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Shadow images of a rotating black hole in Kalb-Ramond gravity
surrounded by the thin accretion disk”
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Abstract: By employing backward ray-tracing techniques, we investigate the shadow image of rotating black holes
in Kalb-Ramond gravity. We consider two primary emission models: a spherical source and a thin accretion disk,
with the latter assumed to be optically and geometrically thin. The results reveal that enhanced black hole rotation
parameter a amplifies the shadow's departure from circular symmetry, whereas spontaneous Lorentz symmetry-
breaking parameters G and A suppress the shadow radius. For accretion disk models, observer inclination angle 6,
predominantly governs the inner shadow morphology and photon ring brightness asymmetry, while a, G, and 4
primarily modulate the inner shadow scale. An increase in 6, induces a morphological transition of the inner shad-
ow from a circular to a D-shaped geometry, accompanied by enhanced brightness in a crescent-shaped region on the
left side. Meanwhile, increasing the values of a, G, or A consistently reduces the shadow dimensions. Furthermore,
higher inclination angles 6, further enhance spectral differentiation, that is, low inclination angles exhibit exclus-
ively redshifted emission, whereas those at high inclination angles produce blueshifted components in both direct
and lensed images. These characteristic signatures provide observational discriminators between rotating Kalb-Ra-

mond black holes and alternative spacetime.
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I. INTRODUCTION

As extremely dense celestial bodies predicted by Gen-
eral Relativity (GR), black holes have captivated the sci-
entific community with their extreme gravitational ef-
fects and event horizon dynamics. The landmark detec-
tion of binary black hole mergers by the Laser Interfero-
meter Gravitational-Wave Observatory (LIGO) [1-3] es-
tablished the first direct evidence for astrophysical black
holes, while the Event Horizon Telescope (EHT) collab-
oration's 1.3 mm interferometric imaging of M87's cent-
ral supermassive black hole [4—9] marked the dawn of
visual black hole astronomy. Subsequent EHT observa-
tions of Sagittarius A* (Sgr A*) [10—15] demonstrated
that the photon ring angular diameter agrees with GR's
predicted shadow size within 10% uncertainty. These
millimeter-wave interferometric measurements  essen-
tially map the black hole shadow's angular scale, provid-
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ing empirical constraints on black hole mass, spin, and
strong-field spacetime geometry. Given the shadow mor-
phology's acute sensitivity to spacetime curvature, it has
become a powerful diagnostic tool for testing gravitation-
al theories and quantifying black hole parameters
[16-32].

Although the black hole itself does not emit light, its
strong gravity attracts the surrounding hot, magnetized
plasma, forming a luminous accretion disk around the
black hole. These disks—composed of relativistic gas and
dust orbiting near the speed of light —emit multi-
wavelength radiation spanning X-ray to infrared regimes
[33]. During accretion episodes, a fraction of infalling
material escapes along the black hole's rotation axis, gen-
erating collimated relativistic jets. Both the accretion
flow and jets act as primary illumination sources for hori-
zon-scale imaging, with their radiation patterns critically
shaping the observed shadow morphology. The founda-
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tional work by Luminet [34] employed semi-analytical
methods to simulate Schwarzschild black hole shadows,
revealing that the shadow's apparent size depends on both
the accretion flow's outer boundary and the central bright-
ness depression. Subsequent studies extended this frame-
work to Kerr black holes with Keplerian accretion disks
[35], while general relativistic ray-tracing techniques en-
abled investigations of thick accretion disks [36]. Recent
advances systematically explore the optical observation
appearance of black holes in diverse accretion scenarios:
spherical accretion models [37—40], optically/geometric-
ally thin disks [41-58] and geometrically thick accretion
disk models [59, 60]. By conducting in-depth analyses of
these models, a more comprehensive understanding of the
distinct characteristics of black hole shadows across vari-
ous spacetime backgrounds can be attained.

With the ongoing development of observational tech-
nological infrastructure, researchers are now able to util-
ize experimental techniques with improved precision and
resolution to systematically validate the theoretical pre-
dictions of General Relativity (GR) across a wide range
of astrophysical environments, from weak gravitational
fields to strong-field regimes [61, 62]. These ground-
breaking developments not only consolidate the theoretic-
al foundation of GR from multiple dimensions but also
drive systematic revisions of the theory. Among prevail-
ing modification schemes, the reconstruction of GR's the-
oretical framework through Einstein action modifications
represents a pivotal approach, where the introduction of
Kalb-Ramond (KR) geometric structures emerges as a
critical methodological breakthrough for such theoretical
extensions [63]. As a two-form quantum field, the KR
field is hypothesized to be associated with closed string
excitations within the framework of heterotic string the-
ory [64]. Studies have demonstrated that the nonminimal
coupling between the gravitational sector and the non-
zero vacuum expectation value of the tensor field leads to
spontaneous Lorentz symmetry violation [65]. Recently,
Khodadi studied rapidly rotating black holes in the pres-
ence of Lorentz symmetry violation parameters, which
differ from Kerr black holes, and explored the energy ex-
traction phenomenon induced by magnetic reconnection
in the ergosphere [66]. Additionally, they investigated
slowly rotating black holes modified by Lorentz sym-
metry violation and analyzed the energy deposition rate
of neutrinos producing gamma-rays from annihilation in
the equatorial plane of the black hole [67]. Research in
the KR field has led to several significant conclusions, in-
cluding the derivation of the antisymmetric tensor of a
second-rank, which is interpreted as the source of space-
time torsion, the intrinsic angular momentum of objects,
and the diverse structures of distant galaxies attributed to
topological defects [68, 69]. Further studies on KR field
gravity and its effects on particles can be found in the ref-
erences [70—72].

As an effective platform for testing gravitational the-
ory, the investigation of black hole shadows within the
framework of KR gravity has naturally garnered consid-
erable attention. Kumar et al. investigated the shadow
profile and strong gravitational lensed effect of rotating
black holes in KR gravity [73]. while Zubair et al. con-
strained Lorentz-violation parameters through shadow-ra-
dius comparisons with EHT observations [74]. Comple-
mentary work by Liu et al. modeled shadows of slowly
rotating KR black holes under isotropic emission [75].
However, these studies mainly focus on slowly rotating
black holes or neglect accretion disk models, while the
accretion disk plays a crucial role in black hole shadow
imaging. Therefore, this paper will explore the shadow
images of black holes with general rotation parameters in
KR gravity under the spherical light source and thin ac-
cretion ‘disk models. We will focus on the influence of
relevant physical parameters, observation inclination and
the state of accretion material on the shadow image.

The structure of this paper is arranged as follows. In
Section 2, we briefly discuss the action of the KR field,
static and rotating black holes in KR gravity, and derive
the photon geodesic equation. Based on this, we generate
the shadow images of rotating black holes by introducing
celestial coordinates. In Section 3, we present the black
hole shadow image under spherical light sources using
the backward ray-tracing techniques. In Section 4, we
consider an optically and geometrically thin accretion
disk located at the equatorial plane as a light source and
plot the black hole shadow image. We will focus on the
influence of black hole parameters and observation in-
clination on the shadow image. In Section 5, we analyze
in detail the redshift factor distribution of direct and
lensed images. Finally, we summarize the main conclu-
sions and provide further discussions.

II. THE BLACK HOLE IN KALB-RAMOND
GRAVITY

A. Rotating black holes and null geodesics

Consider the nonminimal coupling between the grav-
ity and a self-interacting KR field [76]

R 1 abc ab ab
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(1

where g is the determinant of the metric tensor g,
R=g"R,, is the scalar curvature, and R, is the Ricci
tensor. The KR field is defined by the antisymmetric
tensor field T, satisfying T,, = —T},, and the potential V'
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depends on the expectation value of the tensor field T,,.
The parameters ¢; and & are the nonminimal coupling
constants. For convenience, we adopt geometric units
(G =c =1). The existence of the KR field leads to the vi-
olation of Lorentz symmetry, i.e., in the case where the
vacuum expectation value (T,,) = t,, # 0 [63], the tensor
field T, can be decomposed into a timelike vector and
two spacelike vectors, similar to the decomposition of the
electromagnetic field tensor F,, [65]. The tensor
He = 0,Ty. 1s also an antisymmetric tensor, satisfying
Hpe = Hygpey- Formally, H,,. 1s similar to F,,, while T, is
analogous to the electromagnetic four-potential A,.

