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Abstract: The ground-state properties of neutron-rich nuclear clusters in the inner crust of neutron stars are invest-

igated within the Wigner—Seitz approximation using a relativistic mean-field framework. The radial Dirac equations

are solved using an asymmetric finite-difference scheme that preserves hermiticity and eliminates spurious states.

Calculations are performed for representative Wigner—Seitz cells using TM1-based interactions with different sym-

metry-energy slope parameters L, as well as a parametrization with a larger effective nucleon mass. It is found that

the binding energy per nucleon decreases systematically with increasing L, while a larger effective nucleon mass
produces a further decrease, particularly at higher densities. Quantum shell effects, which are absent in the
Thomas—Fermi approximation, give rise to oscillatory density distributions and modify neutron properties. Within
the Wigner—Seitz cell, the resulting neutron root-mean-square radius and chemical potential are sensitive to both L
and the effective nucleon mass, underscoring their important roles in determining the microscopic structure of the

neutron-star inner crust.
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I. INTRODUCTION

Neutron stars represent the densest observable matter
in the Universe and serve as unique natural laboratories
for testing nuclear physics under extreme conditions [1,
2]. A typical cold neutron star is structured into three dis-
tinct regions beneath its atmosphere: the inhomogeneous
outer crust, the inner crust, and a dense, homogeneous li-
quid core. The outer crust consists of a body-centered cu-
bic (BCC) lattice of nuclei embedded in a degenerate
electron gas, which ensures global charge neutrality. With
increasing depth, the baryon number density rises accord-
ingly, and the nuclei become progressively more neutron
rich [3—5]. When the density reaches the neutron drip
threshold, nuclei are no longer able to bind all neutrons
[6, 7]. This leads to the neutron drip phenomenon, which
marks the transition to the inner crust. In this region, nuc-
lear matter comprises extremely neutron-rich clusters im-
mersed in a dilute gas of free neutrons and electrons. As
the density further increases toward the crust—core trans-
ition, the interplay between nuclear surface tension and
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Coulomb repulsion favors the formation of complex non-
spherical structures, commonly referred to as nuclear
pasta phases [8].

The matter in the inner crust of a neutron star can be
regarded as a nearly perfect crystal and should, in prin-
ciple, be described by the band theory of solids. Such a
treatment naturally incorporates periodic boundary condi-
tions and the long-range correlations of the neutron gas.
Band-structure effects in the inner crust have been dis-
cussed in many works based on nonrelativistic density
functional theory, in which pairing correlations of nucle-
ons were also taken into account [9—12]. For practical
calculations, however, the Wigner—Seitz (WS) cell ap-
proximation is commonly adopted to simplify the under-
lying periodic structure [13]. The nucleon—nucleon inter-
actions for neutron-rich nuclei in the inner crust are usu-
ally treated within nuclear density functional theory, such
as the Skyrme-Hartree—Fock model [14], the Gogny
Hartree—Fock model [15], and the relativistic mean-field
(RMF) theory [16—18]. All these approaches have suc-
cessfully described the properties of nuclear matter and
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finite nuclei.

In general, the nuclei appearing in the inner crust con-
tain a very large number of neutrons, so that many oc-
cupy continuum states. Consequently, the choice of
boundary conditions for these unbound states is essential
for solving the corresponding Schrdédinger or Dirac equa-
tions. In the nonrelativistic framework, the first derivat-
ive of odd-parity wave functions vanishes at the cell radi-
us, whereas even-parity wave functions vanish at the cell
boundary [13]. However, for the Dirac equation, the
boundary conditions at the cell radius are not uniquely
defined and involve a certain degree of arbitrariness. As
demonstrated by Cao et al. in Ref. [19], a direct exten-
sion of nonrelativistic boundary conditions to the relativ-
istic regime violates the orthogonality of single-particle
states. The semiclassical Thomas—Fermi (TF) approxima-
tion has also been widely applied to calculate the equa-
tion of state (EOS) of the inner crust within RMF models
[20—22], in which shell effects are completely neglected.
This approach further enables computationally efficient,
large-scale investigations of neutron-star matter.

