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Abstract: In this work we study the isospin-violating decays of , which may provide additional
information for the determination of the properties of  the first  orbital  excitation states of .  By assuming a
dual relation between the U(1) anomaly soft-gluon coupling for  and the intermediate meson loop
transitions, we can quantify the isospin-violating decay effects for these four P-wave states. We find that the partial
decay width of  is about three orders of magnitude larger than that for . It implies that 
can be established in the  decay channel as a single state. Meanwhile, the two axial-vector states  can
be possibly identified in  with comparable strengths. Although these isospin-violating decays turn
out to be small, the theoretical predictions should be useful for guiding future experimental efforts.
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I.  INTRODUCTION

Bc

Bc

B+c
Bc(2S )+

B+c

Bc

As  the  only  meson  containing  two  different  heavy
quarks, the  mesons family provides a unique perspect-
ive for studying the properties of the non-perturbative re-
gime  of  quantum  chromodynamics  (QCD).  The  mass
spectrum of  mesons has been predicted by many the-
oretical  approaches  [1−13].  Experimentally,  however,
only the ground state  [14] and the first  radial  excita-
tion  [15−18] have been observed so far. In addi-
tion,  the  mass  and  decay  modes  of  the  have  been
measured with high precision [19−26]. However, for ex-
cited  states beyond the ground state, experimental in-
formation on their decay modes remains scarce.

Bc(1P)+

Bc

B+c γ Bc(1P)+

B∗+c0 (13P0) B+c1(1P1) B′c1(1P′1)
B∗+c2 (13P2) 1P1 1P′1

11P1 13P1

B∗+c γ B∗+c → B+c γ
1P1 1P′1 B+c γ

Recently, the first observation of the , the first
orbital  excitation  of  the  meson,  was  reported  by  the
LHCb  Collaboration  in  the  invariant  mass  spectrum  of
the  final  state  [27, 28].  The  multiplet con-
sists of four physical states: , , ,
and ,  where  and  are  mixtures  of  the

 and  states  [8].  All  these four states  can decay
into  with  to be detected in the final state.
Meanwhile, the  and  states can reach the  fi-

B+c γ
B+c

nal state directly through an S-wave transition. However,
due  to  the  limited  statistics  and  energy  resolution,  only
one photon associated with the observed two peaks in the

 spectrum are actually effective. Namely, LHCb only
measured a  plus a photon in the final state. Thus, it is
likely that the data actually contain contributions from all
these four states.

D∗+s Bc(1P)+

B(∗)+
c π0

B∗c0/B∗c2→ B+c π
0 B+c1/B′+c1 → B∗+c π

0

B∗+c
B∗+c

B+c π
0

B∗c0/B∗c2→ B+c π
0 B+c1/B′+c1 → B∗+c π

0

In  addition  to  the  radiative  decays,  by  analogy  with
the isospin-violating decays of  [29, 30], the 
states can also decay to the final states  via isospin-
violating  processes  ( , ).
Although the  has not yet been observed experiment-
ally,  it  is  rather  reliable  that  the  mass  is  below  the

 threshold  through  theoretical  studies  [13]. There-
fore,  the  decays  of  and 
can  provide  more  information  about  these  four P-wave
states.

Bc(1P)+→ B(∗)+
c π0

Bc(1P)+→ B(∗)+
c π0

uū dd̄
π0

In this work, we employ the effective Lagrangian ap-
proach to calculate the decay widths of the isospin-violat-
ing  processes .  At  the  quark  level  the
isospin-violating  decay  can be  de-
scribed by the soft-gluon coupling to the light  and 
via  the  U(1)  anomaly  term.  Meanwhile,  since  is  an
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(uū−dd̄)/
√

2

md −mu

Bc(1P)+→ B(∗)+
c

Bc(1P)+

B(∗) D(∗)

D(∗) B(∗)+
c π0

π0

3P0

isovector with the flavor wavefunction ,  the
two terms will cancel each other. Taking into account the
property of  the  U(1)  anomaly  coupling  which  is  propor-
tional to the quark mass and only partially conserves the
axial current, the isospin-violating coupling is proportion-
al to a term of ,  which will  be convoluted by the
transition  form  factor  for .  According  to
the concept of quark-hadron duality [31], this process can
be interpreted as the  meson producing intermedi-
ate  and  states,  which  then  rescatterings  via  the
exchange  of  a  meson  to  produce  the  final
state. The  two  loop  amplitudes  involving  the  intermedi-
ate  mesons  with u and d can  have  constructive  phase  to
produce η meson or destructive phase to produce  due
to isospin  conservation.  This  mechanism  can  be  quanti-
fied by the effective Lagrangian approach, where the ver-
tex  couplings  can  be  determined  by  the  model
[32−34].  This  method  has  been  broadly  applied  to  the
studies  of  various  Okubo-Zweig-Iizuka  (OZI)  rule  [35]
evading  processes  [36−38],  isospin  symmetry  breaking
processes [29, 38−42] and the helicity selection rule viol-
ation processes [36, 43, 44] in the literature.