In [76], the authors postulate that the KR field exists
in a vacuum environment, thereby fulfilling the condition
T%T,, = t*t,. In flat spacetime, the vacuum expectation
value of Lorentz symmetry violation, denoted as ¢, is
treated as a constant field, satisfying 9,7, = 0. Addition-
ally, it possesses a constant norm given by #* = 1*1,,. Un-
der these conditions, the strength of the KR field dimin-
ishes, and consequently, 7, is regarded as a constant
tensor with a vanishing Hamiltonian. By invoking the
minimal substitution principle, the assumption is general-
ized to curved spacetime. In this context, the vacuum ex-
pectation value of the KR field is also considered con-
stant, satisfying the condition V,f,. = 0. This ensures that
both the KR field strength and the associated Hamiltoni-
an remain identically zero. By employing the minimal
substitution principle, the assumption is generalized to
curved spacetime. In this context, the vacuum expecta-
tion value of the KR field is considered constant, satisfy-
ing the condition V,#,. = 0. This ensures that both the KR
field strength and the associated Hamiltonian remain
identically zero. Based on this theoretical framework, one
can derive the solution for static black holes in KR grav-
ity, assuming that the KR vacuum expectation value z,,
has a constant norm and the corresponding Hamiltonian
is zero. The modified Einstein field equation is given by

1
Ru,— ~Rgu = 87T},

: @)

where 77} is the energy-momentum tensor. The general
form of the static spherically symmetric metric is

ds® = —A(r)df* + B(r)"'dr* + 7 (6 +sin>0d4?) . (3)

The KR vacuum expectation value can be written as
tap = —E(r)[(dD)a A (dr)s], “
where 1, = —E. As mentioned earlier, the norm of the KR

field 72 = r**t,, is constant. For the metric (3), E(r) satis-
fies

A(r)
2B(r)’

E(r) =11 ®)

where ¢ is a constant. This describes a static pseudo-elec-
tric field in the radial direction, i.e., E4 = (0, E,0,0). Sub-
stituting the metric (3) into the modified Einstein field
equation (2), we obtain

A(r):B(r):l—z—M+g2.
r ri

(6)

Thus, the static black hole metric in KR gravity can be
written as

+7 (dé’z +sin’ 6’d¢2) . @)
In the above equation, G and A are parameters that de-
scribe spontaneous Lorentz symmetry violation and are
closely related to the KR field's vacuum expectation
value 7., and the nonminimal coupling constant &;. The
parameter A= [f?& (£ =11,,) quantifies the interplay
between the KR field's vacuum expectation value % and
the nonminimal coupling constant &. In addition, the in-
tegration constant G determines the magnitude of the
Lorentz-violating correction to the gravitational potential
[77]. Its dimension [L)7 characterizes the scaling behavi-
or of the KR field’s effect on spacetime curvature; spe-
cifically, for 1> 0, G induces a power-law deviation from
the Schwarzschild geometry, where a larger G enhances
the deviation at smaller values of r. Physically, G origin-
ates from the boundary conditions of the KR field equa-
tions and represents the cumulative influence of Lorentz-
violating vacuum fluctuations in the vicinity of the black
hole. When G =0, the metric reduces to the solutions of
general relativity (the Schwarzschild solution), indicating
that G quantifies the deviation of KR gravity from stand-
ard spacetime symmetries. When 1=-1 or 1=1, the
metric (7) simplifies to the Schwarzschild—de Sitter met-
ric or the Reissner-Nordstrom metric, respectively. For
A>0, (7) describes an asymptotically flat spacetime,
whereas for 1<0, it corresponds to an asymptotically
non-flat spacetime. In this study, we focus primarily on
the case of asymptotically flat metrics, that is, when
A>0. Under this condition, the properties of black holes
in KR gravity can be further explored, as well as the rela-
tionship between the vacuum expectation value ¢, and
the coupling constant &,. Since the effect of Lorentz sym-
metry violation on the gravitational field is extremely
weak, the coupling constant & must take a very small
value. This suggests that Lorentz symmetry violation
might occur in regions close to the Planck scale, leading
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to a vacuum expectation value ¢ that may only manifest
at the Planck scale as well.

As a generalization of the static black hole, we now
discuss rotating black holes. By introducing the rotation
parameter a in the metric (7), we can describe a black
hole with spin, whose null geodesics and shadow struc-
ture will significantly differ from those of a static black
hole. Since supermassive black holes typically possess
spin, comparing the shadow of a rotating black hole with
the observational data from EHT is crucial for revealing
the physical properties of black holes. The rotating black
hole metric can be derived from the static black hole met-
ric using the Newman-Janis algorithm. This work has
been done by Kumar et al. [73], and is therefore not re-
peated here. The metric for a rotating black hole in KR
gravity is given by

A— 2 o 29 2
as’ = <> at +E a1 e

o
0
sm (( — Ad?sin 9) d¢?
2 o
4 2asin <A @—r )dtdgb, (8)
02
where
A:rz—ZMr+a2+QrM;”, )
p° =1’ +a’cos’6. (10)

It is easy to see that the metric components do not con-
08,y _ 08
ot O
tionary axisﬂymmetric spacetime with two Killing vector

i) ma (55)
ﬂelds(at and 9 .WhenGg=0and A#0o0ra=1,

the metric (8) reduces to the Kerr or Kerr-Newman black
hole metrics, respectively. When a = 0, the metric (8) re-
duces to the static black hole metric (7). In this paper, we
set the black hole mass M = 1 and specify values for a, 4,
and G. By setting A=0, we obtain two solutions, r.,
which correspond to the event horizon and Cauchy hori-
zon, respectively. The term Gr is found to play a cru-
cial role in horizon dynamics. Variations in the paramet-
ers G and A can modify the structure of spacetime geo-
metry, thereby influencing the characteristics of the black
hole shadow. Current EHT observations of M87* and Sgr
A* are capable of constraining the relevant parameters
within alternative theories of gravity. Consequently, by
analyzing the angular diameter and degree of deforma-
tion of the black hole shadow, permissible ranges for the
parameters G and A can be established, as will be dis-

tain ¢ and ¢, i.e., = 0. Therefore, this is a sta-

cussed in the following sections.
Next, we will discuss the null geodesics of rotating
black holes in KR gravity. First, consider the Lagrangian

1
L(g,q) = gabq q, (11)

where the metric tensor g, comes from the metric (8),

0
and the four-velocity of the photon is U“= (@) 4",
with - representing the derivative with respect to the af-
fine parameter 7. The generalized momenta can be ex-
pressed as
— o b
Pa=8abq - (12)
As mentioned earlier, this spacetime has two Killing vec-
tor fields, so by expanding the Lagrangian and substitut-
ing equations (9) and (12), two constants of motion can
be obtained

&= 6! —gul— g¢t¢ = =P (13)
oL . .
L= % = gul + 8P = Dy- (14)

To make the system of equations fully integrable, anoth-
er constant must be introduced. Since the coordinates r
and 0 are separable in the Hamilton-Jacobi equation, an
additional constant of motion, called the Carter constant
[78], can be obtained. The Hamilton-Jacobi equation can
be written as

oS
2 2J L
or

w9808y _
oxt ox

(15)

where S, is the Jacobi action, and its form can be as-
sumed as

S] = %mPT—8t+L¢+Ar(r)+A9(0)’ (16)

where m,, is the mass of the particle moving around the
black hole, and A,(r) and A4(0) are undetermined func-
tions. Now, setting m, = 0, by separating variables in the
Hamilton-Jacobi equation, the null geodesic equations
can be obtained as

2+a2

p’i=a(L-aEsin’0) +

[8(r2+a2) —aL] ,  (17)

p'i* = R(r), (18)
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p'0? = 0(0), (19)

o= (.Lcsczé’—aé’) —% [a,[j—S(r2+a2)] , (20)
where

R0 = [8(° +a")-aL] -A[C+(L-a)]. ()

0(0) = C +cos?0(a*E* — L2 csc? ), (22)

which are called the radial and angular potentials, re-
spectively, and C is the Carter constant. Equations (17)-
(20) are first-order differential equations for the null
geodesics, which can precisely describe the motion of
photons near the black hole. The subsequent discussions
on the black hole shadow will be based on these four dif-
ferential equations.

B. The shadow of a rotating black hole in Kalb-Ra-
mond gravity

To obtain the shadow of the rotating black-hole in KR
gravity, it is necessary to study the photon sphere of the
black hole. The photon sphere is a special surface located
outside the event horizon. Once a photon enters the
photon sphere, it will be captured by the black hole and
cannot reach an observer at infinity. Only light outside
the photon sphere can reach the observer. Therefore, the
size and boundary of the black hole shadow are actually
determined by the radius of the photon sphere. By choos-
ing a coordinate system such that the value of 6 for the
null geodesic is always /2 (i.e., the photon always re-
mains in the equatorial plane), the radial equation can be
rewritten as

7+ V,p4(r) =0, (23)

where
RP [P +a)-aL]’~A[C+(L-aE)]

24 27 :
(24)

Vers(r) =—

Here, the term of V., is the effective potential for the
photon. If the photon captured by the black hole is in an
unstable orbit, it may escape after several orbits around
the black hole; if it is in a stable orbit, it will be bound for
a long time. The properties of these orbits are determined
by the effective potential. Photons emitted from the light
source or accretion disk may get trapped in the local re-
gion near the event horizon, where some photons fall in-

to the horizon, while others escape to infinity. This phe-
nomenon forms the black hole shadow, whose boundary
is surrounded by a luminous massless sphere [79], which
is the photon sphere. The radius of the photon sphere can
be derived from the conditions i(r) =0 and #(r) = 0. Ac-
cording to equation (18) and equation (24), this condition
is equivalent to

Ry=0, 2RO _, 25)
or
or
Vigs(r) =0, Leaf; @ _y, (26)

For unstable orbits, V,,/(r) must also satisfy the condi-
. . ’ PVerp(r
tion for a maximum value: % <0. To solve the sys-

tem of equations (26), define the impact parameters

o

'3 7R

@27

£
g N

Solving equation (26) based on this gives

2(2-1)
72+ g2 2r[r2+a2—2Mr+§r B }

a a[r—M+Q(1—%)rl‘ﬂ

, (28)

}’2

= [16A (@ = A) =P + SrAA'}

= {2 [r(r-3m) M) 44 (141)°
+ Zg/lr“% [2612 +r(r=3M)(A+ 1)] }

X [argu —D+alri(r— M)} 2
(29)

where A’ represents the derivative with respect to the ra-
dial distance r. Since ® >0 in equation (19), the impact
parameters satisfy

n—&cotd® +a*cos’0> 0. (30)
This condition defines the region where photons can ex-
ist.