Traditional techniques, such as the shooting method
[23] and basis-expansion approaches [24—27], are well
established as robust tools for standard nuclear-structure
problems. However, their application to the neutron-star
inner crust faces significant challenges. As noted in Ref.
[28], conventional methods can be highly sensitive to the
choice of box size or require an extremely large basis
space to accurately describe the weakly bound and con-
tinuum states characteristic of the inner crust.

Alternatively, discretizing the Hamiltonian on a co-
ordinate grid —the finite-difference ~method (FDM)
[29-31] —provides an efficient and accurate approach.
Because this method does not rely on basis expansions, it
is particularly well suited for describing states with exten-
ded spatial distributions. Despite these advantages, the
direct application of FDM to the Dirac equation suffers
from the fermion-doubling problem, which is also well
known in lattice quantum chromodynamics (QCD) [32,
33]. In particular, the standard central-difference discret-
ization generates unphysical, rapidly oscillating spurious
states that contaminate the physical spectrum. Although
remedies such as the Wilson mass term are commonly
employed in lattice QCD to suppress these modes, they
inevitably introduce artificial modifications to the
Hamiltonian.

In this work, the asymmetric finite-difference (AFD)
method is adopted to overcome these numerical diffi-
culties and to solve the radial Dirac equations for neut-
ron-rich nuclei in WS cells. As proposed in Ref. [28], this
method employs distinct finite-difference formulas for
the large and small components of the Dirac spinor, de-
pending on the sign of the quantum number «. This pre-
scription effectively eliminates spurious states for
massive fermions without introducing artificial terms

such as the Wilson mass, while preserving the hermiti-
city of the Hamiltonian matrix. As a result, the AFD
method enables an accurate and fully quantum-mechanic-
al description of extremely neutron-rich nuclei in the in-
ner crust of neutron stars.

The paper is organized as follows. In Sec. II, we
briefly outline the RMF framework and introduce the
AFD method for solving the Dirac equations in the WS
cell. Section III presents the results and discussion, focus-
ing on the binding energies per nucleon, density distribu-
tions, and the neutron root-mean-square radii and neut-
ron chemical potentials of inner-crust nuclei, using TM1-
family parameter sets. A summary is given in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Relativistic Mean-Field Theory

In this work, the properties of nuclear systems are in-
vestigated within the RMF formalism. In this framework,
the interaction among nucleons is described by the ex-
change of mesons, including the isoscalar-scalar meson
(0), the isoscalar-vector meson (w*), and the isovector-
vector meson (p®). In addition, the electromagnetic inter-
action between protons is accounted for through the
photon field (A#). A cross-coupling term between the w*
and p* mesons is included to adjust the density depend-
ence of the nuclear symmetry energy and its slope [34,
35]. The Lagrangian density of the RMF model is given
by:
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Here, W*’, R* and F*’ denote the antisymmetric field
tensors associated with the w*, p%, and A* fields, respect-
ively. Within the mean-field approximation, the meson
fields are treated as classical, and the corresponding field
operators are replaced by their expectation values. Con-
sequently, the only nonvanishing classical fields are
o={(0), w={("), and p=(p*°). From the Lagrangian
density given in Eq. (1), the equations of motion for the
meson fields follow.
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The source terms appearing on the right-hand sides of the
meson field equations are constructed from the nucleon
wave functions, with p! denoting the scalar density and p;
the vector density for the species i=n, p. To evaluate
these densities, we first solve the Dirac equation for the
nucleons. For a spherically symmetric nucleus, the single-
particle nucleon wave function ¢, can be expressed as a
two-component Dirac spinor

1
Pa(r) = — <
r

In this expression, G,(r) and F,(r) denote the radial
wave functions of the large and small components, re-
spectively. @,,,(#) denotes the spinor spherical harmonics.
The single-particle state a is characterized by the set of
quantum numbers n,«,m, where n is the radial quantum
number, x is the relativistic angular-momentum quantum
number defined as « = (=1)*"*1/2(j+1/2), and m is the
projection of the total angular momentum ; on the z axis.
The wave function is normalized to unity, and its radial
dependence is governed by the following set of coupled
equations

1G e (F) D () ) -

_Fnk(r)(kam(r)

