Chinese Physics C  Vol. 50, No. 7 (2026)

Holographic QCD equation of state constrained by lattice QCD: neural-ODE

for probe-limit and a back-reaction test”

Yutian Deng XFE #%)'*"  Mei Huang (Fi#8)**  Lin Zhang (3§AH)!

'School of Science, Shenzhen Campus of Sun Yat-sen University, No. 66, Gongchang Road, Guangming District, Shenzhen,
Guangdong 518107, P. R. China
Sun Yat-sen University, No. 135, Xingang Xi Road, Guangzhou, Guangdong 510275, P. R. China
*School of Nuclear Science and Technology, University of Chinese Academy of Sciences, Beijing, 100049, P. R. China

Abstract: We study the equation of state (EoS) of QCD matter in a bottom-up holographic setup that combines an
Einstein-Maxwell-dilaton (EMD) sector with an improved Karch-Katz-Son-Stephanov (KKSS) flavor action. In the
probe approximation, we perform an inverse reconstruction of the model functions by parameterizing them with
neural networks and solving the EMD equations via a differentiable ODE solver (a neural ODE framework), calib-
rating the model to a reference thermodynamic table for (2 + 1)-flavor QCD at finite temperature and finite baryon
chemical potential. The reconstructed model functions are then parameterized and kept fixed across thermodynamic
states. Next, viewing the EMD sector as an effective description of pure Yang-Mills theory, we fix its parameters by
fitting the up = 0 lattice pure-glue EoS using a hybrid optimization strategy. Finally, we go beyond the probe limit
and solve the coupled EMD+KKSS equations with back-reaction, using the pure-glue-calibrated EMD sector as a
fixed input and varying the KKSS couplings to compare with the pp = 0 two-flavor lattice EoS. We find a visible
mismatch and a high-temperature behavior in which the back-reacted dimensionless ratios approach a nearly S -in-
sensitive plateau close to the pure-glue baseline, providing a simple structural diagnostic for the present flavor-sec-
tor truncation.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is believed to be
the fundamental theory of the strong interaction. In re-
gimes of interest for heavy-ion collisions and compact-
star physics, the coupling is large, and controlled calcula-
tions are scarce. Lattice QCD provides high-quality res-
ults for the equation of state (EoS) at finite temperature;
see, e.g., Ref. [1] for a review. However, at finite baryon
chemical potential up, the sign problem limits direct sim-
ulations, which motivates effective descriptions that can
be confronted with lattice data and extrapolated to finite
density. For continuum perspectives at finite temperature
and density, see, e.g., Ref. [2].

Based on the AdS/CFT correspondence [3], the holo-
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graphic QCD method provides a useful non-perturbative
approach to explore QCD matter under extreme condi-
tions, such as finite temperature and/or baryon density,
magnetic, and vortical fields [4-25]. In bottom-up con-
structions, the Einstein—-Maxwell-dilaton (EMD) frame-
work is widely used, where the dilaton field provides an
effective description of the gluodynamics, and the model
can be calibrated to lattice thermodynamics by choosing
the dilaton potential and the gauge kinetic function. To
incorporate chiral physics and flavor dynamics in addi-
tion to the gluon sector, one usually supplements the
EMD background with a flavor action containing a bulk
scalar field dual to gq, as in the hard-wall/soft-wall mod-
els [26, 27], and their improved variants for chiral sym-
metry breaking and restoration [28].
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The original soft-wall model introduced by Andreas
Karch, Emanuel Katz, Dam T. Son, and Mikhail A.
Stephanov ~ [27], often referred to as the
Karch—Katz—Son—Stephanov (KKSS) model, provides a
simple framework for light-flavor hadron spectra and
chiral dynamics, and it also serves as a convenient start-
ing point for improved soft-wall constructions. In many
applications, the KKSS sector is treated as a probe: one
first solves the EMD background and then evaluates the
flavor contribution on top of it. This is efficient and often
sufficient for qualitative studies. A more self-consistent
description requires the back-reaction of the flavor sector
on the geometry. In practice, solving the coupled
EMD+KKSS system while keeping a single action fixed
across thermodynamic states, and simultaneously calib-
rating to lattice EoS data, is technically nontrivial. As a
result, systematic back-reacted studies remain comparat-
ively limited. In particular, it is challenging to calibrate a
coupled EMD+flavor setup to lattice thermodynamics
while keeping a single five-dimensional action fixed
across thermodynamic states. This motivates a controlled
back-reaction study within a fixed EMD+KKSS action,
which is one of the main focuses of this work.

In this work, we report three related studies within a
single EMD+KKSS framework. We first work in the
probe approximation and calibrate the EMD model to the
lattice EoS of (2 + 1)-flavor QCD at finite T and finite up
by using a neural ordinary differential equation (neural
ODE) approach [21, 29-31], and -subsequently fit the
trained neural networks into explicit analytical expres-
sions. We then treat the EMD system as an effective de-
scription of pure Yang—Mills theory and fix its paramet-
ers by fitting the up =0 lattice pure-glue EoS via a hy-
brid optimization strategy; see also recent data-driven
Einstein—dilaton reconstructions of pure-glue thermody-
namics [32]. Finally, we go beyond the probe approxima-
tion and solve the coupled EMD+KKSS equations with
back-reaction. With the EMD sector fixed by the pure-
glue calibration, we vary the KKSS couplings and com-
pare the resulting uz =0 EoS with the two-flavor lattice
data. A visible mismatch remains, which we view as a
structural diagnostic for the present flavor-sector trunca-
tion. Moreover, by examining the high-temperature beha-
vior, we find that the back-reacted dimensionless ratios
approach a nearly B-insensitive plateau close to the
B1 =0 (pure-glue) baseline, which provides a simple dia-
gnostic for the present flavor-sector truncation.

This paper is organized as follows. In Sec. II we in-
troduce the EMD+KKSS setup and the thermodynamic
dictionary. In Sec. IIl we present the probe-approxima-
tion calibration for (2 + 1) flavors at finite 7 and ujp using
neural ODE. In Sec. IV we present the pure-glue calibra-
tion of the EMD sector at uz =0. In Sec. V we describe
the coupled EMD+KKSS system with back-reaction and
compare with the two-flavor up = 0 lattice EoS. We con-

clude and discuss outlook in Sec. VI.

II. THE HOLOGRAPHIC FRAMEWORK AND
THE BACKGROUND SPACE-TIME OF THE
HOLOGRAPHIC MODELS

Firstly, we introduce the framework of the Einstein-
Maxwell-dilaton (EMD) system, which reduces to the
gravity-dilaton system at zero chemical potential. The
EMD system is widely used in holographic QCD models.
It can describe the QCD confinement-deconfinement
phase diagram [18, 19], the effect of the magnetic field
on the QCD phase transition [20, 21], the rotating effect
on the deconfinement phase transition [33, 34], the ther-
modynamic. properties of QCD and the location of the
critical endpoint (CEP) [22-25], the critical behavior near
the CEP [35; 36], and the glueball spectra and corres-
ponding EoS [32, 37]. Related bottom-up frameworks
with dynamical flavors include the Einstein—dilaton—fla-
vor (without a Maxwell sector) and the Einstein—Max-
well-Dilaton—flavor constructions, which have been ap-
plied to the 2+1-flavor QCD phase structure [38, 39].

Including the flavor sector, the total action of the 5-
dimensional holographic QCD model is

StAOtdl _S;'?MD+S}’ (1)
where S§,,, is the action for the EMD system in the
string frame, and S} is the action for the flavor part (im-
proved KKSS type) in the string frame. Some aspects of a
similar model were reviewed in Ref. [40].

The EMD action in the string frame is denoted by

s .
SEMD‘

1
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where s denotes the string frame, «2 = 87Gs, and Gs is the
5-dimensional Newtonian constant. g* is the determinant
of the metric in the string frame: g* = det(g},y). The met-
ric tensor in the string frame can be extracted from
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where L is the curvature radius of the asymptotic AdS s
spacetime. For simplicity and without loss of generality,
we assume L =1 in the following calculations. R* is the
Ricci curvature scalar in the string frame. The 5-dimen-
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sional scalar field ®(z) is the dilaton field that depends
only on the coordinate z. Fyy is the field strength of the
U(1) gauge field Ay:

Fyy = aMAN - aNAM~ (4)

The 5-dimensional vector field A, is dual to the baryon
number current. The function h(®) describes the gauge
kinetic function, and the function V*(®) is the dilaton po-
tential in the string frame. In this paper, to avoid confu-
sion with the flavor-sector potential, we denote

V(@) =VE(@), V@) = VE(D), )

and reserve Vy for the scalar potential of the KKSS sec-
tor.

