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Abstract: In this work, we investigate the dynamics of periodic orbits and the properties of accretion disks around
a Schwarzschild-like black hole (BH) immersed in a King-type dark matter (DM) halo. Our analysis focuses on how

the presence of the King DM halo influences both the behavior of periodic orbits and the radiative characteristics of

the accretion disk. We begin by examining time-like periodic geodesic orbits for various configurations character-

ized by different energy and angular momentum values, represented by the integers (z,w,v). Furthermore, we ex-

plore the effects of the King DM halo on time-like periodic geodesics, marginally bound orbits, and innermost stable

circular orbits, thereby providing a deeper understanding of how the DM halo environment modifies the behavior of

these stable orbits and timelike particle geodesics. Finally, we analyze the null geodesics and the accretion disk prop-

erties by studying their direct and secondary images, redshift distributions, and radiation fluxes as observed at infin-

ity for a range of inclination angles. This approach allows us to gain valuable insights into the spacetime geometry of

a Schwarzschild-like BH within the King-type DM halo, its physical and radiative properties in the accretion disk,

and the corresponding observational implications.
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I. INTRODUCTION

In General Relativity (GR), black holes (BHs) not
only arise naturally as exact solutions to Einstein's field
equations but also remain as one of the most fascinating
objects in the universe. Their existence was first pre-
dicted theoretically nearly a century ago. However, mod-
ern breakthroughs, such as the detection of gravitational
waves by LIGO [1, 2] and the first images of BH shad-
ows captured by the Event Horizon Telescope (EHT)
[3—5], have not only provided compelling evidence for
the existence of BHs in nature but also offered powerful
tools for probing their unknown properties. Despite these
advances, many open questions persist regarding BH be-
havior and their interactions with the surrounding envir-

onment. Consequently, identifying observational signa-
tures that reveal the interplay between BH gravity and its
surroundings remains a crucial goal in modern astrophys-
ics. In this context, dark matter (DM) represents a partic-
ularly intriguing candidate capable of influencing or ex-
hibiting such interactions within the framework of GR.

In an astrophysical context, BHs are expected to be
surrounded by DM halos [6, 7] and are characterized by
complex and dynamic environments due to the evidence
indicating that supermassive BHs located at the centers of
most galaxies serve as the primary engines powering act-
ive galactic nuclei (AGN) [8, 9]. This is consistent with
the composition of the universe, which measurements of
the cosmic microwave background show is approxim-
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ately 27% dark matter and 68% dark energy. Con-
sequently, the ordinary matter familiar to us constitutes
only about 5% of the universe. It can thus be inferred that
the distribution of DM throughout the universe can have a
significant impact on galactic rotation curves and on
large-scale astrophysical phenomena such as the bullet
cluster collision (see, e.g., [7, 10—13]). These phenomena
are widely regarded as key evidence confirming the pres-
ence of DM halos surrounding galaxies and clusters
[14—16]. Furthermore, the presence of a DM halo around
a supermassive BH can influence the dynamics of ex-
treme and intermediate mass-ratio inspirals (EMRIs and
IMRIs) [17, 18], offering a potential pathway to probe its
properties.

These findings have confirmed the occurrence of star
formation near galactic centers, supporting the formation
of DM halos around galaxies and clusters, and suggest-
ing that spiral and giant elliptical galaxies evolve within
these surrounding DM halos [3—5, 19]. This implies that
the rotational velocities of stars orbiting spiral and giant
elliptical galaxies can be accounted for by the presence of
DM halos [20]. Motivated by the fundamental role of DM
halos, it is therefore crucial to investigate various theoret-
ical models to deepen our understanding of their nature
and influence on the surrounding environment through
both astrophysical observations and numerical simula-
tions. To this end, several analytical BH solutions incor-
porating DM halos have been proposed within various
theoretical models, such as the Einasto profile [21, 22],
the Navarro—Frenk—White (NFW) model [23], the Burk-
ert profile [24], the Dehnen-type DM model [25—31], uni-
versal rotation curve DM profile [32], superfluid DM
halo [33], and DM distributions associated with phantom
scalar fields [34—37]. The NFW density profile has been
widely used to describe DM halos around BHs (see, e.g.,
[38—40]). Following the Dehnen-type DM halo, there
have been several investigations on these lines [41—46]
addressing the influence of the DM halo on quasinormal
modes, the BH shadow, and gravitational waveforms. In
addition, analytical BH solutions describing  super-
massive BHs embedded within DM halos have also been
developed and explored in detail (see, e.g., [47—-50]).
Analyzing EMRI signals was also used for probing the
DM halo distribution around supermassive black holes
(SMBHs) [23, 51-53].

To gain a deeper insight into the properties of BHs
embedded within DM halos, it is essential to examine the
geodesic motion of test particles and photons, since their
trajectories serve as powerful probes of BH geometry and
dynamics. In this context, the study of geodesic motion
plays a decisive role in revealing the effects of external
fields that influence their trajectories and in elucidating
the behavior of the background spacetime in astrophysic-
al environments [54—61]. In particular, bound orbits
around BHs provide valuable clues to possible deviations

from the standard geometry of astrophysical BHs. Re-
cently, periodic orbits have attracted growing attention,
especially since the detection of gravitational waves [1, 2]
due to their significance in understanding the sources of
these waves, including compact binary systems and ex-
treme mass-ratio inspirals (EMRIs). Periodic bound tra-
jectories frequently display zoom-whirl dynamics, where
a compact object performs an integer number of radial
and angular oscillations per orbit. During the whirl phase,
the object makes several rapid revolutions near the BH
before zooming outward again. These orbits are com-
monly classified by three integers, such as zoom (z),
whirl (w), and vertex (v) and characterized by the ratio of
their angular to radial frequencies [62, 63]. Numerous
studies have examined periodic bound orbits near BHs
across various gravity frameworks [44, 64—79], reveal-
ing their strong dependence on the background space-
time geometry.