& 3P

4G+ fcm) = M'F,(r)- {gwm :

dr
+ g(l +r3)A} Fo(r) + E Fo (),

(7

d
SFRm-5F.0) = MG )+ {gww + 8
dr r 2

3P
+ g(l +73)A} Go(F) = EsGa(r),

®)

where M* = M + g,o denotes the effective nucleon mass.
Once the nucleon wave functions have been determined,
the source terms that enter the meson field equations can

then be evaluated. The scalar and vector densities are
then constructed from the wave-function components as
follows:

occ
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Here, the summation runs over all occupied states, and
w, denotes the corresponding occupation probability. In
the inner crust of neutron stars, dripped neutrons are ex-
pected to form spin-singlet Cooper pairs through the at-
tractive interaction in the 'S, channel. These pairing cor-
relations can significantly affect a range of neutron-star
phenomena, including the crust's microscopic properties,
its thermal behavior, and its response to external perturb-
ations. However, in the present work we do not include
pairing correlations. Consequently, the occupation prob-
ability w, is determined using the uniform filling approx-
imation.

The meson-field equations and the Dirac equations
for nucleons are mutually coupled: the mean-field poten-
tials determine the nucleon wave functions, which in turn
generate the source densities for the meson fields. Ac-
cordingly, this coupled system is solved self-consistently
by iteration, which is continued until both the potentials
and the densities converge to within a prescribed numer-
ical accuracy.

B. Asymmetric Finite Difference method

To solve the Dirac equation using the AFD method,
we perform the calculation within a finite box of radius
R.. This domain is discretized into N equidistant grid
points, r,=ixh (for i=1,..,N), with a step size
h=R./N, so that the radial wave functions G(r) and F(r)
can be represented as N-dimensional vectors for a fixed .
In the AFD method, the first-order derivative d/dr is ap-
proximated by asymmetric finite-difference formulas. In
this work, we employ the five-point approximation. For a
general function f(r), the forward difference formula at
the grid point r; is given by

af
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The corresponding backward difference formula is given
by:
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This discretization transforms the derivative operator
into a sparse matrix. For example, the backward-differ-
ence formula is represented by a lower-banded matrix.
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The forward-difference formula likewise yields an upper-
banded matrix structure. Applying the discretization
scheme described above to the radial Dirac equations (7)
and (8) converts the original differential eigenvalue prob-
lem into a 2N x2N matrix eigenvalue problem. This
problem can be written in the following matrix form:

G

) (3)-+(3)
=FE .
B, | C F F
In this formulation, the diagonal blocks A and C contain
the potential and mass terms, while the off-diagonal
blocks B; and B, include the derivative and centrifugal
terms proportional to «/r. The boundary condition im-
poses that the wave functions vanish at 7 =0 and outside
the box, r>R. [28]. To eliminate spurious states while
preserving the hermiticity of the Hamiltonian matrix, the
choice of the finite-difference scheme is crucial. The fi-
nite-difference formulas are selected according to the sign
of k. For x>0, the large component G is discretized us-
ing a backward-difference form, while the small compon-
ent F is treated with a forward-difference form; the as-
signment is reversed for x < 0. This distinction necessit-
ates treating states with different signs of x separately in
numerical implementations. The present approach fol-
lows the methodology of Ref. [28]. A similar considera-
tion applies to the boundary conditions, where Cao et al.
[19] demonstrated that strict preservation of the orthogon-
ality of single-particle states can be achieved using a
scheme that depends on the sign of «, specifically by im-
posing a vanishing boundary condition on the appropri-
ate component.

(14)

III. NUMERICAL RESULTS AND DISCUSSIONS

In this work, the properties of extremely neutron-rich
nuclear systems are investigated within the WS cell ap-
proximation. It should be noted that the present setup

does not aim to provide a fully realistic description of the
neutron-star inner crust, since the electron gas and S-equi-
librium conditions are not explicitly taken into account.
To systematically explore the influence of the density de-
pendence of the symmetry energy on inner-crust struc-
tures, a family of parameter sets based on the TM1 inter-
action is adopted [34], with symmetry-energy slope L in
the range 40—110 MeV. The symmetry-energy slope L
governs the density dependence of the symmetry energy
and is strongly correlated with the neutron-skin thickness
of finite nuclei and the radii of neutron stars. However,
current experimental and observational constraints still
involve large uncertainties. The PREX-II experiment fa-
vors a relatively large value, exceeding 100 MeV, where-
as astrophysical observations of neutron stars and gravita-
tional waves suggest a value around 40—80 MeV. There-
fore, in the present work, we choose L in the range
40-110 MeV [36].

