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The shadows and photon rings of two minimal deformations
of Schwarzschild black holes”
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Abstract: This paper primarily investigates the optical properties of two minimal deformations of the Schwarz-
schild black hole—the Kazakov-Solodukhin and Ghosh-Kumar black holes—under different accretion models. The
event horizon, photon sphere, and critical impact parameter of the former increase relative to the Schwarzschild case,
whereas those of the latter decrease. Data from the Event Horizon Telescope Collaboration are used to constrain the
parameter ranges of the two black holes. Under spherical accretion, the quantum correction of the Kazakov-So-
lodukhin black hole enlarges the black hole shadow and reduces the integrated intensity, while the shadow of the
magnetically charged Ghosh-Kumar black hole shrinks and the integrated intensity increases. The black hole’s shad-
ow radius is independent of the choice of spherical accretion model. For an optically and geometrically thin accre-
tion disk, the integrated intensity is dominated by direct emission, with photon-ring and lensed-ring contributions be-
ing negligible. In addition, the photon and lensed rings of the Kazakov-Solodukhin black hole are narrower, whereas
those of the Ghosh-Kumar black hole are broader. Whereas the Kazakov-Solodukhin black hole is brighter, the
Ghosh-Kumar black hole is dimmer. Additionally, bringing the disk closer to the black hole yields a smaller shadow

radius. This paper proposes a method to distinguish different black holes within a specific thin-disk model.
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I. INTRODUCTION

In 1915, Albert Einstein proposed General Relativity
(GR). In 1916, Karl Schwarzschild derived the first exact
solution to Finstein's equations, known as the Schwarz-
schild (SC) solution [1]. Later, it was recognized as a
black hole (BH) solution [2, 3], which has since attracted
extensive attention. In 2015, the Laser Interferometer
Gravitational Wave Observatory (LIGO) successfully de-
tected gravitational wave signals radiated by the merger
of binary BHs. The discovery of stellar-BH binary sys-
tems through radial velocity measurements indirectly
confirmed the existence of BHs in the Universe [4—7].
More direct evidence for the existence of BHs come from
the ultra-high angular resolution images of M87* and Sgr
A¥* released by the Event Horizon Telescope Collabora-
tion (EHT) [8—24]. Due to the gravitational lensing ef-
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fect [25—28], light is deflected near BHs, leading to a de-
crease in the observed intensity within the boundary.
Therefore, a region with lower brightness, known as the
BH shadow, can be observed on the distant observation
plane. The shadow boundary is defined by escaping
photons, not the event horizon itself. Consequently, the
observed shadow exceeds the event horizon in size. Fur-
thermore, the BH shadow is closely related to spacetime
geometry, and thus serves as a powerful tool for estimat-
ing BH parameters [29—32] and testing GR or other mod-
ified gravity theories [33—39].

In recent years, this research field has been further ex-
panded to a series of important frontier topics, including
the multi-photon sphere structures of BHs [40], the influ-
ence of magnetic field effects on the morphology and ob-
servational features of BH shadows [41], and the con-
straints on compact extra dimension theories from BH
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shadow observations [42]. These studies further enrich
the physical connotation of BH shadow observations, and
provide more abundant theoretical tools for testing gravit-
ational theories in the strong-field regime.

In astrophysics, most BHs are rotating because they
form at the final stage of the collapse of massive stars.
Bardeen was the first to analytically obtain the shadow of
the Kerr BH and demonstrated that it is D-shaped [43].
The shadows of rotating BHs, as well as the relationships
between shadow shapes, spin parameters, and observa-
tion angles, were further studied [44, 45]. In addition, the
shadows of rotating BHs in modified gravity theories
have also attracted public attention [46, 47]. In the theory
of Einstein-Maxwell-Dilation (EMD) gravity, Chen et al.
explored the shadows of rotating EMD BHs at different
inclination angles [48]. It should be emphasized that the
rotational energy of a rotating BH can be extracted from
the ergosphere through the Penrose process or the Bland-
ford and Znajek mechanism, leading to the degradation of
the rotating BH into a non-rotating one [49, 50]. It can
also be demonstrated that the influence of spin on the BH
shadow radius is minimal [39], especially at low spin val-
ues. Therefore, the shadows and optical images of static
spherically symmetric BHs likewise require detailed in-
vestigation to explore their fundamental properties.

In studies on static spherical BH imaging, Bambi in-
vestigated the apparent images of SC BHs and static
wormbholes illuminated by optically thin spherical accre-
tion flows. He pointed out that based on the shadow im-
ages, the former can be relatively easily distinguished
from the latter [S1]. Other researchers, have also dis-
cussed the differences in shadows between non-rotating
BHs and wormholes under spherical accretion conditions
[52]. Narayan et al. studied the observed shadows of
spherically accreting SC BHs and argued that the shadow
radius is independent of the details of spherical accretion
[53]. Wu et al. obtained more comprehensive observed
shadows of SC BHs using analytical methods [54]. Zeng
et al. investigated the shadows and photon rings of four-
dimensional (4D) Gauss-Bonnet BHs, proposing that
changes in the spherical accretion model or the emissiv-
ity profile do not alter the shadow size but significantly
affect its luminosity [55].

In the study of BH images, spherical accretion
provides an idealized model for the accretion mechanism
near astrophysical BHs. Due to the strong gravity near
BHs, matter in the universe is captured and forms a huge
disk-like accretion flow around them. For distant observ-
ers, radiation from the accretion disk illuminates the
spacetime around the BH, enabling the observation of its
shadow. Building on Luminet's foundational study of ro-
tating, geometrically thick accretion disks [56], Gralla et
al. conducted the first systematic analysis of the shadow
cast by a SC BH surrounded by an optically and geomet-
rically thin accretion disk. They specifically demon-

strated that such shadows exhibit not only a photon ring
but also a lensed ring structure. However, due to the in-
sufficient angular resolution of the EHT, these two rings
have almost no observational effect under the specific
emission profile of the accretion disk [57]. Since then,
more and more researchers have started to focus on the
influence of thin accretion disks on the observed BH
shadows [58—61].

A minimal deformation of the SC BH refers to modi-
fying the metric of the classical SC BH in the minimal
way, while preserving its core geometric and physical
properties, such as spherical symmetry, asymptotic flat-
ness, and features of the event horizon, but also introdu-
cing new physical features. When the deformation para-
meter is set to zero, the solution reverts to the SC metric
[39]. Such deformations can, to some extent, be used to
construct regular BHs that overcome issues like the sin-
gularity problem. This paper studies two minimal de-
formations of the SC BH: the Kazakov—Solodukhin (KS)
BH originating from quantum-corrections [62], and the
Ghosh—Kumar (GK) BH arising from nonlinear electro-
dynamics (NED) [63]. In both cases, a minimal deforma-
tion of the SC BH is achieved through a simple algebraic
replacement of the radial coordinate in the metric func-
tion. In this way, a deformation "hair" parameter is intro-
duced into the SC BH for each case. Interestingly, such
deformation ensures the removal of the central singular-
ity of the SC BH. To distant observers, the KS BH and
GK BH closely resemble the SC BH, sharing the same
ADM mass and having nearly identical event horizon po-
sitions. It is worth noting that the expressions for the
event horizons of the KS BH and the GK BH are remark-
ably similar, differing only in sign (see Egs. (20) and
(21)). This implies that the two hair parameters influence
the deformation of the BH through formally similar
mechanisms.

Compared to the SC BH, quantum-corrected BHs
generally possess larger event horizons, photon spheres,
and photon ring radii, along with lower effective poten-
tials for photons. This is a widely held conjecture in the
community [47, 64, 65]. In contrast, typical BHs in NED
theories exhibit the opposite characteristics relative to the
SC BH: their event horizons, photon spheres, and photon
ring radii are all smaller, while the effective potentials for
photons are higher [39, 66, 67]. Existing studies predom-
inantly address the optical characteristics of quantum-cor-
rected BHs or NED BH in isolation. Few works have
conducted a precise, one-to-one comparative study under
identical accretion models and observational frameworks
for the two classes of SC type minimally deformed BHs
that exhibit symmetric forms but possess completely op-
posite physical origins. The similarity between the KS
BH and the GK BH offers a natural opportunity to com-
pare these two opposing theoretical properties. The core
objective of this paper is to elucidate the opposing regu-
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latory mechanisms of quantum-corrections and NED ef-
fects on BH shadows and photon rings, using the repres-
entative pair of minimally deformed models, KS and GK.
Based on this objective, this study selects this highly rep-
resentative pair of models to perform quantitative invest-
igations within a unified ray-tracing, radiative transfer,
and imaging framework, aiming to provide observable
criteria for distinguishing between these two classes of
BH deformations originating from different physics. We
conjecture that this contrast manifests as opposite behavi-
ors in the characteristic parameters of the shadow images
for the two BHs. In fact, the event horizon behavior de-
scribed above serves as an initial example supporting our
conjecture. This difference can also be reflected in the
asymptotic behaviors of the metric functions at large r
when the second order terms are considered (see the op-
posite signs of the third terms in Eqgs. (10) and (18)).

