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Abstract: Motivated by the recent near-threshold enhancement in top-quark pair production reported by CMS and

ATLAS, we study the S-wave spectral structure of heavy-light systems containing a single top quark, namely ¢g, tc,

and tb, within the instantaneous Bethe-Salpeter formalism. Because the top quark decays on a timescale much short-

er than the typical hadronization time, the discrete eigenvalues we obtain should be interpreted as model-dependent

reference positions of possible quasi-bound heavy-light configurations, rather than as predictions for fully formed

conventional hadrons. The numerical results indicate that the masses of these configurations lie close to the top-
quark mass. For the b system, the masses of the first four S-wave 0~ radial states-are about 5.1, 5.4, 5.6, and 5.7

GeV above the top-quark mass, respectively. For the ¢ system, the corresponding values are about 1.9, 2.2, 2.5, and

2.6 GeV. We also briefly discuss possible production and decay patterns at a qualitative level, which may serve as a

reference for future dedicated phenomenological studies or for experimental constraints.
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I. INTRODUCTION

Owing to its large mass and decay width (1.42%0:12
GeV) [1], the top quark decays on a timescale
(7, =5%107% s) much shorter than the characteristic
QCD hadronization time, Ty~ 1/Agcp # 1072 5. This
hierarchy of timescales was already pointed out in Ref.
[2] to imply that the top quark decays before hadroniza-
tion can occur, leading to important phenomenological
consequences. As a result, the top quark is qualitatively
different from the lighter quarks that hadronize on QCD
timescales, making it a useful probe of the interplay
between perturbative and nonperturbative strong-interac-
tion dynamics.

Top quark pairs are produced near threshold at the
LHC, providing an opportunity to explore strong-interac-
tion effects in the presence of very heavy quarks. Re-
cently, both the CMS and ATLAS collaborations have re-
ported a statistically significant excess in the # invariant-
mass spectrum near threshold [3,4], consistent with a
pseudoscalar toponium state. Similar structures in earlier
ATLAS and CMS datasets also support this interpreta-
tion [5,6]. Motivated by these developments, a wide
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range of theoretical investigations has been carried out
[7-30], including studies of toponium production and de-
cay [24—27] and possible "topped" mesons and baryons
[28—30]. In addition, numerous earlier theoretical studies
had already anticipated the existence of toponium and
analyzed its threshold properties, spectrum, and collider
signatures [31-51].

In light of these developments, it is interesting to ask
whether analogous heavy-light structures associated with
a single top quark can be meaningfully discussed at the
level of model spectroscopy. Unlike toponium, where the
dominant binding scale is set by the heavy-quark pair
near threshold, a topped heavy-light system involves
competition between the short top lifetime and a binding
scale of hadronic size. This makes the physical observab-
ility of such configurations highly uncertain. Neverthe-
less, an exploratory calculation of the corresponding
heavy-light spectral structure may still be useful as a the-
oretical benchmark, provided its limitations are explicitly
acknowledged.

In the present work we adopt the instantaneous Bethe-
Salpeter (Salpeter) approximation with constituent-type
quark propagators. This framework is widely used in
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meson spectroscopy and provides a convenient relativist-
ic setup for comparing different flavor combinations. At
the same time, it does not incorporate the finite width of
the top quark explicitly in the propagator, interaction ker-
nel, or spectral representation, and it does not aim at a
symmetry-preserving treatment with fully dressed
propagators. Therefore, the discrete eigenvalues obtained
below should not be interpreted as predictions of conven-
tional long-lived topped hadrons, but rather as model-de-
pendent reference positions of possible quasi-bound
heavy-light configurations.

With this interpretation, the study of topped mesons
offers a means to probe the boundary between perturbat-
ive and nonperturbative QCD in the presence of an un-
stable heavy quark. Should future measurements find
hints of such top-light correlations, model studies of this
type could help systematize the relevant mass scales and
decay patterns.

In this work, we investigate the S-wave spectral struc-
ture of systems containing a single top quark, namely 77,
t¢, and th, using the instantaneous Bethe-Salpeter (BS)
formalism. Section II briefly introduces the formalism
and the inputs used in our calculation. Section III presents
the numerical results. Section IV contains a brief qualitat-
ive discussion of possible production and decay patterns.
Section 5 summarizes the main points.