The geodesic differential equations (17)-(20) are in-
sufficient to fully describe the motion of photons. To ob-
tain the black hole shadow image, it is necessary to de-
termine the integration constants. For this purpose, we
choose the zero angular momentum observer (ZAMO).
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Suppose the observer is located at (¢,,7,,6,,¢,), and with-

in its neighborhood, there exists a local orthonormal tet-

rad defined as

(e0)' = ( e
8¢

—8¢¢

—8o¢ —= ), (3 1)
818¢¢p — 8o

818 —gzzqs

90,0,

(e))" = (0,\2_,0,0) , (32)
1
(62)a = <O’ 09 \/%,O> Py (33)
-1
(63)a = <09 Os 0’ \/%) P} (34)

where (eq)? is the timelike vector representing the observ-
er's four-velocity; (e;)? is in the opposite direction of the
observer's spatial radial basis (e,)* and points towards the
black hole center. g, is the metric defined by equation
(8). It is important to note that the choice of tetrad is not
unique, and different tetrads are related by Lorentz trans-
formations. Using the tetrad (31)-(34) and the method of
stereographic projection, we can obtain the black hole
shadow image.

In Figure 1, we illustrate the method of stereographic
projection [80]. The observer is located at point O, and
the red arrow originating from O represents the direction
of photon propagation. The vector OQ is the tangent vec-
tor to the null geodesic passing through point O, repres-
enting the photon's three-momentum. Its geometric mean-
ing is the projection of the tangent vector of the null

Imaging plane

(e,)" =(e,)"

Fig. 1.  (color online) The ZAMO tetrad and celestial co-
ordinates (®,®) based on the method of stereographic projec-
tion. The gray sphere represents the three-dimensional sub-
space of the observer, with (e;)* pointing toward the center of
the black hole. The blue plane is the imaging plane.

geodesic at point O onto the observer's three-dimensional
subspace. The celestial sphere is_g three-dimensional
sphere centered at O with radius 10Q|. We set the origin
of the tetrad (31)-(34) ) as O’ and place O’ on the celestial
sphere, i.e., |00'|=]00| is the radius of the celestial
sphere. Extending |0’0|, it intersects the celestial sphere
at point N, so that |O’N| is the diameter of the celestial
sphere and is collinear with the basis vector (e;)*. The
blue rectangular plane passing through point O’ is the
imaging plane, which is tangent to the celestial sphere.
The line connecting N and Q intersects the irrﬂ;ing plane
at point Q’, and the projection of the vector @ onto the
imaging plane is represented by the vector |[0’Q'l. To de-
scribe the direction of the photon source as seen by the
observer, we introduce celestial coordinates (®,®), where
O is the %le between OQ and (e,), and @ is the angle
between OO and (e,)".

Utilizing spherical coordinates, under the frame (31)-
(34), the tangent vector of the null geodesic can be ex-
pressed as

U* = [00I[—(eo)" +cos O(e; )"

+sin®cosD(e;,)” +sin O sin D(e3)"], (35

where the negative sign in front of —(ey)* ensures that the
tangent vector is a past directed null vector. Additionally,
since the photon trajectory is independeri}of its energy,
we set the photon energy to be 1, i.e., 00| =1. On the
other hand, for each photon path y(r), the coordinates
(t,r,0,¢) are functions of z, and the general form of its
tangent vector is

() o) () (&) oo

From equations (31)-(36), we can see that the photon
four-momentum corresponds one-to-one with the spheric-
al coordinates. Once the photon four-momentum is given,
the spherical coordinates can be determined; conversely,
if the spherical coordinates are known, the photon four-
momentum can be determined through coordinate trans-
formation. Therefore, by combining the observer's posi-
tion, the initial values of the photon motion equations
(x*,pu)|, can be determined. In the ZAMO frame, the
photon's four-momentum is given by p, = p.e,?, where
e, 1s defined in equations (31)-(34), and p, is determ-
ined by equations (17)-(20). Let the components of p¢ in
the ZAMO frame be p*, which satisfies the relation
P° = prg™, where g¥ is the metric defined in equation (8).
According to [81], the relationship between the spherical
coordinates and the photon four-momentum are
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p3

cos® = tan® = —. (37)
p

1
F;
In order to obtain the black hole shadow image, it is
also necessary to relate the spherical coordinates (®, ®) to
the points (x,y) on the imaging plane in the Cartesian co-
ordinate system. The correspondence depends on the

camera model used. In this paper, we choose the wide-
angle fisheye camera model. A Cartesian coordinate sys-

tem is established on the imaging plane with O’ as the
origin, and the projection coordinates of point 4 on this
plane are given by the following equations

® 0
X = —2tan (E) sin®, yp=-2tan (§> cos®. (38)

For the rotating black hole in the KR gravity, the expres-
sions for the spherical coordinates are

VA /(@ + 1) —a’A=A(r,) = 2B + (@2 - DEXr,)

O(r,) = arccos { 1B

VE2£(r,)

®(r,) = arctan {

where

A=(a*+7r)? —d*Asin®0, B=a(d*+1r*—AE(r,), (41)
r, is the photon sphere radius, satisfying condition (25).
Based on the above discussion, we can plot the shadow
images of a rotating black hole in KR gravity. This paper
will study the effects of the Lorentz'symmetry violation
parameters G, 4, and the rotation parameter a on the shad-
ow images.

In Figure 2(a), we fix the spontaneous Lorentz sym-
metry violation parameters 2 =0.1 and G = 0.9, and vary
the rotation parameter a. The red, green, blue, and or-
ange shadow images correspond to a =0.1,0.4,0.7,0.9, re-
spectively. As can be seen, when a — 0, the shadow ap-
pears as a perfect circle and is symmetric about the x-ax-
is. As a increases, the shadow image gradually shifts in

|

VAsin?6 \/a2 cos? 0 +1n(r,) —cot> 6&2(r,)

} ; (39

(40)

the positive x direction, with the curvature on the left side
slightly decreasing and tending to flatten, but the wvari-
ation in a has little significant effect on the size of the
shadow. In Figure 2(b), we fix a=0.3 and G=0.9, and
vary 4. The red, green, blue, and orange shadow images
correspond to 1=0.1,0.4,0.7,0.9, respectively. It can be
seen that A has little effect on the shape of the shadow,
but as 1 increases, the shadow size significantly de-
creases and shifts in the positive x direction. In Figure
2(c), we fix a =0.3 and 2 =0.9, and the red, green, blue,
and orange shadow images correspond @ to
G =0.1,0.4,0.7,0.9, respectively. The effect of G on the
shape and size of the shadow is similar to that of 1. As G
increases, the shadow size decreases, and the left side of
the shadow image flattens and shifts in the positive x dir-
ection. The differences between these images will be dis-
cussed in the following sections, which may serve as a

o

ar 4

2 2
S 2
S S

[N}
|
[S)

B

x/M
(a) a=0.3,&=-0.5
Fig. 2.

i J

2 4 6 4 2

x/M x/M
(b) a=0.3,£=05

(color online) The shadow images of a rotating black hole in KR gravity and their relationships with parameters a, 1, and G

(c) a=0.6,£=0.5

are investigated. In the left panel, the red, green, blue, and orange shadow images correspond to a =0.1,0.4,0.7,0.9, respectively. In the
middle panel, the red, green, blue, and orange shadow images correspond to 1= 0.1,0.4,0.7,0.9, respectively. In the right panel, the red,
green, blue, and orange shadow images correspond to G =0.1,0.4,0.7,0.9, respectively. The fixed parameters include the black hole
mass M = 1, observer distance r, = 100, and observer inclination angle 6, = 90°.
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basis for distinguishing rotating black holes in KR grav-
ity from other spacetimes.

To effectively describe the effects of parameters on
the size and shape of the black hole shadow, we define
two observable physical quantities: the size and the devi-
ation from the circularity

(-xt - xr)z +yt2
20x; = x|

Xj— X
, 6d:|l 1|.
R,

Rd = (42)

Here, R, is the radius of the reference circle passing
through the top, bottom, and rightmost points of the black
hole shadow, used to approximately reflect the size of the
shadow; ¢, represents the degree of deviation from the
circularity. Specifically, the five reference points in-
volved in equation (42) are shown in Figure 3, where
x¥0), (X0,9), (x,,0), (x,0), and (x;,0) correspond to the
top, bottom, rightmost, and leftmost points of the black
hole shadow, and the leftmost point of the reference
circle, respectively. When x; # x3, §; # 0. This phenomen-
on occurs because, for rotating black holes, the radii of
the innermost unstable circular orbits for prograde and
retrograde photons are unequal. The right endpoint of the
black hole shadow, (x,,0), corresponds to the unstable
retrograde circular orbit observed by an observer in the
equatorial plane, whose center is

XX =y
, = ——L 2L 43
= - *)
and coincides with the center of the reference circle. In
Figure 4, we show the effects of the parameters G, 4, and
a in KR gravity on R; and §,. From the figure, we can

0.051477

0.051476

Rq

0.051475|

0.051474
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> 0.048
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observe that, with other parameters fixed, as a increases,
both R; and 6, show a monotonic increase, although the
increase in R; is small. As A and G increase, R; de-
creases gradually, while 6, increases. These trends are
consistent with the results in Figure 2, but they are more
intuitive.

In astronomical observations, the physical quantity
used to reflect the size of the black hole shadow is the an-
gular diameter D = deDMH, where D, is the distance
between the black hole and the observer, R, is the shad-
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Fig. 3. (color online) The black hole shadow and the refer-
ence circle. In the figure, the orange contour represents the
black hole shadow, and the blue contour represents the refer-
ence circle. The radius of the reference circle is R;, and the
absolute value of the difference in the x-coordinate between
the reference circle and the left endpoint of the black hole
shadow is 6.
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(a) A=0.1,G = 0.9
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(d) A=0.1,G6 =0.9

Fig. 4.