In this scheme, the couplings of the isoscalar-scalar
and isoscalar-vector mesons are kept fixed at their origin-
al TM1 values, thereby preserving the saturation proper-
ties of symmetric nuclear matter. The isovector meson
couplings, g, and A,, are adjusted to generate different
values of the symmetry-energy slope L at nuclear satura-
tion density, while the symmetry energy is constrained to
be the same at the subsaturation reference density of
ng = 0.11 fm™. Specifically, calculations are performed
using parameter sets with L =40, 60, and 80 MeV, to-
gether with the original TM1 parameter set correspond-
ingto L=110.8 MeV.

In addition, to examine the impact of the nucleon ef-
fective mass, the recently developed TM1m* parameter
set is also employed [37], since an EOS with a larger ef-
fective nucleon mass makes supernova explosions more
likely to occur. This interaction features a larger effect-
ive mass (M*/M ~0.79) than the standard TM1 value
(M*/M =~ 0.63) and has been adjusted to better reproduce
the ground-state properties of finite nuclei. The TMIm*
interaction shares the same symmetry-energy slope
(L=40 MeV) as the corresponding model in the TM1-
based series discussed above. The detailed coupling con-
stants of all parameter sets used in this work are listed in
Table 1, and the remaining parameters are identical to
those of the original TM1 set [38].

In this work, we adopt the nine WS cell configura-
tions with different mass numbers 4 for Zr and Sn listed
in Ref. [19]. These configurations correspond to baryon
densities ranging from p=0.0016p, to 0.12py, where
po=0.17 fm™. In the original many-body study of the
neutron-star inner crust [13], it was shown that, at a giv-
en baryon density, local minima of the nuclear binding
energy arise from shell closures at proton numbers 40 and
50 when pairing correlations are neglected. The ground-
state solutions obtained in that work, for densities from
4.6x 10" g/em3 to 3.4x 10" g/cm?, correspond to nuclei
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Table 1.

The coupling constants for the TM1 family of parameter sets used in this work are listed below. The sigma-meson mass, m,,,

is given in MeV, and the nonlinear coupling g, is in fim™. All other parameters are dimensionless. A hyphen indicates that the corres-

ponding parameter is the same as in the original TM1 set.

TMI L=40 L=60 L=80 TM1Im*
Mo 511.198 - - - 463.680
8o 10.0289 - - - 7.1545
8w 12.6139 - - - 8.59221
8 9.2644 13.9714 11.2610 10.1484 11.5216
8 -7.2325 - - - ~7.8668
83 0.6183 - - - 40.55692
3 71.3075 - - - 0.0
Ay 0.0 0.0429 0.0248 0.0128 0.0947
ranging from "°Zr to '®Sn, as listed in Table 2. Sub- Table 2. Adopted WS cell configurations for the nine inner-
sequent studies investigated these nuclei to elucidate the crust layers (oo = 0.17 fm™).
structure of the neutron-star inner crust; see, e.g., Refs. . ; ~ v o
. ayer
[19, 39, 40]. Therefore, we also adopt these isotopes here 4 pIEo o (fm)
for comparison. The detailed parameters for each layer, / 0.0016 40 140 336
including the proton number Z, the neutron number N, 2 0.0024 40 160 49.2
and the cell radius R,, are summarized in Table 2. 3 0.0035 40 210 463
Based on the WS cel.l C(_)nﬁguranons detailed in Ta- 4 0.0052 20 250 443
ble 2, we calculate the binding energy per nucleon E/A
for the neutron-rich nuclei in the inner crust. These calcu- > 0.0093 40 460 422
lations are performed to assess the energetics of the sys- 6 0.022 50 900 393
tem under extreme neutron-rich conditions. For comparis- 7 0.034 50 1050 357
on, we also perform calculations within the TF approxim- " 0.052 50 1300 33.1
ation, following the self-consistent relativistic TF ap-
9 0.12 50 1750 27.6

proach; details are given in Ref. [37]. In this approxima-
tion, shell effects are neglected, and nucleons are treated
as locally uniform Fermi gases. The local scalar and vec-
tor densities are determined from the local Fermi mo-
menta, while the neutron and proton chemical potentials
are spatially constant in the WS cell. For a fixed cell radi-
us R. and given proton and neutron numbers, we start
from trial mean fields (or, equivalently, trial density dis-
tributions), determine the corresponding chemical poten-
tials, calculate the local densities, and solve the meson
field equations, Egs. (2-5), self-consistently. The itera-
tion is repeated until the densities, chemical potentials,
and mean fields converge. Thus, the TF results presented
in this work correspond to the same prescribed WS cells
as those adopted in the AFD calculations and serve as
semiclassical reference results for comparison. The val-
ues of E/A for the nine inner crust layers, employing the
TMI family parameter sets with different symmetry en-
ergy slopes L and effective masses, are summarized in
Table 3.