Bolokhov et al. first investigated the outburst of over-
tones and Hawking evaporation of KS BHs, showing that
for sufficiently small BHs, the changes in Hawking radi-
ation and its Quasi-Normal modes (QNMs) overtone fre-
quencies are more pronounced in the final stage of BH
evaporation [68]. Separately, Konoplya studied the basic
geometric features of KS BHs, including QNMs, scatter-
ing, and shadows, and found that the shadow radius de-
creases [69]. Peng et al. discovered that KS BHs violate
the universal inequalities proven for asymptotically-flat
BHs satisfying the null energy condition in Einstein grav-
ity. They also studied the shadows, lensed rings, and
photon rings of KS BHs [47]. Guo et al. investigated the
impact of quantum-corrections on polarization informa-
tion in KS BHs, demonstrating that larger quantum de-
formations lead to the expansion of the polarized region
and a reduction in polarization intensity [70]. Further-
more, Huang et al. showed that the observable properties
of KS BHs depend not only on the accretion disk shape
but also on spacetime characteristics and the observer's
inclination angle. Moreover, these properties differ
between BHs surrounded by optically thick and thin ac-
cretion disks [71]. Moreover, Karmakar compared the be-
havior of GK BHs and Kerr-Newman (KN) BHs under
scalar field scattering [72]. Yang et al. revealed that the
Einstein ring of GK BHs exhibits a transition from an
axisymmetric closed circle to an arc shape, inducing de-
formations in the shadow's morphology [73].

However, these studies have focused on inclined
disks and rotational profiles of KS and GK BH shadows,
whereas the influence of spherical accretion and face-on
thin disks remains unclear. Since accretion flows play a
crucial role in BH shadow observations, we primarily in-
vestigate the radiation intensity and optical images of
BHs under two distinct accretion models: spherical accre-
tion and face-on disk accretion. By analyzing the shad-
ows and observational characteristics of three different
BHs and leveraging the interaction of different BH para-

meters, we provide a method to distinguish between KS,
GK, and SC BHs. Furthermore, through BH images, the
present study also validates the aforementioned conjec-
ture regarding quantum-corrections and NED BHs, re-
vealing the influence mechanisms of different types of
minimal deformations on BH shadows. Moreover, our
findings confirm the similarity in how KS BHs and GK
BHs affect BH shadows, offering new perspectives on
understanding the role of BH hair in shaping shadow
characteristics. Therefore, investigating such BHs is of
great significance for understanding the universe.

This paper is organized as follows. In Sec. II, we de-
rive the metrics for the two minimal deformations of the
SC BH from their respective theoretical actions. In Sec.
11, we study the light deflection and critical impact para-
meters for KS and GK BHs by analyzing the null
geodesics and effective potentials. We also present the
constraints on the BH parameters derived from EHT ob-
servational data. In Sec. IV, we explore the specific in-
tensities and optical appearances of KS and GK BHs un-
der two spherical accretion models: static and infalling. In
Sec. V, we then investigate the observational signatures
of these two BHs surrounded by optically and geometric-
ally thin accretion disks. Finally, we summarize and dis-
cuss our results in Sec. VI. In this paper, we adopt geo-
metric units, i.e., c=G = 1.

II. INTRODUCTION TO KS AND GK BHS

Consider the following form of a static, spherically
symmetric metric, to which all subsequent metric solu-
tions conform:

ds? = —f(r)d? + ]%drz +7r7(d0* +sin’6dg?) (1)

with f(r) being the metric function.

A. KS metric

The Kazakov—Solodukhin (KS) metric is a spheric-
ally symmetric deformation of the Schwarzschild black
hole (SC BH) arising from quantum-fluctuation correc-
tions. Kazakov and Solodukhin showed in Ref. [62] that,
when one considers spherically symmetric quantum fluc-
tuations of the SC BH, the Einstein—Hilbert action

1

4
- V2R
T6xG | 4% V&R

It can be reduced to a two-dimensional effective dilaton
action by integrating out the two angular coordinates.

Si=g [y Ern-amer+ Zue). @
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where &=r/ VG is the dimensionless radial coordinate,
R? is the 2D Ricci scalar, G is Newton's constant, and
U(¢) is the 2D dilaton potential. The detailed derivation is
provided in Appendix A, from Eq. (Al) to Eq. (AS).
Variation of the action (2) with respect to the 2D metric
gP% and ¢ yields the field equations

1
26V, Vpé = g 5U(§>+2§u§+<va2 :

1dU@©

- )
0=20¢+¢R +G i 3)

Following the derivation from Eq. (A9) to Eq. (A14) in
Appendix A, the solution to this field equation is

s =-2 2 v @

where the integral is taken to be indefinite, without an in-
tegration constant, and M denotes the BH mass. It is
straightforward to see that when U(r) =1 the metric (1)
reduces to the SC metric.

Assuming the absence of non-spherical metric de-
formations, Kazakov and Solodukhin proposed a poten-
tial function U(r) [62] that allows an analytical solution
to the field equations and ensures the renormalizability of
the 2D dilaton theory. This function satisfies the renor-
malization group equation

Uy, c)
o

W) 1.
e wU(lﬁ,c) 2

; ©)

where ¢ =1In(u/up), with p a scale parameter, and
W =¢%/8. The general solution of the renormalization
group equation that satisfies the "initial" condition
UW,c=0)=11is

U,c) = /gy —20), (6)

where g( —2c) is an arbitrary function determined by the
initial condition. Note that the region under consideration
is {y>0,c>0}. Given the "initial" condition U(y,
¢ =0)=1 and the boundary condition U(y =0,c) =0, we
obtain g(y) = 1/+/. Thus, it is straightforward to verify
that the solution of Eq. (5) has the form

0, if ¥<2c,

UW,c) = @)

Vo
Vi =2

Substituting ¢ = r*/8G into Eq. (7) yields:

if ¥ >2c.

0, if 0<r<4vcG,
U(r,c) = . ®)
——, if r>4+vcG.
Vr2—16cG

Setting a5 =4+/cG and substituting Eq. (8) into Eq. (4)
yields the expression for the KS metric function (we use
geometric units with G = 1).

FRS (= Vrr—(a®)” 27M’
r

r

)

where r > a®S. Compared with the SC BH, quantum de-
formation shifts the central singularity to a finite radius
and endows it with a universal "hair" structure [39]. From
a physical perspective, the singularity is smeared over a
two-dimensional sphere. The asymptotic behavior of the
expression above at large r is given by

2M

(aKS)Z

r2

fKS(r) ~ 1 . (10)

B. GK metric

We now introduce another minimal deformation of
the SC BH arising from the minimal coupling of GR to
NED [63]. The action for the NED theory is given by

1 1
%:/du\/—_g(lé—nR—ag(F)), (11)

where R denotes the Ricci scalar and g the determinant of
the metric tensor. Z(F) is the Lagrangian density of
NED with

1

F=F"F,,

(12)

where F,, = 0,A, —d,A, is the field-strength tensor. Vary-
ing the action (11) yields the field equations as

] 0.2 (F)
R/zv - ERg/JV =2 ( oF F/MFVA _guvg(F)> s
v, (a"z(f ) F‘”) =0,  V,(F™)=0, (13)

where * denotes the Hodge dual. We consider the field
strength tensor defined as

F,y, = 26;,65a(r)sin6, (14)

Substitution into V,(*F*') = 0 in Eq. (13) then yields:
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da(r) .

sinfdr AdOAde =0, (15)
,

Thus, a(r) =a%* =const, Fj, =a%sing, and F = (a%%)?/
2r*, where a%% denotes the magnetic charge. We adopt
the Lagrangian density proposed by Ghosh and Walia
[63].

4MF5*

V@R (V2 + 24K NFY

Z(F) = (16)

Analogously, M denotes the BH mass. The field equa-
tions (13) provide the GK BH metric function.

