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Abstract: In this study, by utilizing the constructed generalized free energy alongside the Mean First-Passage Time
and the Kramers escape rate from stochastic dynamics, we have obtained a comprehensive landscape of the phase
transitions for the Bardeen-AdS-class black hole. This black hole model admits two distinct categories of solutions.
Type I black holes feature a regular black hole solution, while Type II black holes possess a vacuum state solution.
In the phase transition between the small black hole and the large black hole for Type I, the process may pass

through a stable, metastable, or unstable regular black hole as an intermediate state. In contrast, for Type II black

holes, the phase transition occurs exclusively between the vacuum state and the small black hole, and the transition

process does not involve any regular black hole intermediate states.
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I. INTRODUCTION

The center of a general black hole solution harbors a
gravitational singularity, a point ~where spacetime
curvature diverges, and all known physical laws cease to
be valid. This constitutes a major theoretical flaw, and
quantum theory also prohibits the appearance of infinite
curvature. However, the singularity theorems proposed
by Hawking and Penrose predict that, under certain con-
ditions, a black hole formed from stellar collapse must
possess a singularity [1]. Nevertheless, we can poten-
tially avert the singularity by introducing a coupled mat-
ter field [2—6]. One such example is the Bardeen black
hole, which is obtained by coupling Einstein gravity to a
nonlinear electromagnetic field. Such black holes without
a singularity are termed regular black holes. Furthermore,
regular black holes can also be obtained through certain
modified theories of gravity [7—13].

Ever since the establishment of black hole thermody-
namics, there has been a natural curiosity regarding the
thermodynamics of regular black holes, leading to ana-
lyses of their thermodynamic behavior [14—19].
However, several issues arose at this point. For instance,
the requirements of the First Law led to a conflict
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between the entropy-area law and the Hawking temperat-
ure [17, 18]. Simultaneously, the electromagnetic poten-
tial also required redefinition [19]. This conflict primar-
ily stems from the fact that the energy and magnetic
charge of regular black holes are generally dependent on
the coupling coefficients of the matter field. Con-
sequently, their relevant integration constants cannot de-
viate from the coupling constants. Crucially, in thermody-
namics, the variation of energy must be considered simul-
taneously with the variation of other coupling constants.
This requirement ultimately leads to an inconsistency
between the thermodynamic quantities and the First Law.

In the literature [20], the authors proposed a solution
where they treat the integration constants, such as energy
and charge, not as coupling parameters, thereby explor-
ing a more generalized black hole solution [14, 17, 21,
22]. In these solutions, regular black holes exist only
when the energy and charge adopt specific values. There-
fore, our central question is: Is the regular black hole
characterized as a stable (or metastable) intermediate or
an unstable transition state during the phase transition
process? We aim to explore this question using non-equi-
librium statistical methods, hoping to gain a deeper un-
derstanding of the formation mechanism of regular black
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holes.

Given that black hole phase transitions are not neces-
sarily quasi-static processes, researchers have made sev-
eral attempts to study the dynamics of black hole thermo-
dynamic phase transitions. These efforts seek to uncover
the underlying structure of the phase transition by estab-
lishing a framework of relativistic stochastic statistical
physics [23]. Specifically, some studies attempt to obtain
dynamic information about the phase transition by utiliz-
ing the mean first passage time (MFPT) within the con-
text of stochastic motion [24—28]. Other works focus on
employing generalized free energy to determine the rate
behavior of the phase transition [29-35].

In this paper, our discussion centers on the case of a
Bardeen-AdS-class black hole, simultaneously utilizing
the MFPT and the Kramers escape rate to analyze the
black hole phase transition. The paper is organized as fol-
lows. In Sec. II, we present the metric and thermodynam-
ics of the Bardeen-AdS-class black holes. In Sec. III, the
definition of the generalized free energy is established,
and the MFPT and the Kramers escape rate are derived
via the Fokker-Planck equation. These theoretical frame-
works are then employed in Sec. IV to analyze the phase
transition behaviors of the Bardeen-AdS-class black
holes. Finally, Sec. V is devoted to the discussion of our
results.

