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Abstract: Neutrino Earth tomography provides an observational approach to studying the Earth's deep three-di-
mensional structure that is distinct from seismology. However, most existing studies still rely on one-dimensional
density models and therefore cannot adequately represent lateral heterogeneity within the Earth. To address this is-
sue, this study integrates PREM, CRUST1.0, and HMSL-S06 on a tesseroid grid to construct a non-spherically sym-
metric three-dimensional Earth density model that includes large low-velocity provinces (LLVPs) in the deep
mantle. We also develop a corresponding procedure for extracting neutrino propagation trajectories and derive
closed-form expressions for the total mass and axial moment of inertia of the discrete model, which are used as glob-
al consistency checks. Within an exact three-flavor oscillation framework, we use public Super-Kamiokande data
products to compare the event counts predicted by the three-dimensional model with those from a conventional one-
dimensional spherically symmetric model. The results show that, under the present calculation scheme, the differ-
ences in the overall event count distributions between the three-dimensional model and the one-dimensional refer-
ence model remain limited. This study establishes a three-dimensional calculation framework that can provide a
methodological basis for future investigations of how lateral density heterogeneity may affect atmospheric neutrino
propagation.
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I. INTRODUCTION

Atmospheric neutrinos are secondary particles pro-
duced in the decay of unstable mesons (x, K) generated in
particle cascades when primary cosmic rays strike atom-
ic nuclei in Earth's upper atmosphere. By means of neut-
rino absorption tomography or oscillation tomography,
Earth's internal density structure can be probed from at-
mospheric-neutrino observations. Previous studies have
shown that atmospheric-neutrino measurements can place
initial constraints on Earth's density layering, thereby
demonstrating the feasibility of neutrino-based Earth
tomography [1]. These developments have further motiv-
ated efforts to improve the physical realism of Earth mod-
els used in neutrino-tomography studies.

The Earth density model is a fundamental component
of neutrino tomography. Density and electron number
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density enter directly into the neutrino propagation
Hamiltonian and therefore influence neutrino-matter in-
teractions, oscillation probabilities, and expected event
distributions [2, 3]. Accordingly, the spatial distribution
of Earth's internal density affects both forward calcula-
tions and the interpretation of tomographic signals [4—6].
Reliable modeling of Earth's density structure is there-
fore essential for realistic neutrino-propagation calcula-
tions and their geophysical interpretation.

In current atmospheric neutrino Earth tomography
studies, the most widely used Earth density models are
PREM [7] and AK135 [8]. Both are one-dimensional ra-
dially symmetric models that describe density only as a
function of depth and neglect lateral heterogeneity. Such
models provide a convenient basis for neutrino propaga-
tion calculations and have played an important role in
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early feasibility studies. However, Earth's interior is later-
ally heterogeneous and contains structures such as mantle
plumes, subducted slabs, and deep-mantle LLVPs [9—11].
For studies involving direction-dependent matter effects,
the use of a one-dimensional model may obscure differ-
ences between propagation paths and limit the physical
interpretability of forward predictions. This motivates the
development of three-dimensional Earth density models
for more realistic neutrino-tomography analyses.
Motivated by the need for more realistic Earth mod-
els in neutrino tomography studies, this work develops a
three-dimensional calculation framework for atmospher-
ic neutrino propagation in a laterally heterogeneous
Earth. We construct a non-spherically symmetric three-
dimensional Earth density model on a tesseroid grid, with
particular attention to the deep mantle LLVP regions.
Within this framework, we develop a procedure for ex-
tracting neutrino propagation trajectories and derive ana-
lytical expressions for global physical quantities, includ-
ing the total mass and axial moment of inertia of the dis-
crete three-dimensional model. We then perform exact
three-flavor oscillation calculations and compare the
event counts predicted by the three-dimensional model
with those from a conventional one-dimensional spheric-
ally symmetric model using public Super Kamiokande
data products [12]. Based on these calculations, the
present study establishes a three-dimensional calculation
framework for comparative analysis of how lateral dens-
ity heterogeneity may affect atmospheric neutrino
propagation and the associated event count predictions.

