 69]. Based on the analysis of the acous-
tic sphere and acoustic shadow in Sec. III, we computed
the QNM frequencies in the eikonal limit and compared
the results with those obtained using the 9th-order WKB
approximation. We varied / from 200 to 800 and present
the relative errors of the real and imaginary parts ob-
tained by the two methods in Tab. 4. The results confirm
that, in the eikonal limit, the relation between the acous-
tic shadow (and acoustic sphere) and QNMs remains val-
id for acoustic Hayward black holes. Both the real and
imaginary parts of the QNM frequencies obtained in the
eikonal limit exhibit only minor deviations from the
WKB results, and these errors continue to decrease as /
increases, thereby verifying the validity of the corres-
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Table 4. QNM frequencies in the eikonal limit and their relative errors with respect to the WKB method, for / ranging from 200 to
800 and n=0.
/ 9th-order WKB Eikonal Limit Are Arm

200 16.86838 —0.03153i 16.82630—-0.03153i 0.2494 % 0.0000489 %

300 25.28152-0.03153i 25.23945-0.03153i 0.1664 % 0.0000218 %

400 33.69467-0.03153i 33.65260 - 0.03153i 0.1249 % 0.0000123 %

500 42.10782—-0.03153i 42.06575—-0.03153i 0.0999 % 0.0000079 %

600 50.52097 - 0.03153i 50.47890-0.03153i 0.0833 % 0.0000055 %

700 58.93412-0.03153i 58.89205 -0.03153i 0.0714 % 0.0000040 %

800 67.34727-0.03153i 67.30520-0.03153i 0.0625 % 0.0000031 %

pondence in Eq. (71).

VI. ANALOGUE HAWKING RADIATION

In addition to QNMs, Hawking radiation can also be
studied by solving the covariant field equations (64). As
with conventional black holes, acoustic black holes emit
analogue Hawking radiation and, correspondingly, pos-
sess an analogue Hawking temperature [11]. The underly-
ing physical process of Hawking radiation can be under-
stood as a wave originating near the horizon, which is
then scattered by the effective potential. Part-of the wave
is reflected back, while another part tunnels through the
potential barrier and reaches spatial infinity. Thus, Hawk-
ing radiation can be formulated as a scattering problem
with the following boundary conditions:

e Near the event horizon (r,— —c0),
Y = e + Ry(w)e

e At spatial infinity (r, > +o), we have
Y = Ty(w)e .

Here, R/ (w) and T,(w) denote the reflection and trans-
mission coefficients, respectively, which depend on both
o and [ and satisfy the relation |R;(w)|* +|T)(w)* = 1. The
grey-body factor A;(w) for analogue Hawking radiation
is exactly the transmission coefficient, yielding
A (W) = 1 = |R(w)|* = |T)(w)|?. Therefore, the grey-body
factors can be obtained by imposing the scattering bound-
ary conditions on the aforementioned S-matrix [61, 63],
namely

. -1
|ﬂ[(0))|2 — |Tl(a))|2 — Sg]] — (1 +e2m(nl(w)+%)> , (73)

where the relation between the overtone number » and w
can be obtained from Eq. (66). The grey-body factors can
then be computed numerically using the WKB method
[58, 70], VEVhiCh modifies the black-body radiation spec-

gb

dr

E
trum as = |ﬂ1|27bd. Accordingly, the energy emis-

sion rate for analogue Hawking radiation is given by [7,
71]

dE dw
= E 21+1 2 — 4
dr l ( I+ )lﬂ[(w)| eﬁ—l 27'[7 (7 )
where Tthe analogue  Hawking temperature is
’ r/
Ty=- ( +). Fig. 9 presents the dependence of the ana-

4n
logue Hawking temperature on ¢ and L. In the left panel,

with L fixed at Lo, the temperature initially increases with
¢ for £ >4 and then decreases. The initial rise is attrib-
uted to changes in the effective potential peak and the en-
ergy emission rate, whereas the subsequent decline res-
ults from the alteration of the spacetime geometry. In the
right panel, with & fixed at £ =5, the analogue Hawking
temperature decreases as L increases over the range
0< L< V2Ly. This reduction similarly arises from the
suppression of the energy emission rate, which will be
discussed in detail later.

The grey-body factors and energy emission rates for
the analogue Hawking radiation of the acoustic Hayward
black hole are calculated using the 6th-order WKB ap-
proximation, as shown in Figs. 10, 11, and 12. In these
figures, the left panels show the grey-body factors, while
the right panels display the energy emission rates, both
plotted as functions of the frequency w for different val-
ues of the angular momentum number /, the parameter &,
and the Hayward parameter L. Specifically, Fig. 10 cor-
responds to fixed parameters £ =5 and L = Ly, with res-
ults displayed for different values of /=0,1,2,3. Fig. 11
shows the behavior for L =L, and /=1, considering dif-
ferent values of £ =4,5,6,7. Meanwhile, Fig. 12 displays
the results for fixed /=0 and & =5, showing the depend-

1
ence on L with values L =0, ELO’LO’ and V2L,.