2M

GK _1_
0 =1 s

(17)

It should be emphasized that the regularity of this BH
warrants careful clarification. The metric function of the
GK BH is regular, smooth, and nonsingular throughout
spacetime for r>0, including at the event horizon,
thereby resolving the coordinate singularity of the classic-
al SC BH at the horizon. For this reason, this solutionis
widely referred to as a regular BH solution with minimal
deformation of the SC BH in the existing literature [39].
However, it must be stressed that the GK BH is not glob-
ally regular in the strict curvature sense: there remains a
scalar polynomial curvature singularity at the origin
r=0, as can be verified by computing the Kretschmann
and Ricci scalars of the spacetime. In addition, this space-
time exhibits an r — —r reflection symmetry [39, 63].
The asymptotic behavior of the above-expression at large
r is given by

(aGK)2M
P

(18)

fGK(r)zl—zTM+

It is worth noting that for vanishing deformation para-
meter and magnetic charge, namely ¢*5 — 0 and a°% — 0,
both metrics reduce to the SC metric. In this limit, the
fundamental properties of the SC solution are preserved,
including spherical symmetry (in the absence of rotation)
and asymptotic flatness. Therefore, they can be viewed as
minimal deformations of the SC BH [39].

To explore the optical properties of these BHs and to
investigate how different deformation-induced hair para-
meters and their interactions with spacetime affect the
resulting images, we treat the key parameters in each
metric, namely, the deformation parameter a*$ for the KS
BH and the magnetic charge % for the GK BH, as dis-
tinct forms of BH hair.

It should be noted in particular that, although both a*S
in the KS BH and 4K in the GK BH parameterize min-
imal deformations of the SC spacetime, they have en-

tirely independent physical origins. The former arises
from quantum renormalization corrections in the 2D
dilaton theory obtained via dimensional reduction of the
4D Einstein-Hilbert action, serving as a deformation
parameter that characterizes quantum fluctuations of
spacetime. The latter originates from minimally coupling
GR to NED and represents the intrinsic magnetic charge
of the BH. Their symmetric minimal-deformation charac-
ter is reflected only in the algebraic form of the metrics; it
has no counterpart in their physical meaning.

III. LIGHT DEFLECTION, EFFECTIVE POTEN-
TIAL; AND IMPACT PARAMETER

For the SC, KS, and GK BHs, the metric functions
f(r) in the metric (1) were given in Sec. II. The event ho-
rizons of these three BHs are given by

e SCBH
rC =2M, (19)

e KS BH
RS = \/AM? + (d5S)2, (20)

e GK BH
rOK = \/AME = (Y, @h

For the KS BH, an event horizon always exists for any
value of the parameter a*, with the horizon radius satis-
fying rXS > r$€. For the GK BH, when (a®%)? > 4M?, the
event  horizon  disappears.  Specifically, = when
(@®%)? =4M?*, the GK BH is extremal, and when
(a®®)? > 4M?, it becomes a naked singularity. An event
horizon satisfying rPX <3¢ is only possible when
(@®®)? <4M. Tt is important to emphasize that, in static
spherically symmetric spacetimes—whether for extremal
BHs, naked singularities, or even wormholes and boson
stars —the presence of a photon sphere determines the
resulting shadow image [37]. Thus, as long as the mass of
a celestial body is sufficient to generate a photon sphere,
a shadow can be observed. In the following, we primar-
ily discuss the non-extremal GK BH case.

Our analysis centers on light-ray trajectories and
therefore requires examination of null geodesics originat-
ing from BH accretion flows. Without loss of generality,
we consider photon geodesics in the equatorial plane, i.e.,
take 6 = /2. For the spherically symmetric metric in Eq.
(1), there are two Killing vector fields & and &, given by
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&= & =0, (22)
Let the photon's four-momentum be K* = dx*/dA. Along
the null geodesic, two quantities are conserved: the

photon's energy, E, and its angular momentum, L.

»de

a (23)

dx”
E= g,uv‘fl d1 _f() L:_g,uvfga:

The 4-momentum of the photon also satisfies
gwK*K” = 0; therefore, the components of the photon's 4-
momentum are

fnr?

E L
K'=|—=,+ E*- ,0,— ],
(f(r) ” )

where the positive sign corresponds to motion away from
the BH and the negative sign to motion toward the BH.
Meanwhile, the differential equation for the radial co-
ordinate with respect to the affine parameter is given by

(24)

(25)

The impact parameter and effective potential for photons
are defined as

(26)

Next, we analyze the effective potential for circular or-
bits. For a circular orbit, dr/dA = 0. Substituting this con-
dition into Eq. (25), we obtain

YUG)

r

Ve = 27)

For the three metrics under consideration, the effective
potentials are, respectively:

e SC BH
vig= M (28)

e KS BH
v V@YoM (29)

e GK BH

(30)

VK _ ( r2 + (a%%)2 — 2M> 2

Fig. 1 depicts the effective potentials for the SC BH,
as well as the KS BH with ¢®5/M =1 and GK BH with
a®%/M = 1. As shown in the figure, the three effective po-
tentials start from zero at the event horizon ( f(,) = 0), in-
crease rapidly to a maximum as r increases, and then
gradually decrease, approaching the same asymptotic
value. Relative to'the SC BH, the parameter a5 lowers
the effective potential of the KS BH, indicating that
photons require less energy to escape the BH. In contrast,
the parameter aS% raises the potential for the GK BH, im-
plying that photons need more energy to escape the BH.
At the extrema r, of the effective potential, the KS BH
has a larger r, than the SC BH, whereas the GK BH has a
smaller r,. The extremum r, of the effective potential Vg
gives the radius of the photon sphere. The photon-sphere
radius of the BH can be obtained by setting dV.sz/0r =0
To investigate the effects of the "hair" parameters of vari-
ous minimally deformed SC BHs on photon spheres and
shadows, we set the BH mass to M = 1. The correspond-
ing photon-sphere radii for the three BHs are thus:

e SC BH
e =3, 31)

e KS BH

oo B

2(aKS) +9+3), (32)

e GK BH

025 —
—— SCBH

02

0.15F

Vetr

0.1

0.05

riM
Fig. 1. (color online) The effective potential Vg is shown as
a function of the radial coordinate r for three BHs. The black,
red, and blue solid lines correspond, respectively, to the SC
BH, the KS BH with «*S/M =1, and the GK BH with

aSK /M =1.
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p

_ GK2
oK = \/X— (a%)? + 9-2a@”y +3, (33)
X
where

( @)* +(a%%)’ /(@) -4 - 18(a%)’ + 54) a
. :

Substituting Eqs. (31), (32), and (33) into b, =1/
Ver(r,) yields the critical impact parameters b, for the
three BHs as follows:

e SC BH
b =33, (34)
e KS BH

s V(3(a5) +3 V2@ 19+ 9)3

P .+ (85)
\/2 V(@) +3 /255 +9+9-42
e GK BH
by = VX -+ DI+ (36)

\/1 —2/ \x+(9=2aSKV) Jy + 3

Fig. 2 presents the dependence of the photon sphere
radius 7, and the critical impact parameter b, on the min-
imum deformation parameters a*$/M and a%%/M for the

6 T T T T T
5k —— SCBH T
4-_ —— KSBH |
g | — GKBH
~ 3
kQ' r
2_ —~
1_ -
0- 1 1 1 1
0 1 2 3 4 5 6

a/ M
Fig. 2.

two deformations of the SC BH. In the left panel, as
either a®$/M or a%%/M increases from 0, the photon
sphere radius of the KS BH increases rapidly relative to
that of the SC BH, whereas that of the GK BH decreases,
vanishing at a°®/M = 2. This indicates that increasing the
magnetic charge a®®/M inthe GK BH produces ex-
tremal BHs or naked singularities, which do not support
photon spheres and thus cast no shadows. In the right
panel, the latest EHT observations of Sgr A* [22, 39]
constrain the parameters of the KS and GK BHs. The
constraints from Keck and VLTI are as follows:

455<b,/M <£5.22, within 1o,
421 <b,/M <5.56, within 20

This' yields the upper limits &*5/M <0.23 (1o) and
a®S/M <094 (20) for the KS BH, and a%%/M <1.38
(10) and a%%/M 51.63 (20) for the GK BH. Consist-
ently, the EHT data strongly constrain theories in which
the critical impact parameters increase with a*S/M and
a®% /M [39]. It should be emphasized that the constrained
upper limits on a%%/M are significantly lower than the
extremal limit of the GK BH solution (a%%/M =2). All
parameter values within the 1o and 20 constrained
ranges admit complete event horizons, are physically
self-consistent, and do not degenerate into extremal BHs
or naked singularities. This ensures that all the solutions
studied in this paper satisfy the physical premise of BH
shadow formation.

