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Testing Einstein-Maxwell Power-Yang-Mills hair via
black hole photon rings”
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Abstract: In this paper, the optical appearance of static and spherically symmetric hairy black holes is studied un-
der the standard Einstein-Maxwell theory considering the p-power Yang-Mills term. During the research process, the
specific case of p = 1/2 was primarily selected for discussion. To understand the impact of the hairy parameter on
black holes, we have studied the event horizon radius r,, photon sphere radius rp,, and radius of the innermost
stable circular orbit ris, of this hairy black hole. Subsequently, we utilize the backward ray-tracing method to ana-
lyze the geodesics of photons around this black hole and discuss the influence of the hairy parameter on the photon
geodesics. In addition, we calculate the distinctive shadow and photon ring structures of the black hole illuminated
by a static thin accretion disk using three toy-model emission functions, and we briefly compare the optical appear-
ance of the black hole in this nonlinear case (p = 1/2) with that in the standard Yang-Mills case (p = 1). The re-
search results show that as the hairy parameter gradually increases, rq,, 7ph, Fisco, and the critical impact parameter
bpn of the black hole all exhibit a decreasing trend. Meanwhile, it also causes the area of the black hole shadow and
the photon ring to decrease accordingly. Compared with the standard case (p = 1), the nonlinear Einstein-Maxwell
Yang-Mills black hole exhibits a larger shadow radius and brighter ring radius but with an overall dimmer bright-
ness relative to the standard scenario, demonstrating observable differences. Consequently, for the static and spheric-
ally symmetric Einstein-Maxwell power-Yang-Mills hairy black hole, no degeneracy occurs in the photon ring and

shadow. Theoretically, it can reflect different black hole solutions and thus verify the Yang-Mills hair.
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I. INTRODUCTION

Although general relativity (GR) has achieved much
success in classical scenarios, it still encounters signific-
ant challenges under extreme conditions [1, 2]. The sin-
gularity theorems of Penrose and Hawking indicate that
GR loses its predictive ability in certain regions, which
has prompted physicists to propose alternative theories of
gravity or consider quantum effects to eliminate singular-
ities. [3—9]. The Einstein-Cartan theory avoids the ap-
pearance of singularities by introducing torsion [10];
quantum gravity frameworks such as string theory and
loop quantum gravity provide a completely new explanat-
ory perspective for avoiding the problem of spacetime
singularities [11—15]. In addition, the Einstein-Yang-
Mills theory, by unifying non-Abelian gauge fields and
gravity within the geometrized framework of curved
spacetime, provides a new tool for studying the interac-
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tions between gauge and gravitational fields in complex
backgrounds [16—19]. This theory not only expands the
scope of application of GR but also has significance in
describing asymptotic symmetries, black hole physics,
and the research on quantum gravity [20]. The proposal
of alternative theories of gravity has provided new con-
cepts for overcoming the limitations of GR under ex-
treme conditions.

The black hole, one of the classic predictions of GR,
is not only an important tool for verifying existing gravit-
ational theories but also a crucial experimental object for
testing the validity of alternative theories and distinguish-
ing differences among theories. In recent years, the ex-
ploration of black holes has been at the forefront of theor-
etical physics research. With the release of the images of
the supermassive black hole M87* by the Event Horizon
Telescope (EHT) in 2019 [21-26] and the images of the
supermassive black hole SgrA* at the center of the Milky
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Way in 2022 [27], the existence of black holes has been
conclusively proven. The images released by the EHT
clearly indicate an obviously dark region in the central
part of the black hole. Often, this specific dark region is
called the shadow of the black hole. The shadow is the re-
gion inside the critical curve, which is closely related to
the radially unstable spherical photon orbit [28]. Mean-
while, the shadow is also a prominent feature of the im-
age of the accretion flow around supermassive black
holes [29]. The shape and size of the shadow depend on
the spacetime metric. The research on black hole shad-
ows provides us with an important method for extracting
effective information about black hole spacetime and test-
ing various alternative theories of gravity. After Synge's
pioneering work [30], many studies on black hole shad-
ows have been conducted using various gravitational the-
ories [31-39].