Based on the presented results, the following conclu-
sions can be drawn:

e In all cases, the grey-body factors for each mode
begin at zero in the low-frequency limit and asymptotic-
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0< L< V2Ly with £ =5 (right panel).
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(color online) Analogue Hawking temperature as a function of & for ¢ >4 with L= Ly (left panel), and as a function of L for
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(color online) Greybody factor (left panel) and energy emission rate (right panel) as functions of @ for different values of /,

with £ =5 and L = L,. The inset in the right panel shows a logarithmic plot of the emission rate, highlighting the detailed features.
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with /=0 and L= L.

ally approach unity as the frequency increases. This trend
reflects the fact that higher-frequency particles possess
greater energy, making them more likely to tunnel
through the potential barrier. Similarly, for every mode,
the energy emission rate exhibits a distribution analog-
ous to the blackbody radiation spectrum: it vanishes in
both the low- and high-frequency limits, with a single
peak occurring at intermediate frequencies. This behavi-

A2E
dtdw
0000030 ||
0.000025 - —&=
—£=5
0.000020
—£=6
0.000015 - o7
0.000010
5x107°
0.1 02 03 04”

(color online) Greybody factor (left panel) and energy emission rate (right panel) as functions of  for different values of &,

or arises because the grey-body factor approaches zero at
low frequencies, while the probability of producing high-
energy particles becomes extremely small in the high-fre-
quency regime. These findings are consistent with the
results obtained for the Hayward black hole [72].

e In Fig. 10, the left panel shows that as the angular
momentum number / increases, the grey-body factor sat-
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(color online) Grey-body factor (left panel) and energy emission rate (right panel) as functions of w for different values of L,

with /=0 and £ =5. A magnified view is shown in the inset of the left panel.

urates more slowly. This behavior can be explained by
the increase in the effective potential barrier height with /,
as shown in Fig. 6, and indicates that the dominant contri-
bution to the analogue Hawking radiation originates from
the zero-angular-momentum modes.

e In Fig. 11, for a fixed angular momentum quantum
number /, both the grey-body factor and the energy emis-
sion rate increase with & This behavior arises because a
larger value of ¢ corresponds to a lower effective poten-
tial barrier, as shown in Fig. 5.

e In Fig. 12, we examine how the Hayward paramet-
er L influences Hawking radiation:As L increases, both
the grey-body factor and the energy emission rate of ana-
logue Hawking radiation decrease slightly, which is con-
sistent with the conclusion drawn from Fig. 9. This mod-
est variation occurs because L is constrained to the nar-
row range 0<L< V2Ly, which is specific to the Hay-
ward metric.

VII. CONCLUSIONS AND DISCUSSIONS

In this paper, we constructed the acoustic black hole
within the Hayward spacetime using the relativistic GP
theory, thereby presenting the first extension of acoustic
black holes to a regular black hole spacetime. We ana-
lyzed the horizon structure of this acoustic Hayward
black hole and investigated how the acoustic and Hay-
ward horizons vary with the tuning parameter ¢ and the
Hayward parameter L. It was shown that the acoustic ho-
rizon size increases with £ but decreases slightly with L.
Based on this, we investigated the acoustic shadow of the
acoustic Hayward black hole. The formation mechanism
of the black hole shadow was explained, and its radius
was computed by analyzing the critical null geodesics.
Our results provided shadow images for different values
of £ and L, indicating that the shadow size increases with
¢ but decreases slightly for larger L.

Moreover, we analyzed the QNMs and analogue
Hawking radiation of the acoustic Hayward black hole.
By reducing the covariant scalar field equation near the
black hole to a Schrodinger-like form, the effective po-
tential was shown to exhibit a potential-barrier-like pro-
file for all parameter values considered, vanishing both at
infinity and at the horizon. In addition, the height of the
effective potential decreases as ¢ increases and rises with
the angular momentum number. These features are im-
portant for the subsequent calculation of QNMs and ana-
logue Hawking radiation.

Then, by imposing appropriate boundary conditions
on the scalar field equation, we computed the QNM fre-
quencies numerically using the WKB method. A WKB
expansion of the scalar field yields the scattering matrix,
and applying the boundary conditions to the scattering
matrix leads to a WKB expression for the QNM fre-
quency . Implementing the 9th-order WKB approxima-
tion in Mathematica, we obtained the QNMs for different
overtone numbers n and angular momentum numbers /.
These results were further validated with the AIM. It was
shown that the real part of the QNM frequency is posit-
ive and the imaginary part is negative for all modes con-
sidered, confirming the stability of the acoustic Hayward
black hole. As [ increases and n decreases, the real part of
the QNM frequency grows, while the magnitude of its
imaginary part diminishes. This trend demonstrates how
the acoustic Hayward black hole affects scalar fields of
different modes, consistent with the corresponding vari-
ations in the effective potential. Furthermore, we also
verified the relationship between the QNM frequencies
and the acoustic sphere (and the acoustic shadow) in the
eikonal limit. The results indicated that this relationship
also holds for the acoustic Hayward black hole.