A. The Einstein-Maxwell-dilaton system

As discussed in Ref. [41], it is more convenient to
choose the string frame when solving the vacuum expect-
ation value of the loop operator, and it is more conveni-
ent to choose the Einstein frame to work out the gravity
solution and to study the equation of state. So we apply
the following Weyl transformation [42, 43] to Eq. (2):

8un = e%‘pgfm, (6)
where g%, is the metric tensor in the Einstein frame. The
capital letter 'E' denotes the Einstein frame. Then, Eq. (2)
becomes

1
SE = 5 d*x \/—gE [RE —~ "5, Doy D
Ks
h(®
G L A )

where the function VZ = e3®V*,

The coefficient of the kinetic term of the dilaton field
® is % in Eq. (7), which is not canonical. Therefore, we
define a new dilaton field ¢:

8
o= 3. ®)
Now, the action in Eq. (7) becomes
SE - /dSLE, (9)

where £* is the Lagrangian density in the Einstein frame:

1
L= 55 VgF[R" = 28" (0u) @v0)
5
Vo) - O ) a0y
The function V,(¢) = VE(®), and hy(¢) = h(D).

For asymptotically AdS solutions, the UV behavior of
Vs(¢) is constrained by the scaling dimension A4 of the
operator dual to the dilaton ¢. Expanding around ¢ — 0,
one has

1
Vo(g) ==15 + §m§>¢2 +0(¢"),

my L= Ay(Ay—4), (11
which is the usual AdS/CFT mass-dimension relation. In
bottom-up holographic QCD, A, istreated as a phe-
nomenological UV input. It controls how fast the back-
ground departs from AdS and thus encodes the noncon-
formality associated with the running coupling and the
trace anomaly, but it should not be identified with the
perturbative QCD beta function. In this work we allow
different A4 in different calibration steps (e.g. A; =3.6 in
the probe reconstruction of Sec. IIl and A, =3.8 in the
pure-glue/back-reacted study). These choices should be
viewed as effective parameters optimized for the corres-
ponding calibration targets and temperature windows,
rather than as unique predictions derived from QCD in
the UV. A more quantitative running-coupling-based jus-
tification would require scanning A, and refitting the
model functions to the thermodynamic data, which we
leave for a dedicated follow-up study.

According to Egs. (3), (6), and (8), we then derive the
line element of the spacetime in the Einstein frame:

2 2A
dsz _ [2e*AE®@ (

f(z )dt +f()+dy1+dy2+dy3> (12)

where

(13)

1
A= A6 -\ oo

Using the variation method, we can derive the Einstein
field equations and the equations of motion of A, and ¢
from the EMD action in Egs. (9)—(10). It should be noted
that these equations are obtained by neglecting the back-
reaction from the flavor sector S%; otherwise, the field
equations would involve additional source terms and be-
come significantly more complex.
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Ry - ngmRE - ETMN =0,

Vi [ho(@)F*] =0,

o [v5"0] - vz ( -0,

QML)

d¢ 4 d¢ (14

Where Fz = gEMPgENQF unFro. Where Ty is the energy-

momentum tensor:

1
Tun = Oud) (Ond) — EgﬁNgE”Q @p0) (9g¢)
- gf/INVLP(¢) +hy(é) (gEPQFMPFNQ

(15)

1 PP (00
_ZgﬁNgE gE FPQF’}‘;’Q" .

We assume that all components of the vector field
A (z) vanish, except for the --component A,(z). By substi-
tuting the metric in Eq. (12) into the equations of motion
in Eq. (14), we obtain the equations of motion (EoMs) for
the background fields:

hy'

1
A+ A <_2+ o +AE’> =0, (16)
3 —2AEA/2 2h
g (_E+3AEI) _% =0, (17)
2 72
Ay~ A (—;+A;)+?=0, (13)
3 f )
"+¢' | —— + = +3A4]
'+ ( LT
LM V) AT g
2f d¢ 212 f de ’
Ag+f—+A;;<—§+3f)
6f z 2f
1/ 4 3f L?e*ey,
_7(_7+ f)+3AE’2+7ez s (20)
Z z 2f 3z22f

Here and in the following, a prime denotes the deriv-
ative with respect to the holographic coordinate z. Only 4
equations are independent in the above 5 equations. So
we choose Eq. (20) as a constraint and use it to check the
solutions of the EoMs.

B. The flavor part action in the holographic model

As mentioned earlier, S} in Eq. (1) describes the fla-
vor part in the string frame. Here we use an improved
KKSS action:

Sh=- / dxv=g'e” ﬁ(cb)xTr{|DMX|2+V;(X,cD,Ff)

1 s
iz (FIZA+F12?)}+SEaryons'

4g?
(21

where

DMX = VMX— lgCAMX (22)
is the covariant derivative of the 5-dimensional scalar
field X. In this work, we maintain the general polynomial
form

2
VR, ®,F) =Y X, (23)

n=1

the KKSS parameters 1, and A4 are precisely the coeffi-
cients entering Eq. (23), controlling the quadratic and
quartic terms in Vy. Moreover, A, is not a free parameter:
it is fixed by the AdS/CFT mass-dimension relation for
the bulk scalar X (see the discussion below leading to
My3 = -3), while A, will be treated phenomenologically
and tuned in the back-reacted N;=2 study. After the
Weyl transformation in Eq. (6), the potential in the Ein-
stein frame acquires an explicit dilaton dependence. In
our convention,

VEQX,®,F2) = i Vi (X, 0, 5°F2). (24)

where ngEgEMPgENQFMNFpQ. The function B(®) con-

trols the coupling strength between the flavor part and the
EMD background, and we use the following smooth an-
satz:

arctan(B8,® — 33) + g
B@) =4 ,

T

(25)

where (B1.53,.8;) are model parameters. In this work,
these parameters will be tuned in comparison with the lat-
tice EoS in the back-reacted Ny =2 study; in particular,
we will vary B; to assess the sensitivity to the overall
strength of the flavor back-reaction. When writing the
back-reacted equations in terms of the canonically nor-
malized dilaton field ¢, we wuse the shorthand
Bs(¢) = B(® = \3/8¢); similarly, the Einstein-frame fla-
vor potential may be viewed as a function of ¢ through
Eq. (8). The original KKSS action is proposed in Ref.
[27], and it is modified in Refs. [44—47] to describe the
chiral phase transition and meson spectra.

According to the AdS/CFT dictionary [26], the bulk
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scalar field X and the chiral gauge fields AY, are dual to
the relevant QCD operators at the ultrav1olet (Uuv)
boundary z=0. The bulk scalar field X can be decom-
posed as

X = <X(21) +S()C Z)> 21zr(x,z)’ (26)

where n(x,z) = 7%(x,z)t* is the pseudoscalar meson field,
and S(x,z) is the scalar meson field. The field y(z) is re-
lated to the vacuum expectation value (VEV):

where I, is the 2x2 identity matrix. For the N, =2 fla-
vor sector studied in this work, we assume the light quark
masses are degenerate, which leads to the diagonal form
X = Xu = Xa- The 5-dimensional bulk gauge field A}/, can
be recombined into the vector field V¥ and the axial-vec-
tor field AM:

1
M~ Q(Ay +AM,

= Sy -AY). (28)

The field-strength tensors for the vector field and the axi-
al-vector field are

RN = (R4 )

=MV —"VM —i [VM VN —i[AM AY],  (29)
1
EYY = 1 (Y P
=oMAN -V AM —i [VM AN -1 [AM VY] (30)
According to the mass-dimension relationship

M?*=(A-p)A+p-4) and given A=3 and p =0, the 5-
dimensional mass squared of the bulk field X is
My} =-3.

The action S that describes the flavor part can be de-
composed as

85 =55+ S tnesons TS baryons: GD
where
Sy=- / dxv=g* e"l’ﬂ(@){% Onx —igcAmxl®
+Tr[Vy ((X), @, F3)] } (32)

After the Weyl transformation in Eq. (6), the correspond-
ing action in the Einstein frame can be written as:

1 .
= - /dsx V/—gEe® (D) {5 |0mx —igcAmxly

T [VE (0. 0.7)] | (33)
where |---|1255gEMN(---)*(~~~) and V§ is defined in Eq.

(24). Equation (33).is the action for the thermodynamic
VEV x(z). The 5-dimensional fields dual to the meson
and baryon towers are treated as perturbations around this
background. The contributions from S, s and S0 tO
the thermodynamics are expected to be subleading com-
pared to that from S}, and thus we neglect them in the
thermodynamic calculation in this article.