A bright ring surrounds the black hole shadow. This
bright ring is called the photon ring [40]. It is an import-
ant concept in the research on black hole imaging.
Through the strong gravitational lensing effect, the light
around the black hole is repeatedly deflected around it
and finally forms photon trajectories successively [41].
These photon trajectories together present a ring-shaped
image around the black hole. This phenomenon not only
provides crucial clues for black hole imaging but also
serves as an important tool for studying physical phenom-
ena in the extreme environment near black holes.
Through observations of the photon ring, researchers
have gained a deeper understanding of the properties of
black holes, such as the structure of the accretion disk,
gravitational lensing effect, and rotation speed of black
holes [33, 42—44]. The photon ring provides a method for
testing the no-hair theorem of black holes [45]; studying
the gravitational effects of black holes [46]; and extract-
ing information about black hole parameters such as
mass, spin, and event horizon size [47]. In addition, re-
search on the higher-order ring images of black hole ac-
cretion disks has enabled their use in distinguishing dif-
ferent accretion models [48]. Therefore, the observation-
al images of the photon rings and shadows of black holes
are effective tools [49] for better understanding the prop-
erties of black holes.

The no-hair theorem indicates that a black hole can
often be described by three physical parameters, namely
mass, angular momentum, and electric charge. Therefore,
although the internal conditions before the formation of a
black hole may be extremely complicated, it becomes a
relatively simple celestial body after its formation.
However, for modified theories of gravity, the introduc-
tion of modification terms adds extra degrees of freedom,
which can explain phenomena that are difficult to be fully
explained by GR. When exploring modified theories of
gravity, researchers are committed to introducing addi-
tional matter fields into the theoretical system. The intro-

duction of these additional matter fields has produced a
significant result, that is, a black hole can no longer be
characterized solely by the traditional three parameters
but requires more "hairy" parameters to fully describe its
properties. Consequently, hairy black holes, as new re-
search objects, have been widely constructed and deeply
analyzed in related fields [33, 50—54].

Recently, Gomez et al. obtained a spherically sym-
metric solution of the Einstein-Maxwell theory in the
presence of the Yang-Mills field with a power term [55].
Although their work did not include a detailed discussion
on the stability of this black hole solution, they studied
the quasi-normal modes of this four-dimensional Ein-
stein-Maxwell power-Yang-Mills black hole, which, to
some extent, reflects the local stability of the black hole
spacetime. Subsequently, they investigated the condi-
tions under which matter accretion can occur around this
black hole [55], thereby validating the astrophysical feas-
ibility of the theory. These studies prompt us to investig-
ate the effects of the Yang-Mills field on black hole
spacetime by studying the black hole photon ring. Spe-
cifically, we focus on the model with the power term
p=1/2 and electric charge term Q = 0.6 (the optical ap-
pearance of the uncharged power-Yang-Mills black hole
case for this specific p=1/2 scenario has been previ-
ously studied in [56]). This special case represents a
black hole that has both Abelian charges O and non-
Abelian charges gym and is asymptotically non-flat.
When our Yang-Mills hair parameter Qyy is set to zero,
it reverts to the standard Reissner-Nordstrom (RN) black
hole solution. Therefore, this paper analyzes this model
and leverages the structural characteristics of the photon
ring and shadow mentioned earlier. Because the structur-
al characteristics of the photon ring and shadow differ
among black hole solutions, we expect that the changes in
these characteristics can be used to distinguish different
black hole solutions, thereby testing the Yang-Mills hair.

The remainder of this paper is structrured as follows.
In Section II, the Einstein-Maxwell power-Yang-Mills
black hole solution is presented. Moreover, the value
scenario of the event horizon of this black hole under the
action of the hairy parameter Qyy is explored. In Section
I1, the geodesic equation of the hairy black hole is first
derived. Thereafter, the constraints on the hair parameter
are provided based on existing observational data, fol-
lowed by a discussion of variations in the effective poten-
tial with the hair parameter. In Section [V, we employ the
ray-tracing method to investigate the photon trajectories
around the hairy black hole. Furthermore, we systematic-
ally study the optical appearance of the black hole illu-
minated using three thin accretion disk models to exam-
ine the influence of the hairy parameter on the image
characteristics. Subsequently, we conduct a comparative
analysis between the optical appearances in the nonlinear
case (p=1/2) and standard Yang-Mills case (p=1) to
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explore the effects of nonlinearity. Section V presents the
summary. In addition, throughout this paper, the natural
unit system is adopted, i.e., c=G=1, and M =1 is set.
The metric signature (—,+,+,+) is used in this paper.