Finally, by applying scattering boundary conditions to
the phonon, we investigated the analogue Hawking radi-
ation of the acoustic Hayward black hole. We examined
how the analogue Hawking temperature depends on the
parameters ¢ and L, and showed that the temperature ini-
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tially increases and then decreases with increasing &,
while it exhibits a gradual decline as L increases. Using
the 6th-order WKB approximation, we computed the
grey-body factors and energy emission rates. It was
shown that an increase in the angular momentum number
[ leads to a suppression of both the grey-body factor and
the emission rate, which is explained by the correspond-
ing change in the effective potential. Notably, the domin-
ant contribution to the analogue Hawking radiation comes
from the /=0 mode. As the parameter ¢ increases, the
grey-body factors and emission rates are enhanced, a
trend that follows the rise in temperature and is likewise
linked to the evolution of the effective potential.
Moreover, as L increases, both the grey-body factor and
the energy emission rate of analogue Hawking radiation
exhibit a slight decrease.

Our results demonstrated that the acoustic shadow
provides a directly observable quantity, offering a poten-
tial experimental probe for simulating and detecting
acoustic black holes. By analyzing the acoustic shadow,
one can effectively uncover the geometric and dynamical
properties near the acoustic horizon, thereby deepening
the understanding of gravitational effects in the vicinity
of black holes. We focused on the influence of the singu-
larity on acoustic black holes. By comparing the results
for L=0 and L>0, it was shown that the acoustic
Schwarzschild black hole exhibits a larger acoustic 'shad-
ow, a higher analogue Hawking temperature, and stronger
analogue Hawking radiation compared to the acoustic
Hayward black hole. Although the-difference is small, it
may be possible to identify the effects of L in future ex-
periments. In addition, it was shown that for both acous-
tic and standard Hayward black holes; the variation of ob-

servables with the parameter L follows a consistent pat-
tern, reflecting the intrinsic nature of Hayward spacetime.
Our work constructed an acoustic black hole model in a
singularity-free black hole background, which not only
expands the study of analogue gravity phenomena but
also explores acoustic wave propagation in complex me-
dia near regular black holes, thereby providing potential
applications for distinguishing regular black holes from
black holes with singularities in future astronomical ob-
servations via acoustic black hole effects.

Building on the current findings, several promising
directions for future research emerge. First, the construc-
tion of acoustic” black holes can be extended to other
types of regular black holes, such as those from loop
quantum gravity [73], thus enabling comparisons of the
QNMs and acoustic shadows of acoustic black holes in
different regular black hole spacetimes. Second, extend-
ing the acoustic regular black hole into the holographic
framework and studying its connection with real gravity
represents a natural and promising direction [74, 75].
Third, since astrophysical black holes are typically rotat-
ing, the acoustic black hole framework can be extended
to rotating acoustic regular black holes. It would be valu-
able to investigate acoustic shadows, QNMs, and ana-
logue Hawking radiation in rotating regular black hole
cases, with a particular focus on the correspondence
between unstable circular null geodesics and QNMs in
the eikonal limit. Finally, replacing the fluid near astro-
physical black holes with plasma accretion [33] is also a
promising direction, which will bring the model closer to
real astrophysical black holes and provide useful theoret-
ical support for future related observations.

References
[1T  B. P. Abbott et al.[LIGO Scientific and Virgo], Phys. Rev.
Lett. 116(24), 241102 (2016), arXiv: 1602.03840[gr-qc]

K. Akiyama et al.[Event Horizon Telescope], Astrophys. J.
Lett. 875, L1 (2019), arXiv: 1906.11238[astro-ph.GA]

K. Akiyama et al.[Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L12 (2022), arXiv: 2311.08680[astro-ph.HE]

[4] W.H. Press, Astrophys. J. Lett. 170, L105 (1971)

[5] C. V. Vishveshwara, Nature 227, 936 (1970)

[6] S.W.Hawking, Nature 248, 30 (1974)

[7T S. W. Hawking, "Particle Creation by Black Holes, "
Commun. Math. Phys. 43, 199-220 (1975)[erratum:
Commun. Math. Phys. 46, 206 (1976)].