When examining the TM1 family of parameter sets,
we observe a systematic trend in which the binding en-
ergy per nucleon decreases with increasing symmetry-en-
ergy slope L. This suggests that higher values of L corres-
pond to a lower total energy for the specified inner-crust

configurations, since the symmetry-energy slope plays a
negligible role below the saturation density py compared
with its role above py. A smaller L yields a larger sym-
metry energy in the density range relevant to finite nuclei.
This means that the interaction in neutron-rich nuclei be-
comes more repulsive, thereby reducing the binding en-
ergy.

It should be emphasized that the present discussion of
the L dependence of E/A is conducted for the fixed WS
cell configurations adopted in Table 2. In realistic inner-
crust calculations, however, one should impose the f-
equilibrium condition and determine the energetically op-
timal configuration at each baryon density. In that case,
the optimal proton fraction, as well as the corresponding
neutron and proton numbers, would generally depend on
L. Therefore, the influence of L in the inner crust is re-
flected not only in the energy variation of a given config-
uration, but also in possible changes of the equilibrium
composition. When comparing two interactions with the
same slope, L =40 MeV, the TMIm* set consistently
yields lower E/A values than the corresponding TM1-
based set. This discrepancy is particularly significant in
layers with higher nucleon densities, indicating that the
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Table 3.

The binding energy per nucleon (E/A in MeV) for the nine inner-crust layers is calculated using different parameter sets

(L =40,60,80,110.8 MeV, and TM1m*) within the TF approximation and the AFD method.

L L=40 L=60 L=80 TMI(L = 110.8) TMIm*(L = 40)

ayer

Y TF AFD TF AFD TF AFD TF AFD TF AFD
1 ~4.940 -4.958 ~5.053 ~5.040 -5.113 ~5.090 -5.169 ~5.168 ~5.363 ~5.062
2 ~4.389 —4.391 ~4.499 -4.476 -4.556 -4.538 -4.611 -4.608 -4.775 -4.510
3 -3.365 -3.334 -3.470 -3.428 -3.523 ~3.500 -3.573 -3.558 ~3.685 ~3.469
4 -2.398 -2310 -2.508 -2.457 -2.560 -2.520 -2.610 -2.572 -2.667 -2.481
5 -0.956 -0.850 -1.108 -1.022 -1.173 -1.091 -1.227 -1.126 -1.183 -1.012
6 0.512 0.671 0.190 0.334 0.069 0.201 -0.025 0.099 0.216 0.416
7 1.264 1.484 0.773 0.955 0.592 0.757 0:453 0.608 0.855 1.090
8 2.265 2.557 1.501 1.740 1.224 1.433 1.016 1.200 1.662 1.953
9 4.714 5.226 3.046 3.467 2.428 2.792 1.968 2277 3.387 3.828

larger effective mass in the TM1m* set plays a vital role 012

in reducing the system's energy. L
It should be noted that the lower E/A obtained with % 01F 9503n

the TM1m* interaction should not be attributed solely to £ Neutron

the kinetic-energy reduction associated with a larger ef- >.0.08 ]
. . . = -

fective mass. Since TM1m* also differs from the TMI1- g TF

based L =40 set in its self-consistent mean-field paramet- g 0.06 —AFD 7

ers, the reduction of the total energy should be under- c

stood as a combined effect of the larger effective mass g0.04r ]

and the corresponding rearrangement of the scalar and S [

vector mean fields, which modifies both the kinetic- and z 0.02¢ 7]

potential-energy contributions. L N ]

. . 0 | L i Falls iinfilialirdinfinll nlin rillin il s

Regardmg the numerical .metlllods employed, results 0 5 10 15 20 25 30

obtained from the TF approximation are generally lower r (fm)

than those derived from the AFD method. For the TM1-
based parameter sets (excluding TM1m*), the results
from TF and AFD are quite similar in the lower-density
region (Layers 1-5), where E/A is less than zero.
However, the differences become more pronounced for
the TMIm* set, as shown in Ref. [37], as well as in high-
er-density layers. This variance is typically attributed to
the inclusion of quantum shell effects and gradient terms
in the AFD method, which are often averaged out or neg-
lected in the semiclassical approximation.