C. Coupled equations of motion with back-reaction

In the general case where the back-reaction of the fla-
vor-sector is considered, the fields {A,,f,Ag, ¢,X} are
solved simultaneously as a coupled system. By varying
the total action S}, =S¢, +S+, we can derive the com-
plete Einstein field equations and the equations of mo-
tion for the gauge field A, the dilaton ¢, and the scalar
field X. Here, we focus on the thermodynamic back-
ground and only consider the contribution from the vacu-
um expectation value (VEV) x(z), while the fluctuations
corresponding to meson and baryon excitations are neg-
lected in the coupled equations. In tensor form, these
equations are given by:

1

1 E 1 E E EMD
167G {RMN - EgMNR - ETMN
2T T =0, (34)
hy
6’”{‘/_( TonG, T B (¢)
x {Te[VE(X). 0. F )]}) EMPgENQFPQ}
~2v=ge B, (9)g2e" ™ AT () (0] =0,
(35)
V=8 pmn
On {167er Nﬂ
167rG (‘/_ Ay d¢)
_9 { V=g eV B,(9) Tr[ g7 Dp(X) Do(X)
+ VE<<X> . Fp]} =0
(36)
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Dy(V=ge"™p, (¢>gEM”DN<X>)

- V=g (Vi rp]} =0
(37)

0(X)‘

Where TEMP is defined in Eq. (15), the general flavor en-
ergy-momentum tensor is defined using the trace operat-
or:

Tl = Tr [ (Du(X)" Dy(X) + (Dy(X))' Di(X)

— i (85" (DX DoCX) + VE(X),0,FD) )|

NTIVE(X), 6. FDI} pro
OF2 §

+4 FMPFNQ-

(38)

After substituting the metric ansatz into the above tensor
equations, and following the style of Egs. (16)—(19), we
obtain the following complete set of back-reacted equa-
tions of motion for N, =2 flavors in the Einstein frame.
To simplify the expressions, we define the effective
gauge kinetic function as follows:

K@) = hy +647TG5€M¢,3¢(¢)%TI[V)€ (X6, F)]. (39)
E

The coupled equations are given by:
’” ’ 1 ’ 7(,
A7 +A; <_E +AL + %)

_16nGsL2 eV, (4)glA
2fK

=0, (40)

f+f (—g + SAE’)

16nGse Th@)eiAY: D AR g
f L?

(41)

2 72
AL—AL <—; +AjE) . ‘%

5 20\ »
At(Z) = CA,,O"'CA,,IOZZ + — 304 Ca,, 106‘¢1 (1 14_1,10)2152 +

X (5b? —24b by — 12b3h)

f(Z)=1+Cf,2()Z4+ Cf206¢lZ +O( )

154

146821248

218484 b? 11 11 1 16
_Tho (1 +300 <a4+ ﬁ%)) — 1820700 (a4+ mw) }zi +O(z5 ),

8nGse VB, (¢)g2A2x*  8nGse VI¥B,(d)x"?
+ =0,
32 3
42)
3. f > 26+ 4V,
"+ | —= + = +34;] —
g < 7 2f 4

2472 2 42,2 V3/8¢
L _gAT dhy g G- (X,z _8AX ) dle V"'*B,(¢)]
202 f dgp IE de

167G L*e*=:0{e VIRB,(H)TrVE(X), ¢, F1)1}

27 7 =0
(43)
’” ’ ’ ¢’ d18¢(¢)
3A — 4+ =
X' +x ET + f¢ Bu#) do }
ANy L2 e a{Tr[VE<<X> o.FD1 _
£ 2f Ay ’
(44)
L S 6 3 1 4 3f
Aptop T4 ( Z 2f>_2<_2+ 2f)
,  87Gse V3B, (¢)g2A2y?
+34,7% - 2 3f(i
LV 167Gse V3BT VE(X), b, F2)1)
322f
| 327Gse B @ZAL HTAVE(X), 6, FDI) _
312 f OF3 '
(45)

UV asymptotic expansions at z — 0. Near the UV
boundary, the coupled equations admit fractional-power
asymptotic expansions due to the non-integer scaling di-
mension A, = 3.8 adopted in this work. For convenience,
we list the expansions of the five background fields
{A;, f,Ag,¢,x} around z=0, where the coefficients are
written in terms of the canonically normalized dilaton
field ¢ (recall ¢ = v/8/3®): The coefficients involve the
EMD potential parameters {vy,a4,as,as,...} from the
pure-glue ansatz in Eq. (80) (with the best-fit set given in
Eq. (83)), and the gauge-kinetic parameters {hg,b,...,b1o}
from Eq. (84).

5 873936

C 1+h

5243616 b}
(1 + hy)?

CA,10 C;,l |:— 8381 +
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4

i (e o )~
FQ= =g o\ 7122 T a1 \“ 1 216") ) ¥ T 3755372544
x{95401 254016000( 119, )-+32898600< L ) +2421090000<i RS )2} $
9~ 77760 "° 44T 516" 447 516") |*
PR S [60421987 335428128000< 1019, ) +2300165683200( L oel7 )
36907801362432 ! %~ 77760 "° 4T 6531840 "°
308700( 97243+165369600( 1019, )> ( MRS )-+4408804890000( L )2
%~ 77760"°) ) \** " 216 ° T 5160
1 \°
+184284639000000<a4+-Efgvo) }z%+(7@?),
$(2) = cp12% — =), (198 +37800ay +1925vp) 23

12096

P
12192768

1579550
—_— 7 —_— —
15021490176“‘“”{651899

1225

T (=97794 + 201009600 as —2634115v,) (216 a4 + 11vy) +

172480
27

2

(6531840ag4—54217xb)}z%-+()<z%),

6

77 (77760 a6 — 1019 vy) +44559270000

C;I{1734-%40824000ai—-6531840a64—756Oa4(79-+550th)+-116011v04-105875v§}z

(i)
RITA

160015625
——— " 21644+ 11 vp)?

972

16245,

5
X(Z) = C)(~5Z+ 67\/6 Cp1 Cys |:21 +

42/3%
+
(1 +ﬁ§)2 (r=2 ar(:tan,33)2

i 2 B 1
tC112° +C122° +C132° +C142° + |:CX’]5+

The UV coefficients appearing in Eq. (46) have dir-
ect boundary interpretations. For the U(1) gauge field, the
AdS/CFT dictionary gives the chemical potential as
1 =A,(z=0), thus

Ca0 = M- 47)

The next coefficient c,, o is related to the baryon density
rather than to u. In the coupled system, the baryon dens-
ity np is defined from the total Lagrangian density; see
Eq. (63) in Sec. II E. Substituting the UV expansion
A(2) = ca0+ca 1022+ into Eq. (63), one can directly
obtain the relation between np and c,, 1o (see the discus-
sion below Eq. (63)).

In our numerical calculation we fix the dimensionless
coefficient ¢} =1 and restore physical units by mul-
tiplying any quantity with energy dimension [X] = E? by
AP (see Sec. II F for our convention). In the following,
we use the physical convention and simply write ¢,; = A
for the corresponding dimensionful UV scale, so that all
UV coefficients are presented in the same physical nor-

(1+3)(x—2arctanfs)

c

|

(log

)

x.15

§+5
C T 344

2 +
» > 8175
Cp1 %5{ 1 +ﬁ§)(n—2arctanﬁ3)

7 8 9
X(—1+376;—608; arctan,Bg)} 25 +Cy87° 020 + c)(,mz2

lnz} Z3+O(zl?6). (46)
malization.
For the chiral scalar, the leading UV term

Xx(z) = c¢,5z+--- plays the role of the source and is propor-
tional to the (degenerate) u/d current quark mass m, in
the N, =2 setup. The coefficient of the z* term (together
with the logarithmic piece C)((Iolgg) 2*Inz) encodes the chiral
condensate o,. It is noticed that in the present back-re-

acted setup the precise proportionality between
{CX,IS»C)((li%)} and the condensate requires holographic

renormalization, because the on-shell action contains UV
divergences and the prefactor ¢®S(®) in the Einstein-
frame flavor action affects the normalization of the ca-
nonical momentum. In our numerical implementation we
therefore treat ¢, 5 as the input source parameter and use
the 7* coefficient as an indicator for the condensate; a
dedicated holographic-renormalization analysis will be
reported elsewhere.

It is noticed that in Eq. (46) the truly independent UV
data can be chosen as {ca,0,ca,10,C4,1,Cy.5,Cy15). All other
coefficients in the UV series, such as ¢, s—c,,14 and Cil,ol‘c’;),
are fixed by the coupled equations order by order once
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the above independent data and the model parameters are
specified; their explicit expressions are lengthy and we do
not list them here.