[8] C. Barcelo, S. Liberati, and M. Visser, Living Rev. Rel. 8,
12 (2005), arXiv: gr-qc/0505065[gr-qc]

[91 W.G. Unruh, Phys. Rev. Lett. 46, 1351 (1981)

[10] M. Visser, Class. Quant. Grav. 15, 1767 (1998), arXiv: gr-

qc/9712010[gr-qe]

H. S. Vieira and V. B. Bezerra, Gen. Rel. Grav. 48(7), 88
(2016), arXiv: 1406.6884[gr-qc]

V. De Luca, B. Khek, J. Khoury, and M. Trodden, Phys.

[11]

[12]

Rev. D 111(4), 044069 (2025), arXiv: 2412.08728[gr-qc]

V. De Luca, B. Khek, J. Khoury, and M. Trodden, Phys.
Rev. D 113(4), 044006 (2026), arXiv: 2512.06082[gr-qc]

Z. Liu, R. Q. Yang, H. Fan, and J. Wang, Sci. China Phys.
Mech. Astron. 68(9), 290411 (2025), arXiv: 2411.15695[gr-
qc]

V. Cardoso, J. P. S. Lemos, and S. Yoshida, Phys. Rev. D
70, 124032 (2004), arXiv: gr-qc/0410107[gr-qc]

E. Berti, V. Cardoso, and J. P. S. Lemos, Phys. Rev. D 70,
124006 (2004), arXiv: gr-qc/0408099[gr-qc]

P. O. Fedichev and U. R. Fischer, Phys. Rev. Lett. 91,
240407 (2003), arXiv: cond-mat/0304342[cond-mat]

P. O. Fedichev and U. R. Fischer, Phys. Rev. A 69, 033602
(2004), arXiv: cond-mat/0303063[cond-mat]

T. J. Volkoff and U. R. Fischer, Phys. Rev. D 94, 024051
(2016), arXiv: 1603.09197[quant-ph]

S. Y. Chd and U. R. Fischer, Phys. Rev. Lett. 118(13),
130404 (2017), arXiv: 1609.06155[cond-mat.quant-gas]

O. Lahav, A. Itah, A. Blumkin, C. Gordon, and J.
Steinhauer, Phys. Rev. Lett. 105, 240401 (2010), arXiv:
0906.1337[cond-mat.quant-gas]

J. R. Muiioz de Nova, K. Golubkov, V. I. Kolobov, and J.

[13]

[14]

[15]
[16]
[17]
(18]
[19]
[20]

(21]

[22]


https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://arxiv.org/abs/1602.03840
https://arxiv.org/abs/1602.03840
https://arxiv.org/abs/1602.03840
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://arxiv.org/abs/1906.11238[astro-ph.GA]
https://arxiv.org/abs/1906.11238[astro-ph.GA]
https://arxiv.org/abs/1906.11238[astro-ph.GA]
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://arxiv.org/abs/2311.08680[astro-ph.HE]
https://arxiv.org/abs/2311.08680[astro-ph.HE]
https://arxiv.org/abs/2311.08680[astro-ph.HE]
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/227936a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://doi.org/10.12942/lrr-2005-12
https://arxiv.org/abs/0505065
https://arxiv.org/abs/0505065
https://arxiv.org/abs/0505065
https://arxiv.org/abs/0505065
https://arxiv.org/abs/0505065
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1103/PhysRevLett.46.1351
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1088/0264-9381/15/6/024
https://arxiv.org/abs/9712010
https://arxiv.org/abs/9712010
https://arxiv.org/abs/9712010
https://arxiv.org/abs/9712010
https://arxiv.org/abs/9712010
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://doi.org/10.1007/s10714-016-2082-x
https://arxiv.org/abs/1406.6884
https://arxiv.org/abs/1406.6884
https://arxiv.org/abs/1406.6884
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://doi.org/10.1103/PhysRevD.111.044069
https://arxiv.org/abs/2412.08728
https://arxiv.org/abs/2412.08728
https://arxiv.org/abs/2412.08728
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://doi.org/10.1103/5bdk-xclx
https://arxiv.org/abs/2512.06082
https://arxiv.org/abs/2512.06082
https://arxiv.org/abs/2512.06082
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://doi.org/10.1007/s11433-025-2696-3
https://arxiv.org/abs/2411.15695
https://arxiv.org/abs/2411.15695
https://arxiv.org/abs/2411.15695
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://doi.org/10.1103/PhysRevD.70.124032
https://arxiv.org/abs/0410107
https://arxiv.org/abs/0410107
https://arxiv.org/abs/0410107
https://arxiv.org/abs/0410107
https://arxiv.org/abs/0410107
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://doi.org/10.1103/PhysRevD.70.124006
https://arxiv.org/abs/0408099
https://arxiv.org/abs/0408099
https://arxiv.org/abs/0408099
https://arxiv.org/abs/0408099
https://arxiv.org/abs/0408099
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://doi.org/10.1103/PhysRevLett.91.240407
https://arxiv.org/abs/0304342
https://arxiv.org/abs/0304342
https://arxiv.org/abs/0304342
https://arxiv.org/abs/0304342
https://arxiv.org/abs/0304342
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://doi.org/10.1103/PhysRevA.69.033602
https://arxiv.org/abs/0303063
https://arxiv.org/abs/0303063
https://arxiv.org/abs/0303063
https://arxiv.org/abs/0303063
https://arxiv.org/abs/0303063
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://doi.org/10.1103/PhysRevD.94.024051
https://arxiv.org/abs/1603.09197
https://arxiv.org/abs/1603.09197
https://arxiv.org/abs/1603.09197
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://doi.org/10.1103/PhysRevLett.118.130404
https://arxiv.org/abs/1609.06155[cond-mat.quant-gas]
https://arxiv.org/abs/1609.06155[cond-mat.quant-gas]
https://arxiv.org/abs/1609.06155[cond-mat.quant-gas]
https://arxiv.org/abs/1609.06155[cond-mat.quant-gas]
https://arxiv.org/abs/1609.06155[cond-mat.quant-gas]
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.105.240401
https://arxiv.org/abs/0906.1337[cond-mat.quant-gas]
https://arxiv.org/abs/0906.1337[cond-mat.quant-gas]
https://arxiv.org/abs/0906.1337[cond-mat.quant-gas]
https://arxiv.org/abs/0906.1337[cond-mat.quant-gas]
https://arxiv.org/abs/0906.1337[cond-mat.quant-gas]