As follows, We first  introduce our formalism in Sec.
II. The numerical results and discussions are presented in
Sec.  III.  A  brief  summary  and  conclusion  are  given  in
Sec. IV. 

II.  FORMALISM

Bc(1P)+→ B(∗)+
c π0

3P0

In this section we first present the effective Lagrangi-
ans, and derive the loop amplitudes for .
We  then  determine  the  coupling  constants  appearing  in
the  effective  Lagrangians  within  the  framework  of  the

 model [32]. 

A.    Effective Lagrangians
BcJ

B(∗)D(∗)
The  effective  Lagrangians  for  the  couplings  to

 are as follows [45, 46]: 

LBc = igBcB∗DBcB∗iµ ∂µDi+ igBcBD∗Bc∂
µBiD∗iµ

+gBcB∗D∗εµνρσBc∂
µB∗iν∂ρD∗σi +h.c. , (1)

 

LB∗c0
=gB∗c0BDB∗c0BiDi+gB∗c0B∗D∗B

∗
c0B∗iµD

∗µ
i +h.c. , (2)

 

LB∗c2
=gB∗c2BD∂µB

i∂νDiB
∗µν
c2 +gB∗c2B∗D∗B

∗µν
c2 B∗iµD∗iν+h.c. ,

(3)

 

LB∗c = igB∗cBDB∗µc ∂µBiDi+gB∗cB∗Dεµνρσ∂
µB∗νc ∂

ρB∗σi Di

+gB∗cBD∗εµνρσ∂
µB∗νc ∂

ρD∗σi Bi

+ igB∗cB∗D∗ (∂
µB∗νc −∂νB∗µc )B∗iµD∗iν +h.c. , (4)

 

LBc1 = gBc1BD∗B
µ
c1D∗iµBi+gBc1B∗DBµ

c1B∗iµDi

+ igBc1B∗D∗εµνρσ∂
µBν

c1B
∗ρ
i D∗iσ+h.c. , (5)

 

LB′c1
= gB′c1BD∗B

′µ
c1D∗iµBi+gB′c1B∗DB′µc1B∗iµDi

+ igB′c1B∗D∗εµνρσ∂
µB′νc1B

∗ρ
i D∗iσ+h.c. , (6)

B = (B+,B0,B0
s) D = (D0,D+,D+s )

B(∗)
c(0,1,2)B(∗)D

3P0

where  and . The  coup-
ling constants for the  vertices will be calcu-
lated using the  model [32, 47].

D(∗)D(∗)PThe  effective  Lagrangian  for  the  coupling
is given by [48, 49]
 

LD(∗)D(∗)P = − igD∗DP(Di∂µPi jD∗ j†
µ −D∗iµ ∂µPi jD j†)

+
1
2

gD∗D∗PεµναβD∗µi ∂
νPi j←→∂ αD∗β†j , (7)

where
 

P≡

Ü
sinαPη

′+cosαPη+π
0

√
2

π+ K+

π− sinαPη
′+cosαPη−π0
√

2
K0

K− K̄0 cosαPη
′− sinαPη

ê
,

(8)

αP = 40.6◦ η−η′with  adopted for the  mixing angle in the
SU(3) flavor basis,  and the value is  an average from the
Particle Data Group [50].

D(∗)D(∗)π0
The  coupling  constants  for  the  effective  interaction

vertices  can be obtained from heavy quark ef-
fective theory [41, 48, 49, 51]:
 

gD∗D∗π =
gD∗Dπ√
mDmD∗

=
2
fπ

g, gD(∗)
s D(∗)

s P =

 
mD(∗)

s
mD(∗)

s

mD(∗) mD(∗)
gD(∗)D(∗)π

(9)

g = 0.59 fπ = 132MeVwhere , and  is the π decay constant.
η−π0

D(∗)→D(∗)η η→ π0

η→ π0 η−π0

θηπ0

Due to  the  mixing  effect,  we need to  consider
the  contribution  from  the  isospin-conserving  transition

 followed  by  to  violate  the  isospin
symmetry. For the  process, we use the  mix-
ing angle  which is  given by the leading order chiral
expansion [52]
 

tan(2θηπ0 ) =
√

3
2

md −mu

ms− m̂
. (10)

m̂ = (mu+md)/2 mu md ms

θηπ0

where . The values of , , and  are
taken  from  the  PDG  [50].  Since  is  very  small,  we
take
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θηπ0 ≃
√

3
4

md −mu

ms− m̂
, (11)

as broadly adopted in the literature.
 

Bc(1P)+→ B(∗)+
c π0B.    Loop transition amplitudes of 

Based  on  the  effective  Lagrangians  given  above,  we
can derive the corresponding loop amplitudes.