0.0

(e) a=0.3,6 =09

(color online) The relationship between the black hole shadow size R, and the deviation from the circularity 5, with respect to

0.8 0.2 0.6

(f) a=0.3,A=09

parameter variations in KR gravity. The first column fixes 1=0.1, G =0.9; the second column fixes a = 0.3, G = 0.9; the third column
fixes a = 0.3, 1= 0.9, with the other parameters varying from 0.1 to 0.9 in equal intervals.
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ow radius at the black hole position on the screen, which
is related to the shadow size R, and can be calculated
through a simple geometric relation, and M is the black
hole mass. According to the references [82], when the
black hole is far from the observer, the angular diameter
can be quantitatively expressed as

i 1
D =2x9.87098R, (ﬂ> ( kpc) jas. (44)
M,/ \'D,

In Figure 5, we show the estimated ranges of the angular
diameter D of the shadows of Sgr A* and M87*. The
first row corresponds to Sgr A*, and the second row cor-
responds to M87*. The orange solid line represents the
1o confidence interval of D, the purple dashed line rep-
resents the 20 confidence interval, and the red line seg-
ments represent the estimated range, with the endpoints
marked with bold black short lines. The results indicate
that when a =0.3,G = 0.9, as 4 increases, the angular dia-
meter of both Sgr A* and M87* decreases. Specifically,
for Sgr A*, when A < 0.6, the decrease in Dgga- is relat-
ively slow, while for A > 0.6, the decrease accelerates sig-
nificantly; for M87%*, the critical point for this change is
around A =0.5. On the other hand, when ¢ =0.3,4=0.9,
as G increases, the angular diameter of both Sgr A* and
MR87 also decreases, but the decrease in Dygr- 1S more
pronounced. In all of the above cases, the estimated range
of D is within the 1o confidence interval. It should be
noted that, several studies have already constrained the

possible ranges of 4 and G. For instance, Ref. [76] ob-
tained an upper bound of G <2.8x10%km? under the
condition A=1 by analyzing Mercury’s perihelion pre-
cession, while Ref. [83] constrained the parameter space
to 0 < A < 1 through the tests of light deflection and Sha-
piro time delay. In this work, however, within the frame-
work of geometric units we adopt values G and 4 for the
purpose of demonstrating the qualitative trends of their
effects, rather than representing physically realistic para-
meters. This choice is not contradictory, provided that the
estimated ranges of the shadow angular diameter D re-
main within the 20- confidence intervals of the observa-
tional data.

III. OBSERVATIONAL CHARACTERISTICS OF
THE BLACK HOLE IN SPHERICAL LIGHT
SOURCES

In this section, we will use the backward ray-tracing
techniques to discuss the shadow image of a black hole
under the spherical light source model. In the spherical
light source model, the black hole is located at the center
of the celestial sphere, with the rotation axis pointing to-
wards the north pole. The size of the black hole is much
smaller than the diameter of the celestial sphere, and the
observer is positioned on the celestial equator. For clarity,
the celestial sphere is divided into four quadrants, which
are labeled in red, blue, yellow, and green. A white refer-
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Fig. 5.

g
(d) a=03,1=0.9

(color online) The estimated ranges of the shadow angular diameter O for Sgr A* and M87. The orange solid line and the

purple dashed line represent the 1o and 20 confidence intervals, respectively, while the red line segments represent the estimated
ranges, with corresponding parameters varying from 0.1 to 0.9 in equal intervals.
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ence light source is placed opposite the observer on the
celestial sphere to study the strong gravitational lensed
effect of the Einstein ring. The backward ray-tracing
techniques assumes that the observer emits photons, and
pixel mapping is performed by numerically solving the
null geodesic equations. The advantage of this method is
that it does not require considering photons that are emit-
ted by the light source but do not reach the observer, thus
simplifying the calculations. By using the backward ray-
tracing techniques, once a photon reaches the celestial
sphere, the corresponding pixel color is determined, with
the photons that reach the event horizon marked in black.

To image the black hole shadow, we further discuss
the camera projection. As mentioned earlier, we adopt the
fisheye camera model, where the angle of field of view
afy determines the camera's viewing range. Let the
Cartesian coordinates of the imaging plane be (x,y). For
convenience in calculation, we take a4,,/2 in both the x
and y directions, thus defining a square screen with a side
length of

Afoy
3 .

L=2‘O_Q)‘tan (45)

The imaging plane is divided into nxn pixels, with the
side length of each pixel being

L 2 of
l=—=7p@mﬁﬁa (46)
n o n 2

The center of each pixel is labeled by, the coordinates
(i, j), with the bottom-left pixel defined as (1,1) and the
top-right pixel defined as (n,n), where i and j range from
1 to n (in this paper, we take n =256). The relationship
between (xg,yo) (see (38)) and the pixel coordinates (i, j)

is given by

XQZZ(i—

By comparing equation (38) and equation (47), we can
see that the relationship between the pixel coordinates
(i, j) and the celestial coordinates (@, ®) is

n+1
2

n+1
2

(47)

tang_ltan<a’ﬁw) <'—n+1>2+('—n+1)2

2" n 2 ) =)
2ji—(n+1)

tand = =L 48

M i+ (48)

Figure 6 shows a schematic of the fisheye camera. Using
the above method, we can plot the black hole shadow im-
age under the spherical light source model.

In Figure 7, we fix 1=0.1 and G =0.5 and study the
effect of the rotation parameter @ on the shadow image

Fig. 6. (color online) Fisheye camera field of view with nxn
pixels, where the blue plane represents the imaging plane.

under the spherical light source model. The black region
at the center of the figure represents the inner shadow,
where photons pass through the equatorial plane zero
times and directly fall into the event horizon, so the cor-
responding image pixels are black. The white curve in the
image represents the Einstein ring. Inside the Einstein
ring, the D-shaped petals representing the celestial quad-
rants are divided by the gray curve, which represents the
photon’s trajectory. Some photons fall into the event hori-
zon, so these gray curves are not closed. When a — 0, the
black hole shadow appears as a perfect circle, and the in-
tersection of the blue and yellow regions inside the Ein-
stein ring is perpendicular to the horizontal axis, indicat-
ing that the black hole behaves like a static black hole and
does not produce a noticeable dragging effect on the
background celestial sphere. As a increases, the vertical
size of the shadow remains almost unchanged, but it
gradually shifts to the right in the horizontal direction,
causing the shadow to take on a D-shaped. This trend is
similar to the change in the shadow of rotating black
holes, such as the Kerr black hole. At the same time, the
increase in a causes the black hole to exert a dragging ef-
fect on the celestial sphere. Particularly in Figure 7(c), we
can clearly observe that the yellow region on the left side
of the black hole shadow overlaps with the green region.
Interestingly, as a increases, the Einstein ring no longer
maintains a complete circular shape and breaks at the top
and bottom, forming multiple arc segments. This may be
due to the weakening of the gravitational lensed effect
caused by the increase in a.

In Figure 8, we fix 1=0.9 and a=0.001 and study
the effect of the spontaneous Lorentz symmetry violation
parameter G on the black hole shadow image. When
a — 0, the black hole shadow appears as a perfect circle,
with no noticeable dragging effect on the background ce-
lestial sphere. From left to right, as G increases, although
the Einstein ring and photon trajectories do not change
significantly, the size of the shadow image decreases no-
ticeably. In Figure 9, we fix G =a = 0.5 and study the ef-
fect of the spontaneous Lorentz symmetry violation para-
meter 1 on the shadow image. In this case, the Einstein
ring also breaks, but the photon trajectories inside the
Einstein ring do not change significantly. Since a # 0, the
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Fig. 7.
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(color online) The impact of the rotation parameter a on the shadow image of a rotating black hole in KR gravity with a spher-

150 200 250 100

(¢)a=0.9

150 200 250

ical light source. From left to right, the values of a are 0.001, 0.5, and 0.9, with fixed parameters 1 =0.1, G=0.5, M = 1, and 6, = 90°.
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(a) G = 0.001
Fig. 8.

(b) G =05

(color online) The impact of the spontaneous Lorentz symmetry violation parameter G on the shadow image of a rotating

(¢) G=0.9

black hole in KR gravity with a spherical light source. From left to right, the values of g are 0.001, 0.5, and 0.9, with fixed parameters

1=0.9, a=0.001, M=1, and 6, =90°.

shadow image is no longer a perfect circle but an ellipse,
and as 1 increases, the shadow gradually shrinks. The
above analysis shows that under the spherical light source
model, the spontaneous Lorentz symmetry violation para-
meters A and G primarily affect the size of the shadow,
while the rotation parameter a primarily affects the shape
of the shadow. When a # 0, the Einstein ring may break.
This analysis helps differentiate rotating black holes in
KR gravity from black holes in other spacetimes.