II. METHODS

A. Model construction

The model is discretized on a global tesseroid grid.
Traditional gravity modeling often uses planar approxim-
ations and simple geometric elements such as rectangular
prisms or point masses to represent density heterogeneity
[13, 14]. For global modeling, the curvature of the Earth
makes simple planar approximations unsuitable for mod-
el discretization. Tesseroids are a type of grid element
commonly used in global gravity field modeling and are
better suited to representing mass distributions on a
curved Earth [13, 15, 16]. A tesseroid can be regarded as
a volume element within a spherical shell, bounded by
meridians, parallels, and radial boundaries (see Fig. 1)
[13, 16]. Because its geometry conforms more closely to
Earth's curvature, it is more suitable than regular ele-
ments defined in planar coordinates for discretizing glob-
al three-dimensional density models.

We use PREM and CRUSTI1.0 to construct the refer-
ence density model and use HMSL-S06 as the source of
shear-wave velocity perturbations [7, 17, 18]. The
CRUST1.0 model, with a spatial resolution of 1°x1°, is
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Fig. 1.
adapted from Uieda, 2016 [16].

(color online) Tesseroid Grid Schematic Diagram,

used tordescribe the shallow Earth structure. It includes
nine layers that represent water, ice, sediments, crustal
units, and the uppermost mantle. The density, thickness,
and layer top depth of each layer are extracted from the
model. Because CRUST1.0 contains zeros and missing
values in some regions, vertical continuity across inter-
faces is enforced during preprocessing. When a NaN or
zero density is detected, it is replaced by the nearest val-
id value at greater depth within the same column, and the
layer bottom depths are then recalculated to remove local
overlaps. The PREM radial density profile is then expan-
ded onto a global three-dimensional grid. The crust and
mantle models are coupled by replacing the shallow PR-
EM intervals with the corresponding CRUST1.0 values.
Where the PREM layer geometry is inconsistent with the
local crustal base, the deeper interface positions are ad-
justed to preserve a continuous crust-to-mantle transition
and to eliminate local overlap between neighboring lay-
ers. The resulting coupled density field is finally expor-
ted as a NetCDF three-dimensional base model contain-
ing latitude, longitude, layer top depth, and density.
Building on the base density model, this study uses
the HMSL-S06 model to provide the relative shear wave
velocity perturbation field in the deep mantle. The pub-
lished HMSL-S06 perturbations are first mapped onto the
global 1°x 1° longitude and latitude grid by bilinear inter-
polation, and then interpolated onto the 199-layer tesser-
oid grid of the base model in longitude, latitude, and
depth. Based on the interpolated relative shear wave velo-
city perturbation field, cells deeper than 1000 km with
perturbations smaller than —1.5% are operationally
defined as LLVP regions. The threshold of —1.5% is ad-
opted here to delineate the broad lateral extent of the an-
omaly in the interpolated model, rather than to serve as a
geophysically unique definition of LLVP. Because previ-
ous geophysical studies have reported conflicting infer-
ences regarding the density anomaly of LLVP, with some
suggesting positive density perturbations and others sug-
gesting negative ones [19—22], this study does not dir-
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ectly convert velocity perturbations into density perturba-
tions. Instead, a uniform positive density perturbation of
1% is applied within the LLVP region, and the resulting
updated model is exported as a NetCDF format three-di-
mensional density dataset.

B. Calculation of model-related constraint quantities

S. T. Petcov pointed out that global Earth properties,
such as the total mass and moment of inertia, provide im-
portant consistency conditions in neutrino studies of
Earth's internal structure [23]. In this work, we derive
closed-form expressions for the total mass and axial mo-
ment of inertia of our 3D Earth density model and evalu-
ate them as global consistency checks.

The Earth density model is discretized into tesseroid
cells. Specifically, the globe is represented by
180x360x 199 tesseroids defined on a longitude, latit-
ude, and radial grid, with layer-dependent radial thick-
ness. Each tesseroid is bounded by two meridians, two
parallels, and two concentric spherical surfaces of differ-
ent radii. In this section, we use A for longitude, ¢ for lat-
itude, and r for radius, with all angular quantities in the
integrals expressed in radians. In the trajectory calcula-
tions, @ denotes the zenith angle and ¢ denotes the azi-
muth angle. In spherical coordinates, the volume element
of a tesseroid is

dV = r*cospdrdpda (1)

Accordingly, for a tesseroid cell bounded by radii r
to r,, latitudes ¢; to ¢,, and longitudes 1, to A, its
volume can be expressed as the following triple integral:

A o2 2
Viesseroids = / / / r’cospdrdedl
A @1 r

This expression follows the optimization of tesseroid
gravity computations in spherical coordinates by Thomas
Grombein and co-authors [24]. The analytical solution is:

2

1 . .
VTesseroids = g (/12 - /11)(511‘1 (7% Sln‘Pl)(”% - r’f‘) (3)