η−π0

iMk(P1,P2,P3) k = 0,2,1 1′

B∗+c0 ,B
∗+
c2 ,B

+
c1 B′+c1 Pi

qi Bµν

B∗+c2 εi
µ

B(′)+
c1 ε f

µ

B∗+c

For the loop-level amplitudes without the  mix-
ing  corresponding  to Fig.  1,  we  denote  the  amplitude  as

,  where  and  corresponds  to
 and , respectively. Here,  represents the

intermediate  meson  with  momentum  and  denotes
the  polarization  tensor  of  the  initial .  denotes  the
polarization vector  of  the initial  and  denotes  the
polarization  vector  of  the  final . The  amplitudes  cor-
responding to Fig. 1 can thus be expressed as

 

iM0(B,D,D∗) =
∫

d4q3

(2π)4

gB∗c0BDgBcBD∗gD∗DPqµ1

Å
gµν−

q3µq3ν

m2
3

ã
pν3

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(12)

 

iM0(B∗,D∗,D) =
∫

d4q3

(2π)4

gB∗c0B∗D∗gBcB∗DgD∗DP

Å
gµν− qµ1qν1

m2
1

ãÅ
gµα−

q2µq2α

m2
2

ã
q3νpα3

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(13)

 

iM0(B∗,D∗,D∗) =
∫

d4q3

(2π)4

gB∗c0B∗D∗gBcB∗D∗gD∗D∗P

Å
gµν− qµ1qν1

m2
1

ã
gµα

Ç
gαβ− qα2 qβ2

m2
2

å
(q2

1−m2
1)(q2

2−m2
2)(q2

3−m2
3)

×
Å

gρσ− qρ3qσ3
m2

3

ã
ενδρκqδ1qκ3εβλστq

λ
3qτ2F (q2

i ) , (14)

 

iM2(B,D,D∗) =
∫

d4q3

(2π)4

gB∗c2BDgBcBD∗gD∗DPBαβqα1 qβ2

Å
gµν−

q3µq3ν

m2
3

ã
qµ1 pν3

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(15)

 

iM2(B∗,D∗,D) =
∫

d4q3

(2π)4

gB∗c2B∗D∗gBcB∗DgD∗DPBµα

Å
gµν− qµ1qν1

m2
1

ãÇ
gαβ− qα2 qβ2

m2
2

å
q3νp3β

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(16)

 

iM2(B∗,D∗,D∗) =
∫

d4q3

(2π)4

gB∗c2B∗D∗gBcB∗D∗gD∗D∗PBµα

Å
gµν− qµ1qν1

m2
1

ãÇ
gαβ− qα2 qβ2

m2
2

å
(q2

1−m2
1)(q2

2−m2
2)(q2

3−m2
3)

× (gρσ− qρ3qσ3
m2

3
)ενδρκqδ1qκ3εβλστq

λ
3qτ2F (q2

i ) , (17)

 

iM1(′) (B,D∗,D) =
∫

d4q3

(2π)4

gB(′)
c1BD∗

gB∗cBDgD∗DPεi
µ

Å
gµν− qµ2qν2

m2
2

ã
ε f
ρqρ1 p3ν

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(18)
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iM1(′) (B∗,D∗,D) =
∫

d4q3

(2π)4

gB(′)
c1B∗D∗

gB∗cB∗DgD∗DPεµνρσpµ1ε
ν
i

Å
gρα− qρ1qα1

m2
1

ã
(q2

1−m2
1)(q2

2−m2
2)(q2

3−m2
3)

× (gσβ− qσ2 qβ2
m2

2
)εδλκαpδ2ε

λ
f q

κ
1 p3βF (q2

i ) , (19)

 

iM1(′) (B,D∗,D∗) =
∫

d4q3

(2π)4

gB(′)
c1BD∗

gB∗cBD∗gD∗D∗Pε
i
µ

Å
gµν− qµ2qν2

m2
2

ã
ερσαβpρ2ε

σ
f pα3

Ç
gβδ− qβ3qδ3

m2
3

å
εκλδνqκ3 pλ3

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(20)

 

iM1(′) (B∗,D,D∗) =
∫

d4q3

(2π)4

gB(′)
c1B∗D

gB∗cB∗D∗gD∗DPε
i
µ

Å
gµν− qµ1qν1

m2
1

ã
(p2νε

f
ρ − p2ρε

f
ν )
Å

gρσ− qρ3qσ3
m2

3

ã
p3σ

(q2
1−m2

1)(q2
2−m2

2)(q2
3−m2

3)
F (q2

i ) ,
(21)

 

iM1(′) (B∗,D∗,D∗) =
∫

d4q3

(2π)4

gB(′)
c1B∗D∗

gBcB∗D∗gD∗D∗Pεµνρσpµ1ε
ν
i

Å
gρα− qρ1qα1

m2
1

ãÇ
gσβ− qσ2 qβ2

m2
2

å
(q2

1−m2
1)(q2

2−m2
2)(q2

3−m2
3)

× (p2αε
f
δ − p2δε

f
α)(gδλ− qδ3qλ3

m2
3

)εκτβλpκ3qτ3F (q2
i ) . (22)

F (q2
i )In the above equations  is a form factor adopted

for cutting off the ultraviolet divergence in the loop integ-
rals, and has the following form
 

F (q2
i ) =

∏
i

Å
Λ2

i −m2
i

Λ2
i −q2

i

ã
, (23)

Λi ≡ mi+αΛQCD mi i−

ΛQCD = 220MeV α = 1 ∼ 2

where  with  the  the  mass  of  the th
internal  particle,  and  the  QCD  energy  scale

 with  as  the  cutoff  parameter
[29, 38, 53, 54].