IV. OBSERVATIONAL CHARACTERISTICS OF
THE BLACK HOLE IN THIN ACCRETION
DISK

A. The configuration of a thin accretion disk

In the previous section, we discussed the black hole
shadow image under the spherical light source model.
However, in reality, there is an accretion disk around the
black hole, so studying the black hole shadow image illu-
minated by the accretion disk as a light source is of great-
er significance. For simplicity, we assume the accretion

disk is optically and geometrically thin and located in the
equatorial plane, with the observer sufficiently far away,
ie., 0,=n/2,r,> M =1. The accretion disk consists of
free electrically neutral plasma moving along timelike
geodesics in the equatorial plane. Matter that is accreted
by the black hole will fall into the event horizon if it is
too close to the black hole; if it is far enough, it may or-
bit the black hole along a stable orbit. To more intuit-
ively describe this phenomenon, we introduce the concept
of the innermost stable circular orbit (ISCO). The ISCO
is located at the inner edge of the accretion disk and is the
last region where matter can safely orbit without falling
into the event horizon. The accretion disk is divided into
two regions by the ISCO: inside the ISCO, the accreting
material falls into the event horizon along plunging or-
bits, while outside the ISCO, the accretion disk material
orbits the black hole along a Keplerian orbit. On the oth-
er hand, according to the reference [44], light rays may
interact with the accretion disk multiple times, with each
interaction increasing the brightness of the black hole
shadow image. We denote the position where the photon
interacts with the accretion disk for the nth time as r,
(n=1,2,3,...). When n = 1, the resulting image is called
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Fig. 9.

100
(b) A=0.5

(color online) The impact of the spontaneous Lorentz symmetry violation parameter A on the shadow image of a rotating black
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hole in KR gravity with a spherical light source. From left to right, the values of A are 0.1, 0.5, and 0.9, with fixed parameters

G=a=05,M=1,and 6, =90°.

the direct image; when n =2, it is called the lensed im-
age; when n>2, it is called the higher-order images.
Since direct and lensed images contribute more than 95%
to the total luminosity, this paper mainly focuses on the
cases of n=1 and n =2, i.e., direct and lensed images. It
is worth noting that regardless of changes in reflection ef-
fects or the thickness of the accretion disk, the above phe-
nomena always occur. In Figure 10, we show a schemat-
ic of the black hole imaging with the thin accretion disk
as the light source.

Inside the event horizon, matter falls into the black
hole, so in this paper, we assume the accretion disk ex-
tends inward to the black hole’s event horizon r, and out-
ward to a sufficiently distant point, denoted as r,. The ob-
server’s position r, satisfies r, < r, <r;. To obtain the
black hole shadow image under the thin accretion disk
model, we first need to determine the position of the
ISCO. The position of the ISCO is typically determined
by the following conditions

Verr =0, (49)
r=ry
oV,
IVers =0, (50)
or r=ry
LT (51)
ar r=ry -

where r; is the position of the ISCO, and V., is a func-
tion of the radial distance r that represents the effective
potential of a massive electrically neutral particle. It can
be expressed as

Vos(n&,L) = (1+g"8 +g"I* - 2¢"ET)|, (52)

=r/2°

where
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Fig. 10. (color online) Imaging the black hole with a thin ac-
cretion disks. The black sphere represents the black hole, the
red dashed line represents the ISCO, the orange curve repres-
ents the trajectory of photons emitted by the observer in the
backward ray-tracing techniques, and the orange elliptical disk
represents the thin accretion disk.

_ 8+ iy
\/_gtt —2g,y00— g¢¢&)2 ’

Ot

(53)

8ip T 8pp®
\/_gtt —2gp00— g¢¢6)2 ’

L= (54)

representing the specific energy and specific angular mo-
mentum of the massive electrically neutral particle,
provided by the Killing vector field. The angular velocity
@ is defined as

agm a2gt¢ 0gu 6g¢¢
6)=d_¢= 67' * 6}’2 _E (9}’ (55)
dt 984 '
or

At r=r;, & and L, are conserved quantities; when
r>r;, the matter in the accretion disk moves along a
Keplerian orbit, and its four-velocity is
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(1,0,0,&)

O=mr/2

(56)

When r < ry, the accreting material freely falls from r; to-
ward the black hole's event horizon. For simplicity, we
assume that & and £; remain constant at r;. In this case,
the four-velocity of the freely falling material is given by

Ui = (-8"&1+8" L))

)

O=r/2
Ur - _ _g,,Uf”Ufn+2g,¢U,{nUi+g¢¢Uf,’lUf;+1
i 8rr 0=n/2
U’ =0,
Up = (-g"&+5" L))
0=r/2

(57)

In these expressions, the negative sign in front of U], in-
dicates that the particle moves towards the black hole
event horizon, and the radial distance r lies within the
range r, <r<rj.

When using the backward ray-tracing techniques at
the observer's location, photons may interact multiple
times with the accretion disk in the equatorial plane, and
each interaction increases the luminosity of the black hole
shadow image. In general, when a photon interacts with
the accretion disk, the intensity changes due to the emis-
sion and absorption of the photon. To simplify the model,
the reflection effects are ignored in this paper. Under the
above assumptions, the change in intensity is described
by the following equation

(%)

where 7 is the affine parameter of the photon geodesic,
and S,, &, and A, represent the specific intensity,
emissivity, and absorption coefficient at the frequency v,
respectively. When no absorption or emission occurs,
S,/v* remains constant along the geodesic. In the thin
disk approximation, the accretion disk is located in the
equatorial plane, so outside the equatorial plane,
&,=A,=0. In this case, the total intensity at each posi-
tion on the observation screen is given by

d

d(8,)\_ &E-AS,
dr - ’

2

(58)
4

Nimax

I,=Y " )&

n=1

(59)

where n=1,..., Ny, represents the number of times the
photon crosses the equatorial plane, f, is the fudge factor,
which needs to be determined according to the specific

accretion disk model (here, f, =1 is set), and y,, = vy/v, is
the redshift factor, where v, is the frequency measured on
the observer's screen, and v, is the frequency measured in
the local rest frames comoving with the accretion disk.
Considering that the wavelength of the black hole image
observed by EHT is 1.3 mm(230 GHz), the emissivity of
the thin disk, &,, is treated as a second-order polynomial
in log-space and is given by

1
&,(r) =exp (—Ekz - 2k> , k=log—

. (60)
Ty

Since the accretion disk consists of electrically neutral
plasma, it moves along a timelike geodesic with & and L.
When r > r, the redshift factor is given by

¢ = , r>7, (61)
B (1 + @i> rer,
P:
where
-5 (62)
849
P p— - (63)
8u8pp — 8o

p= ! (64)

8t 231(1)&) + g¢¢&)2 ’

where @ is calculated using equation (55). The ratio of
the energy measured on the observer's screen to the en-
ergy along a null geodesic is

Z=a(1—y&>.
pi

For asymptotically flat spacetime, when the observer is at
infinity, z=1. When r <r;, the accreting material falls
freely from r; toward the black hole event horizon along
a plunging orbit with & and £. The radial velocity is U/,
and at this point, the redshift factor is given by

(65)

1
Ui/ pi—E1(8" = 8¢pol p) + Li(8% po/ pi+ 89,

in __
Xn =

r<ry.

(66)
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With the above discussion, we can choose an appropriate
color-function to plot the black hole shadow image with a
thin accretion disk as the light source.

B. Numerical results

In this subsection, we will use numerical methods to
plot the shadow image of a rotating black hole with a thin
accretion disk in KR gravity. The geometric structure of
the spacetime (8) is primarily determined by the rotation
parameter a, the spontaneous Lorentz symmetry viola-
tion parameters A, and G. Therefore, we will focus on
how these parameters affect the features of the black hole
shadow image. In the numerical calculations, the observ-
er's distance is set to r, = 500M, with the coordinate axes
units taken as x/M and y/M, where M =1 represents the
black hole mass. The observer inclination angles 6, are

set to 0.001°, 17°, and 75°.

The black hole shadow images corresponding to dif-
ferent rotation parameters a are shown in Figure 11. From
top to bottom in each row, the values of a are 0.001, 0.5,
and 0.9, with 1=0.1 and G =0.9 fixed. In the center of
each image, a black region, called the inner shadow, can
be observed [45]. When the photon directly falls into the
event horizon without passing through the equatorial
plane, we have I,=0 according to equation (59), and
thus the pixels corresponding to the inner shadow are
black, reflecting the fact that the black hole's strong grav-
ity prevents the photon from escaping. Outside the inner
shadow, there is-a luminous ring, called the photon ring.
When the observer's inclination angle 6, =0.001° (the
first column), the inner shadow appears as a perfect
circle, and the photon ring is a symmetric circle with the
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Fig. 11.

(h) a=0.9,0, = 0.17°

(i) a=0.9,0, = 0.75°

(color online) Rotating black hole shadow with a prograde thin accretion disk in KR gravity. Each row, from top to bottom,

corresponds to the rotation parameter a = 0.001,0.5,0.9, and each column, from left to right, corresponds to the observer's inclination
angle 6, =0.001°,17°,75°. The other parameters are fixed as M =1,4=0.1,G =0.9.
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same center as the coordinate origin. This is because as
6, — 0°, the observer's line of sight becomes perpendicu-
lar to the equatorial plane, aligned with the accretion disk
and the black hole's rotation axis. In this case, the radial
velocity of each point on the accretion disk relative to the
observer is nearly zero, and there is almost no Doppler
redshift; the observed redshift is primarily due to gravita-
tional redshift. When 6, = 17° (the second column), the
inner shadow undergoes slight deformation and is no
longer a perfect circle, with the center of the photon ring

shifting downward to the right. As 6, increases to 75°
(the third column), the deformation of the inner shadow
becomes more pronounced, appearing in a D-shaped, and
a crescent-shaped bright area appears on the left side of
the photon ring, with brightness significantly higher than
the surrounding regions. The prograde accretion disk
causes the photons from the left side to move towards the
observer, producing a blueshift, increasing the photon en-
ergy and brightening the shadow image. The photons
from the right side. move away from the observer, produ-
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(h) a=0.9,0, = 0.17°
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(i) a = 0.9,0, = 0.75°

(color online) Observed flux of the direct image, lensed image, and photon ring with a prograde thin accretion disk in KR

gravity. The black, yellow, blue, and green regions correspond to the inner shadow, direct image, lensed image, and photon ring, re-

spectively. Each row shows the gradual increase of the rotation parameter a, and each column shows the gradual increase of the observ-
er's inclination angle 6,. The other parameters are fixed as M =1,4=0.1,G=0.9.
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cing a redshift, decreasing the photon energy and dim-
ming the shadow image. Furthermore, by comparing the
images in each row, we can see that as a increases, the in-
ner shadow gradually becomes smaller, while the bright-
ness of the photon ring increases. In particular, when
0, =75°, increasing a further enhances the dragging ef-
fect of the black hole on the background celestial sphere
and the Doppler effect, causing the size and brightness of
the crescent bright area on the left to gradually increase.