Given the monotonic relationships between event ho-
rizons, photon-sphere radii, critical impact parameters,
and BH "hair" parameters for KS and GK BHs, we fix

8 R
— SCBH | Sgr A*(1o, Keck+VLTI)
—— KSBH | Sgr 420, Keck+VLTI) A

6k — GKBH |
= !
~ o 4
Q
)

1 " 1 " "
0 0.5 1 1.5 2
a/ M

(color online) Left panel: Dependence of the photon sphere radius r,/M on the BH hair a*5/M and a®%/M. As the parameters

a®S/M and a®%/M increase, the photon sphere radius of the KS BH increases rapidly, whereas that of the GK BH decreases more rap-
idly, with the photon sphere disappearing at °% = 2M. Right panel: Dependence of the critical impact parameter b,/M on the BH hair
a8 /M and «“% /M. Using the average of the Keck and VLTI mass-to-distance ratio priors for Sgr A*, the yellow and white regions are
consistent with the EHT angular size images of Sgr A* at the 1o and 20 levels, respectively. In contrast, the cyan region is excluded by

the same observations at more than 2o significance.
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a®/M =1 and a°%/M =1 in both hairy BHs to explore
their physical differences from the SC BH.

We then focus on photon trajectories. Taking the
square root of Eq. (25) and multiplying by d1/d¢, we ob-
tain the ray-trajectory equation

2 2
&_. l—f(r)b—. (37
@ T

The positive or negative sign in the equation above de-
pends on both the direction of light deflection and the
variation of the radial coordinate. By introducing the new
variable u = 1/r, Eq. (37) can be transformed into

d 1
ﬁ =7 5~ ), (38)

where the negative (positive) sign in this equation corres-
ponds to the positive (negative) sign in Eq. (37). For the
three BHs under consideration, the differential equations
governing the ray trajectories are:

e SCBH

du \5¢ 1
<w> =%\ M it o, (39)

GK 3 12
2M 1

(%) L T e
dg V 1+ (aS%) u? b

Fig. 3 shows ray trajectories, computed with a ray-tra-
cing code, for the SC BH, the KS BH with a*S/M =1,
and the GK BH with «®%/M = 1. It is evident that even a
minimal deviation from the SC BH endows the BH with
"hair," thereby modifying the event horizon and photon
sphere. As concluded previously, relative to the SC BH,
the event-horizon and photon-sphere radii increase for the
KS BH, but decrease for the GK BH. The weaker gravita-
tional field of the KS BH results in smaller light deflec-
tion, whereas the magnetic charge of the GK BH
strengthens the field, yielding more pronounced light de-
flection.

According to the no-hair theorem, black hole (BH)
properties are uniquely determined by mass, charge, and
angular momentum [74, 75]. However, the regular KS
and GK BHs violate the dominant energy condition, pla-
cing them beyond the scope of the classical no-hair theor-
em. These solutions not only resolve the central singular-
ity but also demonstrate that BH shadow formation de-
pends sensitively on the "hair" parameters a5 and a%¥.
In particular, the KS BH's shadow expands due to en-
hanced photon capture, whereas the GK BH's shadow
contracts under the same conditions.

IV. SHADOWS AND PHOTON RINGS OF KS AND
GK BHS IN DIFFERENT SPHERICAL AC-

e KS BH CRETION MODELS
FRNE 1 Matter in the universe, including plasmas, gases, and
(l> =F \/ 2Mud —u? \/ 1= (aXS)u? + =, (40) dust, generally moves freely. As it approaches a BH, this
de b matter is drawn in by gravity and gradually accretes,
forming an accretion flow. The accreting matter emits ra-
e GK BH diation, enabling observers to detect optical phenomena
KS BH GK BH
10 10 T 10 T
5 ': 5S¢ 5¢
0: op (U7
,5 : - S E 75 |
“10l : . : -10 : . -10 : : :
-10 -5 0 5 10 -10 -5 5 10 -10 -5 0 5 10

Fig. 3.

(color online) Photon trajectories in the equatorial plane for three BHs. From left to right: SC BH, KS BH with a¥$/M = 1, and

GK BH with a%%/M = 1. In each panel, the red and green lines represent light rays with b <b, and b > b,, respectively, while the blue
dashed line denotes the photon sphere. Each BH is depicted as a black disk. Coordinates are scaled by M.
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such as BH shadows and photon rings. By examining the
characteristics of BH shadows and photon rings for dif-
ferent types of spherical accretion (static and infalling),
we aim to gain a deeper understanding of how accretion
influences the optical manifestations of BHs and to fur-
ther explore BH properties. In this section, assuming lu-
minous matter permeates the universe, we analyze how
BH shadow size, brightness, and photon ring morpho-
logy depend on BH type and on the kinematic properties
of the accreting matter under these scenarios.

We consider an optically thin, spherically symmetric
accretion flow outside the BH event horizon, either static-
ally distributed or infalling. The specific intensity
Ls(b,v,) measured by an observer at frequency v, can be
written as [51, 76—78]

Lons(b,v,) = / g’ j(v)dl (42)
ray

Here, g denotes the ratio of the photon frequency meas-
ured by an observer at infinity, v,, to that measured by a
static observer at the accretion region, v, (i.e., g :=v,/v,.),
and is referred to as the redshift factor. Moreover, j(v,) is
the emissivity per unit volume at frequency v, as meas-
ured by a static observer at the location of the accreting
matter, and d/ is the proper distance along the null
geodesic in the accretion flow's reference frame. Finally,
since the accretion flow extends to infinity, theintegra-
tion path "ray" denotes the entire trajectory of light. The
integrated intensity is obtained by integrating the specific
intensity over all frequencies [57, 79].

Fobs(b) = / Iobs(bs vl))dvt)' (43)
0

We consider a simplified monochromatic emission
scenario, as in Ref. [51], in which the emissivity follows
a 1/? radial profile and the rest-frame frequency is v, i.e.,

o, —
vy )

(44)

Let 7z# denote the four-velocity of the accreting matter,
and let U* =(1,0,0,0) denote that of a static observer at

e SC BH

infinity. In the case of static accretion, one finds

7' = (\/J%,O,O,O), (45)

Thus, imposing the constraint g,,Z*Z" = —1 on the 4-velo-
city of the accreting matter in the free-fall case, we obtain

7' = (%— \/@@2——f(r),0,0) :
where the negative sign of the radial coordinate in the
above equation reflects that the accreting matter is ap-
proaching the BH. Here, & is the conserved energy along
the geodesic’ of ‘the accreting matter, given by
& = —gnZ"¢), and is determined by the initial rest posi-
tion at the onset of infall. If the accreting matter begins to
fall from rest at r = r,, the components of Z* at that in-
stant are (1//f(r),0,0,0), so that & = /f(r;). The red-

shift factor g can be expressed as

(46)

_ E _ (_K# Uy)|0bs

=—= . 47

Ve (_KVZv)lem ( )
Here, the subscript "obs" denotes the observation point in
spacetime, whereas "em" denotes the photon-emission

point in the accreting matter. Finally, the proper distance
d!l is defined as [54, 76, 77]

di = —K,7"d.. (48)

A. Shadows and photon rings of static

spherical accretion
Using Eqgs. (24), (42), (43), (44), (45), (47), and (48),
the integrated intensity in static spherical accretion is giv-
en by:

b2

2
Faty= [ D T an @)
ray

7 P-b ()

The integrated intensities for the three BHs are as fol-
lows.

r b*r

(r—2M)?
SC _
Fobs(b) - Ly }"4

e KS BH

r—

50
o e >0
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(\/rz—(ast-—2Al)2

FS(b) = S %(Vﬂ—mmf—mO(ﬂ—w( 72— (@) = 2M) ) dr, (51)
ray
e GK BH
Fman/ (vﬂ+OﬁW“QM>2 V1 + (@)’ B\ + (@) dr.  (52)
obs w \ /72 +(a5K)? 2@ —2M 2\ + (@K = b2 \/7? + (aK) + 2MD?