II. BETHE-SALPETER EQUATION

In quantum field theory, the BS equation provides a
relativistic framework for the description of two-body
bound states [52—55]. In the present work, we employ its
instantaneous Salpeter version together with constituent-
type quark propagators; therefore, the calculation should
be regarded as a phenomenological model study rather
than a fully symmetry-preserving Bethe-Salpeter treat-
ment. The BS wave function of a quark—antiquark bound
state is defined by the time-ordered vacuum-to-bound-
state matrix element.

X(x1,3%2) = (01 T{y(x) P(x2)}|P), (M

where x; and x, denote the spacetime coordinates of the
quark and antiquark, respectively, |P) is the bound-state
eigenvector with total four-momentum P, and 7 denotes
the time-ordering operator. Eq. (1) serves as the starting
point for deriving the BS equation in momentum space,
after performing a Fourier transformation and imposing
an appropriate interaction kernel.

The BS wave function in momentum space is defined
as the Fourier transform of the coordinate-space wave
function,

Yolq) = e / A xe T (a1, ), @

where g denotes the relative four-momentum between the
quark and the antiquark. The "center-of-mass" coordin-
ate X and the "relative" coordinate x are defined as

m ny

X1+ X2,
my +my

X =
my +niy

)

X=X =X,

With m; and m, denoting the masses of the quark and an-
tiquark, respectively, the bound-state BS equation in mo-
mentum space takes the form

d*k
ST P, @S5 (=p2) =i / @V(P;q,k)xp(kl )

Here the fermion propagators are given by

i

Si(xpi) = b —m,

. (=12, ®)

I notice the provided text appears to be an incomplete
fragment — it ends mid-sentence. Could you please sup-
ply the full LaTeX section you would like me to
proofread? That will allow me to ensure a coherent and
accurate revision.

m;

pPi= P+ ‘]q7 (6)

mip +my

where J =1 for the quark (i=1) and J = -1 for the anti-
quark (i = 2). With the definitions

(M

The propagator S;(Jp;) can be decomposed as

A?—(QL)
Dip —W; i€

Ai_(QL)

-iJS,(Jp)) = 7 o —ie
ip i

®)
where the projection operators are defined by

N = 5 s Burm)].

M
w,= \/m = pk.

Under the instantaneous approximation, the interac-
tion kernel in the center-of-mass frame can be written as

©)

V(P:q,k)

50 = V(gLok). (10)

Accordingly, the BS equation can be reduced to
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xp(@)=S1(p)np(qL)S2(=p2), (11)
with
&Pk,
g = [ GrsVankoed).  (2)

where the three-dimensional BS wave function is defined
as

d
ep(g) =i / 2%1_’)@((1)-

(13)
By introducing the projected components of the Salpeter
wave function as

@) =A@ T esan T A, a9

The three-dimensional BS wave function can be decom-
posed into its four components:

er(q) = ¢p (q)+ep (@) +¢p (q)+¢p (). (15)
Correspondingly, the BS equation (11) can be decom-
posed into four coupled equations for the projected com-
ponents:

(M—-w,—w)ep (q) =AT(q)np(g ) A (g.), (16)
(M +w +w)ep (g) = =N (q)np(g) A5 (qL), (17)
©p (g =¢p (q) =0, (18)

where w; = /m? +¢> and Af(q,) are the projection oper-
ators defined in Eq. (9).

To solve the BS equation, a thorough understanding
of the interquark potential is essential. According to lat-
tice QCD calculations, the static heavy quark—antiquark
potential is accurately described by a long-range linear
confining potential (Lorentz scalar V) and a short-range

one-gluon-exchange potential (Lorentz vector Vy)
[56—58]:
V(r)=Vs(r) +y, @y Vy(r),
1—e @
Vs(r) = Adr ——,
ar
Vi(r) = _%Ls(’) e (19)

Here, the factor ¢~ is introduced not only to avoid in-

frared divergence but also to parametrize, at the model
level, possible screening effects in the interquark poten-
tial [59,60]. In the present topped-meson context, this
factor should be viewed as part of the potential-model de-
pendence, rather than as a literal dynamical realization of
additional light degrees of freedom.