η−π0For  the  loop  diagrams  involving  the  mixing
corresponding to Fig. 2, the difference from the loop dia-
grams of Fig.  1 lies  in  the  coupling constants  associated

 

Bc(1P)+→ B(∗)+
c π0 η−π0 B = (B+,B0)

D = (D0,D+)

Fig.  1.    Schematic  diagrams of  the decay  via  intermediate  meson loops without  mixing,  where 
and . (a)–(h) illustrate different intermediate meson loops.
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π0

Bc(1P)+→ B(∗)+
c η

Bc(1P)+→ B(∗)+
c π0

Bc(1P)+→ B(∗)+
c η

(B(∗)
s D(∗)

s D(∗)
s )

ss̄
(B(∗)

s D(∗)
s D(∗)

s )
Bc(1P)+→ B(∗)+

c π0

D∗s → Dsπ
0

(B(∗)
s D(∗)

s D(∗)
s )

Bc(1P)+→ B(∗)+
c π0

η−π0

iM0,2,1,1′ (P1,P2,P3,η)

with  the η and  mesons.  Specifically,  for  these  two
isospin-related  channels,  their  amplitudes  will  interfere
constructively  in  the  transition, but  de-
structively in the  transition. In addition,
for  we also need to consider the contri-
butions from the  loop diagrams. This is  be-
cause η can be produced via its  component. Therefore,
it can be accessed by the  loop transitions. In
contrast,  the  loop  transition  for  con-
tains the coupling vertex of , which is isospin-
violating  and  will  be  suppressed  at  the  one-loop  level.
Thus, we only include the  loop diagrams in
those processes where the η meson is produced in the fi-
nal  state.  They  will  then  contribute  to 
via  the  mixing.  We  denote  the  amplitude  as

, and for each process in Fig. 2, their
explicit expressions are given by
 

iMk(B(∗),D(∗),D(∗),η)

= iMk(B(∗),D(∗),D(∗))
gD(∗)D(∗)ηθηπ0

gD(∗)D(∗)π
,

k = 0,2,1,1′. (24)

B∗+c0 → B+c π
0 S PP

B∗+c2 → B+c π
0 T PP

B(′)+
c1 → B∗+c π

0 AVP

From  the  above  amplitudes,  we  can  obtain  the  total
loop amplitude by summing up the contributions from the
different loop diagrams. The decay  is a 
type decay process, the decay  is a  type
decay process, and the decay  is a  type
decay  process  so  we  can  always  parametrize  the  total
amplitude as
 

iMB∗+c0
= igB∗+c0 B+c π0 mB∗c0

, iMB∗+c2
= i

gB∗+c2 B+c π0

mB∗c2

Bµνpµ2 pν3 ,

iMB(′)+
c1
= igB(′)+

c1 B∗+c π0 mB(′)+
c1
εi
µε

fµ . (25)

Then, the corresponding partial decay width is 

Γ(B∗+c0 → B+c π
0) =

g2
B∗+c0 B+c π0 |pπ|

8π
,

Γ(B∗+c2 → B+c π
0) =

g2
B∗+c2 B+c π0 |pπ|5

60πm4
B∗+c2

,

Γ(B(′)+
c1 → B∗+c π

0) =

Ç
3+
|pπ|2
m2

B∗+c

å g2
B(′)+

c1 B∗+c π0 |pπ|

24π
, (26)

|pπ| π0where  is the momentum of the  in the rest frame of
the initial particle. 

B(∗)
c(0,1,2)B(∗)D(∗)C.    Coupling constants of  vertices

B(∗)
c(0,1,2)→B(∗)D(∗) 3P0

We  calculate  the  amplitudes  for  the  processes
 using  the  model,  and  match  them

with those  obtained  from  the  effective  Lagrangian  ap-
proach. In this way, the coupling constants in the effect-
ive Lagrangian can be determined.

3P0The corresponding transition operator in the  mod-
el is given by[32−34, 47, 55] 

T = −3γ
∑

m

⟨1,m;1,−m | 0,0⟩
∫

d3p3d3p4 δ
3(p3+p4)

×Ym
1

(p3−p4

2

)
χ34

1,−mϕ
34
0 ω

34
0 b†3i(p3)d†4 j(p4), (27)

χ34
1,−mwhere i and j are  color  indices,  is  the  spin  wave

 

Bc(1P)+→ B(∗)+
c π0 η−π0 B = (B+,B0,B0

s )

D = (D0,D+,D+s )

Fig. 2.    Schematic diagrams of the decay  via intermediate meson loops and  mixing, where  and
. (a)–(h) illustrate different intermediate meson loops.
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ϕ34
0

ω34
0 = δi j/

√
3

Ym
1 (p) = |p|Ym

1 (θ,ϕ)

function,  is  the  flavor  singlet  wave  function,
 is  the  color  singlet  wave  function,  and

.
The meson wave function is given by [56] 

|M (P, J, Jz)⟩ =
∑

S z ,Lz ,ci

⟨L,Lz;S ,S z | J, Jz⟩

×
∫

d3p1d3p2 δ
3(p1+p2−P)ψN,L,Lz (p1,p2)

× δc1c2√
3
ϕ f1 , f2χ

S ,S z
s1 ,s2

b†c1 , f1 ,s1 ,p1
d†c2 , f2 ,s2 ,p2

|0⟩,
(28)

c j s j f j j = 1,2
b† d†

ψN,L,Lz

where , ,  and  ( ) denote the color,  spin, and
flavor indices of the quark, respectively.  and  are the
creation operators for quarks and antiquarks, and  is
the spatial wave function in the harmonic oscillator basis.