Assuming constant density p within a cell, the mass
of a tesseroid can be obtained by the volume integral:

mzpfffrzcosgodrdgod/l
|4

Summing the mass of all cells yields the total mass
Mg, of the model. The total moment of inertia I charac-
terizes the distribution of mass inside the Earth. From ri-
gid-body dynamics, a mass element dm contributes

“)

dI = r>dm about the spin (Z) axis, where r, is the perpen-
dicular distance to the Z axis. In spherical coordinates
(r,¢,4), r. = rcose. Therefore, for a tesseroid of uniform
density p, the axial moment of inertia is given by:

b e .
Itesseroids = P / / / r*cos® pdrdeda
A @1 r

Evaluating the triple integral yields the closed-form
expression:

)

P
ITesseroids = g (/12 — /ll)(r; — r?)

) . sin” ¢, —sin
X (smgpz —sing; — 9023<p1> (6)

Finally, the model's total moment of inertia I is ob-
tained by summing Ineerigs OVer all cells.

C. Trajectory tracing

Neutrino oscillation probabilities depend on the mat-
ter density along the path. When the path crosses deep re-
gions such as the mantle and the core, the oscillation pat-
tern changes markedly. Bakhti and colleagues examined
trajectory calculations for solar neutrinos in 2020 [5].
Earlier work by Rebekah Pestes and co-authors derived
trajectory-path computations on regular grids [6].

To model, with fidelity, the propagation of atmo-
spheric neutrinos through Earth's laterally heterogeneous
interior, we adopt a trajectory-tracing algorithm tailored
to a 3D model built on tesseroid cells, and we sample the
matter density along each path. In the trajectory calcula-
tion, Earth is treated as a sphere with a non-uniform sur-
face. We assume that the neutrino travels along a straight
line through Earth. The trajectory is determined by the
detector location (its latitude, longitude, and depth) and
by the arrival direction (zenith angle and azimuth). The
geocentric Cartesian coordinates of the detector are giv-
en by:

r4COS P, COS Ay

Pd = (7)

74 COS @y Sindy

rq sin Pd

At the detector location, we set a right-handed local
coordinate system with axes pointing due East (E), due
North (N), and upward along the local outward normal
(U), denoted as (ég,éy,éy). The direction vector is taken
as:

sind, sin¢,

diocal = | sin6, cos ¢, (8)

cosé,
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Here, 6, is the zenith angle (measured from &, out-
ward, 0 — 7), and ¢, is the azimuth angle (measured from
North toward East, 0 — 27). The ENU basis vectors ex-
pressed in the geocentric Cartesian (Earth-Centered,
Earth-Fixed; ECEF) frame are:

[—sin Ay, —sing,cos A,
ép=|cosdy |, eén=|-sing,sind,|,
0 cosyy
[cosp,cos Ay
ey = | cosgysindy ©)
singy
The global direction vector is given by:
dgiopa = SiNG; sing, &g +sinb, cos ¢, &y +cosb. ey (10)
The parametric equation of the trajectory is then:
Q) =Py + tdgiopals t>0. (1)

We obtain trajectory information by computing inter-
sections between the path and grid cells. Directly per-
forming exact intersections against millions of cells is too
costly, so we accelerate the process with a bounding
volume hierarchy (BVH). Before tracing, we compute for
each tesseroid cell a minimal axis-aligned bounding box
(AABB) that fully contains the curved cell. Using these
boxes, we build a static BVH with a recursive median-
split strategy.

For a single trajectory, we traverse the BVH to
quickly select a small set of candidate cells. At each
node, a ray-box intersection test checks whether the
particle path can cross the node's spatial region, which
greatly reduces the search space. We then perform exact
analytic intersection tests only on the selected cells, dis-
carding the boxes and operating on the six curved bound-
ary surfaces of each tesseroid.

To avoid solving a difficult 3D nonlinear system, we
introduce a key coordinate reduction: we define the 2D
plane spanned by Earth's center, the detector position P,
and the incident direction vector dg,»., and project all
geometry onto this plane. On this plane, the ray becomes
one coordinate axis, and the intersections of the six
boundary surfaces with the plane reduce to 2D curves
(lines, circles, or conics). Intersecting these curves with
the axis yields the exact entry and exit points for each
cell. After collecting and sorting all intersections, we ob-
tain the particle's piecewise path through the model. For
each traversed tesseroid cell, we compute the correspond-
ing path length and assign the cell density to that seg-

ment. In the oscillation-probability calculation, each seg-
ment is treated as having constant density, and density
discontinuities are allowed at cell boundaries.