II. EINSTEIN-MAXWELL POWER-YANG-MILLS
BLACK HOLE

In this section, we first briefly introduce the static and
spherically symmetric hairy black hole under the stand-
ard Einstein-Maxwell theory with the p-power Yang-
Mills term. The total action contains three parts: i) The
Einstein-Hilbert term, ii) Maxwell invariant, and iii)
Power Yang-Mill invariant. It can be expressed as fol-
lows:

1
SO:E/\/—_gd4x R-?M—m}, (1)

where g is the determinant of the metric tensor g,,, R is
the Ricci scalar, and p is a real parameter that introduces
nonlinearties. The Maxwell and power-law Yang-Mills
terms can be expressed as follows [55]:

TM = vaF#v7 (2)

3
TYM - Tr(FE{gF(a)Alr) — Z(FEST)F(LI)/IU). (3)

a=1

Here, F,, is the electromagnetic field tensor, and F{) is
the Yang-Mills field strength tensor. We consider the
spherically symmetric spacetime (in Schwarzschild co-
ordinates), and the line element of this black hole can be
expressed as [49]

ds® = —f(Ndf’ + f(r)"'dr* + 77 (46 +sin*6d¢?),  (4)

where

2
fn=1-2, 2, O )

P2 A2

This solution can be understood as a linear combination
of the Yang-Mills term and standard RN solution, and the
Yang-Mills charge gy is related to its normalized ver-
sion as [57]

2])—1 »
Oym = 4_]77_3‘]YM‘ (6)

Eq. (5) shows that, compared with the standardized RN

black hole solution, the metric in this paper introduces
only a nonlinear parameter p and hairy parameter Qyy.
Their introduction indicates the geometric deformation on
the radial and time metric components.

Furthermore, when considering different values of the
power exponent p, we find that the satisfaction of the en-
ergy conditions exhibits distinct differences [57, 58]. For
p <0, all energy conditions are violated. However, when
3/4 < p <3/2, all energy conditions are satisfied. For oth-
er values of p, the energy conditions are only partially
satisfied; for example, when p =1/2, only the weak and
strong energy conditions are satisfied, whereas the dom-
inant, causality, and null energy conditions are violated
[57, 58]. Nevertheless, owing to the existence of classic-
al and quantum field theories, a special phenomenon
emerges: Even if some energy conditions are violated,
they can still be consistent with the experimental data
[59, 60]. Take the non-minimally coupled scalar field the-
ory with positive curvature coupling as an example. The
violation of energy conditions means that traversable
wormholes may exist [61]. Moreover, in various alternat-
ive theories of gravity, the introduction of additional de-
grees of freedom has resulted in new gravitational dy-
namical mechanisms. Under their influence, the corres-
ponding energy conditions also exhibit unique character-
istics [62]. Considering multiple aspects, the case of
p = 1/2 has research significance. Therefore, in this work,
this scenario is selected as the core research object, and a
comprehensive and in-depth analysis is conducted. The
case of p=1/2 not only presents a simple feature in the-
oretical form, which adds convenience to the research
work and effectively reduces the complexity of the re-
search, but more importantly, against the complex re-
search background of astrophysics, it shows intricate and
close connections with numerous physical phenomena
and frontier theoretical models [55]. Based on its unique
advantages and important research value, the case of
p = 1/2 undoubtedly should be the focus of our attention.
Meanwhile, we also determine that the value of Q is 0.6.