Zhong-Yi Hui, Yu-Ye Cheng, Jia-Rui Sun

Chin. Phys. C 50, (2026)

(23]
(24]

[25]

[26]

(27]
(28]
[29]
[30]
[31]

[32]

[33]
[34]

[35]
[36]

[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
(48]

[49]

Steinhauer, Nature arXiv:
1809.00913[gr-qc]

M. Isoard and N. Pavloff, Phys. Rev. Lett. 124(6), 060401
(2020), arXiv: 1909.02509[cond-mat.quant-gas]

J. Steinhauer, Nature Phys. 10, 864 (2014),
1409.6550[cond-mat.quant-gas]

J. Drori, Y. Rosenberg, D. Bermudez, Y. Silberberg, and U.
Leonhardt, Phys. Rev. Lett. 122(1), 010404 (2019), arXiv:
1808.09244[gr-qc]

X. H. Ge, M. Nakahara, S. J. Sin, Y. Tian, and S. F. Wu,
Phys. Rev. D 99(10), 104047 (2019), arXiv:
1902.11126[hep-th]

H. S. Vieira, K. Destounis, and K. D. Kokkotas, Phys. Rev.
D 107(10), 104038 (2023), arXiv: 2301.11480[gr-qc]

H. S. Vieira and K. D. Kokkotas, Phys. Rev. D 104(2),
024035 (2021), arXiv: 2104.03938[gr-qc]

H. Guo, H. Liu, X. M. Kuang, and B. Wang, Phys. Rev. D
102, 124019 (2020), arXiv: 2007.04197[gr-qc]

R. Ling, H. Guo, H. Liu, X. M. Kuang, and B. Wang, Phys.
Rev. D 104(10), 104003 (2021), arXiv: 2107.05171[gr-qc]
Q. B. Wang and X. H. Ge, Phys. Rev. D 102(10), 104009
(2020), arXiv: 1912.05285[hep-th]