II. THE Bardeen-AdS-class BLACK HOLE

Considering the coupling of Einstein's gravity and
nonlinear electromagnetic fields, the Bardeen(-AdS)
black hole solution can be obtained. To circumvent the
"coupling constant issues," where the mass and charge of
regular black holes are intrinsically linked to the matter
field's coupling parameters, the authors introduced a
modified nonlinear electromagnetic Lagrangian [20].
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By minimally coupling this Lagrangian with Einstein's
gravity, the action is given by
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In the original Bardeen-AdS black hole solution, the
parameters m, and g, possess a dual identity. On one
hand, they function as coupling constants of the interac-
tion; on the other hand, they represent the black hole's
mass and magnetic charge. This implies that altering the
black hole's mass or magnetic charge would effectively
change the entire underlying theory, which naturally

gives rise to the various thermodynamic inconsistencies
mentioned previously. To resolve this issue, it is neces-
sary to decouple these roles. Here, the parameters m, and
qo are fixed as constants purely associated with the coup-
ling, while the actual black hole parameters are redefined
in terms of m and ¢,,. Solving the field equation corres-
ponding to the action (2), the Bardeen-AdS-class black
hole solution can be obtained.
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and

F = q,sin0do A dg. 4)
The energy and magnetic charge of a black hole are giv-
en by

1
M = Em, O =¢qn- &)

When the black hole parameters are equal to the model
parameters, i.e., m =mg, ¢, = qo, the Bardeen-AdS-class
black hole reduces to the Bardeen-AdS black hole.

The event horizon of the black hole is located at the
largest root of f(r,)=0. The Hawking temperature, in
terms of the event horizon radius r,, is given by

1
T,= E&f (r,m(r,))

r=ry
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It should be noted that, since this black hole may possess
multiple horizons, r, cannot always take on a continuous
range of values. For example, when the curve of f(r) has
two extreme points, it is impossible for r, to fall within
its monotonically decreasing interval. This point affects
the range of the thermodynamic potential. The corres-
ponding mass is given by
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And the other thermodynamic quantities for the Bardeen-
AdS-class black holes are described by [20]
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They satisfy the extended first law of black hole thermo-
dynamics.

dM =T,dS +VdP + ®,,dQ,, + ¢, dmy + ¢,dq,. (13)
Where ®,,, ¢,,, and ¢, are the conjugate potentials arising
from the variations of the mass M with respect to the
magnetic charge Q,, and the coupling parameters my and
qo, respectively. However, it should be pointed out that if
0., and g, are treated as identical, the magnetic potential
of the black hole would become ®,, +¢,, which deviates
from the conventional definition.

We can derive the Smarr relation using the method of
scaling analysis. Considering that the dimensions of M,
my, O, and g, are [L], the dimension of S is [L]?, and
the dimension of P is [L]~2, we have:

AM = M(2*S, 272 P, AQ,, o, Aqo). (14)
By differentiating with respect to A and setting A = 1, the
Smarr relation is obtained.

M =2T,S =2VP+®,,Q,, + ¢,ig + ¢yqo. (15)
Substituting the explicit expressions of the thermodynam-
ic variables into the Smarr relation leads to a consistent
verification. It follows that this thermodynamic construc-
tion, which separates the integration constants from the
coupling parameters, is self-consistent.

III. GENERALIZED FREE ENERGY, THE MEAN
FIRST PASSAGE TIME AND THE KRAMERS
ESCAPE RATE

In the extended phase space of black hole thermody-
namics, the phase transition of a black hole can be de-
termined by the Maxwell equal area law. For a thermody-
namic system of black holes, we can obtain its equation

of state, i.e., the relationship T}, = T,(S,P) between the
Hawking temperature T}, the entropy S, and the pressure
P of the black hole. The Maxwell equal area law states
that there exists an isotherm 7 such that Area, = Areag, as
shown in Fig 1. This physical description is mathematic-
ally expressed on the 7, — S plane by

Sz S2
/ T,dS =T-(S,-S51) = (T,—=T)dS =0.

S S

(16)

Based on the definition of generalized free energy in
references [29—-32], we release the Maxwell equal area
law mentioned above and introduce the generalized free
energy U (also called the thermal potential) as:

(le/(T,,—T)dS, (17)

which are precisely the indefinite integral expressions of
the above equations (16).