In practice, for a given horizon position z, we solve
the coupled boundary-value problem by fixing c4,0 (set
by the chemical potential ), ¢, s (set by the current quark
mass m,), and ¢, (taken as the UV scale A in physical
units), together with the standard boundary conditions
A(z) =0, f(z=0)=1, and f(z,) = 0. The remaining con-
ditions are provided by the UV asymptotic AdS normaliz-
ations and the regularity conditions at the horizon, which
close the system for the five second-order equations. In
our numerical implementation the coupled equations are
solved using a pseudospectral (collocation) method [48].
After obtaining the background solution, the temperature
T (from f’(z;,)), the baryon density nz (from Eq. (63)),
and the chiral-condensate indicator (from the 7> coeffi-
cient of y) can be extracted.

In the above equations, the prime ’ denotes the deriv-
ative with respect to z. Only five equations are independ-
ent in the above six equations. Therefore, we choose Eq.
(45) as a constraint and use it to check the solutions of the
EoMs.

Besides the second-order constraint Eq. (45), one can
also derive a simplified first-order constraint equation dir-
ectly from the zz component of the Einstein equations as:

oDt d) b
87T3Gs W% (¢)( gg?chz)
Lz 245

32f

[v¢+ 167Gse V3B, () TH[VE(X), ¢, F )]]

2Ar2 1
R N A
3[2e2AE f(z ¢

E 2
+64rGoe Ty "IN LIN )
E

(48)

By using the equations of motion, Eq. (41) and Eq. (42),
to eliminate the second-order derivative terms f” and A%,
in Eq. (45), one can show that it is completely equivalent
to the first-order zz constraint equation, Eq. (48).

In our numerical study of the back-reacted N, =2 the-
ory, these coupled equations are solved by imposing con-
sistency with the pure-glue background in the limit where
the flavor contribution is small.

D. Thermodynamic dictionary of the EMD system

We can derive the black-hole solution from the equa-
tions of motion (EoMs) Eq. (16)-(19). The temperature of
the black hole is

, (49)

Vv

where z;, is the location of the horizon for the black hole.
The entropy density of the black hole is

e3Ae(m)
SEMD = —>5
K

5.3
=z
2

(50)

According to the AdS/CFT dictionary, the temperature
and the entropy density of the QCD matter are T and
Semp, respectively.

According to the AdS/CFT dictionary, the chemical
potential is

pu=A(z=0), (1)

and the baryon number density is

lim oLr
=0 3(d.A,)

eAE®@
{ h¢(¢) A (2],

NgmMp =

(52)

where LT is the Lagrangian density in the Einstein frame
as given in Eq. (10). From the Euler-Lagrange equation
of the field A,(z):

OLE  oLE

MouA,)  0A, (53)
AE(~

0, h¢(¢) A(Z) (54)

Eq. (??) is actually the EoM of A;, Eq. (16). Thus, we
obtain the conserved Gauss charge associated with the
field A;:

eAE(
O = h¢(¢) A 1(2). (55)
Then we derive
__ 56
Negmp = 2K52 Oc. ( )

Sometimes the following expression of ngyp, which
is related to the quantities at the black-hole horizon, is
more convenient for the calculation:
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1 eAe@@)

28 g Ne@ = #@DA/ @)

(57)

NEmMp =

The internal energy density and the free energy dens-
ity are

€emp = T Semp — Pemp + MNEMD,

Femp = —Pemp = €emp — T Sgmp — HNEMD- (58)
The differential relations of the above equations are

degyp = T dsgyp +pdngyp,

dFemp = —dpemp = —Semp dT —ngyp du. (59

From Eq. (59), we can calculate the pressure P and the in-
ternal energy density e. The trace anomaly is

Teyp(T, 1) = €gpp(T, 1) = 3peup(T, 1)
=T sgup(T, 1) + unpyp(T, 1) — 4pepp(T, ).

(60)

The square of the speed of sound is

d
c:EMD2 = dpEMD . (61)
€EMD
The adiabatic index y is
_ dlanMD. (62)
dln €EEMD

Here, all the thermodynamic quantities are labeled
with "EMD," indicating that these thermodynamic quant-
ities are determined by the EMD system.

E. Thermodynamic dictionary of the coupled
EMD +KKSS system

We now briefly comment on the thermodynamic dic-
tionary for the coupled system S, =S,,+S%. The
thermodynamics is still determined by the black-hole
background geometry: the temperature is given by Eq.
(49), and the entropy density is given by the
Bekenstein—-Hawking area formula, which takes the same
form as Eq. (50) but with the back-reacted metric func-
tion Ag(z) obtained from the coupled equations. The
chemical potential is still identified as the boundary value
u=A(z=0),1ie., Eq. (51).

The main difference from the pure EMD case is the
baryon number density. In the coupled system, it should
be defined from the total Lagrangian density,

oLE
1~ total
30 9(0.A,)

{ eAE®

where LE , denotes the Lagrangian density correspond-
ing to S, and K(z) is the effective gauge kinetic func-
tion defined in Eq. (39). Using the UV expansion
A(z) =p+ca 022 +---  together with Az(0)=0 and
B(@ — 0) — 0 (thus K (0) = h,(0) = 1), one finds

ng =

1
S T
2K5 Ll_)O

K s d TAQL

_K©O) 1
87Gs 41T T 82Gs

ng= (64)

CA,,105

where weused 2 = 87Gs. It is noted that the Euler—Lag-
range equation for A, no longer reduces to a conservation
law when the flavor sector is coupled: the Maxwell equa-
tion contains source terms (see Eq. (40) in the general
case), thus the Gauss charge Qg is not conserved, and
Egs. (54)—(57) do not apply to the coupled system.

Other thermodynamic relations remain the same, e.g.,
€e=Ts—P+un and dP = sdT +ndu, with (s,n) under-
stood as the entropy and baryon density of the coupled
system.

F. Model input and our working conventions

In this work, we use the same EMD+KKSS frame-
work but focus on two distinct approximations/interpreta-
tions. Firstly, in the probe approximation we solve the
EMD equations of motion and interpret the background
as an effective description of (2 + 1)-flavor QCD matter.
Secondly, we go beyond the probe approximation and
solve the coupled EMD+KKSS equations with back-re-
action; in this step we use the pure-glue lattice EoS to fix
the EMD sector, and then interpret the back-reacted solu-
tion as the N, =2 theory. This three-step strategy is inten-
ded as a controlled study within a fixed-action frame-
work; it does not assume that the gluonic and flavor sec-
tors can be separated exactly at all scales.

The main model inputs are the dilaton potential and
the gauge kinetic function in the EMD sector, V,(¢) and
hs(9), together with the KKSS couplings S(®) and Vy. In
our Mathematica code, we used a convention in which
many variables carry a prefix "var"; in this paper, we al-
ways drop that prefix and use the standard symbols.

The (pure) EMD system admits an overall scaling
symmetry: after setting the AdS radius to unity, one first
obtains thermodynamic quantities in "bulk units," and
then introduces a single characteristic energy scale A to
convert them to physical units, following the convention
in Ref. [14]. Any quantity X with energy dimension
[X] = E? is mapped as
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Xphys =A? Xbulk- (65)

In vparticular, 7 =ATwk, Hp=AWpouks =N Spuk,
ng = A3 (ng)oux, and P,e = A*(P, €)pux. Therefore, dimen-
sionless combinations such as s/7° and P/T* do not de-
pend on A. Equivalently, A may be viewed as a conver-
sion factor between the (dimensionless) coordinate/field
normalization adopted in the bulk and the physical nor-
malization used to report results in MeV/GeV. This free-
dom is a direct consequence of the overall scale invari-
ance of the classical EMD equations (after fixing the AdS
radius L = 1): a simultaneous rescaling of boundary co-
ordinates and intensive thermodynamic quantities leaves
all dimensionless observables invariant, while it changes
the numerical values of dimensionful quantities by a
common factor. In practice, once a specific calibration
prescription at y =0 is chosen (e.g., matching the lattice
curve of s(T)/T? or fixing a reference temperature in
physical units), A is fixed and does not represent an addi-
tional tunable parameter. Throughout this paper, we use
A to denote this overall scale (not to be confused with
other uses of A in unrelated contexts).

III. PROBE APPROXIMATION: EMD CALIB-
RATED TO THE LATTICE EoS OF (2+1) FLA-
VORS VIA NEURAL ODE

In this section, we work in the probe approximation:
we neglect the back-reaction of the KKSS flavor sector
and only solve the EMD equations of motion given in
Sec. 1I. After obtaining the black hole backgrounds, we
calculate the thermodynamic quantities and compare the
resulting equation of state with the lattice QCD EoS for
(2+1) flavors at finite temperature and finite baryon
chemical potential.