Y. Y. Cheng and J. R. Sun, "Island of an Acoustic Black
Hole in Schwarzschild Spacetime, "[arXiv:
2512.09460[hep-th]].

Q. Li, Y. Zhu, and T. Wang, Eur. Phys. J. C 82(1), 2 (2022),
arXiv: 2102.00957[gr-qc]

S. A. Hayward, Phys. Rev. Lett. 96, 031103 (2006), arXiv:
gr-qc/0506126[gr-qc]

I. Dymnikova, Gen. Rel. Grav. 24, 235 (1992)

V. P. Frolov, Phys. Rev. D 94(10), 104056 (2016), arXiv:
1609.01758[gr-qc]

E. Ayon-Beato and A. Garcia, Phys. Rev. Lett. 80, 5056
(1998), arXiv: gr-qc/9911046[gr-qc]

Z. Y. Fan and X. Wang, Phys. Rev. D 94(12), 124027
(2016), arXiv: 1610.02636[gr-qc]

P. Bueno, P. A. Cano, and R. A. Hennigar, Phys. Lett. B
861, 139260 (2025), arXiv: 2403.04827[gr-qc]

S. Capozziello, S. De Bianchi, and E. Battista, Phys. Rev. D
109(10), 104060 (2024), arXiv: 2404.17267[gr-qc]

S. Capozziello, E. Battista, and S. De Bianchi, Phys. Rev. D
112(4), 044009 (2025), arXiv: 2507.0843 1[gr-qc]

G. Abbas and U. Sabiullah, Astrophys. Space Sci. 352, 769
(2014), arXiv: 1406.0840[gr-qc]

Z. Stuchlik and J. Schee, Int. J. Mod. Phys. D 24(02),
1550020 (2014), arXiv: 1501.00015[astro-ph.HE]

N. Tsukamoto, Phys. Rev. D 102(10), 104029 (2020),
arXiv: 2008.12244[gr-qc]

N. Tsukamoto, Phys. Rev. D 97(6), 064021 (2018), arXiv:
1708.07427[gr-qc]

S. Fernando and J. Correa, Phys. Rev. D 86, 064039 (2012),
arXiv: 1208.5442[gr-qc]

A. Flachi and J. P. S. Lemos, Phys. Rev. D 87(2), 024034
(2013), arXiv: 1211.6212[gr-qc]

K. Lin, J. Li, and S. Yang, Int. J. Theor. Phys. 52, 3771
(2013)

D. Pedrotti and S. Vagnozzi, Phys. Rev. D 110(8), 084075
(2024), arXiv: 2404.07589[gr-qc]

569(7758), 688 (2019),

arXiv:

[50]

[51]

[52]
[53]
[54]
[55]
[56]

[57]

(58]
[59]

[60]

(61]
[62]

[63]
[64]

[65]
[66]
[67]

[68]

[69]
[70]
(71]
[72]
[73]

[74]

(73]

M. Molina and J. R. Villanueva, Class. Quant. Grav. 38(10),
105002 (2021), arXiv: 2101.07917[gr-qc]

J. Boos and H. Hu, "Microlensing of Nonsingular Black
Holes at Finite Size: A Ray-Tracing Approach, "[arXiv:
2510.10282[gr-qc]].

K. A. Bronnikov, Phys. Rev. D 63, 044005 (2001), arXiv:
gr-qc/0006014[gr-qc]

S. Lang, Algebra (Springer Science & Business Media,
2012).

E. P. Gross, Nuovo Cim. 20(3), 454 (1961)

L. P. Pitaevskii, Sov. Phys. JETP 13, 451 (1961)

V. Perlick and O. Y. Tsupko, Phys. Rept. 947, 1 (2022),
arXiv: 2105.07101[gr-qc]

S. Vagnozzi, R. Roy, Y. D. Tsai, L. Visinelli, M. Afrin, A.
Allahyari, P. Bambhaniya, D. Dey, S. G. Ghosh, and P. S.
Joshi, et al. "Horizon-Scale Tests of Gravity Theories and
Fundamental Physics from the Event Horizon Telescope
Image of Sagittarius A, " Class. Quant. Grav. 40, no. 16,
165007 (2023)[arXiv: 2205.07787[gr-qc]].

R. A. Konoplya, A. Zhidenko, and A. F. Zinhailo, Class.
Quant. Grav. 36, 155002 (2019), arXiv: 1904.10333[gr-qc]
H. T. Cho, A. S. Cornell, J. Doukas, and W. Naylor, Class.
Quant. Grav. 27, 155004 (2010), arXiv: 0912.2740[gr-qc]
H. T. Cho, A. S. Cornell, J. Doukas, T. R. Huang, and W.
Naylor, Adv. Math. Phys. 2012, 281705 (2012), arXiv:
1111.5024[gr-qc]

R. A. Konoplya and A. Zhidenko, Rev. Mod. Phys. 83, 793
(2011), arXiv: 1102.4014[gr-qc]

E. Berti, V. Cardoso, and A. O. Starinets, Class. Quant.
Grav. 26, 163001 (2009), arXiv: 0905.2975[gr-qc]

S. Iyer and C. M. Will, Phys. Rev. D 35, 3621 (1987)

R. A. Konoplya, Phys. Rev. D 68, 024018 (2003), arXiv:
gr-qc/0303052[gr-qc]

J. Matyjasek and M. Opala, Phys. Rev. D 96(2), 024011
(2017), arXiv: 1704.00361[gr-qc]

L. A. Lopez and V. Hinojosa, Can. J. Phys. 99, 44 (2021)

V. Cardoso, A. S. Miranda, E. Berti, H. Witek, and V. T.
Zanchin, Phys. Rev. D 79(6), 064016 (2009), arXiv:
0812.1806[hep-th]

H. Yang, D. A. Nichols, F. Zhang, A. Zimmerman, Z.
Zhang, and Y. Chen, Phys. Rev. D 86, 104006 (2012),
arXiv: 1207.4253[gr-qc]