The central idea of a free energy landscape is to relax
the constraints imposed by the equation of state, allow-
ing internal variables to vary independently, thereby cre-
ating an energy hypersurface whose extrema correspond
to equilibrium states. To clarify the notation, we use calli-
graphic symbols (e.g., ¥,G) for the off-shell generalized
free energy functions, which are defined for arbitrary val-
ues of internal variables and describe the system even
when it is not in equilibrium. The standard on-shell free
energies, which represent true equilibrium states, are de-
noted by Roman letters (e.g., F,G).

Since this is an indefinite integral, the result naturally
includes an integration constant C. The choice of the in-
tegration constant C, which shifts the entire free energy
landscape vertically, does not alter the locations of the
minima (stable states) and the heights of the potential bar-
riers. We typically set C =0. This choice is made not
only for the sake of convenience but, more importantly,
because it ensures that the generalized free energy natur-
ally reduces to the standard Gibbs free energy at the equi-

Fig. 1. The Maxwell equal area law in the thermodynamic
system of black holes [30].
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librium state. The Hawking temperature 7), represents the
internal temperature of the black hole, which is a func-
tion of the thermodynamic entropy S. In contrast, the iso-
therm T acts as the off-shell temperature, representing the
ambient environment's temperature. This 7 can be arbit-
rarily assigned any positive value, independent of the
black hole's state.

For the generalized free energy (17), we can under-
stand it as being constructed under isobaric conditions,
starting from the 7 —S diagram, by relaxing the equilibri-
um constraint and allowing the relevant parameters to
vary independently. This yields an off-shell generalized
free energy (i.e., a free energy landscape), whose extrem-
um recovers the physical equilibrium state. Based on the
spirit of the free energy landscape, we also refer to the
thermal potential as the generalized free energy
throughout this work.

dU d( )_ _
E—ds /(Th T)dS =0 = T=T,

The minima of the generalized free energy landscape cor-
respond to thermally stable black hole states, whereas the
maxima signify thermally unstable ones. Among these
stable solutions, we further distinguish between meta-
stable states (local minima) and the globally stable state
(the global minimum).

Furthermore, there is another form of off-shell free
energy defined as G=M—-TS [24], where T is not the
system's equilibrium temperature but an arbitrary extern-
al (ensemble) temperature. This construction generalizes
the Gibbs free energy G by lifting the constraint 7 =T},
so that the on-shell equilibrium condition 7 =T, is re-
covered only when G attains its extremum.

For a simple thermodynamic system, the first law
gives dE =T,dS — PdV. Under constant thermodynamic
pressure P, we obtain

(18)

ilz/UkaB=E+PV—ﬁS:MFTS=g. (19)

Thus, when P is fixed, U and G are mathematically

identical. In this sense, U can be viewed as a specific

realization of the off-shell Gibbs free energy G, with the

integration path chosen as the deviation from equilibrium.
Regarding the Landau potential [38],

L:/HXﬁmﬂ; (20)

where X is an auxiliary variable interpreted as the non-
equilibrium thermodynamic volume, and F(X,T,P)=
P- f(X,T) with P = f(V,T), the equation of state. The ex-
tremum of £ occurs when X satisfies the equation of

state, i.e., at the equilibrium volume X = V.

The three off-shell potentials differ in which variable
is taken off-shell and which thermodynamic plane they
naturally belong to. U (on the 7-S plane) takes the ambi-
ent temperature as the off-shell variable; G (on the G-T or
G-P plane) generalizes the Gibbs free energy by lifting
the constraint 7 = T),; £ (on the P-V plane) uses the non-
equilibrium volume X as the off-shell variable.

Despite these differences, all three share the same
physical essence: they construct a free energy landscape
whose extremum recovers the true equilibrium state. The
choice is therefore ‘a matter of convenience, dictated by
which thermodynamic.plane best illustrates the process
under study. In this work, we adopt U because our ana-
lysis focuses on the 7-S plane; for G-7/G-P or P-V ana-
lyses, G or L would be more natural. The physical con-
clusions are equivalent regardless of the choice.