A. Neural-ODE calibration strategy

In this part, we calibrate the EMD model to the lat-
tice EoS using neural ODE framework [29, 30]. The
EMD equations are treated as a differentiable ODE sys-
tem, and the model functions V4(¢) and h,(¢) are learned
from data under UV/IR constraints. The parameters are
optimized by minimizing the mismatch between the holo-
graphic predictions and the lattice targets.

Once V,(¢) and hy(¢p) are determined, we keep them
fixed and use the same five-dimensional action for all
black-hole solutions at different (7,up). This keeps the
thermodynamic state dependence in the solutions rather
than in temperature-dependent effective potentials, and
makes the subsequent back-reaction study a direct probe
of the limitations of the coupled ansatz. If the model
functions were also allowed to vary with the thermody-
namic state, it would become harder to distinguish the

fixed bulk action from the state-dependent black-hole
solutions, and the subsequent back-reaction analysis
would be less transparent.

In this probe calibration, we use as a reference a re-
cently published thermodynamic table for (2 + 1)-flavor
QCD at finite temperature and finite baryon chemical po-
tential, with up =ps =0 and T =35.0-490.0 MeV [49].
This table is released through a public interpolation/fit-
ting framework that combines lattice-QCD constraints
with a hadron-resonance-gas (HRG) description [50], and
provides a broad and smooth domain that is convenient
for a stable inverse reconstruction of the model functions.
Our conventions_for the EMD background and thermody-
namic extraction follow standard choices in the recent
holographic EMD literature; see, e.g., Ref. [15]. In our
training set; we include the dimensionless ratio s/7° (and
thus also p/T*, €/T*, and I/T* = (e-3p)/T* derived from
thermodynamic identities) at u =0, together with s/T3
and ng/T? at finite 4.

To reduce degeneracies in the inverse fit, we build the
model functions by combining hard UV/IR constraints
with a flexible data-driven component. Specifically, we
impose the UV behavior Vy(¢) = —12+ 3m;¢* + O(¢*) and
hs(¢) =1+0(¢) at ¢ — 0. The UV mass term is fixed by
the scaling dimension A, through the AdS/CFT relation
in Eq. (11); see also the discussion in Sec. II. According
to Refs. [51, 52], if one requires confinement and the ab-
sence of bad singularities, the IR asymptotics of the
dilaton potential should satisfy

L*Vy(§ — +00) = cy e (¢ + ),

V6 23
T < Co.1 < ?, (&%) real,
(66)
V6
Cy1 = 73 ,» Cpn >0,

with ¢, a constant. When ¢4 = V6/3 and cs2 >0, the
asymptotic glueball spectrum behaves as

My, ~ ne? when n— +oo, (67)

and the choice ¢4, =1/2 gives asymptotically linear
Regge behavior. In the IR we therefore include a term
consistent with this class and set A;=3.6 (thus
v=4-A; =04 and mj = Ay(A, —4)) together with a fixed
IR coefficient ky =—0.1. The remaining parts of V,(¢)
and h,(¢) are then learned from data in the neural-ODE
optimization. In practice, the flexible components are rep-
resented by fully connected neural networks with a
simple 1-24—24—1 architecture and SiLU activation.

For later use, we provide an explicit functional para-
metrization for the reconstructed model functions in the
original probe calibration. To match the legends used in
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the figures below, we denote this original reconstruction
by form 1, with model functions Vi tom1(¢) and 7 form1(¢)-

In our convention, the Einstein-frame gluon potential and

the gauge kinetic function are taken as

1
V¢,f0rm 1 (¢) =-12+ Emé(pz + ¢4 V¢,f0rm l,net(¢)

+hy(1 +¢2)iexp<\f¢>
Vo
3

kV§¢3+

7
- {kv +hy—o¢+ Ekv¢2
13

36

B 4
N

and

h(b,form 1 (¢) = k(l) eXp(k;llz)¢)

hy

+ (1 - kall))exp [_¢ h¢,form1,net(¢)] s (69)
where Vi gomined(@) and 7y pmine(¢) denote the flexible
components represented by neural networks. The subtrac-
tion terms in Eq. (68) ensure that the UV expansion

matches Vy(¢) =-12+ Emﬁ,fﬁz +0(¢*) while keeping the
desired IR asymptotics. The free function is multiplied by
¢*, rather than by ¢?, so that the UV mass term remains
fixed by the relation mjL* = A,(As —4) and is not contam-
inated by the flexible interior parametrization. The expli-
cit polynomial fit for Vi sumine(¢) given below is used
only as a convenient representation of the trained func-
tion in the data-constrained range, and-is not itself the ob-
ject of the robustness check discussed later.

For future reference, we fit the trained form-1 net-
work outputs using simple polynomials (valid in the data-
constrained range of ¢ shown in Fig. 1):

Vg torm1net (@) = — 1.558082 x 1077¢® +4.058989 x 10~%¢’
—2.014347 x 1073¢° —3.300564 x 10~*¢°
+4.517985x 10°¢* —2.073986 x 10~%¢*

+3.797004 x 1072¢* + 6.484887 x 10~

-1.702365x 107",
(70)

P sorm 1net(@) = 7.523421 x 1077¢* —3.743422 X 107

V¢,f0rm 2,net (¢) =

+7.309245 x 104¢° — 6.995335 x 10°¢°
+3.262371x1072¢* —6.210014 x 1072¢°
+9.327736x 102¢* — 1.261251 x 107" ¢

+8.025826x 1072 (71)

In the present probe calibration, the UV input is fixed
to A;=3.6 and v=4-A,=04, which implies
mé =A4(Ay,—4) = =1.44. The remaining numerical con-
stants entering the final form-1 parametrization in Egs.
(68)—(69) are

ky =—-0.1;" k,»=0.652974, k' =—11.292836,

A =1130.97 MeV, «Z=10.39. (72)

In this probe calibration we take A, =3.6, while in the
pure-glue/back-reacted steps below we adopt a different
value (e.g. A, =3.8) tailored to that calibration; we keep
the same notation to match the corresponding numerical
setups.

For a limited robustness check, we also consider an
alternative probe reconstruction (form 2), obtained from
the same dataset and the same two-stage fitting strategy.
The common inputs Ay=3.6, ky =-0.1,
A =1130.97 MeV, and «2=10.39 are kept identical to
those of form 1. In this alternative reconstruction, we re-
place the IR-completion factor (1+¢%)!* in Eq. (68) by
(1+¢"Y® and adjust the subtraction terms so that the UV
expansion remains unchanged. The corresponding recon-
structed functions are denoted by Vjwpmo(¢) and
hstom2(¢), and the alternative probe ansatz is

1
V¢,form2(¢) = - 12 + Emi¢2 + ¢4 V¢,form2,net(¢)
+ky(1+ %)% exp (\f¢>

V6

- [k”kV?

L Vo
27

L,
o+ gkvfﬁ

1
ky¢® + 3—kv¢4} )

216 (73)

h¢,form2(¢) = k;zzl) exp(kglzz)(b)

+ (L= k) exp [~y formne(@)] - (74)

—-1.950922 x 107! +1.445155x 107! — 6.301410 X 1072¢* +9.142151 x 1073¢> — 4.844424 x 10~*¢*

1.0-4.783528 x 10~1¢ + 2.448851 x 10~1¢> — 3.530235 x 10~2¢> + 3.506043 x 103 ¢* ’

(75)
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Fig. 1.  (color online) Robustness check in the probe limit:

comparison of the reconstructed model functions Vi gom1(#)
and Vjom2(¢) (upper panel), together with /g fomi(¢) and
hgform2(¢) (lower panel). The dashed vertical lines indicate the
corresponding ¢ ranges covered by the wpp=0 input data,
namely approximately ¢=~1.104—6.887 for form 1 and
¢ ~1.121-6.768 for form 2. Although the two potentials show
a visible difference toward the upper end of the fitted interval
and beyond, the fitted gauge kinetic functions remain very
close, and the resulting thermodynamic observables in the cal-
ibrated domain are almost unchanged.

Ry formanet(9) = — 1.890023 x 107°¢® + 4.620669 x 10> ¢’
—3.758841 x 107*¢° + 1.032000 x 1073 ¢°
—1.816022 x 1073¢* + 1.945701 x 1072¢*
+2.840613 x 1072¢* —2.342798 x 10~ ¢
+3.127162x 107",

(76)
K2 =0.612463, ki = —11.600600. (77)
Here V¢,form 2,nel(¢) and h‘/)’f"fmz’“ﬂ((p) denote the  re-

trained flexible components in the alternative calibration.

(o, P1)

Initial Value

Vol@), ho(9) EoMs
x
Update
Th d, i
Loss Function gg;?lti};;?jsm B

Fig. 2. Schematic illustration of the neural-ODE calibration
workflow. For a given set of model-function parameters, the
EMD equations are solved to obtain thermodynamic observ-
ables, which are compared with the reference table to con-
struct the loss. The parameters are then updated through gradi-

ent-based optimization.