P. C. Li, T. C. Lee, M. Guo, and B. Chen, Phys. Rev. D
104(8), 084044 (2021), arXiv: 2105.14268[gr-qc]

R. A. Konoplya and A. Zhidenko, JCAP 09, 068 (2024),
arXiv: 2406.11694[gr-qc]

D. N. Page, Phys. Rev. D 14, 3260 (1976)

L. B. Wu, R. G. Cai, and L. Xie, Phys. Rev. D 111(4),
044066 (2025), arXiv: 2411.07734[gr-qc]

A. Ashtekar, J. Olmedo, and P. Singh, "Regular Black
Holes from Loop Quantum  Gravity, "[arXiv:
2301.01309[gr-qc]].

X. H. Ge, J. R. Sun, Y. Tian, X. N. Wu, and Y. L. Zhang,
Phys. Rev. D 92(8), 084052 (2015), arXiv:
1508.01735[hep-th]

C. Yu and J. R. Sun, Int. J. Mod. Phys. D 28(07), 1950095
(2019), arXiv: 1712.04137[hep-th]


https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://doi.org/10.1038/s41586-019-1241-0
https://arxiv.org/abs/1809.00913
https://arxiv.org/abs/1809.00913
https://arxiv.org/abs/1809.00913
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://doi.org/10.1103/PhysRevLett.124.060401
https://arxiv.org/abs/1909.02509[cond-mat.quant-gas]
https://arxiv.org/abs/1909.02509[cond-mat.quant-gas]
https://arxiv.org/abs/1909.02509[cond-mat.quant-gas]
https://arxiv.org/abs/1909.02509[cond-mat.quant-gas]
https://arxiv.org/abs/1909.02509[cond-mat.quant-gas]
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://doi.org/10.1038/nphys3104
https://arxiv.org/abs/1409.6550[cond-mat.quant-gas]
https://arxiv.org/abs/1409.6550[cond-mat.quant-gas]
https://arxiv.org/abs/1409.6550[cond-mat.quant-gas]
https://arxiv.org/abs/1409.6550[cond-mat.quant-gas]
https://arxiv.org/abs/1409.6550[cond-mat.quant-gas]
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1103/PhysRevLett.122.010404
https://arxiv.org/abs/1808.09244
https://arxiv.org/abs/1808.09244
https://arxiv.org/abs/1808.09244
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://doi.org/10.1103/PhysRevD.99.104047
https://arxiv.org/abs/1902.11126
https://arxiv.org/abs/1902.11126
https://arxiv.org/abs/1902.11126
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://doi.org/10.1103/PhysRevD.107.104038
https://arxiv.org/abs/2301.11480
https://arxiv.org/abs/2301.11480
https://arxiv.org/abs/2301.11480
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://doi.org/10.1103/PhysRevD.104.024035
https://arxiv.org/abs/2104.03938
https://arxiv.org/abs/2104.03938
https://arxiv.org/abs/2104.03938
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://doi.org/10.1103/PhysRevD.102.124019
https://arxiv.org/abs/2007.04197
https://arxiv.org/abs/2007.04197
https://arxiv.org/abs/2007.04197
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://doi.org/10.1103/PhysRevD.104.104003
https://arxiv.org/abs/2107.05171
https://arxiv.org/abs/2107.05171
https://arxiv.org/abs/2107.05171
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://doi.org/10.1103/PhysRevD.102.104009
https://arxiv.org/abs/1912.05285
https://arxiv.org/abs/1912.05285
https://arxiv.org/abs/1912.05285
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://doi.org/10.1140/epjc/s10052-021-09959-z
https://arxiv.org/abs/2102.00957
https://arxiv.org/abs/2102.00957
https://arxiv.org/abs/2102.00957
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://doi.org/10.1103/PhysRevLett.96.031103
https://arxiv.org/abs/0506126
https://arxiv.org/abs/0506126
https://arxiv.org/abs/0506126
https://arxiv.org/abs/0506126
https://arxiv.org/abs/0506126
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1103/PhysRevD.94.104056
https://arxiv.org/abs/1609.01758
https://arxiv.org/abs/1609.01758
https://arxiv.org/abs/1609.01758
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://doi.org/10.1103/PhysRevLett.80.5056
https://arxiv.org/abs/9911046
https://arxiv.org/abs/9911046
https://arxiv.org/abs/9911046
https://arxiv.org/abs/9911046
https://arxiv.org/abs/9911046
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://doi.org/10.1103/PhysRevD.94.124027
https://arxiv.org/abs/1610.02636
https://arxiv.org/abs/1610.02636
https://arxiv.org/abs/1610.02636
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://doi.org/10.1016/j.physletb.2025.139260
https://arxiv.org/abs/2403.04827
https://arxiv.org/abs/2403.04827
https://arxiv.org/abs/2403.04827
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://doi.org/10.1103/PhysRevD.109.104060
https://arxiv.org/abs/2404.17267
https://arxiv.org/abs/2404.17267
https://arxiv.org/abs/2404.17267
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://doi.org/10.1103/ybjp-8w2w
https://arxiv.org/abs/2507.08431
https://arxiv.org/abs/2507.08431
https://arxiv.org/abs/2507.08431
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://doi.org/10.1007/s10509-014-1992-x
https://arxiv.org/abs/1406.0840
https://arxiv.org/abs/1406.0840
https://arxiv.org/abs/1406.0840