An_important point is that astrophysical processes
provide a critical testing ground for gravitational theories,
both within GR and beyond. Observations of accretion
disks, particularly their structures [80—83] and X-ray
spectra [84, 85], and their dynamical properties [86—88],
offer a powerful method for probing the strong-field re-
gime of gravity. Consequently, accretion disks around
BHs are regarded as key probes of both spacetime geo-
metry and the high-energy processes in their immediate
vicinity. As matter spirals inward, losing angular mo-
mentum and converting gravitational potential energy in-
to radiation, accretion disks become natural laboratories
for studying background gravity and high-energy astro-
physical phenomena. This makes them essential for un-
derstanding phenomena such as X-ray binaries [89-91]
and quasars [92, 93]. A prime example is Sagittarius A*
(Sgr A*) at our Galactic center, which provides a unique
setting for exploring BH accretion physics and testing
gravity in the strong-field regime [94—100]. Motivated by
these findings, numerous recent studies [101—121] have
investigated the properties of accretion disks within vari-
ous theories of gravity. Considering the astrophysical sig-
nificance of DM halos in astrophysical environments,
analyzing BHs within a King-type DM halo is particu-
larly relevant. It can offer a compelling framework for
studying how DM influences the dynamics of bound and
null geodesics for modeling accretion disk structures,
thus affecting key observables such as the innermost
stable circular orbit (ISCO) radius and the properties of
the accretion disk.

In recent studies, using the Dehnen and Hernquist
type DM halo density distribution model, the authors of
Refs. [44, 74, 122] derived periodic orbits and observa-
tional accretion disk properties. The effects of the string
parameter and DM parameters on the ISCO radius have
been investigated for the Letelier BH within King DM
[123] and perfect fluid DM [124]. It is also worth noting
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that the properties of the accretion disk have been de-
veloped in Ref. [125].

From an astrophysical perspective, a BH solution em-
bedded in a DM halo offers an alternative avenue for un-
derstanding BH-DM systems, providing valuable in-
sights not only into the fundamental properties of DM
halos but also into their potential interactions within the
framework of GR. In this work, we investigate periodic
orbits and accretion disk properties around a BH in a
King-type DM halo [126], focusing on the influence of
the halo on both the dynamics of periodic orbits and the
radiative characteristics of the accretion disk. Specific-
ally, we first examine time-like periodic geodesic orbits
with their plots classified by integers (z,w,v) and then ex-
plore how the King DM halo affects marginally bound or-
bits (MBOs) and innermost stable circular orbits (ISCOs)
under the relevant stability conditions [127]. Sub-
sequently, we analyze the structure of accretion disks
around the BH within the DM halo by investigating their
observable features, such as images, redshift distribu-
tions, and radiation fluxes as detected by faraway observ-
ers. Through this analysis, we aim to shed light on the
spacetime structure of BH-DM systems, their physical
nature, and possible observational implications.

The structure of this paper is organized as follows. In
Section II, we briefly introduce a Schwarzschild-like BH
spacetime within a King-type DM halo and examine
time-like periodic geodesics, determining marginally
bound and innermost stable circular orbits influenced by
the DM halo profile. Section IIlI*investigates periodic
geodesic orbits for various configurations characterized
by integers (z,w,v), considering different values of en-
ergy and angular momentum of time-like geodesic
particles. In Section IV, we focus on null geodesics and
investigate how the King DM halo profile modifies the
photon trajectories around the BH. Section V is devoted
to analyzing the properties of the accretion disk around
the Schwarzschild-like BH in the presence of the King-
type DM halo, focusing on the direct and secondary im-
ages, redshift distributions, and radiation fluxes as ob-
served at infinity. Finally, Section VI summarizes our
main findings and conclusions. All calculations are per-
formed in geometrized units (G =c =0 = 1).

II. SPACETIME METRIC AND TIMELIKE
GEODESICS

In this section, we study the timelike geodesics
around the Schwarzschild black hole (BH) embedded in a
King dark matter (DM) halo [126]. The corresponding
spacetime metric can be written as follows:

ds® = —f(rdf’ + f(r)”'dr’ + d&” + r’sin*0d¢*, (1)

with [128]

2M  8np,r?
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where r, represents the scale radius, and p, is the halo
density. The scale radius r; denotes a characteristic length
that separates the core and outer regions of the DM halo.
The density profile ppy(r) of the King-type DM halo is
expressed as [126, 128]:

Ps

2\3/2
(1+%)

ps corresponds to the maximum value of the DM density.
For r — 0, ppm(0) = p;.

Based on Eq. (3), where the DM halo density distribu-
tion pppm(r) is provided, we derive the King DM mass
profile:

pom(r) = (3)

Mpwm(r) =47T/ PDM("l)V%di’l
0

SR
n VrHrEr\ r
T P+

For convenience in this study, we normalize the radi-
al coordinate, scale radius, and halo density as r — r/M,
ry — rs/M, and p, — p,M?*. Here, we note that the con-
straints on these King DH halo parameters have been re-
ported in Ref. [125].