Due to thermodynamic fluctuations, black holes ex-
hibit distinct phase transition behaviors within this gener-
alized free energy framework, which can be regarded as a
stochastic process. The temporal evolution and probabil-
ity distribution of these black hole states (encompassing
both on-shell and off-shell states) can be described by the
Fokker-Planck equation. If the black hole temperature is
significantly lower than the potential barrier height (e.g.,
in a double-well potential), the probability of the state
residing at the lowest point of one potential well largely
exceeds the probability of it reaching the top of the barri-
er. Even if the state does surmount the barrier peak, it will
typically fall symmetrically to either side. However, if the
state settles into the lowest point of one potential well,
thermodynamic fluctuations imply that after a period of
residence, there is a finite probability for it to cross the
potential barrier and eventually reach the minimum point
of the other potential well.

Since we focus on the transitions between states
rather than the perturbations within a specific state, we
start with the overdamped Fokker-Planck equation [36,
37].

dp(r,1) 0
=D—
ot or

= r 6 r
(e & @opern)). an

where p(r,f) is the probability distribution of black hole
states, 8= 1/T denotes the inverse temperature, U(r) is
the generalized free energy in our work, and D is the dif-
fusion coefficient. The radius of the black hole event ho-
rizon, r, is regarded as an order parameter of the system.
To render the Fokker-Planck equation more tractable, we
prescribe the following boundary conditions:

=0,

r=rp

joa)==D (e-/““”ﬁ (& p(r, r)))

or

(22)
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p(rw,1) =0. (23)

Applying a reflecting boundary condition at r, means
that the probability flux j at r, is zero, indicating a re-
flective boundary where no states flow out of the system.
ry is typically chosen as the initial state for the phase
transition dynamics. Applying an absorbing boundary
condition at r,, implies that the probability density p at
the boundary r, is zero. This signifies that states are
completely absorbed by the boundary; thus, the phase
transition can be considered complete. r, is usually
chosen as the point that just crosses the maximum of the
thermal potential.

This choice of r, differs from the one adopted in Ref.
[24]. In Ref. [24], rp is set to zero for an initial small
black hole and to infinity for an initial large black hole. In
our study, we focus primarily on the transition dynamics
between stable thermodynamic states. Therefore, we set
the initial conditions at the local minima of the potential
(corresponding to the macroscopic Small Black Hole or
Large Black Hole states), as these represent the physical
starting points of the phase transition. It is worth noting
that even if the initial state were set to 0 or oo, the sys-
tem would rapidly evolve toward the nearest stable basin.
Consequently, the numerical discrepancy in the MFPT
results between these two choices is negligible. In' con-
trast, Ref. [24] was more concerned with the general
evolution from non-equilibrium to" equilibrium states;
thus, they adopted extreme non-equilibrium configura-
tions as their starting points.

Considering that the probability of finding the state
within the interval (r,,7,) is given by f,: drp(r,1), when
the state is not in this interval, we can assume that it has
crossed the potential barrier and reached the other state.
Therefore, we can regard this integral expression as the
probability that the black hole has not undergone the first
phase transition by time ¢. This leads directly to the distri-
bution of the MFPT.

(57 )

F(t) =— 24
»(0) ar , (24)
Certainly, here's the revised text:
Based on the defining expression of the MFPT
(1) = / d1iF (1). (25)
0

The MFPT () can be correlated with the probability
density p(r,). By substituting the Fokker-Planck equa-
tion (21) and the boundary conditions (22) and (23) into
the expression for F,(r) (24), and performing the calcula-
tion (25), we obtain

Lo ,
=1 / dr / dr’ PUO-UC), (26)
ra ra

In the derivation of the Kramers escape rate, the cur-
rent J(r,1) is defined as

DeYrmin)/D o (Fmins 1)
f 4 UMDy

"min

J(r,t) =

27

where U(r) is the potential or the generalized free en-
ergy in our work, and D is the diffusion coefficient,
which can be considered constant when the system
reaches thermal equilibrium. We assume that at r=A
(where A is any position greater than r,, ), the probabil-
ity distribution is zero. If we define p as the probability of
the state being inside the well or near r,;,, then we can
find

p = p (Fain, 1) €40m/P / e Py, (28)

(Fmin)

The probability p multiplied by the Kramers escape
rate ry is simply the current J(r,7). Hence, we can determ-
ine the escape rate [36, 37].