It is important to note that in the optical image of a
black hole, variations in the number of times light ray tra-
verses the accretion disk result in distinct images due to
the cumulative effect of light intensity at each passage.
Specifically, the primary image (direct image) corres-
ponds to the case where n=1, the secondary image
(lensed image) corresponds to n =2, and paths involving

three or more crossings correspond to higher-order im-
ages (photon rings). The definition of photon rings is gen-
erally subject to variation. For instance, according to
Refs. [84, 85], the photon ring includes all images loc-
ated outside the direct image. In contrast, Refs. [41, 42]
define the term more narrowly, referring specifically to
images situated beyond both the primary and secondary
images. In this work, we adopt the definition provided in
the latter set of references. To better distinguish between
direct and lensed images in the shadow image, we plot
the observed fluxes in Figure 12. The yellow, blue, and
green regions in the image correspond to direct image,
lensed image and the photon ring, respectively. For all
parameter values, the range of direct image is the widest,
while the photon, ring always lies within the range of
lensed image. When 6, — 0° (the first column), lensed
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Fig. 13.

(h) A=0.9,0, = 17°

(i) A=0.9,0, = 75°

(color online) Rotating black hole shadow with a prograde thin accretion disk in KR gravity. Each row, from top to bottom,

corresponds to 4=0.1,0.5,0.9, and each column, from left to right, corresponds to the observer's inclination angle 6, = 0.001°,17°,75°.

The other parameters are fixed as M = 1,a=0.001,G =0.9.
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image and the photon ring form concentric circular struc-
tures, with the center located at the origin and coinciding
with the center of the inner shadow. As a increases, the
radius of the rings slightly decreases but remains sym-
metrical. When 6, increases to 17° (the second column),
lensed image and the photon ring shift towards the negat-
ive half of the y-axis, and the rings are no longer symmet-
rical. As 6, further increases to 75° (the third column),
both the inner shadow, lensed image, and the photon ring
undergo significant deformation. The range of lensed im-
age greatly increases, mainly concentrated in the lower
half of the screen, with less distribution in the upper half.

Additionally, the photon ring becomes more prominent in
the lower half of the screen. These deformations become
more pronounced as a increases. The above analysis in-
dicates that the observer's inclination angle 6, has a signi-
ficant impact on the black hole shadow image, especially
the size of the inner shadow and the distribution of the
lensed image.

The impact of the spontaneous Lorentz symmetry vi-
olation parameter A on the black hole shadow image is
shown in Figure 13, with the corresponding observed flux
shown in Figure 14. Each row, from top to bottom, cor-
responds to 4 =0.1,0.5,0.9, and each column, from left to
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Fig. 14.

(h) A=0.9,0, = 17°

xiM

(i) A=0.9,0, = 75°

(color online) Observed flux of the direct image, lensed image, and photon ring with a prograde thin accretion disk in KR

gravity. The black, yellow, blue, and green regions correspond to the inner shadow, direct image, lensed image, and photon ring, re-

spectively. Each row shows the gradual increase of 4, and each column shows the gradual increase of the observer's inclination angle

6,. The other parameters are fixed as M = 1,a =0.001,G = 0.9.
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right, corresponds to the observer inclination angles
0, =0.001°,17°,75°, with other parameters fixed as
M =1,a=0.001,G =0.9. From Figure 13, it can be seen
that as A increases, the radii of the inner shadow and the
photon ring both decrease, but the brightness of the
photon ring gradually increases. As 6, increases, the in-
ner shadow undergoes noticeable deformation, evolving
from a symmetric circle into a D-shaped. When 6, — 0°
(the first column), the brightness distribution of the
photon ring is uniform; when 6, increases to 75° (the
third column), a crescent-shaped bright area appears on
the left side of the photon ring, with the intensity clearly
higher than the right side, making the direct image and
lensed image from the accretion disk clearly distinguish-
able. Furthermore, at 6, = 75°, a slight clockwise rotation
of the inner shadow around the x-axis can also be ob-

served. From Figure 14, it can be seen that an increase in
A slightly reduces the range of lensed image and the
photon ring. As 6, increases, the lensed image gradually
shifts towards the lower half of the screen, and when
6, =75°, the range of lensed image even extends beyond
the screen. Meanwhile, the photon ring in the upper half
of the screen becomes sparse, while the photon ring in the
lower half becomes more prominent.

Next, we will focus on discussing the impact of the
spontaneous Lorentz symmetry violation parameter G on
the black hole shadow image. As shown in Figure 15,
with the increase in G, both the size of the inner shadow
and the radius of the photon ring decrease significantly,
but their shapes remain nearly unchanged. Additionally,
from the colorbar, it can be seen that the image's bright-
ness decreases. As the observer's inclination angle 6, in-
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(h) G =0.9,0, = 17°

(i) G =0.9,0, = 75°

(color online) Rotating black hole shadow with a prograde thin accretion disk in KR gravity. Each row, from top to bottom,

corresponds to G =0.001,0.5,0.9, and each column, from left to right, corresponds to the observer's inclination angle 6, = 0.001°,17°,75°.

The other parameters are fixed as M =1,a=0.1,4=0.9.
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creases, the shape of the inner shadow gradually changes
from a circle to an ellipse and eventually evolves into a
D-shaped. Similar to the cases of a and A, when 6, = 75°,
due to the Doppler effect, the brightness on the left side
of the photon ring is significantly higher than that on the
right side. The corresponding observed flux of Figure 15
is shown in Figure 16. It can be observed that when G
and 6, are small, the photon ring in the image is not
prominent. As G and 6, increase, the lensed image and
the photon ring gradually shift towards the lower half of
the screen, and the brightness of the photon ring becomes
more prominent.

At the end of this section, we will discuss the black
hole shadow image illuminated by a retrograde accretion
disk as the light source, i.e., the motion direction of the
accreting material is opposite to the black hole's spin dir-
ection. By comparing the shadow images of the retro-
grade (Figure 17) and prograde (Figure 13, the third
column) accretion disks, it can be observed that, under
the same parameter settings, the inner shadow of both
cases is identical in shape and size. However, for the ret-
rograde accretion disk, the crescent bright region of the
photon ring appears on the right side, which is the oppos-
ite of the prograde accretion disk. This is due to the dif-
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(h) G =0.9,0, = 17°
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(i) G =0.9,0, = 75°

(color online) Observed flux of the direct image, lensed image, and photon ring with a prograde thin accretion disk in KR

gravity. The black, yellow, blue, and green regions correspond to the inner shadow, direct image, lensed image, and photon ring, re-
spectively. Each row shows the gradual increase of G, and each column shows the gradual increase of the observer's inclination angle

0,. The other parameters are fixed as M = 1,a=0.1,4=0.9.
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(a) A=0.1,6 = 0.9

(d) G=01,A=09

(color online) Rotating black hole shadow with a retrograde thin accretion disk in KR gravity. The first row, from left to
right, corresponds to 1=0.1,0.5,0.9, and the second row, from left to right, corresponds to G =0.1,0.5,0.9. The other parameters are
fixedas M =1, a=0.001, and 6, = 75°.

Fig. 17.

ferent motion directions of the accreting material relative
to the observer, leading to a change in the direction of
Doppler redshift. Similar to the prograde accretion disk,
as A or G increases, the size of the inner shadow de-
creases, the distinguishability of the photon ring im-
proves, and the brightness of the crescent bright region
increases accordingly.

V. THE DISTRIBUTION OF REDSHIFT
FACTORS

The relative motion between the accreting material
and the observer generates a Doppler effect, which may
significantly affect the features of the black hole shadow
image. Therefore, it is crucial to study the distribution of
the redshift factor y, on the imaging plane. Figures 18
and 19 show the distribution of the redshift factor for dir-
ect and lensed images under the prograde accretion disk
model. Each row corresponds to observer inclination
angles 6, = 0.001°,17°,75° from top to bottom. In the fig-
ures, red and blue represent redshift and blueshift, re-
spectively, with the intensity of the color reflecting the
strength of the redshift, which is linearly related to the in-
tensity. For direct images, the black region at the center
of the figure represents the inner shadow; for lensed im-

(b) A=0.5,G =09

(e) G=0.5,1=09

(€) A=0.9,G =109

(f) G=0.9,A=09

ages, the black region at the center represents both the in-
ner shadow and part of the direct image. It can be ob-
served that the size of the inner shadow depends on the
parameters a, G, and A, which determine the spacetime
geometry, while the shape of the inner shadow depends
on the observer's inclination angle 6,.