https://arxiv.org/abs/1501.00015[astro-ph.HE]
https://arxiv.org/abs/1501.00015[astro-ph.HE]
https://arxiv.org/abs/1501.00015[astro-ph.HE]
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://doi.org/10.1103/PhysRevD.102.104029
https://arxiv.org/abs/2008.12244
https://arxiv.org/abs/2008.12244
https://arxiv.org/abs/2008.12244
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://arxiv.org/abs/1708.07427
https://arxiv.org/abs/1708.07427
https://arxiv.org/abs/1708.07427
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://doi.org/10.1103/PhysRevD.86.064039
https://arxiv.org/abs/1208.5442
https://arxiv.org/abs/1208.5442
https://arxiv.org/abs/1208.5442
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://doi.org/10.1103/PhysRevD.87.024034
https://arxiv.org/abs/1211.6212
https://arxiv.org/abs/1211.6212
https://arxiv.org/abs/1211.6212
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1007/s10773-013-1682-4
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://doi.org/10.1103/PhysRevD.110.084075
https://arxiv.org/abs/2404.07589
https://arxiv.org/abs/2404.07589
https://arxiv.org/abs/2404.07589
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://doi.org/10.1088/1361-6382/abdd47
https://arxiv.org/abs/2101.07917
https://arxiv.org/abs/2101.07917
https://arxiv.org/abs/2101.07917
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://doi.org/10.1103/PhysRevD.63.044005
https://arxiv.org/abs/0006014
https://arxiv.org/abs/0006014
https://arxiv.org/abs/0006014
https://arxiv.org/abs/0006014
https://arxiv.org/abs/0006014
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://doi.org/10.1007/BF02731494
https://arxiv.org/abs/2105.07101
https://arxiv.org/abs/2105.07101
https://arxiv.org/abs/2105.07101
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://doi.org/10.1088/1361-6382/ab2e25
https://arxiv.org/abs/1904.10333
https://arxiv.org/abs/1904.10333
https://arxiv.org/abs/1904.10333
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://doi.org/10.1088/0264-9381/27/15/155004
https://arxiv.org/abs/0912.2740
https://arxiv.org/abs/0912.2740
https://arxiv.org/abs/0912.2740
https://arxiv.org/abs/1111.5024
https://arxiv.org/abs/1111.5024
https://arxiv.org/abs/1111.5024
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://arxiv.org/abs/1102.4014
https://arxiv.org/abs/1102.4014
https://arxiv.org/abs/1102.4014
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://arxiv.org/abs/0905.2975
https://arxiv.org/abs/0905.2975
https://arxiv.org/abs/0905.2975
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://doi.org/10.1103/PhysRevD.68.024018
https://arxiv.org/abs/0303052
https://arxiv.org/abs/0303052
https://arxiv.org/abs/0303052
https://arxiv.org/abs/0303052
https://arxiv.org/abs/0303052
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://doi.org/10.1103/PhysRevD.96.024011
https://arxiv.org/abs/1704.00361
https://arxiv.org/abs/1704.00361
https://arxiv.org/abs/1704.00361
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1139/cjp-2019-0572
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://doi.org/10.1103/PhysRevD.79.064016
https://arxiv.org/abs/0812.1806
https://arxiv.org/abs/0812.1806
https://arxiv.org/abs/0812.1806
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://doi.org/10.1103/PhysRevD.86.104006
https://arxiv.org/abs/1207.4253
https://arxiv.org/abs/1207.4253
https://arxiv.org/abs/1207.4253
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://doi.org/10.1103/PhysRevD.104.084044
https://arxiv.org/abs/2105.14268
https://arxiv.org/abs/2105.14268
https://arxiv.org/abs/2105.14268
https://arxiv.org/abs/2406.11694
https://arxiv.org/abs/2406.11694
https://arxiv.org/abs/2406.11694
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.14.3260
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://doi.org/10.1103/PhysRevD.111.044066
https://arxiv.org/abs/2411.07734
https://arxiv.org/abs/2411.07734
https://arxiv.org/abs/2411.07734
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://doi.org/10.1103/PhysRevD.92.084052
https://arxiv.org/abs/1508.01735
https://arxiv.org/abs/1508.01735
https://arxiv.org/abs/1508.01735
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://doi.org/10.1142/S0218271819500950
https://arxiv.org/abs/1712.04137
https://arxiv.org/abs/1712.04137
https://arxiv.org/abs/1712.04137

	I INTRODUCTION
	II ACOUSTIC HAYWARD BLACK HOLE
	A Hayward black hole
	B Analogue gravity from the GP theory
	C Acoustic Hayward black hole

	III ACOUSTIC BLACK HOLE SHADOW
	IV COVARIANT SCALAR FIELD EQUATION AND THE EFFECTIVE POTENTIAL
	V QUASINORMAL MODE FREQUENCIES
	A The WKB method
	B The eikonal limit

	VI ANALOGUE HAWKING RADIATION
	VII CONCLUSIONS AND DISCUSSIONS
	REFERENCES