I p 1

A
=== —/ ewr)/Ddr/
i J D r (

min Tmin)

e"qr.(29)

Physically, the Kramers escape rate represents the frac-
tion of states that successfully surmount the potential bar-
rier per unit time, whereas the MFPT denotes the average
time a single state requires to cross the barrier and reach
the target state. Consequently, they are approximately re-
ciprocals of each other, as can be readily verified by com-
paring Eqs. (26) and (29).

For the above two integrals, we can clearly see that
the main contribution of the first integral comes from the
regions around ry,, while the main contribution of the
second integral comes from the regions around ry,. The
Taylor expansions approximated to the second order of
the potential function U(r) near these two extremal points
are

1
(L{(V) ~ (L{(rmax) - 5 |(L[” (rmax)| (}’— rmax)z ) (30)

7/I(r) z(Ll(rmin)_’_%(bl” (rmin)(r_rmin)z, (31)

and we may extend the above two integration boundaries
to +co. Thus, the Kramers escape rate can be expressed as
[36, 37]
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We adopt the exact integral formulation for the MFPT
to ensure numerical accuracy across the entire landscape.
In contrast, for the Kramers escape rate, we use the ap-
proximate analytical form, as it represents a leading-or-
der approximation in the high-barrier limit.

IV. THE MEAN FIRST PASSAGE TIME
BETWEEN BLACK HOLE PHASE TRANS-
ITION

Substituting the thermodynamic quantities of the
Bardeen-AdS-class black hole into the definition of the
generalized free energy (17), the generalized free energy
U(r,) is given as follows:

[0S

3 3
r mor, (

,
Urd=5+p7 7

m 2
—ar,T. (33
qO(qOQm + ri)> ﬂ-rJr ( )

We set go =1 to nondimensionalize the thermodynamic
quantities. To simplify the ensemble, we set g, = go and
vary the parameters L and m,. For convenience, we use
U(r) to denote U(r,). At this point, the generalized free
energy U(r) simplifies to

1 r ; 1y,
'u(")=§ r = mor o2 T |.  (34)

We selected some representative cases to illustrate the
results in Fig. 2. We emphasize once again that r, cannot
always take on a continuous range of values. Since the or-
der parameter » (or r,) must correspond to a physically
existing black hole when constructing the generalized
free energy landscape, the condition 7),(r) >0 must be
strictly satisfied. Accordingly, the regions that do not ful-
fill this requirement are represented by dashed lines in
Fig. 2. In fact, these dashed lines represent the general-
ized free energy calculated using the "temperature" de-
rived from the inner horizon radius. Consequently, their
thermodynamic behavior is physically meaningless.

It is'readily apparent that the behavior of the general-
ized free energy is classified into three cases. Case 1 is
defined only in the latter half of the curve and corres-
ponds; to the Type I black holes in [20]. Case 2 is un-
defined in some intermediate region. Case 3 is definable
across the entire interval. Both Case 2 and Case 3 curves
correspond to the Type II black holes discussed in refer-
ence [20]. Since we are primarily concerned with phase
transitions that feature an intermediate state of a regular
black hole, and Type II black holes are unable to form a
regular black hole, we will focus our analysis on the Case
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(color online) The behaviors of generalized free energy. Panels (a)—(c) correspond to Type I black holes, while (d) and (e) rep-

resent Type II black holes. The solid lines depict the relationship between the generalized free energy U and the event horizon r.. In

contrast, dashed lines denote non-physical, unattainable regions. The extrema of the generalized free energy are marked with colored

dots.



Mean first passage time and the Kramers escape rate of phase transitions for...

Chin. Phys. C 50, (2026)

1 curves.

It should be noted that as certain regions of the Case 2
curves are not well-defined, our current approach is un-
able to analyze the phase transition behavior from the va-
cuum state to the black hole state in this specific case.
Consequently, we must rely on traditional black hole
thermodynamic analysis for these scenarios; for a de-
tailed discussion, please refer to the work of Ref. [20].