The  spatial  wave  functions  for S-wave  and P-wave
mesons are given by 

ψ0,0,0(p1,p2) =
1

π3/4R3/2
exp
Å
− (p1−p2)2

8R2

ã
,

ψ0,1,m(p1,p2) =

…
2
3
|p1−p2|
π1/4R5/2

Ym
1 (θ,ϕ)exp

Å
− (p1−p2)2

8R2

ã
,

(29)

Ym
1where  is the spherical harmonic function and R is the

parameter of the meson wave function.
Bc(1P)+

B∗+c0 (13P0) B∗+c2 (13P2) B+c1(1P1) B′+c1(1P′1)
B+c1 B′+c1 11P1 13P1

The  multiplet  which  contains  four  physical
states: , , ,  and .  The

 and  states are mixtures of the  and  con-
figurations, with the mixing defined as Ç

B′+c1

B+c1

å
=

(
cosθ1P sinθ1P

−sinθ1P cosθ1P

)Ç
11P1

13P1

å
, (30)

θ1P = 22.4◦ B(′)+
c1where .  Therefore,  for ,  the mixing of  the

wave functions must be taken into account.
A→ BC 3P0The transition amplitude for  in the  mod-

el is given by 

Mq = ⟨BC|T |A⟩, (31)

Mh

Mh = 8π3/2 √mAmBmCMq

and the  amplitude  obtained  from the  effective  Lagrangi-
an approach is  denoted as .  The relation between the
two  amplitudes  is ,  from  which
the coupling constants in the effective Lagrangian can be
determined. By substituting the wave functions from Eq.
(32) into Eq. (35), and comparing the resulting amplitude

B(∗)
c

with  that  obtained  from  the  effective  Lagrangian  in  Eq.
(5), the coupling constants for the  meson vertices can
be  extracted.  The  explicit  expressions  for  the  coupling
constants are given in the Appendix A. 

III.  NUMERICAL RESULTS AND DISCUSSIONS

Bc(1P)+→ B(∗)+
c π0

3P0

γcb̄ = 2.145
B∗+c0 B∗+c2

Proceeding  to  the  numerical  calculations  of  the  loop
contributions for , the relevant coupling
constants can be calculated using Eqs. (A1), (A4) and (9).
The  parameters  used  in  the  calculations  are  summarized
in Table  1 and  the  model  coupling  constant

 [57] 1).  The  masses  of  the  relevant  particles
are taken from the PDG [50], the masses of  and 
are given by [27, 28] 

mB∗+c0
= 6704.8±5.5±2.8±0.3 MeV,

mB∗+c2
= 6752.4±9.5±3.1±0.3 MeV , (32)

B+c1 B′+c1 B∗+c
mB+c1
= 6741 MeV, mB′+c1

= 6750 MeV
mB∗+c = 6338 MeV

and the masses of ,  and  are adopted from Ref.
[13]: ,  and

.
The explicit values of the coupling constants are giv-

en in Tables 2 to 6.

Bc(1P)+→ B(∗)+
c π0

Bc(1P)+→ B(∗)+
c π0

α = 1.0 1.35 1.5 1.65 2.0
α = 1.5±0.15

Bc(1P)+→ B(∗)+
c π0

Γ(B∗+c0 → B+c π
0)

Γ(B∗+c2 → B+c π
0)

B+c π
0

B∗+c0 B∗+c2
B+c B∗+c

B∗+c → B+c γ

B+c π
0

B∗+c0 B∗+c π
0

B+c1 B
′+
c1

11P1 13P1

With  the  above  coupling  constants,  we  can  calculate
the partial decay widths of .  In Table 7
we list the calculation results of the partial decay width of

 with five  typical  cutoff  parameter  val-
ues , , ,  and . For the typical value

 [29, 53, 54], we present  the  predicted par-
tial  decay  widths  of  in Table  8.  It
shows that the partial width  is nearly three
orders  of  magnitude  larger  than . It  indic-
ates  that  the  decay channel  can  be  used  to  distin-
guish  and  from each  other  given  sufficient  data
samples from experiment. Meanwhile, if  and  can
be  distinguished  by  the  measurement  of ,  it
seems  that  these  four  states  will  then  be  separated.  It  is
likely  that  in  the  channel,  one  will  only  see  one
state, i.e. , while in the  channel one may be able
to  see  two  peaks  for  and . However,  their  struc-
tures as the mixture of  the  and  configurations
would rely on the detailed mixing dynamics.  Notice that
the isospin-violating decay process has indeed been signi-
ficantly suppressed.  There is  no doubt  that  such a meas-
urement  would  be  extremely  challenging.  But  for  future
establishment  of  these  four  states,  such  an  effort  should
still be pursued.