Fig. 1 demonstrates how the DM parameters affect
the event horizon radius. The dashed horizontal line cor-
responds to the Schwarzschild BH case (r, =2). The fig-
ure shows that as both DM parameters increase, the event
horizon radius increases noticeably. This indicates that
the gravitational field becomes stronger.

Suppose a test particle moves around a Schwarz-
schild BH surrounded by a King DM halo. The Lagrangi-
an governing the motion of the test particle takes the form
[129].

= 47rrj: DOs

}- 4)

1 dx* dx’

— g, X 5
L 28 T A ®)

with 7 and m denoting the proper time and rest mass of
the particle, respectively. By choosing m =1 for simpli-

city, the generalized momentum of the particle can be
written as

oL
Pu= @ = 8uwX - (6)
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Fig. 1.
halo density p; (right panel).

Using the above relations, the equations governing the
particle’s motion take the form:

pi=8gut=—f(r)i=-E,
Po = 8op = r’sin’0p = L,
Pr =grr"’=f(r)7lfs

Po = 8ae0 = 0. (7

Where E and L denote the conserved energy and an-
gular momentum of the particle, respectively.

By restricting the motion to the equatorial plane
(6=n/2) and applying the normalization condition
gwX' %" =—1, the effective potential can be expressed as
follows:

va=ro(1+5). ®)

For a particle to move along a general bound orbit, its
angular momentum and energy must fall within the fol-
lowing ranges:

LISCO <L and E]sco <E< EMBO = 1,

©

where Eisco and Lisco represent the energy and angular
momentum associated with the innermost stable circular
orbit (ISCO), whereas Eypo corresponds to the energy at
the marginally bound orbit (MBO). The MBO denotes the
circular bound orbit that has the smallest possible radius
with an energy value of Eypo = 1. Substituting 7 =0 and
Espo = 1 into the radial equation r? = E? — V4, the effect-
ive potential becomes V.z=1. The MBO radius is
defined by the following conditions [74, 130]:

dVeg

=0.
dr

Vig=1 and (10)
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(color online) The plots demonstrate the variation of the event horizon radius r;, with the scale radius r, (left panel) and the

Based on the above relations, we numerically analyze
how the presence of the King DM halo influences the ra-
dius and orbital angular momentum of the MBO. Figure 2
illustrates the dependence of Rypo and Lypo on the King
DM halo density for different values of the halo radius.
As shown in Fig. 2, an increase in the parameters r, and
p;s leads to a corresponding increase in Rypo and Lygo.
This implies that the presence of the King DM halo en-
ables bound motion to occur at larger radii and higher an-
gular momenta. Therefore, the halo exhibits a gravitation-
al influence analogous to that of a BH, strengthening the
effective gravitational field.

We now proceed to analyze another class of bound
orbits, the ISCO—the smallest circular orbit in which a
test particle can rotate in a stable manner. Stability means
that the particle will remain in a circular orbit despite
small external forces. The ISCO is determined by the fol-
lowing conditions [131]:

dV.g d*V,
T-0 and il

dr ar 0

Ve = E2, (11)

Figure 3 shows the ISCO radius, orbital angular mo-
mentum, and energy as functions of the DM halo density
for various scale radii r,. In this figure, Risco and Lisco
increase with increasing r; and p;, indicating a strength-
ening of the gravitational field. The corresponding de-
crease in energy with increasing r, and p; is attributed to
the outward shift of the ISCO radius from the BH as the
gravitational influence of the DM halo becomes stronger.

III. PERIODIC ORBITS AROUND THE SCHWAR-
ZSCHILD BH SURROUNDED BY DARK MAT-
TER HALO

In order to explore the impact of the King DM halo
on particle motion, we also analyze the corresponding
periodic orbits. Among the bound orbits, periodic orbits
play a special role. For periodic orbits, the fundamental
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Fig. 3. (color online) The ISCO parameters Risco, Lisco, and Eisco are shown as functions of the DM halo density p, for different

values of the scale radius ry.

orbital frequencies maintain a rational relationship. Each
orbit can be uniquely described by a triplet of integers
(z,w,v), referred to as the zoom, whirl, and vertex num-
bers, respectively. The rational form of this relation is ex-
pressed as [62].

w v
=—¢—1=W+7,
W, z

(12)
where w, and w, denote the angular and radial frequen-
cies, respectively. From the equations of motion, the ra-
tional number can be written as [132—134]:

—l rzé 1—1 VZ; (13)
w7 Al PNEV

where r; and r, are the periapsis and apoapsis radii, re-
spectively.

Figure 4 illustrates the dependence of the rational
number g on the energy and orbital angular momentum of
the particle for different values of the King DM halo
parameters. From the top panel of Fig. 4, it is evident that
the rational number ¢ increases with increasing energy E,
exhibiting a sharp rise as E approaches its maximum
value. Additionally, as the King DM halo parameters in-
crease, the corresponding g—F curves shift toward lower
energy values. The bottom panel shows the dependence

of ¢ on the orbital angular momentum L. In the bottom
panel, g is plotted against the orbital angular momentum
L, showing a sharp rise as L approaches its minimum and
a gradual decrease at higher values of L.