Fig. 4 shows the distribution of the integrated intens-
ity Fo,s versus the impact parameter b for three BHs,
where the parameters of both KS and GK BHs are
a®S/M =1 and a%%/M = 1. It can be seen that the integ-
rated intensities for all three BHs rise rapidly from a fi-
nite value, indicating that the shadow possesses nonzero
intensity. Upon reaching the extremum, the intensities
suddenly drop and then slowly decrease, tending toward
the same value. Compared with the SC BH, the impact
parameter corresponding to the peak integrated intensity
of the KS BH is larger than the critical impact parameter
of the SC BH. On the left, the integrated intensity is gen-
erally smaller than that of the SC BH, whereas on the
right it is initially larger than that of the SC BH and fi-
nally tends toward the same value. In contrast, the im-
pact parameter corresponding to the peak integrated in-
tensity of the GK BH is smaller than that of the SC BH.
On the left, the integrated intensity is larger than that of
the SC BH, but on the right it is initially smaller than that
of the SC BH and finally tends toward the same value.
Crucially, the impact parameter that maximizes the integ-
rated intensity always coincides with the critical impact

— SCBH

0.8

Fobs

15
b/M

Fig. 4. (color online) The distribution of the integrated in-
tensity Fops as a function of the impact parameter b is shown
for three BHs undergoing static spherical accretion. The black,
red, and blue solid lines correspond, respectively, to the SC
BH; the KS BH with «*S/M=1; and the GK BH with
a%%/M = 1. For each BH, the integrated intensity attains its

maximum at the critical impact parameter b,.

[
parameter b,, implying that the photon ring radius equals
b,.

It is not difficult to understand the cause of this beha-
vior. As is well known, the shadow of the GK BH con-
tracts as magnetic charge increases, a consequence of the
strengthened gravitational field. For small /M, gravita-
tional lensing near the BH produces multiple light paths,
enhancing the integrated intensity. At large b/M,
however, the strengthened gravitational field reduces the
photon-sphere radius r,, thereby shrinking the angular
size of the shadow. Consequently, a fixed impact para-
meter b/M corresponds to a larger angular offset from the
shadow edge, placing the region farther from the strong-
lensing zone and thus reducing the integrated intensity.
For the same reason, quantum corrections cause the KS
BH to exhibit the opposite trend to the GK BH.

Based on the integrated intensity distribution in Fig.
4, Fig. 5 displays optical images of the SC BH, the KS
BH with a®$/M =1, and the GK BH with a®%/M =1.
Compared with the SC BH, the KS BH exhibits a larger
photon-ring radius and a lower shadow intensity, where-
as the GK BH exhibits a smaller photon-ring radius and a
higher shadow intensity. The origins of these imaging dif-
ferences have been carefully analyzed in the preceding
sections.

B. Shadows and photon rings of infalling
spherical accretion
By combining Eqs. (46) and (47) and imposing the
condition & =1 for matter radially infalling from infinity,

we obtain an expression for the redshift factor for spher-
ically symmetric radial infall.

o= rf(r) _
T (= FO)P =)

(53)

In the equation above, the "+" sign denotes light rays
moving away from the BH, whereas the "-" sign denotes
light rays moving toward the BH. For the three BH types
under discussion, the expressions for g, are as follows:

e SC BH
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(color online) Optical images of BHs under steady, spherically symmetric accretion. From left to right are the SC BH, the KS

BH with ¢%S/M = 1, and the GK BH with a%%/M = 1. The integrated intensity for each color is shown by the color bar on the right of
each panel, and the coordinate axes are labeled in units of the impact parameter b/M.

r2—2Mr
2+ \N2Mr? —2Mbr + 4M2b?

g (54)

e KS BH

PN @SE - 2M

g = :
re \/(r— V- @2 +2M) (7 — b N7 — @) + 2Mb?)
(55)
e GK BH
o F NPT (@R
S NPT @ % V2M(P — b)Y £ @) + 400
(56)

Using Egs. (24), (42), (43), (44), and (48), the integ-
rated intensity for infalling spherical accretion can be de-
rived as follows:

gdr

ray F /12 —f(r)bz'

Substituting Eqs. (54), (55), and (56) into Eq. (57) yields
the integrated intensity for infalling spherical accretion.
Fig. 6 shows the dependence of the integrated intensity
Fas on the impact parameter b for three BHs undergoing
infalling spherical accretion. Compared with Fig. 4, the
trends of the integrated intensity in the infalling and stat-
ic accretion cases are similar, but the shadow intensity is
significantly lower in the infalling case. The extremum of
each curve likewise occurs at the critical impact paramet-
er b =b,. The integrated intensities of the three BHs con-
verge to similar values on the left side of b,. Compared
with the static model, the integrated intensity in the infall-
ing accretion model rises more rapidly to its maximum
near b,. This implies a greater intensity contrast across
the shadow boundary in the infalling accretion model

Fobs = (57)

0.8 y T " T . T . .
—— SCBH
0.6F \ —— KSBH -
L:é 0.41
0.2
2
0 | s | | |
0 3 6 9 12 15
bIM
Fig. 6. (color online) Shown are the distributions of the in-

tegrated intensity Fous as a function of the impact parameter b
for three BHs undergoing spherical infall accretion. The black,
red, and blue solid lines correspond, respectively, to the SC
BH, the KS BH with «XS/M =1, and the GK BH with
a%%/M = 1. For each BH, the maximum value of F,, occurs at
the critical impact parameter b,.

than in the static accretion model. Similarly, relative to
the SC BH, the KS BH has a larger photon ring, whereas
the GK BH has a smaller one.

Analogously to Fig. 6, the optical images of the SC
BH, the KS BH with a*5/M =1, and the GK BH with
a®%/M =1 are shown in Fig. 7. Clearly, the central low-
intensity region corresponds to the shadow, surrounded
by a bright photon ring. As previously discussed, for BHs
with identical parameters, the integrated intensity at the
shadow in the static-accretion case is significantly higher
than in the infalling-accretion case, making the latter
shadow darker. This behavior arises from Doppler red-
shift: the bulk infall velocity of the accreting matter is
antiparallel to the photon propagation direction. Further-
more, for both minimal deformations of the SC BH, the
shadow radius under spherical accretion equals the critic-
al impact parameter b,, indicating that the observed shad-
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0

(color online) Optical images of three BHs with spherically infalling accretion. From left to right, the panels show the SC BH,

the KS BH with ¢®S/M = 1, and the GK BH with a®%/M = 1. The color scale at the right of each panel indicates the integrated intensity,

and the axes are labeled by the impact parameter b/M.

ow size is independent of the details of spherical accre-
tion flows and is governed solely by the spacetime geo-
metry.

V. SHADOWS AND PHOTON RINGS OF KS AND
GK BHS IN PROGRADE THIN DISK ACCRE-
TION

In this section, we discuss disk accretion, which is
ubiquitous in the universe. In this framework, the disk-
like accretion flow serves as the light source for-the BH.
We consider a static, optically thin, geometrically thin ac-
cretion disk in the equatorial plane, with the observer loc-
ated directly above the disk. We will then discuss, in turn,
the classification of light trajectories, the transfer func-
tion, and three specific thin-disk models to reveal the op-
tical images of the thin disk for minimal deformations of
the SC BH.

A. Direct emission, lensed ring emission and photon
ring emission

Light rays emitted by the disk-like accretion flow are
deflected by the black hole (BH) due to its strong gravity,
ultimately either being captured by the BH or escaping to
infinity. Before reaching the observer, a ray may inter-
sect the accretion disk multiple times. For a ray that inter-
sects the disk k times, the azimuthal angle is
¢ =nr/2+(k—1)x. Therefore, the total number of photon
orbits is

(58)

Building upon the classification framework pioneered by
Gralla et al. [57], we adapt their criterion to categorize
photons emitted from the thin accretion disk into three
observable types according to the orbit number n, with

specific modifications to the direct-emission classifica-
tion. Specifically,

e When 0.25 < n < 0.75, the light ray intersects the ac-
cretion disk exactly once, which corresponds to direct
emission.

e When 0.75 < n < 1.25, the light ray intersects the ac-
cretion disk twice, resulting in lensed ring emission.

e For n > 1.25, a light ray intersects the accretion disk
at least three times, indicating photon ring emission.