Bc(1P)+→ B(∗)+
c π0

To see more clearly the role played by the intermedi-
ate loop transitions, we plot the dependence of the decay
width of  on the cut-off  parameter α in
Fig. 3. The behavior of the decay widths as a function of

Jun Wang, Qiang Zhao Chin. Phys. C 50, (2026)

√
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D∗+s → D+s π
0

Bc(1P)+→ B(∗)+
c π0

gBc(1P)+B(∗)+
c π0

the  cutoff  parameter α is  found  to  be  consistent  with
 [29].  To  further  clarify  the  contributions

from  different  loop  diagrams  in  the  processes
, we present in Fig. 4 the dependence of

the  different  loop  contributions  to  on  the

Bc(1P)+→ B(∗)+
c π0

D∗ D

cutoff parameter α. It is worth noting that for all four pro-
cesses of ,  the loop diagrams involving
the exchange of  a  meson and containing a  meson
as  an  internal  line  provide  the  dominant  contribution,
which  is  more  than  one  order  of  magnitude  larger  than

 

B(∗)
c(0,1,2)B(∗)D(∗)Table 1.    Harmonic oscillator strengths for meson wavefunctions involved in the  couplings are adopted from potential

quark model studies [12, 13, 58− 61].

HO Strength RD RD∗ RDs RD∗s RB RB∗ RBs RB∗s RBc
RB∗c0

RB∗c2
RB1

c1(1P1) RB3
c1(3P1)

MeVValue ( ) 601 516 651 562 580 542 636 595 1010 760 670 700 710

 

D(∗)D(∗)PTable 2.    Values of the  coupling constants.

Coupling constant gD∗0D∗0π0 gD∗+D∗+π0 gD0D∗0π0 gD+D∗+π0 gD∗0D∗0η

Value 6.32GeV−1 −6.32GeV−1 12.23 −12.23 6.16GeV−1

Coupling constant gD∗+D∗+η gD0D∗0η gD+D∗+η gD∗+s D∗+s η gD∗+s D+s η

Value 6.16GeV−1 11.94 11.94 −1.49GeV−1 −3.03

 

B∗+c B(∗)D(∗)Table 3.    Values of the  coupling constants.

Coupling constant gB∗+c B+D0 gB∗+c B∗+D0 gB∗+c B+D∗0 gB∗+c B∗+D∗0 gB∗+c B0
s D+s

gB∗+c B∗0s D+s
gB∗+c B0

s D∗+s
gB∗+c B∗0s D∗+s

Value 27.1 4.31GeV−1 4.49GeV−1 14.5 27.4 4.37GeV−1 4.54GeV−1 14.7

 

B(∗)+
c(0,2)B(∗)D(∗)Table 4.    Values of the  coupling constants.

Coupling constant gB+c B+D∗0 gB+c B∗+D0 gB+c B∗+D∗0 gB+c B0
s D∗+s

gB+c B∗0s D+s
gB+c B∗0s D∗+s

gB∗+c0 B+D0

Value 24.1 23.18 1.82GeV−1 24.4 23.6 1.85GeV−1 7.51GeV

Coupling constant gB∗+c0 B∗+D∗0 gB∗+c0 B0
s D+s

gB∗+c0 B∗0s D∗+s
gB∗+c2 B+D0 gB∗+c2 B∗+D∗0 gB∗+c2 B0

s D+s
gB∗+c2 B∗0s D∗+s

Value 4.50GeV 8.64GeV 5.23GeV 3.58GeV−1 0.365GeV−1 3.53GeV−1 0.398GeV−1

 

B+c1B(∗)D(∗)Table 5.    Values of the  coupling constants.

Coupling constant gB+c1 B+D∗0 gB+c1 B∗+D∗0 gB+c1 B∗+D0 gB+c1 B0
s D∗+s

gB+c1 B∗0s D∗+s
gB+c1 B∗0s D+s

Value 9.13GeV 1.33 9.18GeV 10.1GeV 1.49 10.1GeV

 

B′+c1B(∗)D(∗)Table 6.    Values of the  coupling constants.

Coupling constant gB′+c1 B+D∗0 gB′+c1 B∗+D∗0 gB′+c1 B∗+D0 gB′+c1 B0
s D∗+s

gB′+c1 B∗0s D∗+s
gB′+c1 B∗0s D+s

Value 8.50GeV 1.24 8.19GeV 9.39GeV 1.38 9.40GeV

 

Bc(1P)+→ B(∗)+
c π0 α = 1.0 1.35 1.5 1.65 2.0Table 7.    The partial decay widths of  with , , ,  and  in unit of eV.

α 1.0 1.35 1.5 1.65 2.0

Γ(B∗+c0 → B+c π
0) 0.40 1.42 2.16 3.12 6.35

Γ(B∗+c2 → B+c π
0)(×10−3) 0.95 3.79 6.06 9.17 20.7

Γ(B+c1→ B∗+c π0) 0.64 2.35 3.62 5.29 11.1

Γ(B′+c1 → B∗+c π0) 0.60 2.17 3.34 4.88 10.2

 

Bc(1P)+→ B(∗)+
c π0 α = 1.5±0.15Table 8.    Predicted partial decay widths of  for .