We found that the generalized free energy curves in
Fig. 2(a)-(c) are very similar, yet they exhibit differences.
If we calculate the event horizon radius (r, ) for the regu-
lar black hole in these three cases —specifically, the
Bardeen-AdS-class black hole—we observe the follow-
ing: The event horizon radius in Fig. 2(a) is located at the
potential well corresponding to the Small Black Hole
state. The event horizon radius in Fig. 2(b) is located at
the potential barrier corresponding to the intermediate un-
stable black hole state. The event horizon radius in Fig.
2(c) is located at the potential well corresponding to the
Large Black Hole state.

We analyze the phase transition between small and
large black holes by calculating the MFPT and the
Kramers escape rate. The results of this analysis are plot-
ted in Fig. 3 and Fig. 4. The blue curve represents the
process from the small black hole state to the large black
hole state, while the orange curve represents the process
from the large black hole state to the small black hole

20

state. As shown in Fig. 3, in all three cases, the MFPT for
the small-to-large black hole state transition gradually de-
creases as the temperature 7 increases, and the MFPT for
the large-to-small black hole state transition gradually in-
creases. The intersection point of the two curves repres-
ents the dynamic equilibrium where the forward and re-
verse processes balance, and their MFPTs are exactly
equal.

The behavior of the Kramers escape rate is consistent
across the three cases, all exhibiting an initial increase
followed by a decrease. At lower temperatures, the es-
cape rate from small to large black holes is higher, while
at higher temperatures, the opposite situation occurs. The
intersection point represents the state of dynamic equilib-
rium.

However, the three cases differ in the presence of a
regular black hole state: In Fig. 3(a) (or Fig. 4(a)), the
regular black hole state exists at the small black hole pos-
ition. In Fig. 3(c), the regular black hole state exists at the
large black hole position. In both of these cases (Fig.
3(a)(c) or Fig. 4(a)(c)), the phase transition process in-
volves a stable (or metastable) regular black hole state. In
Fig. 3(b) (or Fig. 4(b)), the regular black hole state is situ-
ated at the unstable potential barrier between the small
and large black hole states. Consequently, the phase
transition process in this case traverses an unstable regu-
lar black hole state.
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represents the transition process from the small black hole state to the large black hole state, while the orange curve depicts the reverse

process from the large black hole state to the small black hole state; the two curves intersect at a single point.
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Additionally, we also investigated the phase trans-
ition between Type II black holes and the vacuum state.
The resulting data is plotted in Fig. 5 and Fig. 6. It is
worth noting that regular black holes are absent in this
case.

At low temperatures, the system consists of a large
black hole state and a vacuum state. As shown in Fig.
5(b) (or Fig. 6(b)), the curves for the MFPT and the
Kramers escape rate between the vacuum and the large
black hole do not intersect, indicating that no phase trans-
ition occurs between them. As the temperature 7 in-
creases, the small black hole state emerges. At this point,
the dynamic process between the vacuum and the large
black hole terminates, and the small black hole begins to
participate in the stochastic dynamics. According to Fig.
5(a) (or Fig. 6(a)), as T continues to rise, the MFPT from
the small black hole to the large black hole gradually de-
creases, while the MFPT from the large black hole to the
small black hole increases; their intersection signifies a
state of dynamic equilibrium. A similar process occurs
between the vacuum and the small black hole, as illus-
trated in Fig. 5(b) (or Fig. 6(c)). However, because the

0.8

0.6

<t>

0.4

0.2 ~_
0.0 \

0.0352 0.0354 0.0356 0.0358 0.0360 0.0362
T

(a)

Fig. 5.

transition from the small black hole to the vacuum state
occurs more readily when the small black hole and the
large black hole reach dynamic equilibrium, the equilibri-
um between the small black hole and the large black hole
does not constitute a phase transition. Consequently, the
only authentic phase transition in the entire process ex-
ists between the vacuum state and the small black hole
state.