Therefore, when the hairy parameter Qyy =0, it can
revert to the standard RN black hole solution. Because
this metric is static and spherically symmetric, the event
horizon, as a hypersurface with spacetime symmetry,
should also be static and spherically symmetric. When
solving for the event horizon, it should only be a func-
tion of r, independent of ¢, 6, and ¢. In other words, the
event horizon should satisfy

g =0; (7)
thus, we obtain
L 2M  Q* Oww
f(r)—1—7+7+’4p_2—0- (8)

015101-3



Zuting Luo, Meirong Tang, Zhaoyi Xu

Chin. Phys. C 50, 015101 (2026)

When we determine the values of the power term p = 1/2
and Abelian charge Q = 0.6, solving Eq. (8) can yield the
horizon scenarios under different Qyy values, and they
are shown in Fig. 1. The black dashed line in the figure
represents the position of the event horizon radius of the
RN black hole. We find that when Qyy = 1.77778, one
root corresponds to the Einstein-Maxwell power-Yang-
Mills black hole with only one horizon. When Qyy; is less
than this value, the black hole will have two horizons;
conversely, when Qyy is greater than this value, no hori-
Zon exists.

3 ///
—

Qywm>1.77778
Qym = 177778
Qym < 177778

<

2 3 4 5 6 7 8
r

0

Fig. 1.
ferent values of Qym.

(color online) Scenario of the metric function for dif-

III. NULL GEODESICS IN THE HAIRY BLACK
HOLE SPACETIME

To study the influence of the hairy parameter Qyy of
the Einstein-Maxwell power-Yang-Mills black hole on
the photon ring and shadow, we must first study the equa-
tion of motion of photons in the spacetime of this black
hole and discuss the effective potential of photons. In the
spherically symmetric spacetime, we consider the photon
motion constrained to a fixed plane, 6 = 7/2, that is,

de
sind=1, — =0. )
dr

For the spacetime of the line element (4), the geodesic
equation can be derived according to the Lagrangian

dx’ dx/
2£=g,~j55, (10)

where 7 is the affine parameter along the geodesic. From
the spacetime metric, the Lagrangian is

, 1 .
—f(NP? + — 7 + PP + (P sin’ 0)@? | (11)

1
£=3 £

Here, the dot indicates the derivative with respect to ,
and the corresponding canonical momenta are

oL .
Pi=2r = -f(ni,
_ L1,
P T "
oL
Pe= =5 ="
oL NP
Dy = —w = —r*sin’ . (12)

The Schwarzschild spacetime has two Killing vector

a a
fields, namely the timelike Killing vector field <§) and

axial Killing vector field <%> . These two Killing vec-

tor fields will lead to two conserved quantities, that is, the
conservation of energy E and conservation of angular
momentum L [46].

dr dr
E=-gyp— = — 1
gOOdT f(”)d?, (13)
dp  ,dog
L=gy—=r—. 14
g33d‘r r ar (14)

By substituting Egs. (13) and (14) into Eq. (11), we ob-
tain

E 1, I?

2£:_%+mi’ +r72'

(15)

Additinally, because the Lagrangian of the null geodesic
is zero,

1 (dr)z E* L7 (16)

f\ar) T e
From Eq. (16), an ordinary differential equation for the

radius  with respect to the azimuthal angle ¢ in the orbit-
al plane can be further obtained [47]:

<§;)2=r4 (%— ef:f(r)), (17)

where b = L/E is the impact parameter, and V. is the ef-
fective potential for the radial motion of the photon,
which can be expressed as

1
Veﬂ‘(r):f(r)ﬁ' (18)
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We observe that the photon trajectory is determined by
the impact parameter b. To study the black hole shadow,
we must determine the radius of the unstable photon
sphere, which is determined by the following equation
[44, 63]:

1
Veff(r)|r=rph = bT, (19)
ph
Ver)| _ 20)
dr

r=rph

After obtaining the radius of the photon sphere from Eq.
(20), substituting it into Eq. (19) will yield the corres-
ponding critical impact parameter as

rph

by = —20
ph \/prh)’ (21)

with

— 3+ \/9_8Q2_8Q2QYM. (22)
2(1+ QOvwm)

rph

The critical impact parameter by, is the threshold dis-
tance at which light rays are captured by the black hole. It
typically corresponds to the boundary of the shadow of a
static black hole in the observer's field of view. From Eq.
(21), we know that the critical impact parameter by, de-
pends on the metric function f(r) and, consequently, is
also related to the parameters Q and Qyy. Therefore, we
use the existing observational data on the shadows of the

Fig. 2.

supermassive black holes M87* and Sgr A* to constrain
the hair parameter.