Decay channel B∗+c0 → B+c π
0 B∗+c2 → B+c π

0 B+c1→ B∗+c π0 B′+c1 → B∗+c π0

Partial decay width 2.2+1.0
−0.7eV (6.1+3.1

−2.3)×10−3eV 3.6+1.7
−1.3eV 3.3+1.5

−1.2eV

Bc(1P)+→ B(∗)+
c π0Predictions for the isospin-violating decays of Chin. Phys. C 50, (2026)
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B∗+c2 → B+c π
0

the other  loop  contributions.  This  is  especially  pro-
nounced in the case of . 

IV.  SUMMARY

Bc(1P)+→ B(∗)+
c π0

π0

B(∗) D(∗)

In this work we calculate the partial decay widths for
the  four  isospin-violating  decay  channels

 using the  effective  Lagrangian  ap-
proach.  We assume that  the isospin-violating  produc-
tion via  the  U(1)  anomaly term is  dual  to  the  intermedi-
ate  meson  loops  involving  and  rescatterings.
The  isospin-violating  transition  is  a  consequence  of  the

uū dd̄
B(∗)D

D∗

B∗+c0 → B+c π
0

B∗+c2 → B+c π
0

B∗+c0 B∗+c2 B+c π
0

B+c1/B′+c1
B+c1/B′+c1 → B∗+c π

0

11P1 13P1

cancellations  between  the  two  kinds  of  loops  involving
the  intermediate  heavy  mesons  containing  or .  In
particular, we find that the loop diagrams with  res-
catterings by exchanging a  provide the dominant con-
tributions.  Our  results  show  that  the  partial  decay  width
of  is  about  three  orders  of  magnitude  larger
than  that  for .  This  significant  difference  can
be  exploited  experimentally  to  distinguish  between  the

 and  states in the final state of . Meanwhile,
the two axial-vector states  can be possibly identi-
fied  in  though  their  structures  as  the
mixture  of  the  and  states will  rely  on  the  de-

 

Bc(1P)+→ B(∗)+
c π0Fig. 3.    The partial decay width of  as a function of the cutoff parameter α.

 

gBc(1P)+B(∗)+
c π0 −

Bc(1P)+
Fig. 4.    Dependence of the contributions from different loop diagrams to  on the cutoff parameter α. (a) (d) correspond to
different  states.

Jun Wang, Qiang Zhao Chin. Phys. C 50, (2026)
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tailed mixing  dynamics.  Undoubtedly  these  measure-
ments would be challenging for the present and even fu-
ture  experiment.  But  we  emphasize  that  they  are  crucial
for finally establishing these states in experiment.
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APPENDIX A: COUPLING CONSTANTS OF BOT-
TOM-CHARM MESONS

B(∗)
c(0,1,2)B(∗)D(∗)

3P0

B+c B(∗)D(∗)

Explicit  expressions for  the  couplings,
which  are  calculated  in  the  model,  are  listed  below.
Namely, for the  couplings to , we have

 

gBcB∗D =
4
√

2π
1
4
√mBc mB∗mDγcb̄(RBc RB∗RD)3/2(R2

Bc
(R2
B∗ +R2

D)+2R2
B∗R

2
D)

√
3(R2

Bc
(R2
B∗ +R2

D)+R2
B∗R

2
D)5/2

,

gBcBD∗ =
4
√

2π
1
4
√mBc mB∗mD∗γcb̄(RBc RBRD∗ )3/2(R2

Bc
(R2
B+R2

D∗ )+2R2
BR2
D∗ )√

3(R2
Bc

(R2
B+R2

D∗ )+R2
BR2
D∗ )5/2

,

gBcB∗D∗ =
4
√

2π
1
4
√

mB∗mD∗γcb̄(RBc RB∗RD∗ )
3/2(R2

Bc
(R2
B∗ +R2

D∗ )+2R2
B∗R

2
D∗ )√

3mBc (R2
Bc

(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )5/2

. (A1)

B∗+c B(∗)D(∗)For the  couplings to , we have
 

gB∗cBD =
4
√

2π
1
4
√mB∗c mBmDγcb̄(RB∗c RBRD)3/2(R2

B∗c
(R2
B+R2

D)+2R2
BR2
D)

√
3(R2

B∗c
(R2
B+R2

D)+R2
BR2
D)5/2

,

gB∗cB∗D =
4
√

2π
1
4
√

mBmDγcb̄(RB∗c RB∗RD)3/2(R2
B∗c

(R2
B∗ +R2

D)+2R2
B∗R

2
D)√

3mB∗c (R
2
B∗c

(R2
B∗ +R2

D)+R2
B∗R

2
D)5/2

,

gB∗cBD∗ =
4
√

2π
1
4
√

mBmD∗γcb̄(RB∗c RBRD∗ )3/2(R2
B∗c

(R2
B+R2

D∗ )+2R2
BR2
D∗ )√

3mB∗c (R
2
B∗c

(R2
B+R2

D∗ )+R2
BR2
D∗ )5/2

,

gB∗cB∗D∗ =
2
√

2π
1
4
√mB∗c mB∗mD∗γcb̄(RB∗c RB∗RD∗ )