Fig. 8 shows the relation between the total number of
photon orbits, n, and the impact parameter, b, for the SC
BH, the KS BH with a*5/M =1, and the GK BH with
a®%/M = 1. In each panel, the red, green, and blue lines
correspond to direct emission, lensed ring emission, and
photon ring emission, respectively. The critical impact
parameter b, corresponds to the peak of n: at this value,
light rays pass closest to the photon sphere, where un-
stable circular orbits allow photons to complete multiple
rotations around the BH. As the impact parameter in-
creases from zero, the total number of orbits increases for
b <b,, peaks at b =b,, and then decreases monotonically
for b > b,, asymptotically approaching a constant value.
Examining the ranges of b for direct emission, lensed-
ring emission, and photon-ring emission listed in Table 1
shows that the widths of the lensed-ring and photon-ring
emissions for the KS BH are slightly smaller than those
for the SC BH, whereas those for the GK BH are slightly
larger.

Fig. 9 plots the light trajectories corresponding to dif-
ferent emission types for the SC BH, the KS BH with
a®S/M =1, and the GK BH with a“%/M = 1. Different
colors denote distinct emission types. It should be noted
that Fig. 9 is a refinement of Fig. 3. As shown, the KS
BH exhibits a narrower range of lensed and photon rings,
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Fig. 8.

b/M

(color online) Shown from left to right is the dependence of the total number of photon trajectories, 7, on the impact paramet-

b/M

er, b, for the SC BH, the KS BH with a®*5/M = 1, and the GK BH with «%%/M = 1. The red, green, and blue lines correspond to direct
emission, lensed-ring emission, and photon-ring emission, respectively.

Table 1.

Ranges of direct emission, lensed ring emission, and photon ring emission as functions of the impact parameter b for three

BHs, with the parameters for the two minimal deformations of the SC BH set to ¢XS =11 and «®¥ = 1.

BH Direct emission Lensed ring emission Photon ring emission

SC b/M <5.015; b/M > 6.167 5.015<b/M < 5.187; 5.227 <b/M < 6.167 5.187 <b/M <5.227

KS b/M < 5.440; b/M > 6.523 5.440 < b/M < 5.596; 5.628 < b/M < 6.523 5.596 <b/M < 5.628

GK b/M < 4.636; b/M > 5.986 4.636 < b/M < 4.869; 4.934 < b/M < 5.986 4.869 <b/M <4.934
SC BH KS BH GK BH

-10
-10

Fig. 9.

10

(color online) From left to right, the behavior of different emission components of light around the SC BH, the KS BH with

a®S/M =1, and the GK BH with «®%/M =1 is shown. Red lines correspond to direct emission, green to lensed-ring emission, and blue
to photon-ring emission. The orange dashed line and the black disk denote the photon sphere and the BH, respectively, while the accre-
tion disk is indicated by a black dashed line. Coordinates are scaled by M.

whereas the GK BH exhibits a broader range of such
rings.

These results are intuitive. As discussed in Sec. III,
introducing a magnetic charge endows the GK BH with a
stronger gravitational field than the SC BH. Con-
sequently, more light rays with impact parameters near
the critical value b, undergo larger deflections, produ-
cing broader lensed and photon rings. Conversely, due to
quantum deformation, the KS BH exhibits a weaker grav-
itational field, resulting in fewer light rays experiencing
large deflection angles near b, and, hence, in narrower
lensed and photon rings.

B.

Let the specific intensity and frequency of the light
emitted by the accretion flow be I,(r) and v,, respect-
ively. According to Liouville's theorem, 7,(r)/v is con-
served along the entire light path, so that
1(r)/v? = 1,(r)/v?, where I,(r) and v, denote the specific
intensity and frequency of the observed light, respect-
ively. Using Egs. (45) and (47), we obtain

Integrated intensity and transfer function

3

4

1,(r) = 1( 2
Ve

= VL)

(59
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To derive the integrated intensity, we integrate the ob-
served specific intensity 7,(r) over the entire range of the
photon frequency v,.

Fops(r) = /Io(r)dva = fz(r)lemit’ (60)

where L. denotes the emitted specific intensity, defined
as:

T = / L(dv.. 61)

In the optically thin model, each intersection of a light
ray with the accretion disk contributes to the specific in-
tensity. Therefore, the integrated intensity, which is the
sum of the incremental intensities accrued each time the
light ray passes through the accretion disk, should be re-
written as

Fons(0) = Y f2(ri®) lemic (b)), ©2)
k

where ri(b) denotes the transfer function [57], which
relates the photon's impact parameter to the radial co-
ordinate of the &-th intersection of the light ray with the
accretion disk. This relation can be derived by integrat-
ing Eq. (38)

1

) = = Dn.b)!

(63)

The slope of the transfer function, dri(b)/db =T, serves
as the magnification factor and governs the angular de-
magnification. Fig. 10 shows the first three transfer func-
tions for the SC BH, the KS BH with aX$/M =1, and the

SC BH

KS BH

GK BH with a%/M =1. The red line denotes the k=1
transfer function, corresponding to direct emission from
the accretion disk. It is evident that the k=1 transfer
functions for all three approximately follow a linear rela-
tionship with the impact parameter » (I" ~ 1), indicating
that the direct emission traces the profile of a gravitation-
ally redshifted source. Consistent with this, Fig. 10 shows
that direct emission is the dominant component of the in-
tegrated intensity, accounting for the largest fraction of
the radiation.

The green line denotes the k=2 transfer function,
corresponding to lensed-ring emission. Note that, regard-
less of whether the BH has 'hair', the slope of the second
transfer function is extremely steep, indicating that the
lensed image is highly demagnified. Finally, the blue line
near b=b, denotes the k=3 transfer function, corres-
ponding to photon-ring emission. The slope of the third
transfer function tends to infinity, implying that the
photon-ring image is infinitely demagnified, rendering its
flux effectively negligible.

We find that the shadow boundaries of all three BHs
are determined by direct emission rather than by photon-
ring or lensed-ring emission. In practice, only the first
three transfer functions need to be considered, as higher-
order emissions (k > 3) contribute negligibly. These res-
ults are consistent with the discussion at the end of sub-
section 5.1. Notably, our findings are consistent with
those reported by Gralla et al. [57].

C. Observational signatures of KS and GK BHs in dif-
ferent thin disk models

In the thin-disk model, the accretion disk serves as the

primary radiation source illuminating the BH. The emit-

ted specific intensity of the accretion disk, I..;(r), de-

pends not only on the radial emissivity profile but also on
the location of the disk's inner edge, ry,. In this subsec-

GK BH

20 T T T T 20 T

T T 20 T T T T

0 4 8 12 16 20 0 4
biM

Fig. 10.

b/ M
(color online) Shown from left to right are the first three transfer functions for the SC BH, the KS BH with a¥$/M =1, and

12 16 20 0 4 8 12 16 20
b/ M

the GK BH with a%%/M = 1. The red, green, and blue solid lines represent the first, second, and third transfer functions, corresponding
to direct emission, lensed ring emission, and photon ring emission, respectively.
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tion, we analyze the optical properties of KS and GK BHs
for three accretion disk emission profiles. For simplicity,
we continue to assume monochromatic radiation.

e Model I: Starting from the Innermost Stable Circu-
lar Orbit

In the first model, the emission source region of the
accretion disk begins at the radius of the innermost stable
circular orbit (ISCO) for massive particles (ry, = risco),
and the emitted specific intensity is given by

exp(=r+risco), T > Fiscos
Iemit(r) = (64)

0, I < Tscos

where the radius of the ISCO, rsco, is given by:

KS BH

3 f(risco)f’ (risco)
2f”(risco) — f(risco) f” (risco)

(65)

rsco =

Here, f(r) and f”(r) denote the first and second derivat-
ives of f(r) with respect to .

Fig. 11 shows the emitted specific intensity from the
thin disk (first row), the integrated intensity (second row),
and the corresponding BH images (third row) for the SC
BH, the KS BH with a*5/M =1, and the GK BH with
a®%/M =1 in the first model. It is evident that, compared
with the SC BH, the ISCO radius risco of the KS BH in-
creases due to the presence of the parameter a*5, where-
as that of the GK BH. decreases due to a°X.

From the integrated intensity profiles of the three
BHs, each exhibits three peaks. The first peak arises from
photon-ring emission. Notably, the photon-ring intensity
of the KS BH is lower (I = 0.1), approximately half that
of the'SC BH, whereas the GK BH has a relatively high-
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Fig. 11.