The free part still starts at order ¢*, so the UV mass term
remains fixed by A, and is not mixed with the flexible in-
terior part. The new factor (1+¢*)!/® preserves the same
leading IR behavior ¢'/>exp( V6¢/3), while modifying the
interpolation pattern at intermediate ¢. As in form 1, the
flexible part reconstructed by the neural ODE is data-
driven, and its explicit polynomial or rational expression
is used only as a convenient parametrization in the data-
constrained range. With the same UV input A, =3.6,
v=04, mj;=-144, and the same overall constants
A =1130.97 MeV and «? = 10.39, we refit the model and
obtain the form-2 probe EoS shown in Figs. 5 and 6. The
resulting curves of s/T3, p/T*, €/T*, I/T*, and ng/T* in
the calibrated domain remain almost unchanged, indicat-
ing that the probe-limit results are stable under this non-
trivial change of the probe ansatz. This limited check
concerns these calibrated thermodynamic observables
only, and is not meant to constrain extrapolative quantit-
ies such as the CEP position.

The training is performed in two stages. First, we fix
=0 and optimize V4(¢) by matching s/7°. Second, we
freeze the trained V,(¢) and optimize h,(¢) by matching
both s/T° and np/T? at finite u. For a data sample at
(T;, 1) with uncertainty e;, we define the loss functions as

(5/7%),, = (s/7), 1’
(s/T?),, ’

LS/T3 (78)

1
:NZ
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1
Ly = ﬁz [<ln(nB/T3)mi —ln(nB/T3)di>
(ns/T°),, ’
X—2| 79
(nB/ T3)e,- ( )
where the subscripts m;, d;, and e; denote the model pre-
diction, the reference-data value, and the data uncertainty,
respectively. The logarithmic form in Eq. (79) balances
the wide dynamic range of nz/T°. We solve the equa-
tions of motion (EoMs) using a differentiable ODE solv-
er, and optimize the neural network parameters via gradi-
ent-based optimization methods.

B. EoS results and comparison with lattice

After training, we obtain an excellent agreement with
the reference thermodynamic table for (2 + 1)-flavor QCD
in a wide range of temperature and chemical potential.
For the original probe reconstruction (form 1), represent-
ative comparisons at ¢ =0 are shown in Fig. 3, while the
comparisons in fixed u/T slices in the temperature win-

17.5F

15.0

12.5F

10.0[

s/T3(T, pg = 0)

5.0

2.5F

0.0

T [MeV]

n n n n
100 200 300 400 500

12F

10

&/T4(T, ug = 0)
o

1 1 1 1 1
100 200 300 400 500
T [MeV]

Fig. 3.

dow T =35-490 MeV are shown in Fig. 4. The corres-
ponding form-2 results are shown in Figs. 5 and 6.

As an additional application of the reconstructed
probe-approximation model, one may explore the thermo-
dynamics at finite ¢ and infer the possible location of the
critical endpoint (CEP). Following the standard proced-
ure, we inspect the behavior of T'(s,up) and identify the
CEP from the extremum of d7/ds along fixed-up curves.
An illustration of this determination for form 1 is shown
in Fig. 7. For completeness, the corresponding determina-
tion for form 2 is shown in Fig. 8. From these plots, the
CEP of the form-1 reconstructed probe model is estim-
ated in the ~range TP ~89.35-89.50MeV and
S ~ 630-631 MeV, while that of the form-2 reconstruc-
ted probe 'model is estimated in the range
TCEP ~ 89.20-89.35 MeV and u§f ~ 645-646 MeV.

IV. PURE-GLUE CALIBRATION OF THE EMD
SECTOR AT =0

We now consider the EMD system as a dual descrip-

1 1 1 1 I-
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(color online) Probe approximation, (2+ 1) flavors at x =0, form 1: comparison between the holographic EMD results (solid

lines) and the reference thermodynamic table [49] (scatter points). Upper left panel: s/T3; upper right panel: p/T*; lower left panel:

€/T*; lower right panel: I/T* = (e-3p)/T*. The reference points for I/T* are constructed from the combination e€—-3p, and thus do not
represent an independently tabulated observable. The horizontal axis is 7 in units of MeV.
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(color online) Probe approximation, (2+ 1) flavors in fixed u/T slices (temperature window 7 = 35—490 MeV), form 1: compar-

isons between the holographic EMD results (solid lines) and the reference thermodynamic table [49] (scatter points). Upper left panel:
s/T3; upper right panel: p/T*; lower left panel: ¢/T*; lower right panel: np/T3.

tion of the pure Yang-Mills theory. In this step, we set
up =0, thus A,(z) =0, and the Maxwell sector decouples.
Therefore, the gauge kinetic function %4(¢) does not enter
the thermodynamics at up = 0, and the pure-glue calibra-
tion mainly constrains the dilaton potential V,(¢) and the
overall normalizations. Here, the pure-glue calibration
serves as an intermediate step that fixes the gluonic back-
ground before the flavor back-reaction is turned on. This
does not imply an exact separation of gluon and flavor
dynamics at all scales.

A. Ansatz for V,(¢) and fitted parameters
We adopt the following analytic ansatz in d = 4:

A¢(A¢ - d) _ Vo
2 2d-1)

4 6 8 10
+asd” +asd” +agd” +ad
)r

V(@) = —d(d—1>+[ }«ﬁz

¢

V2(d-1) (80)

+vo(1+¢2)i {sinh(

which is UV-consistent by construction.

Indeed, expanding Eq. (80) around ¢ = 0, one finds

24| ¢ 2_ Yo 2 4
vo(1+¢7) {smh( m)} = 2(d—1)¢ +0(¢"), (81)

Vo
2d-1)
line. Therefore, the quadratic coefficient is fixed to be
Ag(Ay—d)

2
sion

#* term in the second

which cancels the explicit —

, in agreement with the AdS/CFT mass-dimen-
d=4,
myL* = Ay(Ay—4), see Eq. (11); in our numerical imple-

relation. In particular, for one has
mentation, we set L = 1 as discussed around Eq. (3). This
structure ensures that the background is asymptotically
AdS and that the UV scaling dimension A, of the operat-
or dual to ¢ is well-defined, while still allowing v, to con-
trol the nonconformal/IR behavior without spoiling the
UV data. In the present fit, we take A, = 3.8.

The best-fit parameters obtained by a hybrid optimiz-
ation (Bayesian optimization combined with local refine-

ment) are
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(color online) Probe approximation, (2+ 1) flavors at u =0, form 2: a comparison between the holographic EMD results (solid

lines) and the reference thermodynamic table [49] (scatter points). Upper left panel: s/T3; upper right panel: p/T*; lower left panel:
€/T*; lower right panel: I/T* = (e-3p)/T*. The reference points for 7/T* are constructed from the combination €—3p and thus do not
represent an independently tabulated observable. The horizontal axis is 7 in units of MeV.

A =1.19785GeV, Gs=1.16750, (82)
and
6 -2
=7, a, =-7.74146 x 1072,
ag = -3.48325x107*, gy =-1.36440%x 107>,
apo = —2.89020x 1075, (83)

Here, A is the overall energy scale of the EMD sys-
tem introduced to convert bulk units to physical units; see
Eq. (65) and Ref. [6].

B. A convenient ansatz for /,(¢)

For use at finite u, we also record the functional form
of the gauge kinetic function 7,(¢):

hy(®) = sech(bi¢+b3¢’ + bs¢p” + by +begp’)

1+ hy
ho
1+ hy

+bg¢® +b1ogp"),

+ sech (b2¢2 + b4¢4 + b6¢6

(84)

where the set of parameters {hg,b,...,bo,b1p} are to be
fixed.

It is noticed again that at u =0, the Maxwell sector
decouples, and 4,(¢) does not enter the thermodynamics.

C. Pure-glueEoSatu=0

In practice, the pure-glue calibration amounts to min-
imizing a chi-square objective constructed from the lat-
tice entropy density s/T° at u=0. Concretely, for each
lattice temperature point 7; (with uncertainty o), we
define
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2
N

S
(F)model — B (F)lm —
2 _ T=T; T=T;
=y ,

i>6

(85)

and determine the best-fit model parameters by minimiz-
ing x*. In practice, the sum starts from the 6th lattice tem-
perature point (excluding the five points below T.), be-
cause their absolute uncertainties are very small and
would otherwise over-weight the near-transition region in
the chi-square objective. Since each function evaluation
requires solving the background and extracting thermody-
namic quantities, we adopt a hybrid Bayesian-optimiza-
tion strategy based on a Gaussian-process surrogate mod-
el [53—55], combined with local refinement. Starting
from an initial Latin-hypercube sampling in the paramet-
er box, we iteratively fit the surrogate to the accumulated
samples, propose new candidates by alternating a local
acquisition-based search around the current best point
(with an adaptive search radius) and occasional global ex-
ploration, and evaluate the expensive objective in paral-
lel; failed evaluations are discarded and successful
samples are cached to enable restartable runs.