3/2(R2
B∗c

(R2
B∗ +R2

D∗ )+2R2
B∗R

2
D∗ )√

3(R2
B∗c

(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )5/2

. (A2)

B∗+c0 B(∗)D(∗)For the  couplings to , we have
 

gB∗c0BD =
8π

1
4
√mB∗c0

mBmDγcb̄RBRD(RB∗c0
RBRD)5/2

(R2
B∗c0

(R2
B+R2

D)+R2
BR2
D) 5

2
,

gB∗c0B∗D∗ =
16π

1
4
√mB∗c0

mB∗mD∗γcb̄RB∗RD∗ (RB∗c0
RB∗RD∗ )5/2

3(R2
B∗c0

(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )

5
2

. (A3)

B∗+c2 B(∗)D(∗)For the  couplings to , we have
 

gB∗c2BD =
π

1
4
√mB∗c2

mBmDγcb̄R5/2
B∗c2

(RBRD)
3
2 (R2

B+R2
D)(R2

B∗c2
(R2
B+R2

D)+2R2
BR2
D)

√
3(R2

B∗c2
(R2
B+R2

D)+R2
BR2
D)7/2

,

gB∗c2B∗D∗ =
16π

1
4
√mB∗c2

mB∗mD∗γcb̄RB∗RD∗ (RBc2 RB∗RD∗ )5/2

√
3(R2

B∗c2
(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )

5
2

. (A4)

B(′)+
c1 B(∗)D(∗) 11P1 13P1For the  couplings to , taking into account the mixing between the  and  we have
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gB′c1BD∗ =cosθ1P

8π
1
4
√mB′c1

mBmD∗γcb̄RBRD∗ (RB1
c1

RBRD∗ )
5
2

√
3(R2

B1
c1

(R2
B+R2

D∗ )+R2
BR2
D∗ )5/2

+
√

2sinθ1P

8π
1
4
√mB′c1

mBmD∗γcb̄RBRD∗ (RB3
c1

RBRD∗ )
5
2

√
3(R2

B3
c1

(R2
B+R2

D∗ )+R2
BR2
D∗ )5/2

,

gBc1BD∗ =− sinθ1P

8π
1
4
√mBc1 mBmD∗γcb̄RBRD∗ (RB1

c1
RBRD∗ )

5
2

√
3(R2

B1
c1

(R2
B+R2

D∗ )+R2
BR2
D∗ )5/2

+
√

2cosθ1P

8π
1
4
√mBc1 mBmD∗γcb̄RBRD∗ (RB3

c1
RBRD∗ )

5
2

√
3(R2

B3
c1

(R2
B+R2

D∗ )+R2
BR2
D∗ )5/2

,

(A5)

 

gB′c1B∗D =cosθ1P

8π
1
4
√mB′c1

mB∗mDγcb̄RB∗RD(RB1
c1

RB∗RD)
5
2

√
3(R2

B1
c1

(R2
B∗ +R2

D)+R2
B∗R

2
D)5/2

+
√

2sinθ1P

8π
1
4
√mB′c1

mB∗mDγcb̄RB∗RD(RB3
c1

RB∗RD)
5
2

√
3(R2

B3
c1

(R2
B∗ +R2

D)+R2
B∗R

2
D)5/2

,

gBc1B∗D =− sinθ1P

8π
1
4
√mBc1 mB∗mDγcb̄RB∗RD(RB1

c1
RB∗RD)

5
2

√
3(R2

B1
c1

(R2
B∗ +R2

D)+R2
B∗R

2
D)5/2

+
√

2cosθ1P

8π
1
4
√mBc1 mB∗mDγcb̄RB∗RD(RB3

c1
RB∗RD)

5
2

√
3(R2

B3
c1

(R2
B∗ +R2

D)+R2
B∗R

2
D)5/2

,

(A6)

 

gB′c1B∗D∗ =cosθ1P

8π
1
4
√

mB∗mD∗γcb̄RB∗RD∗ (RB1
c1

RB∗RD∗ )
5
2»

3mB′c1
(R2

B1
c1

(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )5/2

+
√

2sinθ1P

8π
1
4
√

mB∗mD∗γcb̄RB∗RD∗ (RB3
c1

RB∗RD∗ )
5
2»

3mB′c1
(R2

B3
c1

(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )5/2

,

gBc1B∗D∗ =− sinθ1P

8π
1
4
√

mB∗mD∗γcb̄RB∗RD∗ (RB1
c1

RB∗RD∗ )
5
2√

3mBc1 (R2
B1

c1
(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )5/2

+
√

2cosθ1P

8π
1
4
√

mB∗mD∗γcb̄RB∗RD∗ (RB3
c1

RB∗RD∗ )
5
2√

3mBc1 (R2
B3

c1
(R2
B∗ +R2

D∗ )+R2
B∗R

2
D∗ )5/2

. (A7)
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