Whether they are direct or lensed images, when
6,=0.001° or 17°, only redshift appears without any
blueshift. The redshift range for direct images is wider,
while for lensed images, only a thin "red ring" appears.
This is because when 6, is small, the radial velocity com-
ponent of the accreting material relative to the observer is
small, and gravitational redshift dominates. When 6, in-
creases to 75°, the Doppler effect significantly intensifies,
causing a blueshift region to appear in the image. Among
these, the blueshift in the direct images is particularly
prominent, while the lensed images only forms a cres-
cent-shaped slight blueshift, corresponding to the cres-
cent bright area in the photon ring of the black hole shad-
ow. The blueshift is concentrated on the left side of the
inner shadow, while the redshift is primarily concen-
trated on the right side. This phenomenon is determined
by the prograde motion of the accretion disk. It is worth
noting that for direct images, when 6, = 75° (the third row
of Figure 18), by keeping other parameters unchanged,
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Fig. 18. Redshift factor distribution of direct image with a prograde thin accretion disk. The black region represents the inner shadow,
while red and blue indicate redshift and blueshift, respectively. The intensity of the color reflects the strength of the redshift, which is
linearly related to the intensity. From the first row to the third row, the observer's inclination angle is 6, = 0.001°,17°,75°, with the other

parameters fixed as M =1 and G=0.9.

increasing a or A causes the blueshift region to move to
the left side of the screen, further separating from the red-
shift region.

The redshift factor distribution of direct and lensed
images under the retrograde accretion disk is shown in
Figure 20. Compared to the prograde accretion disk, the
redshift and blueshift regions are reversed. This phe-
nomenon arises from the change in the direction of mo-
tion of the accreting material relative to the observer in
the retrograde accretion disk, which causes the redshift
and blueshift regions to be reversed due to the Doppler
effect. In the retrograde accretion disk, the blueshift re-
gion appears on the right side of the image, correspond-
ing to the crescent bright area of the photon ring in the

black hole shadow image, which is also on the right. Sim-
ilar to the prograde case, as A or G increases, the size of
the inner shadow gradually decreases, but its shape re-
mains almost unchanged. At the same time, the blueshift
region of direct image shifts to the right, further separat-
ing from the redshift region.

VI. CONCLUSION AND DISCUSSION

The groundbreaking achievements of the EHT have
driven numerical simulations of black hole shadows. In
this paper, we study the shadow images of rotating black
holes in KR gravity based on backward ray-tracing, with
a focus on the effects of the observer's inclination angle
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Redshift factor distribution of lensed images with a prograde thin accretion disk. From the first row to the third row, the ob-

server's inclination angle is 6, = 0.001°,17°,75°, with the other parameters fixed as M =1 and G =0.9.

6,, the rotation parameter a, and the spontaneous Lorentz
symmetry violation parameters 4 and G on the shadow
image. Firstly, in the ZAMO frame, we use stereographic
projection to explore the shadow characteristics of the
KR rotating black hole and attempt to constrain black
hole parameters by comparing with observational data
from M87 and Sgr A*. Next, considering the case of a
spherical light source, we plot the black hole shadow im-
ages for different values of G and A. Finally, under the as-
sumption that there is an optically and geometrically thin
accretion disk in the black hole's equatorial plane, we
study the shadow images and redshift factor distributions
for prograde and retrograde accretion disks.

The results show that the size and shape of the black
hole shadow are closely related to the parameters (a,4,G).

With other parameters fixed, as the rotation parameter a
increases, the shadow gradually transforms from a per-
fect circle to a D-shaped one. The increase in the spontan-
eous Lorentz symmetry violation parameters A and G
causes the shadow to shrink, i.e., the size of the shadow
decreases, but the overall shape remains mostly un-
changed. By comparing with the observational data of
M87 and Sgr A*, it is found that changes in 4 and G sig-
nificantly affect the estimated range of the shadow's an-
gular diameter D, but the values always remain within
the 1o confidence interval of the M87 and Sgr A* obser-
vations. To further narrow the parameter range, future
studies still need to incorporate additional conditions for
analysis. In the case of a spherical light source, the back-
ward ray tracing technique can precisely determine the
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Fig. 20.
as M =1, a=0.001 and 6, = 75°.

shadow shape on the observer's screen. The study shows
that the image always consists of a black, nearly circular
region and a white circular ring, corresponding to the
black hole's inner shadow and the Einstein ring. As G in-
creases, the shape of the inner shadow remains nearly cir-
cular, but its radius gradually decreases. As 1 increases,
the inner shadow gradually shrinks, its deformation be-
comes more significant, and the surrounding celestial
sphere exhibits slight distortions due to the dragging ef-
fect. Meanwhile, the Einstein ring breaks at the top and
bottom, separating into multiple arc segments.

On the other hand, we studied the black hole shadow
image illuminated by the accretion disk as the light
source, assuming the accretion disk lies on the equatorial
plane and is both optically and geometrically thin. For ro-
tating black holes in KR gravity, we focused on analyz-
ing the effects of the parameters (6,,a,4,G) on the inner
shadow, photon ring, and redshift factor distribution. The
study found that 6, has a significant impact on the shape
of the inner shadow, while (a,4,G) primarily affect the
size of the inner shadow. When 6, — 0°, the inner shad-
ow is a perfect circle, and the photon ring forms a sym-
metric ring with their centers coinciding. As 6, increases,
the inner shadow gradually deforms, and when 6, = 75°,
the inner shadow takes on a D-shaped. It is noteworthy
that at this point, a crescent-shaped bright region appears

(e) X=0.5,G = 0.9

() A=0.9,G =09

Redshift factor distribution of direct and lensed images with a retrograde thin accretion disk. The other parameters are fixed

on the left side of the photon ring, attributed to the more
pronounced Doppler effect due to a larger observer in-
clination angle. As a increases, the size of the inner shad-
ow gradually decreases, but the brightness of the photon
ring significantly increases, making it more distinguish-
able. Interestingly, a larger a causes a slight counter-
clockwise rotation of the inner shadow around the x-axis.
The effects of A and G on the size of the inner shadow are
similar, and whether the accretion disk is prograde or ret-
rograde, the increase of both parameters reduces the size
of the inner shadow and photon ring.

In addition, we also studied the redshift of direct and
lensed images produced by the accretion disk. The res-
ults show that as 6, increases, both redshift and blueshift
are amplified. When 6, is small (such as 0.001° and 17°),
there is only redshift and no blueshift for both direct and
lensed images. At this point, a significant "red ring" ap-
pears at the edge of the inner shadow, caused by the light
emitted by particles in the critical plunging orbit, and the
small 6, leads to gravitational redshift dominating, thus
no blueshift is observed. In this case, due to the lack of
sharpness in the light intensity distribution, direct and
lensed images are difficult to distinguish. As 6, increases
to 75°, the enhancement of Doppler redshift causes a no-
ticeable blueshift in the image, making direct and lensed
images distinguishable. The prograde accreting material
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causes the blueshifte on the left and the redshifte on the
right. Meanwhile, increasing a or A further separates the
redshift and blueshift regions in direct images, but the ef-
fect on lensed images is not significant. A similar phe-

nomenon also occurs in the retrograde accretion disk, but

in the retrograde case, the positions of the redshift and

blueshift regions are reversed.

References

(1]
(2]
(3]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

(21]
[22]

[23]
[24]
[25]
[26]
[27]

(28]

B. P. Abbott et al. [LIGO Scientific and Virgo], Phys. Rev.
Lett. 116(24), 241103 (2016)

B. P. Abbott et al. [LIGO Scientific and Virgo], Phys. Rev.
Lett. 116(24), 241102 (2016)

B. P. Abbott et al. [LIGO Scientific and Virgo], Phys. Rev.
Lett. 116(6), 061102 (2016)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 875, L1 (2019)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 875(1), L2 (2019)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 875(1), L3 (2019)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 875(1), L4 (2019)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 875(1), L5 (2019)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 875(1), L6 (2019)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L12 (2022)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L13 (2022)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L14 (2022)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L15 (2022)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L16 (2022)

K. Akiyama et al. [Event Horizon Telescope], Astrophys. J.
Lett. 930(2), L17 (2022)

Y. Kumaran and A. Ovgiin, Eur. Phys. J. C 83(9), 812
(2023)

A. Abdujabbarov, M. Amir, B. Ahmedov and S. G. Ghosh,
Phys. Rev. D 93(10), 104004 (2016)

S. W. Wei, P. Cheng, Y. Zhong and X. N. Zhou, JCAP 08,
004 (2015)

V. Perlick, O. Y. Tsupko and G. S. Bisnovatyi-Kogan,
Phys. Rev. D 92(10), 104031 (2015)

F. Atamurotov, K. Jusufi, M. Jamil, A. Abdujabbarov and
M. Azreg-Ainou, Phys. Rev. D 104(6), 064053 (2021)

V. Perlick and O. Y. Tsupko, Phys. Rept. 947, 1 (2022)

M. Wang, S. Chen and J. Jing, Commun. Theor. Phys.
74(9), 097401 (2022)

S. Chen, J. Jing, W. L. Qian and B. Wang, Sci. China Phys.
Mech. Astron. 66(6), 260401 (2023)

K. J. He, J. T. Yao, X. Zhang and X. Li, Phys. Rev. D
109(6), 064049 (2024)

M. Guo and P. C. Li, Eur. Phys. J. C 80(6), 588 (2020)

R. A. Konoplya, Phys. Lett. B 795, 1 (2019)

R. Shaikh, P. Kocherlakota, R. Narayan and P. S. Joshi,
Mon. Not. Roy. Astron. Soc. 482(1), 52 (2019)

G. Guo, X. Jiang, P. Wang and H. Wu, Phys. Rev. D
105(12), 124064 (2022)

[29]
[30]
[31]
(32]
[33]

(34]
[33]

[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]

[46]
[47]

(48]
[49]

[50]
[51]

[52]
[53]
[54]
[55]
[56]

[57]