V(D) = 2n)* Vs () + 7,07 ) Vy(P),

A A 1
Vs ==(2)5 @)+ G

2+ a2)?’
2 1

- &N 20
WD =55 = 20)

Here, «; is the strong coupling constant, and the paramet-
ers a and 4 characterize the potential. Ref. [33] indicates
that the mass splitting between the S-wave J” =0~ and 1~
states is negligible due to the large top-quark mass, i.e.,

My-(n) = My-(n). 21
For a heavy-light system, the physical classification is
more naturally expressed in terms of the heavy-quark
spin and the total angular momentum of the light degrees
of freedom. In what follows, we therefore present the
states primarily using their quantum numbers J” = 0~ and
1-, while retaining the older notation only when useful
for comparison with the numerical implementation and
related literature. We study the S-wave top-meson sys-
tem up to n = 4 and calculate both the 0~ and 1 states.

III. NUMERICAL EVALUATION

To solve the BS equation numerically, the relevant
parameters must be specified. These parameters are de-
termined phenomenologically by fitting to experimental
data such that the calculated meson masses are consistent
with those reported by the Particle Data Group (PDQG)
[1]. The top-quark mass is taken as an input parameter,
set to the PDG central value, and no dedicated analysis of
the mass-scheme dependence is attempted. The resulting
parameter values are as follows:

my, =4.960 GeV, m.=1.620GeV,
my =0.311 GeV, m, =0.305GeV,
@=0.06GeV, 1=0.18GeV>.

my =0.500 GeV,
a,(m;)=0.11,

Based on the formalism and parameters outlined above,
we compute the masses of the ¢, t¢, and b states up to
the fourth radial excitation (n = 4). The corresponding nu-
merical results are shown in Table I for the S-wave
JP =0 states.

From our calculations of the S-wave J” =1~ states,
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we find that, for identical quark configurations and prin-
cipal quantum number 7, the masses of the 0~ and 1~
states coincide within our numerical accuracy, confirm-
ing that Eq. (21) is a good approximation in the present
model.

As an example, we present explicitly the BS wave
function of the tb 15 (07) state; the wave functions for the
other states are collected in Appendix A. Following Refs.
[61,62], for O~ states the Salpeter wave function can be
decomposed into two radial components, fi(q) and f>(q),
which are parts of the full Salpeter amplitude ¢»(q.). The
explicit decomposition formulas are given in Refs.
[61,62]. We show the corresponding curves for the b
system in Fig. 1, mainly to illustrate the qualitative nodal
structure of the numerical solutions.

IV. POSSIBLE PRODUCTION AND DECAY
MODES OF TOPPED MESONS

Within the Standard Model, the lifetime of the top
quark is extremely short,

1 B
‘r,zﬁfvSXlO s,

(22)
which is significantly shorter than the typical hadroniza-
tion timescale,

Thaa ~ 1072, (23)
Thus, a free top quark decays weakly before it can had-
ronize into a conventional color-singlet bound state. For
this reason, the topped-meson configurations studied in
the present work should be interpreted cautiously: within
our instantaneous Bethe-Salpeter framework, they repres-
ent model-dependent, quasi-bound heavy-light configura-
tions, not ordinary hadrons with fully developed nonper-
turbative dressing.

In this section, we present only a brief qualitative dis-
cussion of the possible production mechanisms and de-
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Fig. 1.

cay modes of such configurations. A quantitative treat-
ment of production rates, line shapes, branching fractions,
and backgrounds is beyond the scope of the present work.

At hadron colliders such as the LHC, the dominant
production mechanisms for top quarks are

pp — tH+X, pp o HDH+X, (24)
Via gluon-gluon fusion and quark-antiquark annihila-
tion.
A topped configuration T =t (or tZ, th) may be
viewed schematically as arising when a produced top
quark becomes correlated with a nearby antiquark before

decaying. Representative partonic subprocesses include:

88 = tt_’ [+C_] — (IQ)s (25)
qq - ”—’ t+q — (tQ)’ (26)
gb—tW™, t+b—> (1h). 27

Among these possibilities, the th system may have a
larger overlap than the lighter channels because of the
heavier b quark. We stress, however, that no quantitative
production estimate is attempted here.