With the best-fit parameter set, we compute the EoS
at 4 =0 and compare it with the lattice Yang—Mills result,
as shown in Fig. 9. The red points represent the lattice
S U(3) data from Ref. [56].

V. COUPLED EMD+KKSS SYSTEM WITH BACK-
REACTION AND THE N, =2 EOS
In this section, we go beyond the probe approxima-

tion and solve the coupled EMD+KKSS equations with
back-reaction. The logic is the following:

e We first fix the EMD sector by fitting the pure-glue
lattice EoS at u = 0, as shown in Sec. 4.

® Then, we turn on the KKSS sector and solve the
coupled equations, interpreting the back-reacted solution
as a dual description of the N, =2 theory.

A. Coupled equations and numerical setup

From the numerical point of view, turning on the fla-
vor back-reaction turns the thermodynamic problem into
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point (CEP) in the probe-approximation model, form 1. Up-

(color online) Determination of the QCD critical end-

per panel: T(s,up) curves for several nearby values of up, used
to bracket the CEP in a narrow range; the dash-dotted hori-
zontal lines indicate the corresponding estimated temperature
interval. Lower panel: d7/ds as a function of s for the same set
of up values, showing how the extremum changes sign across
the CEP region.

a genuinely coupled boundary-value system: one has to
solve five second-order ODEs for
{A£(2), f(2),9(2),A/(2),x(z)} subject to UV AdS normaliza-
tions and horizon regularity conditions, and the solution
determines (7, np,0,) simultaneously. This coupled struc-
ture (together with the fractional-power UV asymptotics
induced by A, =3.8) makes the back-reacted step sub-
stantially more constrained and more delicate than the
probe calculation, and it also provides a clean arena to
diagnose which model ingredients are still missing.
Varying the total action in Eq. (1) gives a coupled
system of equations for {Ag(z), f(z),#(z),A:(z),x(2)}. In the
present back-reaction study, we focus on the thermody-
namic sector and retain the dominant y contribution in the
KKSS action, while the meson and baryon excitations are
neglected, as explained in Sec. 2.2. The y equation of mo-
tion is given in Eq. (44), and the back-reaction enters
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Fig. 8. (color online) Determination of the QCD critical end-

point (CEP) in the probe-approximation model, form 2. Up-
per panel: T(s,ug) curves for several nearby values of g, used
to bracket the CEP in a narrow range; the dash-dotted hori-
zontal lines indicate the corresponding estimated temperature
interval. Lower panel: dT/ds as a function of s for the same set
of up values, showing how the extremum changes sign across
the CEP region.

through the modified Einstein equations, where the en-
ergy-momentum tensor receives additional contributions
from the flavor sector.

For completeness, we keep the general form of the
coupled equations below. However, in the EoS comparis-
on reported in this section we work at =0 and finite
temperature, thus A,(z) =0 and the Maxwell sector de-
couples. The numerical integration is performed by im-
posing UV regularity and horizon regularity, and one of
the Einstein equations is used as a constraint to check the
solutions.

More explicitly, we adopt the standard black hole an-
satz in the Einstein frame, Eq. (12), with the horizon loc-
ated at z =z, where f(z;,) =0. The Hawking temperature
is obtained from Eq. (49). At the UV boundary z — 0, we
impose the asymptotic AdS behavior and the UV expan-
sions summarized in Eq. (46). At the horizon, all fields
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Table 1.

Summary of parameter choices used in different steps. In the probe approximation, V,(¢) and h4(¢) are obtained as discrete

samples from the neural ODE calibration and then parameterized. In the pure-glue step, the EMD parameters are fixed by a hybrid op-
timization. In the back-reacted Ny =2 step, the EMD sector is kept fixed, and the KKSS couplings (including the back-reaction strength

encoded in B(®)) are varied for comparison with the lattice EoS.

Sector / step

Key inputs

Probe (2+ 1), finite T, u V4(¢) and hy(¢) from neural-ODE calibration (Sec. III A); see also Eqgs. (68)—(72)

p L 0 V4(¢) ansatz in Eq. (80) with Ay = 3.8; best-fit normalizations (A, Gs) in Eq. (82); best-fit potential parameters
ure glue, u = .
(vo,a4,as,as,a10) in Eq. (83)

B(@) in Eq. (25); g in Eq. (22); (12,44) in Eq. (23); m, = 24.826MeV (fixed by the m, = 360MeV ensemble of Ref. [57] via

Back-reacted Ny =2, u=0 . o . .
the GOR relation); and the parameter values used in this work are summarized in Eq. (86)

are required to be regular, which fixes the near-horizon
expansions and reduces the number of free shooting para-
meters.

It is noted that the coupled system contains redundant
equations due to diffeomorphism invariance. In practice,
we solve a convenient subset of the coupled equations
and use one Einstein equation as a constraint (analogous
to the role of Eq. (20) in the probe EMD system) to mon-
itor the numerical accuracy of the solution.

beta(Phi) and VX]KKSS input: g(®) ere is the revised

text with proofreading applied: beta(Phi) and Vy

The KKSS sector is specified by the function S(®)
and the scalar potential Vi(X;®,F?) (or equivalently its

Einstein-frame form V§). In the N, =2 case, the bulk
scalar X is a 2x2 matrix. In the thermodynamic sector

considered here, we take its vacuum expectation value in

the diagonal form (X) = )g

the coupled N, =2 calculation reported here, we fix the
KKSS polynomial potential parameters A, =-3 and
A, =168/5 (see Eq. (23) and the discussion in Sec. II B),
and set the covariant-derivative coupling g. =0. For the
flavor-backreaction strength, we adopt the smooth ansatz
in Eq. (25) with 8, =1 and B; =50, while 3, is varied to
perform a comparison study:

L, thus only TrVy enters. In
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B €{21, 23,25},
168
5 9

Br=1,

m, = 24.826 MeV,

B3 =50,

(86)

Where B; controls the overall magnitude of S(®) and thus
the strength of the flavor back-reaction, the three values
above are used to assess the corresponding systematic un-
certainty in the N, =2 EoS comparison.

Ref. [57] reported the N, =2 lattice EoS for three sets
of bare parameters (corresponding to different pion
masses), and in this work we compare with their
m, =360MeV ensemble. Accordingly, the input light-
quark mass in our holographic calculation is not taken at
the physical point. Since the present thermodynamic trun-
cation does not compute the pion mass directly, we fix
the degenerate u/d current quark mass m, using the Gell-
Mann—Oakes—Renner relation, i.e. m, occm? at fixed f;
and condensate normalization, and rescale from the phys-
ical pion mass. This gives m, =24.826 MeV, which is
used as the source parameter c,s in the coupled Ny =2
study reported below.

B. Two-flavor EoS and comparison with lattice

With the EMD parameters fixed by the pure-glue cal-
ibration, we solve the coupled system and compute the
EoS at u=0. We then compare the result with the lattice
EoS of Ny =2 QCD. We find that a visible mismatch re-
mains: by manually tuning the KKSS parameters one can
reproduce the overall trend, but quantitative differences
persist in some temperature ranges. We also tried a hy-
brid optimization strategy for the KKSS parameters, but
the improvement is limited and the fit quality is still not
satisfactory. This mismatch may indicate limitations of
the current ansatz for S(®) and/or Vy in the present trun-
cation of the flavor sector. In particular, as will be seen
from the high-temperature behavior below, the coupled
results tend to a nearly B, -insensitive plateau close to the
B1=0 (pure-glue) curve, suggesting that the present
KKSS truncation may not provide sufficient high-7 fla-
vor contribution in the thermodynamics.

1. Sensitivity to the back-reaction strength

parameter [

In Fig. 10, we compare the back-reacted holographic
result for 3p/T* with the N, =2 lattice band of Ref. [57]
for three representative values of §;: 21, 23, and 25. We
find that the holographic EoS captures the overall trend of
the lattice result, but it does not completely fall within the
lattice uncertainty band across the full temperature range.
More specifically, increasing B, raises the holographic
curve. This improves the agreement at higher temperat-
ures, though it can diminish the agreement at lower tem-
peratures. For B; =21, the low-T region is closer to the
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Fig. 10.  (color online) Coupled EMD+KKSS system with

back-reaction at p=0: comparison of 3p/T* with the N, =2
lattice QCD result from Ref. [57] (green band) for three val-
ues of the flavor back-reaction strength. Upper: g =21;
middle: g, =23; lower: g; =25. The solid line in each panel
represents the corresponding holographic result.

lattice band while the high-T region tends to undershoot.
Conversely, for 8, = 25, the curve is lifted and becomes
closer to the band at higher 7, at the expense of over-
shooting at lower 7.