The energies E of periodic orbits with different
(z,w,v) values are obtained numerically for a fixed angu-
lar momentum L = %(LMBO + Lisco), as shown in Table 1.
Using these data, Fig. 5 illustrates a comparison between
the periodic orbit (1,1,1) in the Schwarzschild spacetime
and the same orbit when the BH is embedded in the King
DM halo. Furthermore, Fig. 6 depicts periodic orbits with
different (z,w,v) configurations for L= %(LMBO+LISCO),
ry=0.3, and p, =0.1. As can be seen from Table 1 and
Fig. 5, the presence of DM leads to an outward expan-
sion of the periodic orbits and a corresponding decrease
in their energies compared to the pure Schwarzschild
case.

Table 2 lists the orbital angular momentum L for peri-
odic orbits characterized by different (z,w,v) parameters,
assuming E =0.96 and r, =0.2. To further illustrate, we
present in Fig. 7 the periodic orbits for different (z,w,v)
configurations with p, = 0.1 and r, = 0.3. As observed, or-
bits with higher zoom numbers z exhibit increasingly
complex geometrical structures, while orbits with larger
whirl numbers w make more revolutions around the cent-
ral BH between successive apoapses.
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(color online) Top: The rational number g as a function of the energy E for orbits around a Schwarzschild BH surrounded by a

King DM halo is shown for different values of the parameters r, (top-left panel) and p, (top-right panel). The orbital angular mo-
mentum is fixed at L= %(LMBO + Lisco): Bottom: The rational number g as a function of the orbital angular momentum L for orbits
around a Schwarzschild BH in a King DM halo is plotted for different values of r, and p,. The energy is fixed at E = 0.96.

Table 1. The energy E of periodic orbits is tabulated for different orbit configurations (z,w,v). Here, we set L = %(LMBO + Lisco) and
ry=0.2.

Ps L E@1,1,0) E@120 E@1n E@p E3i2) E3p2) Eu13) Eupn3)
0.0 3.732050 0.965425 0.968383 0.968026 0.968435 0.968225 0.968438 0.968285 0.968440
0.1 3.829283 0.964568 0.967539 0.967181 0.967590 0.967380 0.967594 0.967440 0.967596
0.2 3.928165 0.963743 0.966729 0.966369 0.966781 0.966569 0.966785 0.966630 0.966786
0.3 4.028690 0.962949 0.965952 0.965591 0.966005 0.965792 0.966009 0.965853 0.966010

IV. NULL GEODESICS AROUND THE BH SUR-
ROUNDED BY THE KING DM HALO

We now turn our attention to the null geodesics
around a Schwarzschild black hole embedded in the King
dark matter halo. The four-momentum of a massless
particle (photon) can be expressed as follows:

pf=dx"/dA. (14)

For simplicity, we restrict the photon motion to the
equatorial plane (6 = 7/2). Using Eqgs. (7) and (14), along

with the null normalization condition (g, X" =0), we
then obtain the following equations governing light
propagation:

d E dp L s
QA" Fo A e ()
ar\* L?

(&) =p - (16)

where 1 is the affine parameter, which is related to the
proper time 7 by A =7/m.
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Fig. 5. (color online) Comparison of periodic orbits with parameters (1,1,0) for the Schwarzschild BH with and without a King DM
halo.

By applying the transformation A’ = LA and substitut-
ing the impact parameter b = L/E, we obtain the follow-
ing equations:

d 1 dp _ 1

dr  bf(r)y drv o’ a7
dr\*> 1 f()

()52

From the above equations, one can express Eq. (18) in
terms of the azimuthal angle ¢ as follows:

()

where V. is the effective potential for a massless
particle. The critical impact parameter b, can be determ-
ined by substituting the photon-sphere radius r = r, into
the condition V.4(r) = 0, yielding [135].

1
r4

dr

dr L f(r)
de B

b2 r2

(19)

eff(r) ’

Tph
b= ———.
NGED 20)
With the substitution r = 1/u, Eq. (19) becomes:
@)z‘i— *f () = G(u) @1
d¢ = b2 u u)= u).

Using the metric function given in Eq. (2), we obtain

the complete expression for G(u).

8mp,r3

1
G(u)zﬁ—u2+2Mu3— : u?
r? + ;
r? iz !
—8mp,riu’ log u_u (22)
s

The total azimuthal deflection ¢ is represented by the
following expression as a function of the impact paramet-
er b [135]:

fhi b<b
o VG’ ’
=9 (23)
PN LI S
0 G(u)’ Cc

where u, = 1/r, denotes the inverse of the event horizon
radius, and the turning point u,;, is determined by select-
ing the smallest positive root of the equation G(«) = 0.
Parallel rays coming from infinity experience differ-
ent deflection angles near the black hole depending on
their impact parameters b. This phenomenon is illus-
trated in Fig. 8, which depicts the trajectories of photons
near the black hole. In the figure, the colors represent dif-
ferent ranges of b: green for 1.8<b<5.5, blue for
55<b<6, and black for b>6. By setting (r,,p;) to
(0.15,0.5), (0.3,0.25), and (0.3,0.5), the corresponding
critical impact parameters are obtained as b.=5.498,
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Table 2. The values of the orbital angular momentum L are tabulated for different periodic orbits characterized by (z,w,v). Here, we
set £=0.96 and r; =0.2.
Ps L1,10) L2,0) Loy Lopy L3102 L322 La,13) Lup3)
0.0 3.68358 3.65344 3.65759 3.65270 3.65533 3.65263 3.65462 3.65261
0.1 3.78789 3.75765 3.76178 3.75697 3.75954 3.75691 3.75884 3.75689
0.2 3.89373 3.86336 3.86745 3.86270 3.86522 3.86264 3.86453 3.86262
0.3 4.00114 3.97055 3.97462 3.96990 3.97240 3.96984 3.97170 3.96983

Schwarzschild BH

ry=0.15, ps=05

| N

Fig. 8.