In Fig. 1, we show the proton and neutron density dis-
tributions of *°Sn, an extremely neutron-rich nucleus,
calculated with the original TM1 interaction (L =110.8
MeV) using both the AFD method and the TF approxima-
tion. The solid lines depict the AFD results, while the
dashed lines represent those from the TF approximation.
The nucleon densities obtained with the AFD method
clearly exhibit pronounced fluctuations, particularly in
the central region of the nucleus (r <7 fm). These oscilla-
tions arise from quantum shell effects, reflecting the dis-
crete nature of the single-particle wave functions [37]. In
contrast, the TF approximation yields smooth and nearly
flat density distributions. At larger distances (» > 10 fm),

Fig. 1. Proton and neutron density distributions for *>°Sn
calculated with the TM1 interaction (L = 110.8 MeV). The sol-
id lines show the AFD results, while the dashed lines indicate
the TF approximation.

a finite, approximately constant neutron density is ob-
served, indicating the presence of a surrounding neutron
gas in the inner crust environment. Meanwhile, the pro-
ton density rapidly drops to zero around r =9 fm owing
to the small Z.

In Fig. 2, the nucleon density distributions for the
nine layers of the inner crust are presented, calculated us-
ing different parameter sets. Initially focusing on the
neutron distributions within the TM1-based family, which
retains identical isoscalar properties, we observe a sys-
tematic dependence of the distributions on the symmetry-
energy slope L. In the central region of the WS cell, the
neutron density exhibits an inverse correlation with L: the
parameter set with L =40 MeV shows the highest central
density, whereas the original TM1 set (L =110.8 MeV)
yields the lowest. However, at the nuclear surface this
trend reverses, with larger L generally corresponding to
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Fig. 2. (color online) Proton and neutron density distributions in WS cells for nine inner-crust layers, with panels (a)-(i) correspond-

ing to Layers 1-9. Results are obtained using the AFD method with different parameter sets, namely L = 40,60,80,110.8 MeV from the

TM1 family and the TM1m* interaction.

higher neutron densities. As discussed in Ref. [34], this
redistribution occurs because a larger L yields a larger
symmetry energy in the dense central region, which fa-
vors reducing the central neutron density and enhancing
the distribution at the surface. In the outer tail region,
however, the parameter sets with smaller L eventually
sustain a higher neutron density than those with larger L.
While this effect is subtle and almost imperceptible in the
lower-density layers [Figs. 2(a)-2(e)], it becomes dis-
tinctly evident in the boundary drop-off region of Fig.
2(i). Regarding protons, their distributions are relatively
less sensitive to variations in L. Minor differences among
the curves are still apparent, since protons and neutrons
are coupled in the self-consistent mean field through the
isovector meson. For smaller L, the proton densities are
suppressed as the neutron number increases.

In examining the impact of the effective nucleon
mass, we compare the TM1m* set with the TM1-based
L =40 MeV set, since both have the same symmetry-en-
ergy slope. The first three panels, Figs. 2(a)-(c) for Lay-
ers 1-3, reveal a crossover behavior in the central region:
the TM1-based L =40 MeV set shows a higher central
peak, but its density decreases more rapidly with increas-
ing radius. As a result, the TM1m* density eventually ex-
ceeds that of the L =40 MeV set in the outer part of the

central region. In Figs. 2(d)-(e) for Layers 4 and 5, the
density profiles of both parameter sets are quite similar in
the central area.

However, a distinct trend emerges in Figs. 2(f)-(i) for
Layers 6-9 for Sn isotopes, which correspond to ex-
tremely neutron-rich conditions. In these layers, the
TM1m* profile consistently shows a lower central dens-
ity than the TM1-based L =40 set throughout the central
region, and its curve generally lies between those of
L=40 and L =60. This suggests that, for a fixed sym-
metry-energy slope, increasing the effective nucleon mass
tends to diminish the nucleon density in the central re-
gion, producing an effect comparable to that of increas-
ing L while keeping the effective mass fixed. A larger ef-
fective mass also yields a weaker spin-orbit coupling.