The origin of this behavior can be traced back to the
role of B; in the KKSS sector. The function B(®) in Eq.
(21) controls the coupling strength between the flavor
sector and the EMD background. With the smooth ansatz
in Eq. (25), B(®) interpolates from 0 in the UV to B; in
the IR; thus, B; sets the overall magnitude of the flavor
back-reaction entering the coupled Einstein equations,
e.g., the source term o B(®)e®Ty,y in Eq. (34). In this
sense, B is a phenomenological knob for the back-reac-
tion strength (rather than a QCD beta-function coeffi-
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cient). It does not act as a trivial multiplicative factor on
the EoS: even at u =0, it changes the full coupled solu-
tion and hence modifies the horizon data and the map
between T and z,, leading to a temperature-dependent de-
formation of dimensionless ratios such as p/T* and €/T*.
Since the horizon probes different dilaton values at differ-
ent temperatures, the effective back-reaction strength is 7
dependent, which naturally explains why a single para-
meter B, cannot uniformly fix the curve in all temperat-
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Fig. 11.  (color online) Dependence on the flavor back-reac-

tion parameter B; in the back-reacted Ny =2 study at u=0 is
shown. From top to bottom: s/T3, 3p/T*, €/T*, and (e-3p)/T*
are presented. In each panel, the three curves correspond to
B1=21,23,25, and the horizontal axis represents 7 in units of
GeV.

ure regions within the present ansatz.

To further clarify the impact of g;, in Fig. 11 we plot
s/T3, 3p/T*, €/T*, and (e-3p)/T* for B, = 21,23,25. We
observe a monotonic increase in s/T°3, 3p/T*, and €/T*
with B, across the entire temperature range shown. The
interaction measure (e—3p)/T* is more sensitive around
the crossover; increasing B, alters the peak region more
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Fig. 12.  (color online) High-temperature behavior in the
back-reacted Ny =2 study at u=0 for different values of the
flavor back-reaction strength parameter g;. From top to bot-
tom: s/T3, p/T*, €/T*, and (e-3p)/T*. In each panel, the five
curves correspond to 8 = 0,10,20,30,50, and the horizontal ax-
is is 7' in units of GeV. It is noted that the curve at 8; =0 cor-
responds to switching off the flavor coupling, (@) = 0, thus it
reduces to the pure EMD (pure-glue, Ny = 0) system.
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noticeably than the high-T tail. Consequently, adjusting
only the overall IR magnitude B, tends to shift the EoS
upward in a correlated manner across observables, but it
does not provide sufficient flexibility to simultaneously
match the low-T" and high-T parts of the lattice EoS. This
suggests that achieving a better quantitative agreement in
the back-reacted N; =2 setup likely requires additional
flexibility, such as varying the ® dependence of B(®)
(parameters 3,,3;) and/or expanding the ansatz for Vy.

It is also instructive to examine the high-temperature
behavior. As shown in Fig. 7, for sufficiently large T the
curves for different values of 8, approach nearly the same
constant (in particular, they approach the 8; =0 curve),
while the interaction measure (e—3p)/T* rapidly decays
to zero. It is noticed that 8, = 0 corresponds to switching
off the flavor coupling, B(®) =0, thus it reduces to the
pure EMD (pure-glue, N;=0) system. This indicates
that, within the present truncation of the flavor sector to
the y contribution, the effect of the back-reaction para-
meter 8; becomes weak in the high-7 region.

This behavior can be understood from the structure of
the KKSS action adopted here. In our setup, the flavor
sector enters the thermodynamics through S(®) and the y
sector, and the polynomial potential Vx in Eq. (23) does
not contain a y-independent constant term. As a result, in
the high-7 deconfined region where y is small and the ho-
rizon moves toward the UV, the flavor contribution to the
stress tensor (and hence to p/T*, s/T°;and €/T*)1s sup-
pressed, so the asymptotic plateaus are dominated by the
EMD sector that has been fixed by the pure-glue calibra-
tion. This is qualitatively’ different from the
Stefan—Boltzmann (SB) limit of massless QCD, where
the pressure receives an O(N.N,) contribution from quark
degrees of freedom. For reference, for SU(N.) with Ny
massless quark flavors one has

s 14
| =4L£]
T3 lsB T4 s
2 2
p F n
L = (N - 1)+ —N.N,
Tilss = a5 WNe = D g Nes
LA
T4 lsB T4 s
€e-3p
—1 =0, (87)
T s

Therefore, the fact that our back-reacted curves tend to a
Bi-insensitive plateau in the high-T region provides a
simple diagnostic for the present model ansatz: to repro-
duce the correct high-7 flavor contribution, it may be ne-
cessary to enlarge the flavor action, e.g. by introducing an
additional y-independent term in the flavor potential
(which can be motivated from brane/tension terms in
DBI-inspired constructions) and/or by including addition-
al flavor-sector degrees of freedom beyond the y trunca-
tion.

C. Parameter summary

For convenience, we summarize the parameter inputs
used in different steps below.

VI. CONCLUSION

In this work, we studied the QCD equation of state in
a bottom-up holographic framework built from an EMD
sector and an improved KKSS flavor sector. The analysis
consists of three steps based on the same setup but differ-
ent approximations. In the probe approximation, we cal-
ibrated the EMD model to a reference thermodynamic ta-
ble for (2 + 1)-flavor QCD at finite temperature and finite
baryon chemical potential by using a neural ODE
strategy, and obtained good agreement in the calibrated
domain. We also carried out a limited robustness check
by replacing the factor (1+¢?)'/* in the probe dilaton po-
tential with (1+¢*)!/® while keeping the same UV input,
dataset, and fitting strategy. The resulting curves of s/T3,
p/T*,€/T*, I/T*, and ng/T? remain almost unchanged in
the calibrated domain, indicating that the probe-limit res-
ults are stable under this change of the probe ansatz.
Treating the EMD system as an effective dual descrip-
tion of pure Yang—Mills theory, we then fixed the EMD
parameters by fitting the up =0 lattice pure-glue EoS
with a hybrid optimization method. Finally, we went bey-
ond the probe approximation and solved the coupled
EMD+KKSS equations with back-reaction at up=0;
with the EMD sector fixed by the pure-glue step, we
tuned the KKSS parameters to the lattice EoS of two-fla-
vor QCD, where a visible mismatch remains.

We emphasize that the present mismatch is unlikely
to be removed by tuning alone. With the EMD sector
fixed by the pure-glue calibration, the coupled results at
high temperature approach a nearly B, -insensitive plat-
eau close to the By =0 (pure-glue) baseline, while
(e-3p)/T* rapidly decreases toward zero. This behavior
indicates that, within the present truncation of the flavor
sector to the y contribution and the polynomial potential
in Eq. (23), the high-T flavor contribution to the thermo-
dynamics is suppressed compared with the expectation
from QCD. The remaining mismatch may therefore re-
flect limitations of the current ansatz for (®) and Vy,
parameter degeneracy, or missing operators in the bot-
tom-up construction. In this sense, the back-reacted mis-
match is a useful indication of what is still missing in the
present fixed-action framework, rather than only a failed
fit.

The present results also point to several directions for
improvement. The nearly flavor-blind high-T plateau may
mean that the present KKSS-type truncation lacks a y-in-
dependent contribution to the flavor free energy. One nat-
ural extension, motivated by the generic structure of
DBl/tachyon effective actions, is to include a brane-ten-
sion-like term in the Einstein-frame flavor potential so



Yutian Deng, Mei Huang, Lin Zhang

Chin. Phys. C 50, (2026)

that the flavor sector can contribute to the thermodynam-
ics even in the chirally symmetric background. Another
related issue is the extraction of chiral observables in the
present back-reacted setup. Since we adopt a non-integer
UV scaling dimension A, =3.8, the near-boundary ex-
pansions of the background fields involve fractional
powers in z, and these terms propagate into the UV ex-
pansion of the chiral scalar x(z). As a result, identifying
the chiral condensate naively with the coefficient of the
7> term becomes numerically ill-conditioned. A more sys-
tematic treatment would define the condensate from the

renormalized canonical momentum, or equivalently from
the renormalized on-shell action, by introducing the ap-
propriate counterterms at a UV cutoff and then taking the
cutoff to zero. We leave this holographic-renormaliza-
tion analysis, together with more flexible flavor-sector
ansitze and the extension to finite baryon chemical po-
tential, to future work.
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