The path length within each traversed cell is then

Lijk = HQ(texit) - Q(temry)H . (12)

Here, ey and f.,; denote the trajectory parameters at
the entry and exit points of the cell, respectively, and Q(r)
is the position vector along the trajectory, as defined in

Eq. (11).

D. Calculation of oscillation probabilities

The oscillation-probability computation is based on a
modified version of the library NuOscProbExact [25].
NuOscProbExact, following Ohlsson and Snellman, is a
Python library for computing exact two- and three-flavor
neutrino oscillation probabilities for any time-independ-
ent Hamiltonian [2]. The oscillation parameters adopt the
NuFIT 4.0 normal-ordering (NO) best-fit central values
[3]. Let the neutrino energy be E; then the three-flavor
Hamiltonian in the k-th constant-density segment is:

1
= 55 Udiag(0.Am, Am) U' + diag(Vecs.0,0). (13)

H
Here, U is the PMNS matrix, and Aml?j are the mass-
squared differences. Vecx = V2Gr N, is the charged-cur-
rent matter potential in segment k. The electron number
density is determined from the mass density sampled
along the trajectory, pi, together with the corresponding
Y.i, through N,; = p;Y,;/my in natural units, where my is
the average nucleon mass. In principle, the present calcu-
lation framework allows Y, to vary from one path seg-
ment to another, so a spatially varying distribution of Y,
can be incorporated directly if needed. In this work,
however, we adopt a simplified prescription for conveni-
ence. We set Y, =0.50 for segments with o, <7.6gcm™,
corresponding to crust and mantle regions, and Y, = 0.467
for segments with p; >7.6gcm™, corresponding to the
core. This choice is used here as a practical approxima-
tion for converting mass density into electron number
density, rather than as a restriction of the oscillation cal-
culation itself. For antineutrinos, we take dcp — —6cp and
Veex = —Vecy- Discretizing the path into N segments of
approximately constant density, the total evolution oper-
ator is

N
U(E) = [ [expl-i HU(E) L],

k=1

(14)

Where L, is the path length inzsegment k. The chan-
nel probability is Pos(E) = |Upa(E)|". In practice, we com-
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pute the exact segment propagator via the SU(3) matrix
exponential on each segment and take the ordered
product across segments. The algorithm preserves unitar-
ity and converges consistently with respect to segment
length.

E. Comparative Analysis of Event Distributions

Using the publicly released Super-Kamiokande ana-
lysis-bin data, along with the corresponding nominal no-
oscillation Monte Carlo counts and the statistical inform-
ation on the true neutrino energy and true cosine-zenith
distributions within each bin, we compute the bin counts
associated with the 3D Earth model within the public SK
binning framework and compare them with those from
the 1D PREM model. For each analysis bin and neutrino
category, the public dataset provides the observed counts,
the nominal Monte Carlo counts under several oscillation
hypotheses, and information on the true neutrino energy
and true cosine-zenith distributions, including the mean,
RMS, and five representative quantiles.

For each selected analysis bin, we construct a 5 x 5
sampling grid from the five released quantiles of true
neutrino energy and the five released quantiles of true co-
sine zenith angle. At each sampling node, we evaluate the
three-flavor oscillation probability matrix along the cor-
responding Earth-crossing trajectory. The oscillation
probability matrices at all sampling nodes are then simply
averaged to obtain the bin-averaged oscillation probabil-
ity matrix for that bin. The sampling nodes are taken dir-
ectly from the public SK release, and no additional with-
in-bin weighting scheme is introduced in this work.
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Fig. 2.

After obtaining the averaged oscillation probability
matrix for a given bin, we apply it to the publicly re-
leased nominal no-oscillation Monte Carlo counts in that
bin, classified by incident flavor, and sum the resulting
contributions into the analysis channels considered in this
work, namely electron-like charged-current, muon-like
charged-current, tau charged-current, and neutral-current
components. Through this procedure, approximate pre-
dicted bin counts for the model can be obtained within
the public SK binning framework. These results are used
here only for comparative tests between the 3D model
and the 1D PREM reference model.