K. J. He, Y. W. Han and G. P. Li, Phys. Dark Univ. 44,
101468 (2024)

K. J. He, Y. W. Han and G. P. Li, Nucl. Phys. B 1010,
116768 (2025)

X. X. Zeng, L. F. Li, P. Li, B. Liang and P. Xu, Sci. China
Phys. Mech. Astron. 68(2), 220412 (2025)

X. X. Zeng, K. J. He, J. Pu, G. P. Li and Q. Q. Jiang, Eur.
Phys. J. C 83(10), 897 (2023)

R. D. Blandford and R. L. Znajek, Mon. Not. Roy. Astron.
Soc. 179, 433/(1977)

J. P: Luminet, Astron. Astrophys. 75, 228 (1979)

K. Beckwith and C. Done, Mon. Not. Roy. Astron. Soc.
359, 1217 (2005)

F. H. Vincent, T. Paumard, E. Gourgoulhon and G. Perrin,
Class. Quant. Grav. 28, 225011 (2011)

R. Narayan, M. D. Johnson and C. F. Gammie, Astrophys.
J. Lett. 885(2), L33 (2019)

X. X. Zeng, H. Q. Zhang and H. Zhang, Eur. Phys. J. C
80(9), 872 (2020)

K. J. He, S. C. Tan and G. P. Li, Eur. Phys. J. C 82(1), 81
(2022)

M. Heydari-Fard, M. Heydari-Fard and N. Riazi, Int. J.
Mod. Phys. D 32(13), 2350088 (2023)

S. E. Gralla, D. E. Holz and R. M. Wald, Phys. Rev. D
100(2), 024018 (2019)

K.J. He, G. P. Li, C. Y. Yang and X. X. Zeng, Eur. Phys. J.
C 85(6), 662 (2025)

J. Peng, M. Guo and X. H. Feng, Chin. Phys. C 45(8),
085103 (2021)

Z. Zhang, Y. Hou and M. Guo, Chin. Phys. C 48(8), 085106
(2024)

Y. Hou, Z. Zhang, H. Yan, M. Guo and B. Chen, Phys. Rev.
D 106(6), 064058 (2022)

G.P.Liand K. J. He, Eur. Phys. J. C 81(11), 1018 (2021)
X. X. Zeng, K. J. He and G. P. Li, Sci. China Phys. Mech.
Astron. 65(9), 290411 (2022)

Y. Meng, X. J. Wang, Y. Z. Li and X. M. Kuang, Eur. Phys.
J. C 85(6), 627 (2025)

X. X. Zeng, G. P. Li and K. J. He, Nucl. Phys. B 974,
115639 (2022)

G.P.Liand K. J. He, JCAP 06, 037 (2021)

K. J. He, S. Guo, S. C. Tan and G. P. Li, Chin. Phys. C
46(8), 085106 (2022)

X. J. Gao, T. T. Sui, X. X. Zeng, Y. S. An and Y. P. Hu,
Eur. Phys. J. C 83, 1052 (2023)

Y. Chen, G. Guo, P. Wang, H. Wu and H. Yang, Sci. China
Phys. Mech. Astron. 65(12), 120412 (2022)

K. Wang, C. J. Feng and T. Wang, Eur. Phys. J. C 84(5),
457 (2024)

S. Hu, D. Li, C. Deng, X. Wu and E. Liang, JCAP 04, 089
(2024)

Y. Meng, X. M. Kuang, X. J. Wang, B. Wang and J. P. Wu,
Eur. Phys. J. C 84(3), 305 (2024)

K. J. He, G. P. Li, C. Y. Yang and X. X. Zeng, JCAP 10,
003 (2025)


https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241103
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.241102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c96
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0c57
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab0f43
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ab1141
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6675
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6429
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6736
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6672
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.3847/2041-8213/ac6756
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1088/1572-9494/ac6e5c
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1007/s11433-022-2059-5
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1103/PhysRevD.109.064049
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1140/epjc/s10052-020-8164-7
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1016/j.physletb.2019.05.043
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1093/mnras/sty2624
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1103/PhysRevD.105.124064
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.dark.2024.101468
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1016/j.nuclphysb.2024.116768
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1007/s11433-024-2526-4
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1140/epjc/s10052-023-12079-5
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1111/j.1365-2966.2005.08980.x
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.1088/0264-9381/28/22/225011
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.3847/2041-8213/ab518c
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-020-08449-y
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1140/epjc/s10052-022-10032-6
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1142/S0218271823500888
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1140/epjc/s10052-025-14391-8
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ac06bb
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1088/1674-1137/ad432b
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1103/PhysRevD.106.064058
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1140/epjc/s10052-021-09817-y
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1007/s11433-022-1896-0
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1140/epjc/s10052-025-14346-z
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1016/j.nuclphysb.2021.115639
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1088/1674-1137/ac67fe
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1140/epjc/s10052-023-12231-1
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1007/s11433-022-1986-x
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12825-3
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w
https://doi.org/10.1140/epjc/s10052-024-12686-w

Shadow images of a rotating black hole in Kalb-Ramond gravity surrounded by the...

Chin. Phys. C 50, (2026)

(58]

[59]
[60]

[61]
[62]

[63]
[64]
[65]

[66]
[67]

[68]

[69]
[70]

(71]

[72]
(73]

X. X. Zeng, K. J. He, G. P. Li, E. W. Liang and S. Guo,
Eur. Phys. J. C 82(8), 764 (2022)

Z. Zhang, S. Chen and J. Jing, JCAP 09, 027 (2024)

Z. Zhang, Y. Hou, M. Guo and B. Chen, JCAP 05, 032
(2024)

C. M. Will, Living Rev. Rel. 17, 4 (2014)

D. Psaltis et al. [Event Horizon Telescope], Phys. Rev. Lett.
125(14), 141104 (2020)

M. Kalb and P. Ramond, Phys. Rev. D 9, 2273 (1974)

M. Dine and N. Seiberg, Phys. Lett. B 162, 299 (1985)

B. Altschul, Q. G. Bailey and V. A. Kostelecky, Phys. Rev.
D 81, 065028 (2010)

M. Khodadi, Phys. Rev. D 105(2), 023025 (2022)

M. Khodadi, G. Lambiase and L. Mastrototaro, Eur. Phys. J.
C 83(3), 239 (2023)

P. Majumdar and S. SenGupta, Class. Quant. Grav. 16, L89
(1999)

P. S. Letelier, Class. Quant. Grav. 12, 471 (1995)

S. Aashish and S. Panda, Phys. Rev. D 100(6), 065010
(2019)

S. Aashish, A. Padhy, S. Panda and A. Rana, Eur. Phys. J. C
78(11), 887 (2018)

S. Chakraborty and S. SenGupta, JCAP 07, 045 (2017)

R. Kumar, S. G. Ghosh and A. Wang, Phys. Rev. D

[74]

[75]
[76]

[77]

[78]
[79]

(80]
[81]
(82]
[83]
[84]

[85]

101(10), 104001 (2020)

M. Zubair, M. A. Raza and E. Maqgsood, Phys. Dark Univ.
42, 101334 (2023)

W. Liu, D. Wu and J. Wang, JCAP 05, 017 (2025)

L. A. Lessa, J. E. G. Silva, R. V. Maluf and C. A. S.
Almeida, Eur. Phys. J. C 80(4), 335 (2020)

M. Xu, R. Li, J. Lu, S. Yang and S. M. Wu, Eur. Phys. J. C
85(6), 676 (2025)

B. Carter, Phys. Rev. 174, 1559 (1968)

J. L. Synge, Mon. Not. Roy. Astron. Soc. 131(3), 463
(1966)

Z. Hu, Z. Zhong, P. C. Li, M. Guo and B. Chen, Phys. Rev.
D 103(4), 044057 (2021)

H. B. Zheng, M. Q. Wu, G. P. Li and Q. Q. Jiang, Eur.
Phys. J. C 85(1), 46 (2025)

L. Amarilla and E. F. Eiroa, Phys. Rev. D 85, 064019
(2012)

K. Yang, Y. Z. Chen, Z. Q. Duan and J. Y. Zhao, Phys.
Rev. D 108(12), 124004 (2023)

S. E. Gralla and A. Lupsasca, Phys. Rev. D 101(4), 044031
(2020)

Y. Hou, P. Liu, M. Guo, H. Yan and B. Chen, Class. Quant.
Grav. 39(19), 194001 (2022)


https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.1140/epjc/s10052-022-10733-y
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1016/0370-2693(85)90927-X
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1103/PhysRevD.105.023025
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1140/epjc/s10052-023-11369-2
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/16/12/102
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1088/0264-9381/12/2/016
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1103/PhysRevD.100.065010
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1140/epjc/s10052-018-6366-z
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1103/PhysRevD.101.104001
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1016/j.dark.2023.101334
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1140/epjc/s10052-025-14418-0
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1103/PhysRevD.103.044057
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1140/epjc/s10052-025-13791-0
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1103/PhysRevD.101.044031
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860
https://doi.org/10.1088/1361-6382/ac8860

	I INTRODUCTION
	II THE BLACK HOLE IN KALB-RAMOND GRAVITY
	A Rotating black holes and null geodesics
	B The shadow of a rotating black hole in Kalb-Ramond gravity

	III OBSERVATIONAL CHARACTERISTICS OF THE BLACK HOLE IN SPHERICAL LIGHT SOURCES
	IV OBSERVATIONAL CHARACTERISTICS OF THE BLACK HOLE IN THIN ACCRETION DISK
	A The configuration of a thin accretion disk
	B Numerical results

	V THE DISTRIBUTION OF REDSHIFT FACTORS
	VI CONCLUSION AND DISCUSSION
	REFERENCES