The EHT observations reveal that the possible shad-
ow diameter of M87* is d¥® =(11+1.5), whereas the
shadow diameter of Sgr A* is 3% A =(9.5+1.4). For the
Einstein-Maxwell power-law Yang-Mills black hole, the
shadow diameter dy, can be derived from Eq. (21); we
obtain

rph

Vf(rpn)’ (23)

Thus, we present the constraints on the parameters Q and
Qvym under the observational bounds from M87* and Sgr
A* in Fig. 2. In the constrained ranges of Q and Qym
shown in Fig. 2, we clearly observe that as the charge QO
increases, the allowable range of Qyy that satisfies the
observational data constraints gradually shrinks.
Moreover, in each subplot of Fig. 2, a blank region ap-
pears on the right side, corresponding to combinations of
0O and Qyy for which the shadow diameter dy, does not
exist.

Subsequently, we specify the scenario considered in
this work by fixing the electric charge at Q = 0.6 while
examining the observational constraints on the hair para-
meter Qyy imposed by Sgr A* and M87%*, as shown in
Fig. 3. From Fig. 3, we observe that under the observa-
tional constraints of Sgr A*, the allowable range for the
hair parameter is —0.07 < Qyym < 0.12, whereas for M87%*,
the permitted range becomes —0.15 < Qym <0.02. Con-
sequently, our subsequent analysis will be restricted to
the interval —0.07 < Qyym < 0.02.

The effective potential Vg for the radial motion of

dpn=2

_wer:_

25

20

Lo
o = -
=) o

(color online) Constraints on parameters Q and Qym from observational data of Sgr A* (left-hand panel) and M87* (right-

hand panel). The red and blue dashed lines represent the upper and lower bounds of the observed shadow diameters for Sgr A* and

MS87*, respectively.
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dsp VS Qym Within SgrA*

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Qym

Fig. 3.

dsp Vs Qym Within M87%*

-0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 0.20
Qvm

(color online) Constraints on the hair parameter from EHT observations of Sgr A* (left-hand panel) and M87* (right-hand

panel). The red curve represents the variations in the shadow diameter with the hair parameter, and the green region indicates the pos-

sible range based on EHT observations.

photons can be used to distinguish different photon orbits.
To understand the relationship between the effective po-
tential V., photon sphere radius ry,, and critical impact
parameter b,,, we use the RN black hole as an example
and illustrate their relative positions in Fig. 4. In the fig-
ure, for an RN black hole with Q = 0.6, the event horizon
radius is r, = 1.8, photon sphere radius is r,, =2.7369,
and critical impact parameter is by, = 4.8586. The max-
imum value in the figure represents the radius of the un-
stable photon sphere. Furthermore, we show the photon
effective potential images for different hairy parameters
QOvyum in Fig. 5. We easily observe from Fig. 5 that as Qyy
increases, the photon effective potential gradually in-
creases, and the event horizon radius of the black hole
and photon sphere radius of the photons also decrease.

The value of the effective potential is significant in
studying photon orbits. When the effective potential
reaches its maximum value, the corresponding orbit is an
unstable photon sphere. When photons on such an orbit
are slightly disturbed, they may either fall into the black
hole or escape to infinity and be captured by distant ob-
servers. Conversely, when the effective potential takes on
a minimum value, the orbit at this time is stable, allow-
ing photons to move continuously and stably on the cor-
responding orbit. The unstable photon sphere that can be
transmitted to distant observers has an important influ-
ence on observing the characteristics of the accretion im-
age [64]. Therefore, in the following discussion, we fo-
cus on the unstable photon sphere orbits.

IV. PHOTON RING AND SHADOW OF THE EIN-
STEIN-MAXWELL POWER-YANG-MILLS
BLACK HOLE

The fine structure of the photon ring involves the

0.10

0.06

V_effect

1/(b_ph)2

r_h r_ph
0.00 - —

0 1 2 3 4 5 6 7 8 9 10
r

Fig. 4.  (color online) Effective potential Vg(r) of an RN
black hole with Q0 =0.6 as a function of r, along with the rela-
tionship between the photon sphere radius ry, and critical im-
pact parameter bpy, .