(color online) The behavior of photon trajectories near the BH within the King DM halo is plotted for different values of r,

with a fixed p,. In all plots, the colored lines represent different ranges of the impact parameter b; for example, green corresponds to
1.8<b<5.5,blueto 5.5 <b<6,and black to b > 6. We note that the red ring indicates the location of the photon sphere.

6.147, and 7.232, respectively. In_the figure, the central
black region corresponds to the event horizon, and the red
ring represents the photon sphere. The radii of both in-
crease with larger dark matter (DM) halo parameters. As
the DM halo parameters increase, the blue rays bend
more strongly and fall into the Schwarzschild black hole
surrounded by a King DM halo.

It should be emphasized that the photon trajectories
around a black hole can be classified into three distinct
trajectories: direct, lensed, and photon rings (see, e.g.,
[136]). To define the boundaries of these distinct traject-
ories, we employ the following equation for the total

number of revolutions (7 = %) [137].
2N-1
T]_T’ N:l,2,3,"', (24)

where N denotes the number of intersection points. To
gain a better understanding of the total number of revolu-
tions, we show the photon trajectories near the BH in the
presence of the King DM halo in Fig. 9. As seen in Fig.
9, n represents the number of times the ray crosses the
vertical axis. This classification can also be described us-
ing the impact parameter b, whose values for the Schwar-
zschild BH case and different scale radii r, are listed in
Table 3. The classification boundaries, expressed in terms

of the total number of revolutions #, are given as follows:

1 3
e Direct trajectory: N=1= 7 <n < -, correspond-

ing to (b, b;)U (b3, ), is shown by the blue curves in
Fig. 9.

° N=2=>§<r]<§,

Lensed trajectory: 1

(b3, b3)U (b3, b3), red curves.

5
e Photon ring trajectory: N>3=n> 7 05 b3),
black curves.

Here we note that the data presented in Table 3 are re-
flected in Figs. 9 and 10. In Fig. 10, we show the depend-
ence of the total number of revolutions # on the impact
parameter b. We note that in Fig. 10, the peaks represent
the critical value of the impact parameters b, while three
horizontal lines exhibit three fixed wvalues, such as
n=1/4, 3/4, and 5/4. To be more informative, the points
where the curve intersects these horizontal lines are
labeled (b7, b5, b3) and (b3, b3), respectively. It is obvi-
ous that increasing the DM halo parameters shifts the crit-
ical impact parameter to larger values, indicating an en-
hancement of the gravitational field, as shown in Fig. 10.
Using numerical calculations, we derive the event hori-
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Fig. 9.

10

(color online) The behavior of photon trajectories near the BH within the King DM halo is plotted for different values of r,

with a fixed p,, across ranges of the total number of revolutions, 7, which define the number of times the ray crosses the vertical axis.

In all plots, the colored lines represent different ranges of #: for instance, blue corresponds to 1/4 <n<3/4, red to 3/4<n<5/4, and

black to n>5/4. We note that the green ring indicates the location of the photon sphere.

Table 3. The values of the event horizon ry, the photon sphere radius rp;,, and the impact parameter by are presented for different val-

ues of the DM halo parameter r,. Note that we have set the DM halo density profile p, =0.5.

BHs rh Toh by by by b, b3 b3
SchwBH 2 3 2.848 5.015 5.188 5.196 5.228 6.168
ry=0.15 2.099 3.153 2.993 5.299 5.489 5.498 5.534 6.571
rs=03 2.637 3.991 3.788 6.907 7.213 7.232 7.298 8.958

n=¢/(2m) 7 n — oo, as seen in Fig. 10. One can deduce that the King
150 Photon ring DM halo parameters r, and p, make the geometry of the
54 BH surrounded by the King DM halo more distinguish-
able from the Schwarzschild BH. In particular, the photon

10l Lensed sphere and the photon sphere radius become larger. To be

Direct

174

0.0 : : : : L b
4 6 8 10 12

(color online) The plot illustrates the dependence of

Fig. 10.
the total number of revolutions # on the impact parameter b.
The solid, dashed, and dotted curves correspond to the
Schwarzschild BH case and to the cases with r;=0.15 and
rs = 0.3, respectively, for the fixed p; =0.5.

zon radius r, from the condition f(r,)=0. Table 3
presents the corresponding characteristic quantities of the
BH, including the horizon radius r,, the photon sphere ra-
dius ry,, and the intersection points b}, for different val-
ues of the King DM halo parameter. As can be seen in
Table 3, the event horizon and the photon sphere radius
increase with increasing the scale radius r, of the DM
halo. Notably, once b approaches the critical value,
b — b, the total number of revolutions # tends to infinity,

more informative, the critical impact parameter refers to
b.~5.196 for the Schwarzschild BH case, while the
photon ring lies within 5.188 < b < 5.228. In the presence
of the King DM halo, specifically for r,=0.3 and
ps = 0.5, the critical impact parameter and the photon ring
increase to approximately b, ~ 17232 and
7.213 < b < 7.298, respectively.