Theoretically, the Kramers rate and the MFPT should
be inversely proportional in the absence of calculation er-
rors. However, this relationship does not strictly hold in
our numerical results for the following reasons. While we
employ an exact integral formula for the MFPT, the
Kramers rate is derived using a second-order Taylor ex-
pansion at the local maxima and minima of the potential
U to obtain an approximate algebraic expression. Con-
sequently, the inverse proportionality holds only when
the potential wells and barriers deviate minimally from a
quadratic function. In general, this requires the thermal
potential to satisfy the deep well condition, namely
AU = U (rmax) — U (rmin) > D. In this regime, even if the
potential is globally non-linear, the integral remains sens-
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(color online) The mean first passage time with respect to the temperature for type II black holes. (a) The blue curve repres-

ents the transition process from the small black hole state to the large black hole state, while the orange curve depicts the reverse pro-
cess. The two curves intersect at a single point. (b) The blue curve represents the transition process from the vacuum state to the black
hole state, while the orange curve depicts the reverse process. The orange curve exhibits a mutation point.
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(color online) The Kramers escape rate concerning the temperature for type II black holes. (a) The blue curve represents the

Fig. 6.
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transition process from the small black hole state to the large black hole state, while the orange curve depicts the reverse process. (b)
The blue curve represents the transition process from the vacuum state to the large black hole state, while the orange curve depicts the
reverse process. (¢) The blue curve represents the transition process from the vacuum state to the small black hole state, while the or-
ange curve depicts the reverse process.
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itive only to the second-order profile near the extrema
due to the rapid decay of the exponential factor e 2%/P,
However, as shown in Fig. 2, our chosen potential U
does not satisfy this condition, leading to the observed
discrepancy. Nevertheless, since the Kramers rate is
purely algebraic, it is significantly faster to compute than
the MFPT, making it a convenient tool for qualitative dis-
cussions. For precise quantitative calculations, the MFPT
method remains indispensable. These discussions have
been incorporated into the revised manuscript.

V. SUMMARY

We acknowledge the established challenge: the en-
ergy and magnetic charge of regular black holes are gen-
erally correlated with the matter field's coupling coefti-
cients. Consequently, their associated integration con-
stants cannot be decoupled from these coupling paramet-
ers. In thermodynamics, this necessitates that the vari-
ation of energy and other coupling constants in Fig. 3 and
Fig. 4 be considered simultaneously, which leads to an in-
consistency between the thermodynamic quantities and
the First Law. To circumvent this, the integration  con-
stants (such as energy and charge) are treated not as
coupling parameters but as independent variables, thereby
exploring a more generalized black hole solution. Using
the generalized free energy landscape, we determine the
thermal potential. Based on this potential, we analyzed
the MFPT and the Kramers escape rate to quantify the
dynamics of the black hole phase transition.

For Type I black holes, the results indicate that the
large black hole state is more stable at lower temperat-
ures, while the small black hole state becomes more
stable at higher temperatures. Since a dynamic equilibri-
um exists between them, a phase transition from the large
black hole to the small black hole occurs as 7 increases.
However, the presence of the regular black hole gives rise
to three distinct scenarios, depending on whether it identi-
fies with the large black hole state, the small black hole
state, or the intermediate unstable state. In the first two

cases, the black hole phase transition process passes
through a stable (or metastable) regular black hole state.
In the third case, the phase transition process involves an
unstable regular black hole state as an intermediate stage.

For Type 1II black holes, the results indicate that at
low temperatures 7, the system comprises a large black
hole state and a vacuum state, with the latter being more
stable during their dynamic interaction. As 7T increases, a
small black hole state emerges, causing the transition
between the vacuum and large black hole states to cease;
instead, the vacuum state begins to interact dynamically
with the small black hole state. Meanwhile, a dynamic
process also exists between the small black hole and large
black hole states. Upon the emergence of the small black
hole state, the large black hole state is more stable than
the small black hole state but less so than the vacuum
state. As T continues to increase, the stability of the small
black hole state first surpasses that of the large black hole
state ‘and subsequently exceeds that of the vacuum state.
In other words, the vacuum state becomes the most stable
at very high temperatures. Consequently, despite the dy-
namic equilibrium between small black hole and large
black hole states, this process does not constitute a phase
transition; rather, the phase transition occurs exclusively
between the vacuum and small black hole states.

This detailed process description provides an overall
picture of the thermodynamic phase transition of the
Bardeen-AdS-class black hole, which deepens our under-
standing of the stochastic thermodynamic behavior of
black holes. Moreover, this research approach can be ex-
tended to higher-order gravity models, which exhibit a
rich variety of complex phase transition behaviors,
thereby enabling us to obtain dynamic information on the
thermodynamic phase transitions of black holes.
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