Schematically, the production amplitude may be writ-
ten as

M(pp > T+X) ~ M(pp = t+g+X)yr(0), (28)
where 7(0) denotes a symbolic overlap factor character-
izing the compactness of the configuration. It is intro-
duced here only as a qualitative indicator, not as an expli-
citly calculated Schrodinger wave function at the origin.
[lustrative production mechanisms include:

e Gluon-gluon fusion: two gluons produce a ¢ pair,
and the ¢ quark subsequently binds with a light antiquark
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(color online) Radial components fi(g) and f>(¢) of the Salpeter wave function for the S-wave J¥ =0~ b system: the blue, or-
p p Y

ange, green, and red curves correspond to the first four radial excitations.
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from the QCD vacuum.

e Quark-antiquark annihilation: ¢g — 7, followed by
tq binding to form a (zg) bound state.

e Associated production: gh — tW~, where the final ¢
and b form a (¢b) state.

These processes are strongly suppressed by the ex-
tremely short lifetime of the top quark; consequently, the
production cross section of topped configurations is ex-
pected to be very small. We do not attempt a quantitative
estimate in the present work. If formed, such a topped
configuration is primarily unstable due to the weak decay
of the top quark inside the system:

t— W*b. (29)

As a result, the dominant decay channel of a topped
meson can be written as

(tg) > W +b+q. (30)

Depending on the decay mode of the W* boson, one fur-
ther obtains

(tq) > C've+b+q, G1)
(1)~ 47 +b+7 (32)

For the tb system, an alternative decay channel is
(th) > W*+b+b, (33)

followed by bb hadronization into bottom-flavored final
states.

In addition, highly excited states may undergo cas-
cade transitions through electromagnetic or strong pro-
cesses before the weak decay of the top quark, such as

(tq)" = (1q) +7, (34

(tq)" — (1) + &, (35)

Although such transitions are expected to be strongly
suppressed due to the short lifetime of the top quark, at
the qualitative level one may search for top-light correla-
tions in final states containing

® a high-p; W boson,
® one or two b-jets,

® a possible additional light jet from the spectator an-
tiquark.

Accordingly, a possible signal topology may be sum-
marized as

pp>T+X > W +b+g+X, (36)

This might affect invariant-mass distributions or an-
gular correlations relative to standard top backgrounds.
Determining whether such effects are observable re-
quires a dedicated quantitative analysis.

At present, this discussion should be regarded only as
a qualitative phenomenological guide. More realistic pre-
dictions would require including the finite top width
along with explicit signal and background estimates.

V. SUMMARY

In this work, we investigate the S-wave spectral struc-
ture of systems containing a single top quark, including
the g, t¢, and tb channels, within the framework of the
Bethe-Salpeter equation under the instantaneous approx-
imation. We obtain the mass spectra up to the n=4
states; the numerical results are presented in Table 1.

Table 1. Masses (in units of 100 GeV) of S-wave J* =0~
states for various quark combinations.

State th tc 5 td ti
15 (07) 1.778 1.747 1.736 1.734 1.734
25 (07) 1.781 1.750 1.740 1.738 1.738
35(07) 1.783 1.752 1.742 1.739 1.739
45 (07) 1.785 1.754 1.743 1.741 1.741

Since the top quark decays on a timescale much short-
er than the typical hadronization time, the resulting dis-
crete eigenvalues should not be interpreted as predictions
of ordinary long-lived hadrons containing a top quark. In-
stead, within the present model, they serve as reference
positions for possible quasi-bound heavy-light configura-
tions. We also provide a brief qualitative discussion of
possible production and decay patterns, but emphasize
that quantitative phenomenology, including finite-width
effects and realistic background studies, lies beyond the
scope of this work. In this sense, the present study offers
a model benchmark for future, more complete investiga-
tions of top-flavored heavy-light systems.
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APPENDIX A: THE BS WAVE FUNCTIONS FOR
S-WAVE J" =0~ STATES

The BS wave functions for the S-wave J* =0~ ¢, 13,
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td, and tii systems are shown in Figs. A1-A4. These fig-
ures are included mainly to document the qualitative

structure of the numerical solutions.

1.2
100 f(q)
T o8l
2
o 0.6
(] L
@ o4
©
i Xm
7]
0.0 ~—T
—0.2f , ]
0.0 05 1.0 15 2.0 25 3.0
q(GeV)

(color online) Radial components f(g) and f>(¢) of the Salpeter wave function for the S-wave J* =0~ ¢ system. The blue,

orange, green, and red curves correspond to the first four radial excitations.
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