V. IMAGES AND PHYSICAL PROPERTIES OF
THIN ACCRETION DISK AROUND BH SUR-
ROUNDED BY KING DM HALO

In this section, we investigate the radiation properties
of the accretion disk around a Schwarzschild BH embed-
ded in a King DM halo. This accretion disk is composed
of high-temperature gas, dust, and plasma orbiting the
BH. The Novikov—-Thorne model [109, 139] is a well-es-
tablished theoretical approach that describes the radiation
properties of geometrically thin, optically thick accretion
disks. Because the disk is geometrically thin (h < r), its
vertical thickness is negligible compared with its radial
extent. Observationally, the main quantities characteriz-
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ing accretion disks are their electromagnetic flux, temper-
ature profile, and luminosity. In the following, we invest-
igate the influence of the DM halo parameters on the
disk’s image, energy flux, and gravitational redshift.

In order to study the image formation of the thin ac-
cretion disk, we introduce an observational coordinate
system, illustrated in Fig. 11. In this system, the observer
is assumed to be located at infinity in spherical coordin-
ates (r,0,¢) centered on the BH, where (r = 0) denotes the
origin. In the camera frame O’x”y”, a photon emitted
from m(b,a) travels perpendicular to the image plane to-
ward the BH and intersects the disk at M(r,7/2,¢). Based
on the principle of optical path reversibility, the traject-
ory of a photon emitted from M(r,7/2,4¢) onthe accre-
tion disk is identical to that of a photon emitted from the
image point m(b,) in the camera frame.

Our analysis involves two image types. A direct im-
age (bs,a) is produced when a photon emitted from a
point on the accretion disk reaches the camera plane dir-
ectly. In contrast, a secondary image (b,,a + ) is formed
when a photon emitted in the opposite direction from the
same point on the disk is deflected by gravitational lens-
ing and subsequently reaches the camera (see the right
panel of Fig. 11).

Using the sine theorem for spherical triangles, we can
derive the following relations from AMyy and AMxx’
[138]:

.
sin(g) _ S5 =9 0s)
sinZ)  sin(®

2
. T .
sm(E -¢) ) sm(i —a) (26)

sin(6)

sin(B3)

Fig. 11.
[138].

From the preceding relations and the condition
a+a =3n/2, the deflection angle ¢ is obtained as:

o= g +arctan(tan fsin ). 27

The angular deflection for the n™-order image, de-
noted by ¢,, is given by [94]:

gZJr +(=1)" [g + arctan(tan @sin a)} , for n even,

LCA W

2+ (—1)" E + arctan(tan fsin a')] , fornodd.
(28)

Where n=0 and n=1 correspond to the direct and
secondary images, respectively. A photon emitted from
the camera plane at infinity with coordinates (b,a), and
arriving -at a circular orbit of radius » on the accretion
disk, experiences a total deflection angle given by:

Uy 1

01(b) = /0 oo (29)
() =2 / "L / Tl (30)
EEL) ey em

In Fig. 12, we show the photon deflection angles
@1(b) and ¢,(b) as functions of the impact parameter b,
plotted for different values of p, and various radii. The
colored regions represent the order of the images n. It is
evident that as the impact parameter approaches its critic-
al value b., the deflection angle tends toward infinity.

o/ and o' + 7 plane arctan(tanfsina)

o' and o + 7 line Y

bs

o’ by

(color online) A schematic representation of the coordinate system used to construct the accretion disk image is provided in
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Fig. 12. (color online) Left panel: The deflection angle of photons, ¢(b), is plotted as a function of the impact parameter b for differ-
ent values of p,, with r, =0.3 and a fixed radius R = 10. Right panel: The deflection angle of photons, ¢(b), is plotted as a function of
the impact parameter b for different radii R, with p; = 0.25 and r, = 0.3.

With increasing p,, the corresponding b, shifts to the tion [139—-141], the radiant energy flux emitted from the
right to larger values of . The curves intersect the region accretion disk surface is given by:

n =1 differently for various values of p,, indicating that

the secondary images also depend on p,, as seen in the 3 MyQ,

left panel of Fig. 12. As shown in the figure, the maxim- F(r)= T in V=g(E - QL)
um value of b increases with larger values of p,. The
right panel of Fig. 12 shows the deflection angle for
photons arriving from different radii of the accretion disk
(R =10, 15,20), with the central density fixed at p, = 0.25.
For these radii, we obtained the maximum values of b as
b=11.58, 16.51, and 21.48, respectively. From the right
panel, it is clear that as the disk radius increases, the dir-
ect image (n=0) changes noticeably, whereas the sec-
ondary images (n > 1) remain nearly unchanged. Addi- o

tionally, in the right panel of Fig. 12, the red dashed E= _ﬁs (33)
curve indicates the periastron curve that crosses the inter- 8" 8¢
section point of ¢, and ¢,, determined by the integral
equation ¢;, which asymptotically approaches the straight