Furthermore, the neutron density distributions for
180Sn exhibit sharp decreases near the boundary, owing
to the boundary condition mentioned in Sec. II B. This
decrease is independent of the choice of boundary condi-
tions, as a similar feature is also observed in Fig. 1 of
Ref. [19].

The calculated neutron root-mean-square radii, R,, for
the nine layers of the inner crust are presented in Table 4.
Within the TM1 family, R, decreases with increasing L.
This trend is most pronounced in the lower-density lay-
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Table 4.
AFD method with different parameter sets.

Neutron root-mean-square radii R, (in fm) for the nine inner-crust layers, calculated using the TF approximation and the

Layer L=40 L=60 L=80 TMI(L =110.8) TMIm*(L = 40)

TF AFD TF AFD TF AFD TF AFD TF AFD
1 26.278 24.591 24.933 22.344 24.031 22.278 23.008 17.622 25.394 19.413
2 26.176 24.894 25.157 23.182 24.475 19.916 23.698 19.890 25.508 20.005
3 27.584 25.956 26.899 23.197 26.435 23.133 25.900 23.089 27.139 23.252
4 28.465 25.712 27.986 25.216 27.649 25.140 27.255 25.084 28.155 25.279
5 29.277 27.645 28.999 27.085 28.787 26.991 28.525 25.860 29.099 27.521
6 28.328 27.113 28.191 26.387 28.052 26.247 27.854 26.124 28.238 26.609
7 25.946 24.757 25.867 24.325 25.754 24.143 25.576 23.453 25.894 24.419
8 24.296 23.176 24.289 22.901 24.211 22.439 24.068 21.867 24.294 22.790
9 20.393 19.529 20.581 19.424 20.597 19.289 20.572 19.119 20.547 19.448

ers (e.g., Layers 1-6), underscoring the influence of the
symmetry energy on the spatial distribution of neutrons.
This indicates that, despite surface-region expansion at
larger L, the higher neutron density in the center region
for the low-L sets (as discussed in Fig. 2) dominates the
total radius.

Moreover, the contrast in R, between large and small
L is more pronounced with the AFD method than with the
TF approximation, because in AFD the neutron gas dens-
ity decays to zero near the boundary. Notably, the mag-
nitude of this discrepancy depends strongly on the layer's
average density. The difference between the TF and AFD
results is largest in the low-density layers (e.g., Layer 1)
and gradually diminishes with increasing layer number.
By Layer 9, where the density is highest, the results from
the two methods are much closer, suggesting that the
quantum shell effects captured by the AFD method are
more pronounced in dilute environments.

To assess the impact of the effective nucleon mass,
we compare the TM1m* parameter set with the TM1-

based 'L =40 configuration. The TMI1m* interaction
yields smaller neutron radii than the TM1-based L =40
set, suggesting that a larger effective mass leads to a more
concentrated neutron distribution within the WS cell.

Table 5 presents the neutron chemical potentials wu,
for the nine inner-crust layers, calculated with different
parameter sets, which are crucial for the f-equilibrium
conditions. It is noteworthy that y, decreases signific-
antly with increasing symmetry-energy slope L. For in-
stance, in Layer 9, the chemical potentials calculated with
the L =40 MeV set are more than twice those obtained
with the original TM1 set, in both the TF approximation
and the AFD method. This implies that more high-angu-
lar-momentum orbitals are occupied at smaller L. Regard-
ing the effective nucleon mass, the TM1m* interaction
yields systematically lower chemical potentials than the
L =40 MeV set, despite both having the same symmetry-
energy slope. This reduction is attributed to the larger ef-
fective mass in TM1m*, which suppresses the kinetic-en-
ergy contribution to the Fermi energy.

Table 5. Neutron chemical potentials y, (in MeV) for the nine inner crust layers, calculated using the TF approximation and the AFD

method with different parameter sets.