(color online) In the first model, r, = risco. The first row shows the emitted specific intensity I of the thin accretion disk

as a function of the radial coordinate r, the second row shows the observed integrated intensity I, as a function of the impact paramet-
er b, and the third row shows the optical appearance of the BH. From left to right, the columns correspond to the SC BH, the KS BH
with a¥S/M = 1, and the GK BH with «®%/M = 1. The coordinate axes are labeled by the impact parameter b/M.
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er photon-ring intensity, about twice that of the SC BH.
The second peak in integrated intensity is produced by
lensed-ring emission and shows little variation among the
three, although that of the GK BH is clearly smaller than
the other two. The third peak and the subsequent region
are due to direct emission, which decays as b increases,
following a trend similar to the emitted specific intensity
Imi- It is evident that the direct-emission peak of the KS
BH is higher than that of the SC BH, while that of the GK
BH is lower. These features are reflected in the images of
the BHs in the third row. Moving from the outside to the
inside of the black disk, a thin ring corresponds to the
lensed ring. The photon ring appears inside the lensed
ring but is nearly invisible because its extremely narrow
width yields an extremely low flux (detectable only un-
der strong magnification). With current observational
capabilities, both the photon ring and the lensed ring are
difficult to detect, so the observed shadow radius is
primarily determined by direct emission.

In fact, due to the influence of different BH "hairs",
the emission features of the three models are shifted relat-
ive to the SC BH: the KS BH shifts to the right (toward
larger b), increasing the starting positions of the photon
ring, lensed ring, and direct emission, whereas the GK
BH shifts to the left (toward smaller b), decreasing the
starting positions of the photon ring and lensed ring. Ta-
ble 2 lists the initial positions of the photon ring, lensed
ring, and direct emission for the three BHs in " Model 1.
From these data, the separations between the lensed ring
and photon ring are similar among the three, but the sep-
arations from the photon ring to the onset of direct emis-
sion differ significantly. Thus, taking the distance
between the lensed ring and photon ring B= b, —bp as a
basic unit, the distance from the lensed ring to the onset
of direct emission Ab = by — by can be used to distinguish
different types of BHs. Specifically, this method yields
Ab/B ~5.41 for the SC BH, Ab/B ~ 6.92 for the KS BH,
and Ab/B ~ 3.65 for the GK BH. These results show that
Ab/B is larger for the KS BH and smaller for the GK BH
than for the SC BH.

In addition, it should be emphasized that this discrim-
inant is established strictly at the theoretical level and de-

Table 2.
ring, and initial direct emission are presented for three BHs in

The specific positions of the lensed ring, photon

the first model, where the minimum deformation parameters
for the two minimal deformations of SC BHs are both set to
a®S/M=1and a¥/M=1.

Initial position of received . )
Lensed ring Photon ring

direct emission

SC b/M ~ 6.94 b/M ~5.48 b/M ~5.21
KS b/M ~7.68 b/M ~5.88 b/M ~5.62
GK b/M ~ 6.35 b/M ~5.22 b/M ~ 491

pends on a specific accretion disk model. Given the angu-
lar resolution and observational uncertainties of the cur-
rent EHT, the fine relative structure among the photon
ring, lensed ring, and direct emission required by this
method cannot yet be resolved in actual observations.
This does not contradict the Kerr hypothesis supported by
current EHT data. At the EHT’s observational precision,
the detailed features of the lensed ring and photon ring
are effectively lost, and the BH shadow is instead determ-
ined by direct emission.

® Model II: starting from the photon sphere

In the second model, the emission from the accretion
disk begins-at the radius of the unstable circular photon
orbit (r, =r,), and the emitted specific intensity is given
by

2—tanh(r—r)

> exp(=r+r,),

r> r,,,
Lomi(r) = (66)

O’

r<rp.

Analogously, Fig. 12 presents the observational fea-
tures of the three BHs in the second model. As with rigco,
the r, for the KS BH increases in the presence of the hair
parameters a* and a%X, whereas that for the GK BH de-
creases, relative to the SC BH. The integrated intensity
distributions of the three BHs consistently exhibit double-
peaked profiles. The first peak arises from direct emis-
sion, and the second from the superposition of lensed-ring
and photon-ring emissions, with little difference among
the three. Relative to the SC BH, the KS BH shows high-
er intensity, whereas the GK BH shows lower intensity.
In the BH images in the third row, the two brightest rings
are visible: the innermost is produced by direct emission,
and the outermost by the combination of lensed-ring and
photon-ring emissions, which are difficult to distinguish
in the figure. Regarding the shadow radius, that of the KS
BH is larger than that of the SC BH; conversely, that of
the GK BH is smaller. More importantly, the shadow ra-
dius in the second model is significantly smaller than in
the first model, indicating that, in the thin-disk accretion
model, the shadow radius is closely related to the details
of the accretion flow.

e Model III: Starting from the Event Horizon

Finally, we consider a model in which the emitted
specific intensity decays more gradually than in the first
two models. The accretion-disk radiation originates at the
event horizon r,, and its expression is given by
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7T/2 - arctan(r —Isco + 1)
/2 +arctan(r,) L
T
Lemic = r (67)
0, r< ry.

Fig. 13 presents the observational signatures of the
different BHs in the third model. As with the ISCO
(r1sco) and the radius of the unstable photon circular or-
bit (r,), the event-horizon radius (r,) of the KS BH in-
creases relative to the SC BH owing to the hair paramet-
er, whereas that of the GK BH decreases. In the integ-
rated-intensity profiles (second row), all three BHs exhib-
it two closely spaced peaks. The first peak is primarily
due to photon-ring emission. Although it coincides with
the location of the maximum integrated intensity for all
three BHs, its flux is much smaller than that in the neigh-
boring regions dominated by lensed-ring and direct emis-
sion. The photon ring of the KS BH is brighter, while that
of the GK BH is dimmer. The second peak arises primar-
ily from the lensed ring. Overall, the KS BH is brighter
than the SC BH, whereas the GK BH is dimmer. In the
images shown in the third row, the shadow radius b, for

0

L L L L L
5 10 15 -5 -10

(color online) As in Fig. 11, we use the second model (rip = r).

all three BHs slightly exceeds the critical impact paramet-
er corresponding to the event horizon (b = r;,). The bright
ring outside the shadow contains contributions from both
the photon ring and the lensed ring, which are difficult to
distinguish because of their close proximity. The moder-
ately bright region between the photon ring and the shad-
ow arises from direct emission, indicating that, in this
case, the shadow boundary is set by direct emission. Con-
sequently, the shadow radius is smaller in this model.
Across the three models above, the contributions from
photon-ring and lensed-ring emission are much smaller
than those from direct emission; thus, direct emission
dominates the total radiation intensity. In Sec. IV, we
concluded that the observed shadow size is independent
of the spherical accretion flow model; however, in disk
models, different accretion prescriptions yield different
shadow sizes. Specifically, from the first to the third
models discussed in this subsection, the shadow radius
decreases monotonically. The closer the accretion disk is
to the BH, the smaller the onset radius of direct emission,
and the smaller the shadow radius. In thin-disk models,
the reason that the shadow sizes of different BHs within
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the same model differ is the same as in the spherical ac-
cretion model, and the spherical-accretion discussion ap-
plies directly to the thin-disk case.

VI. SUMMARY AND DISCUSSIONS

This paper mainly studies the light trajectories, light
intensity distributions, and optical appearances of two
minimal deformations of the SC BH with spherical accre-
tion and thin disk accretion, namely the KS BH and the
GK BH, and discusses the deviations of them compared
with the SC BH. Due to the minimal deformations, the
radii of the event horizons, photon spheres, and shadows
of the hairy BHs differ from those of the SC BH. Spe-
cifically, the KS BH has larger radius, but the GK BH has
smaller radius. These results arise because the paramet-
ers of hairy BHs alter the gravitational effects of the BHs.
Based on the shadow radius estimated by EHT, we ob-
tained constraints on the hair parameter a* and 4% for
the two BHs. For the KS BH, the 1o~ upper limit of the
deformation radius oS is approximately 0.23, and the 20
upper limit is approximately 0.94. For the GK BH, the 1o

(color online) As in Fig. 11, we adopt the third model (7, = ).

upper limit of the magnetic charge a®® is approximately

1.38, and the 20 upper limit is approximately 1.63. These
results can be employed to constrain the parameter selec-
tion of quantum deformations and the NED theory.