/ (E-QL)L,dr, (32)
"sco

where M, stands for the mass accretion rate, g represents
the determinant of the metric, and E, L, and Q corres-
pond to the specific energy, angular momentum, and an-
gular velocity of matter on circular orbits. For circular
motion around a static, spherically symmetric BH, these
quantities take the following form [37, 130]:

line /2 at infinity. L= %, (34)
v —8u — 8sp$2
Umin 1
©3(b) | &) du. 31)
-2 _ [ S (35)
The coordinates (b, «) of the accretion disk in the ob- dt 80,
server’s plane are obtained by numerically solving Egs.
(28), (29), and (30) for the primary and secondary im- Using the Stefan—Boltzmann law, one can express the
ages [101, 113]. The direct and secondary images of  relationship between the energy flux F(r) of the disk and
stable circular orbits around a Schwarzschild BH surroun- its radiation temperature T as follows [142].
ded by the King DM halo, viewed at different inclination
angles, are shown in Fig. 13. As seen in Fig. 13, larger .
values of the King DM halo parameters result in larger Fr)=osel"(r) . (36)
primary and secondary images. This suggests that a lar-
ger impact parameter b is required for photons to reach The left panel of Fig. 14 shows the radial distribution
the same stationary circular orbit, indicating a strengthen- of the energy flux F(r) on the accretion disk around a
ing of the gravitational field, consistent with the behavior Schwarzschild black hole (BH) surrounded by the King
observed for periodic orbits. dark matter (DM) halo. The distribution begins at
According to the standard Novikov—Thorne formula- r = Risco. Increasing r, and p, reducesthe flux mag-
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(color online) Direct and secondary images of a thin accretion disk surrounding a Schwarzschild BH embedded in the King

DM halo. The rows (from top to bottom) represent inclination angles of 17°, 53°, and 85°, whereas the columns (from left to right) cor-

respond to p, values of 0.0, 0.25, and 0.50, assuming r, = 0.3.

nitude and shifts its peak to larger radii, indicating a dim-
mer and cooler disk compared to the pure Schwarzschild
case. The right panel of Fig. 14 illustrates the temperat-
ure distribution 7'(r) on the accretion disk, where the peak
decreases and shifts outward, similar to the behavior of
the energy flux.

Due to the Doppler effect and gravitational redshift,
the energy flux detected by a distant observer differs from
that emitted by the accretion disk [143].

F(r)

obs = m P (37)

where z represents the redshift factor, which can be ex-
pressed as [144]:

1 +Qbsinfcosa

1+z= .
V _gn_gwgl

We calculated the observed energy flux F, at each
point in the accretion disk image on the camera plane and
normalized it to the Schwarzschild black hole case at
0 = 85°, setting it to 100%. The normalized energy flux
values for all accretion disk images were then visualized
using the hot colormap. The image of the accretion disk is

(3%)
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constructed for the region between Risco and R =25, as fixed at r, =0.3. For p,=0.5 and 6= 85°, the observed
shown in Figs. 15 and 16. In Fig. 15, the scale radius is flux F,s reaches approximately 58% of that of the

' 0.05F
1.5x10°¢ — Schw BH 1 — Schw BH
— 1, =0.15,p,= 025 — r,=0.15,p,=025
0.04F 1
— ry=0.15,p,=05 — ry=0.15,p,=0.5
1.0x 10°6 - _ re=03, py=025
x =03, py=025 ooal ~ s o o]
,E’ rs=03, py=0.5 ] § re=03, ps=0.
p 0.02f 1
5.0x1077 B
E 0.01F 1
0 0.00 L L L L
15 20 25 10 15 20 25
r r

Fig. 14. (color online) The distributions of energy flux F(r) (left) and temperature 7(r) (right) on the accretion disk are plotted as
functions of r.
=0.50, 6=17"

=0.00, 6=17" ps=0.25, 6=17"
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Fig. 15. (color online) Distribution of the observed flux Fo in the direct and secondary images of a Schwarzschild BH surrounded
by a King DM halo is shown for different inclination angles 6 and central densities p,, with the scale radius fixed at r, = 0.3.
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Schwarzschild BH at the same inclination angle. In Fig.
16, where the central density is fixed at p, = 0.5, a simil-
ar trend is observed: as both DM halo parameters in-
crease, the observed flux F,,s decreases and appears dim-
mer compared to the Schwarzschild case.

Figure 17 shows the redshift distribution across the
accretion disk around a black hole surrounded by the DM
halo. The combined effects of Doppler and gravitational
redshifts cause the emitted light to be observed with a fre-
quency shift. The rotation of the disk makes the image
asymmetric, with one side appearing blueshifted and the
other redshifted. The black line on the color bar indicates
the maximum value of the redshift factor z for the accre-
tion disk. The highest redshift value, zy. =1.30,is ob-
tained for p; = 0.5 and 6 = 85°, whereas the lowest value,
Zmin = —0.29, corresponds to p, = 0.0 and 6 = 85°. All pan-
els use the same color scale limits for consistent compar-

Schw BH, =17

-10

Schw BH, 6=53"

-10

Schw BH, 6=85"

10 20 -20

-10

Fig. 16.

rs=0.15, 6=17"

0
x

rs=0.15, 6=53"

0
x

rs=0.15, 6=85"

0
x

ison. From the distributions shown in the figure, it is
evident that the redshift effect strengthens as the inclina-
tion angle increases. Moreover, the redshift (z > 0) is gen-
erally larger for the Schwarzschild BH surrounded by a
King BH halo than for the Schwarzschild BH. These no-
ticeable differences suggest that such systems could, in
principle, be distinguished through optical observations
of their accretion disks.