Layer L=40 L=60 L=280 TMI(L =110.8) TM1m*(L = 40)

TF AFD TF AFD TF AFD TF AFD TF AFD
1 0.355 0.447 0314 0.318 0.293 0.309 0.273 0.297 0.328 0.318
2 0.506 0.652 0.450 0.503 0.424 0.435 0.400 0.428 0.469 0.453
3 0.781 0.940 0.693 0.723 0.658 0.706 0.627 0.694 0.723 0.740
4 1.117 1.256 0.981 1.131 0.929 1.085 0.887 1.051 1.027 1.176
5 1.827 1.963 1.553 1.692 1.453 1.610 1.377 1.471 1.642 1.779
6 3.250 3.550 2.568 2.752 2.326 2.524 2.148 2.360 2.773 2.964
7 4.269 4.656 3.209 3.528 2.833 3.102 2.558 2.864 3.506 3.809
8 5.622 6.202 3.987 4354 3.403 3.661 2.978 3.280 4.402 4.639
9 9.416 10.003 6.106 6.885 4.843 5.703 3.900 4.703 6.726 7.232
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When comparing the two numerical methods, the
neutron chemical potentials obtained with the AFD meth-
od are generally larger than those from the TF approxim-
ation, indicating that quantum shell effects typically en-
hance the chemical potential in these inner-crust environ-
ments. However, a slight reversal is observed for TM1m*
in the dilute Layers 1 and 2, where the TF values margin-
ally exceed the AFD ones. This anomalous behaviour
aligns with Ref. [37], which reported that parameter sets
with large effective masses (such as TM1m*) can exhibit
an opposite trend in the deviations between semiclassical
and quantum calculations, compared with other models
like the original TM1 and the TM1-based L =40. As sug-
gested in Ref. [37], this difference is largely attributable
to specific nuclear-matter properties, particularly the ef-
fective mass. Interestingly, this distinctive feature ap-
pears to be confined to the low-density regime, as the
TM1m* results return to the general trend in the denser
layers.

IV. SUMMARY

In this work, we systematically explore the ground-
state properties of extremely neutron-rich nuclear sys-
tems in the inner crust of neutron stars, employing the
RMF formalism within the Wigner—Seitz approximation.
By adopting a series of TM1-family parameter sets distin-
guished by varying symmetry-energy slopes L and effect-
ive nucleon masses, we analyze the effects of the sym-
metry-energy slope L and the effective nucleon mass M*
on inner-crust properties. To address the spurious-state
problem in the numerical procedure, we implement the
AFD method to solve the radial Dirac equations and com-
pare the results with those derived from the TF approxim-
ation.

The investigation demonstrates that, in contrast to the
smooth density profiles yielded by the TF approximation,

the AFD method captures significant density fluctuations
in the central region and leads to noticeable differences in
the neutron chemical potentials. These shell effects may
strongly influence the microscopic structure, equilibrium
composition, superfluid-related properties, and transport
properties of representative Wigner—Seitz cells in the in-
ner crust, particularly in the low-density region. This in-
dicates that quantum shell effects are non-negligible for
the microscopic properties of the neutron-star inner crust.

Building on these results, the study highlights the cru-
cial influence of nuclear equation-of-state parameters on
the inner-crust structure. We find that the symmetry-en-
ergy slope L andthe effective nucleon mass play simil-
arly critical roles in regulating the system’s properties.
Specifically, an increase in either the slope L or the ef-
fective nucleon mass leads to stronger neutron binding,
resulting in a more compact neutron distribution within
the cell and a significant increase in the binding energy.
These findings elucidate that under extremely neutron-
rich conditions, the density dependence of the symmetry
energy and the effective nucleon mass constitute the core
physical mechanisms determining the microscopic struc-
ture and energetic characteristics of the inner crust.

The f-equilibrium conditions will be considered in fu-
ture work to construct the inner-crust EOS. Furthermore,
periodic boundary conditions in the Dirac equation will
be treated using the AFD method to investigate band-
structure effects in the inner crust. We also note that neut-
rons in the inner crust are expected to exhibit pairing cor-
relations, particularly in the weakly bound and con-
tinuum regions, which may affect the detailed shell struc-
ture and related microscopic properties. A self-consistent
inclusion of pairing would require an extension to an
RMF+BCS or relativistic Hartree—Bogoliubov treatment
in coordinate space. Such an extension is compatible with
the present framework and will be considered in future
work.
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