In the scenarios of two spherical accretion models, we
obtain the distributions of integrated intensity for the two
hairy BHs. The results show that, compared with SC BH,
KS BH leads to shadow expansion and weakens the grav-
itational field due to quantum-corrections, but GK BH
results in shadow contraction and strengthens the gravita-
tional field due to the introduction of magnetic charge.
Whether considering static spherical accretion or infall-
ing spherical accretion, a stronger gravitational field leads
to a brighter shadow. It is worth noting that the details of
the two spherical accretion flows do not affect the shad-
ow radius, but they have a significant impact on the integ-
rated intensity of the shadow. Thus, the shadow radius is
only related to the spacetime structure. Due to the Dop-
pler effect, the shadow in the infalling spherical accre-
tion scenario is obviously dimmer than that in the static
spherical accretion scenario, and the intensity difference
between the inside and outside of the shadow is larger.
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In the three models of optically and geometrically
thin accretion disks, we systematically investigated the
observational features of these three types of BHs (SC,
KS, and GK BHs). These results show that the optical ap-
pearances of all three BHs exhibit narrow photon rings,
and that lensed rings exist outside the photon rings. Com-
pared with the SC BH, the widths of the lensed and
photon rings for the KS BH are narrower due to quantum-
corrections, while those for the GK BH are broader due to
the introduction of magnetic charge. In addition, the dom-
inant contribution to the observed integrated intensity ori-
ginates from direct emission, with negligible contribu-
tions from photon and lensed rings. Notably, distinct
from spherical accretion, the boundary of the observed
BH shadow in disk accretion is not determined by the
critical impact parameter, photon ring, or lensed ring, but
by direct emission. Overall, among the three models, the
KS BH exhibits the highest brightness, but the GK BH
exhibits the lowest dimness. In the first model, we pro-
pose a method to distinguish among the three BHs, which
can aid in testing GR and other gravitational theories.

It should be emphasized that the research in this pa-
per still has certain limitations in the context of current
astronomical observations. On the one hand, the current
EHT observations of Sgr A* and M87* strongly support
the Kerr hypothesis, that is, the observed supermassive
BHs can be fully described by the Kerr solution (SC solu-
tion for the spinless case) within the observational uncer-
tainty. When the deformation parameters a*® and a°X are
within the 1o constraint range given by EHT in this pa-
per, the shadow radius of KS and GK. BHs are highly
consistent with that of the SC BH, showing significant
parameter degeneracy. On the other hand, the discrimina-
tion method for different BHs proposed in this paper re-
lies on the measurement of the relative position of the
photon ring and lensed ring, whose angular scale is far
below the angular resolution limit of the current EHT.
Therefore, this method is only theoretically feasible at
present, and cannot be directly applied to actual astro-
nomical observations with existing equipment.

Nevertheless, the theoretical discrimination criterion
proposed in this paper still has important scientific value.
With the upgrading of the next-generation EHT and the
development of space very long baseline interferometry
technology, the angular resolution of BH imaging will be
greatly improved in the future. At that time, the method
proposed in this paper can be used to test the general re-
lativity, and search for the quantum correction effects or
nonlinear electrodynamics effects in the strong gravita-
tional field of BHs.

The conclusions of this paper are in good agreement
with existing similar studies: For other quantum-correc-
ted BHs such as 4D Gauss-Bonnet [55] (all of which are
well-defined higher-derivative gravity theories that natur-
ally emerge in UV-complete quantum gravity like string

theory), they generally possess larger horizons and
photon sphere radii than SC BHs, with an expanding
trend in shadow size and higher shadow intensity in ac-
cretion disk models, consistent with the behavior of KS
BHs in this paper. In contrast, Bardeen BH, Hayward BH
[66], and Ayén-Beato-Garcia BH coupled with a cloud of
strings [80], those NED BHs carrying magnetic charge,
exhibit smaller horizons and photon sphere radii than SC
BHs, along with shrinking shadows and lower shadow in-
tensity in disk models, aligning with the features of GK
BHs discussed herein. The unified imaging framework
established in this work can be directly extended to com-
parative studies of the aforementioned analogous BHs,
which is one of the core directions of our subsequent re-
search. In fact, we have already found that when only
scale factors (e.g., event horizon, photon sphere, and
photon ring radii) are considered, Einstein cubic gravity
[81] 7and Einstein quartic gravity [82] yield results
identical to KS BHs in this paper, while the standalone
Ayoén-Beato-Garcia BH [83] and other NED [84] BHs
alsoconform to the discussion of GK BHs here. There-
fore, one of our future works is to demonstrate that these
BHs are consistent with the results of this paper in terms
of shadow intensity as well.
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APPENDIX A: FROM THE 4D EINSTEIN-HIL-
BERT ACTION TO THE 2D EFFECTIVE
DILATON GRAVITY THEORY

In Ref. [62], Kazakov and Solodukhin provided a de-
tailed derivation of the reduction from the 4D
Einstein—Hilbert action to the 2D effective dilaton action.
We review this procedure in Appendix A. Kazakov and
Solodukhin considered a decomposition of the metric g,,
into a spherically symmetric part ¢g¥" and a non-spherical
quantum fluctuation 4,,, i.e.,

sph

8uv :gﬂv +h/4v' (Al)

At leading order, the non-spherical fluctuations #,, may
be treated as classical fields.
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The Einstein-Hilbert action is given by:

dx* V=gR, (A2)

16G

where G denotes Newton's gravitational constant (we re-
frain from using geometric units here) and g is the de-
terminant of the metric g,,. We assume that, to leading
order, both the 4D metric g,, and the matter fields are
spherically symmetric. Applying the coordinate trans-
formation (¢,r,0,¢) — (z*,77,6,¢) to Eq. (1) yields

ds? = -7 Az dz + 2(z,2)(d6? +sin® 0de?).  (A3)

In the SC metric, z* and 7z~ serve as Kruskal coordinates.
It can be shown that the Ricci scalar

_,0Inr? dInr?
oz*

2

62 r2

+=+—e ,
0z r2 ot 0770z

8 -0

R=4e"

07t0z7~

has as its first term the Ricci scalar R® of the 2D metric

(ds?)? = - dz d7, (A4)

namely,

2 2 2
R=R(2)—E(Vr)2+ﬁ+ﬁljr2 (AS)
where (Vr)? = g?%(V,r)Vyr, 0= g<2><*ﬁ2vavﬂ, and the in-
dices a,p take values 0 and 1. Here g;,; is the 2D metric
determined by (ds»®. From Eq. (A3), we find

g = (€*r*sin’*6)/4, and thus the action can be rewritten as

/ dgo/d@/dzzx/_R

d’z [PR® -2(Vr)* +2],

1 67TG

8G (A6)

where d’z=dz*dz", and we have omitted the boundary
term Or2.

Note that Eq. (A6) is a special case of 2D dilaton
gravity [85—88]. By introducing the dilaton field
¢ =In(r*/G), Eq. (A6) can be cast into the form of a
dilaton gravity action.

S = é dz? {e‘f’ <R(2) - %(V(ﬁ)z) + U(¢)} , (A7)

where U(¢) =2/G. Recognizing that quantum correc-
tions will alter the form of the potential U(¢), we intro-
duce the dimensionless variable & = r/ VG and generalize

the preceding expression to an arbitrary dilaton potential,
resulting in the generalized action

_1 2 | £2p(2) _ 2 g
y_g/dz [fR A7+ UG (AY)

Equation (2) is presented below.

Varying the action with respect to the two-dimension-
al metric g®* and the field ¢ yields the equations of mo-
tion shown in Eq. (3).

2,V =53 | LU+ 2606 + (V)
- @, 1dUE)
0=20&+ &R + G & (A9)

Eq. (A9) implies the existence of a two-dimensional
Killing vector field &, = £,,VP¢ (where &,5 denotes the
two-dimensional Levi-Civita symbol) that satisfies the
Killing equation.

Vads + Vst = 0. (A10)

Thus, the field £ may be chosen as a spacelike coordinate,
thereby allowing (ds*)® to be written as

G
dé’.

dsH)? = d All
(ds”) f(§)t+f(§) (A1)
This form satisfies the relations
L 0 mes 1 df )
=0 o ( 8% (9xﬁ§> G de
0& de 1
2 _ ,@ep 9 Y5 _ 1
(V&) =g i Gf(f), (A12)

where ¢® denotes the determinant of the metric g7). Sub-
stituting Eq. (A12) into Eq. (A9) yields

&
£ = —%M + é / UE)e, (A13)

where the integral is taken to be indefinite, and the integ-
ration constant is omitted. Finally, reverting ¢ to » and
employing geometric units (G = 1) gives

f(r) = ——M+ ! /rU(r)dr. (A14)

This is Eq. (9) in subsection Il A; substituting it into Eq.
(1) yields the 4D metric.
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