VI. CONCLUSIONS

From an astrophysical viewpoint, a BH embedded in
a DM halo provides a useful framework for studying BH-
DM interactions and testing background gravity. In this
work, we studied the properties of the Schwarzschild-like
BH in the presence of a King DM halo and highlighted its
differences from the classical Schwarzschild BH. We

rs=0.30, 6=17"

-10 0
x

rs=0.30, 6=53"

-10 0
x

rs=0.30, 6=85"

10 20

-20

-10 0 10 20
x

(color online) Distribution of the observed flux Foy in the direct and secondary images of a Schwarzschild BH surrounded

by a King DM halo is shown for different inclination angles @ and scale radii r,, with the central density fixed at p; = 0.5.
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(color online) Distribution of the redshift in direct and secondary images of BHs surrounded by a King DM halo for inclina-

tion angles of 17°, 53°, and 85°, with the halo scale radius fixed at r, = 0.3.

began by investigating the effect of the King DM halo on
the geodesics of time-like particles. Based on the analys-
is of the bound orbits, we revealed that as the King DM
halo parameters r, and p, increase, the values of Rygo,
Lyvio, Risco, and Ligco also increase, while Ejgco de-
creases (see Figs. 2 and 3). These results indicate that the
King DM halo has a gravitational nature that strengthens
the overall gravitational field, thereby shifting the stable
orbits to larger radii from the BH.

To better understand the effect of the King DM halo
on the geodesics of massive particles, we examined peri-
odic orbits, which represent a special class of bound tra-
jectories. For an orbit to be periodic, its fundamental or-
bital frequencies must satisfy a rational relation character-
ized by a rational number ¢g. Any change in the particle’s
energy E and orbital angular momentum L affects the
configuration of the periodic orbits described by the in-
tegers (z,w,v). This dependence becomes particularly

sensitive near the maximum values of £ and L, where
even small changes in these parameters lead to sharp vari-
ations in the rational number ¢ (as shown in Fig. 4). We
evaluated the energies and orbital angular momenta cor-
responding to periodic orbits with different configura-
tions (z,w,v) for various combinations of the King DM
parameters (see Table 1). Furthermore, we analyzed the
differences between these orbits with higher zoom num-
bers z that exhibit more intricate geometrical structures
and those with larger whirl numbers w that perform a
greater number of revolutions around the BH (see Figs. 6
and 7). From the analysis of periodic orbits (1,1,0), with
and without the King DM halo profile, we found that,
similarly to bound orbits, the presence of the King DM
halo causes periodic orbits to shift outward, decreasing
their energy and increasing their orbital angular mo-
mentum (see Fig. 5). This provides a clear distinction
between the Schwarzschild-like BH spacetime within the
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King-type DM halo and the Schwarzschild BH.

Furthermore, we investigated the optical properties of
a Schwarzschild BH surrounded by the King DM halo.
By analyzing photon trajectories and accretion disk char-
acteristics, we demonstrated that the presence of the King
DM halo significantly alters the observable features of
the BH compared to the Schwarzschild BH case. We
found that the critical impact parameter, event horizon,
and photon sphere radius increase as a consequence of the
increase in DM halo parameters p, and r,, indicating a
strong dependence of light propagation on the surround-
ing King DM halo distribution (see Fig. 8). We found the
critical impact parameter to be b, = 7.232 for r, =0.3 and
ps = 0.5, whereas it is b.=5.196 for the Schwarzschild
BH case.

We provided a broader comparison between the
Schwarzschild-like BH surrounded by the King DM halo
and the standard Schwarzschild BH (see Table 3). We
found that, in the presence of the King DM halo, the
photon ring range increases and extends to
7.213 < b < 7.298, whereas in the pure Schwarzschild case
it is 5.188 < b < 5.228. We determined that this tendency
is also observed in the lensed and direct ring regions, sug-
gesting that the DM halo enhances gravitational lensing
effects.

In addition, we showed that increasing p, and r, re-
duces the energy flux and radiation temperature of the ac-
cretion disk, causing the BH in the King DM haloto ap-

pear dimmer to distant observers (see Figs. 13-15). Based
on our analysis of the redshift distribution z, we showed
that higher inclination angles and larger DM halo para-
meters amplify redshift effects, with a maximum value of
Zmax = 1.30 at r;=0.3, p, =0.5, and 6 = 85°. These results
confirmed that both gravitational and Doppler effects
played a key role in shaping the observed image. Here, it
is worth noting that we used a general formalism for con-
structing accretion disk images, in which photon traject-
ories are computed using the optical path reversibility
principle. These trajectories can be obtained through ana-
lytic [136, 144], semi-analytic, or fully numerical integra-
tion methods [145, 146]. Since the spacetime considered
here is spherically symmetric, a semi-analytic approach is
sufficient. However, for stationary axisymmetric space-
times (e.g., like a Kerr BH), a numerical backward ray-
tracing method is applicable to arbitrary stationary geo-
metries. That is' what we wish to take up next for rotating
BHs embedded in a DM halo.

Our results highlight how the King DM halo signific-
antly affects periodic geodesic orbits, photon motion, ac-
cretion disk properties, and image formation around BHs,
providing insights into the spacetime structure and ob-
servable signatures of BH-DM systems. Moreover, the
resulting analysis of disk radiation may serve as an altern-
ative approach for detecting the presence of DM halos
and constraining deviations from GR and its extensions.
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