It should be noted that this procedure does not consti-
tute a complete detector-level forward simulation. The
public SK release does not provide the full bin-response
information ~or the systematic-response functions re-
quired to reproduce the official fit exactly. In addition, in
the official analysis, the oscillation probabilities were
computed event by event for the Monte Carlo sample,
whereas this process cannot be reconstructed exactly us-
ing only the publicly released bin-level information.
Therefore, the calculation presented here is more appro-
priately regarded as an approximate bin-level comparis-
on within the public analysis framework, rather than a
complete experimental prediction pipeline.

III. RESULTS

The three-dimensional Earth density model construc-
ted in Section 2.1 is illustrated in Figures 2 and 3. Figure
2 shows the mean density in several depth intervals after
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(color online) Thickness-weighted mean density distributions of the three-dimensional Earth density model over different

depth ranges are presented. Panels (a)—(d) display the results for 0-60 km, 80-410 km, 1000-2000 km, and 2400-2891 km, respect-

ively.
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(color online) Latitude and depth sections of density anomaly in the deep mantle for the regions corresponding to the African

and Pacific large low shear velocity provinces are presented. Panel (a) shows the section obtained by averaging the density anomaly
over the longitude range from 30 degrees west to 60 degrees east, and panel (b) shows the section obtained by averaging the density an-
omaly over the longitude ranges from 120 degrees east to 180 degrees and from 180 degrees west to 120 degrees west.

weighting by layer thickness. The shallow part of the
model exhibits strong lateral heterogeneity associated
mainly with the crust and upper mantle, whereas the
deeper mantle is comparatively smoother, except in the
regions corresponding to the LLVP domains. Figure 3
further shows the density anomalies in the deep mantle
beneath the African and Pacific LLVP regions, where the
imposed positive density anomalies appear-as laterally
localized features above the core-mantle boundary.

The results of these global consistency checks are
summarized in Table 1. The total mass and axial moment
of inertia derived from the model are both slightly lower
than the corresponding geophysical reference values. In
Table 1, the reference uncertainty denotes the relative un-
certainty associated with each geophysical reference
value and is calculated from the uncertainty reported in
the source from which the corresponding reference value
is adopted [23].

For the trajectory calculations and oscillation simula-
tions, the detector was placed at the location of the Super-
Kamiokande detector, and the zenith angles correspond-
ing to the selected SK analysis bins were used. Figure 4
illustrates a representative case at azimuth 0°. Panel (a)
shows the geocentric radius along the path from the de-
tector to the top of the atmosphere, and panel (b) shows
the matter density profile encountered along the traject-
ory, where the step-like changes mark transitions across
major internal boundaries such as the crust, mantle, and
core.

Along the selected trajectories, we further compute
the three-flavor oscillation probabilities as functions of

neutrino energy. Figure 5 shows the oscillation probabil-
ity curves for a representative trajectory at azimuth 0°
and zenith angle 120°. The results illustrate the energy-
dependent oscillation features for different initial flavor
states along the same propagation path.

Based on the oscillation probability results shown
above, we further compare the three-dimensional Earth
model with the PREM reference model along the same
propagation path. In the two calculations, the neutrino in-
cident direction, path length, and oscillation parameters
are kept identical, so the differences arise mainly from
the different internal density distributions sampled along
the same trajectory. As shown in Fig. 6, the oscillation
probability differences between the three-dimensional
model and PREM remain small for the representative
path considered here. Overall, the probability differences
in all channels are mainly at the level of 10 to 1073, in-
dicating that the oscillation behavior is still dominated by
the radially layered background structure of the Earth.

Figure 7 shows the zenith angle distributions of elec-
tron-like single-ring events predicted by the three-dimen-
sional model at azimuth 0° for different reconstructed
momentum bins under the public Super-Kamiokande data
binning scheme. Overall, the predicted event counts from
the three-dimensional model remain close to those from
the PREM reference model, indicating that the differ-
ences in the total event distributions between the two
models are limited under the calculation method adopted
in this work. The distributions vary across reconstructed
momentum bins, and the results for the different compon-
ents show that v, charged current events provide the

Table 1. Model constraint calculation results
Quantity Model value Reference value Absolute difference Relative error Reference uncertainty
Total mass 5.957745x10% 5.972x10% 1.4255x 10% -0.2387% 0.0100%
Axial moment of inertia 8.008169 x 107 8.04 %1077 3.1831x 10% -0.3959% 0.0121%
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Earth paths). Paths start at the detector and terminate at the top of the atmosphere.
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dominant contribution, while NC events form a relatively Earth model developed in this work can provide event
stable background component. These results indicate that count predictions that are directly comparable with those
the calculation workflow based on the three-dimensional from the one-dimensional reference model under the pub-
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horizontal axis is cosé,, ranging from -1 to 1, and the vertical axis represents the predicted event count in each cosé, bin. The colored

stacked histograms display the contributions from different interaction channels, including NC, v, CC, v, CC, v, CC, and v, CC.

lic SK data analysis conditions.

IV. DISCUSSION

This study introduces the tesseroid grid, which is
widely used in gravity inversion, into the problem of at-
mospheric neutrinos and constructs a three-dimensional
initial density model for neutrino Earth tomography.
Within this discrete framework, we derive explicit ex-
pressions for the total mass and axial moment of inertia
of the model. We further develop a corresponding pro-
cedure for extracting neutrino trajectory information, so
that the density distribution sampled along each traject-
ory and the associated path length can be recorded within
a unified framework. Combined with an energy, zenith
angle, and azimuth sampling scheme compatible with
three-flavor oscillation calculations and the Super Kami-
okande binning scheme, this framework is used to calcu-
late and compare oscillation probabilities and event
counts between the three-dimensional model and the one-
dimensional reference model. The results show that the
three-dimensional model can preserve lateral density het-
erogeneity while remaining physically consistent overall
and can provide oscillation probability and event count
results that are directly comparable with those of the tra-
ditional one-dimensional spherically symmetric model.
The present work should therefore be regarded mainly as
a methodological demonstration for future studies of
neutrino Earth tomography.

Compared with traditional one-dimensional spheric-
ally symmetric models, the three-dimensional density
model developed in this study combines multiple sources
of Earth structure information and includes the deep
mantle heterogeneity considered in the present work. The
tesseroid grid construction adopted here originates from
gravity studies and provides a flexible discretized frame-
work for later refinement. In future work, regional dens-

ity information obtained from gravity inversion or other
geophysical constraints can be incorporated into the
present model in a spatially localized way. Since the radi-
al thickness differs among tesseroid cells, the framework
also allows structural detail to be added progressively
through the integration of existing regional density mod-
els.

Early studies of neutrino Earth tomography largely
adopted one-dimensional spherically symmetric Earth
models [26—33]. As research methods developed, some
studies began to consider non-spherical three-dimension-
al structure. For example, in solar neutrino studies, previ-
ous work showed that the use of a three-dimensional
Earth model can change the zenith-related angular distri-
bution of observables such as the day-night asymmetry
[5]. Pestes et al. explored three-dimensional neutrino
tomography on a regular grid, but their method is less
suitable for models with non-uniform grid spacing, and
global physical consistency checks were not incorporated
into a unified calculation workflow [6]. In contrast, this
study establishes a unified tesseroid-based calculation
workflow that connects model construction, trajectory ex-
traction, oscillation calculation, and event count compar-
ison. At the same time, the results obtained here also in-
dicate that, under the present calculation scheme, the dif-
ferences between the three-dimensional model and the
one-dimensional reference model remain limited overall.
Therefore, the main significance of the present work at
this stage lies in providing a technical basis for future
model refinement and comparative studies.

In the event count calculations presented in this work,
we compare the predictions from the three-dimensional
density model with those from the one-dimensional refer-
ence model. The results indicate that, within the present
calculation scheme, the differences between the three-di-
mensional and one-dimensional models remain limited
overall. For trajectory computation, although a bounding
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volume hierarchy method is used to accelerate the calcu-
lation for individual propagation paths, computational
time and memory demand may still become limiting
factors when finer grids are adopted or when large-scale
uncertainty analyses are performed. Further improve-
ments in parallel computation and code optimization are
therefore still needed. For the oscillation parameters, we
mainly adopt the best-fit central values from NuFIT 4.0
[3], although these parameters themselves still carry ex-
perimental uncertainties. In addition, substantial theoret-
ical and experimental uncertainties remain in atmospher-
ic neutrino flux models and neutrino-nucleon interaction
cross sections. We have not yet systematically evaluated
how these uncertainties propagate through the present
calculation chain and affect the comparison of model res-
ults, and this should be addressed in future quantitative
analyses. In the oscillation probability calculations, be-
cause a precise global profile of electron number density
is not yet available, we use mass density as an approxim-
ate proxy for electron number density by dividing the
density range into several intervals and assigning a cor-
responding electron number density to each interval. This
treatment serves as a practical baseline approximation-in
the present calculations, but higher precision studies will
require more refined prior constraints or smoothing treat-
ments, together with further tests of robustness.
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