0.10

o
°
&

V_effect

o
>
g

0.00

0 2 4 6 8 10
r

Fig. 5. (color online) Variation in the effective potential
Verr(r) with 7 for 0 =0.6 and different values of the hair para-
meter Qywm, including Qym = -0.07, Qym = —0.04, Qyym = 0.02,
and the RN case.

complex behaviors of photon orbits near black holes, par-
ticularly the distribution of photons on different orbits.
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Because photons on different orbits appear as layers with
different brightnesses when imaged, observers can easily
identify the characteristics of black holes. We adopt the
method of backward ray-tracing to analyze the behaviors
of null geodesics near the Einstein-Maxwell power-Yang-
Mills hairy black hole and further explore the optical ap-
pearance of the black hole when a very thin accretion
disk is the light source. Here, the accretion disk is ideal-
ized as an optically and geometrically extremely thin
plane, that is, the disk surface has no absorption or scat-
tering effects on photons. During the research process, we
assume that the background radiation has no impact on
the results and the accretion disk is the only light source.
To simplify the analysis, we fix the accretion disk on the
equatorial plane and assume that the observer is located
in the direction of the North Pole at the same time. Ow-
ing to the strong gravitational pull of the black hole, the
null geodesics of photons may intersect with the accre-
tion disk multiple times before falling into the black hole
or escaping to infinity. The difference in the number of
such intersections will have an important impact on the
total light intensity received by the observer. Therefore,
we must classify these light rays according to the number
of intersections between the null geodesics and accretion
disk and calculate the imaging effect of the Einstein-
Maxwell power-Yang-Mills hairy black hole based on
this.

A. Null Geodesics: Direct emission, lensing rings, and
photon rings

To facilitate the study of the motion trajectories of
photons near black holes, we perform a transformation on
Eq. (17) with r=1/u; thus, the geodesic equation of
photons becomes

@bl o

As shown in Eq. (24), the motion trajectory of photons is
closely related to the impact parameter b, as discussed in
[46]. For all null geodesics that are parallelly directed to-
wards the North Pole, the range of their impact paramet-
ers depends on the number of intersections between the
null geodesics and accretion disk, and the number of in-
tersections can be expressed as

n=-—- (25)

in the formula, ¢ is the total change in the polar angle in
the polar coordinate system during the completion of the
entire trajectory of the null geodesic.

From Eq. (24), when b < b, the total change in the
polar angle outside the event horizon is given by [44]

up 1
0 1

1
o (*)

Here, u, = 1/r,, and r, is the radius of the event horizon.
When b > b, the total change in the polar angle is

Umax 1
0
pt ()

Here, umax = 1/Fmin, and rpin 1S the minimum radial dis-
tance from the position of the light ray on its trajectory to
the black hole. To discuss the observational images of ra-
diation near a black hole, we must clarify that the ob-
served intensity is closely related to the number of inter-
sections between geodesics and the accretion disk, and
the number of intersections 7 is a function of b satisfying
such a relationship [65].

2m—1
n(b) = 4

m=1,2,3,-. (28)
Eq. (28) shows that for a given m, we use b, to represent
two different solutions [46, 65], where b, <b. and
b} > b.. Thus, we can classify all trajectories as follows:

e Direct emission:
(b3,00);

1/4<n<3/4 & be(0,b5)U

* Lensing ring: 3/4<n<5/4 & be(b;,b7)U(b3,b3);
* Photon ring: n>5/4 & b e (b3,b3).

Fig. 6 presents the variation curve of the number of
intersections n of null geodesics of an RN black hole with
the accretion disk with respect to the impact parameter b
when Q =0.6. The black line in the figure represents the
photon trajectory of direct emission, orange line repres-
ents the lensing ring, and red line represents the photon
ring. We observe that when the impact parameter is less
than the critical impact parameter, the number of intersec-
tions increases as the impact parameter increases, reach-
ing a maximum at the critical parameter, and the oppos-
ite is true when the impact parameter is greater than the
critical impact parameter. Similarly, using the null
geodesic equation of photons, Eq. (24), we present in Fig.
7 the variation relationship between the number of inter-
sections n of null geodesics with the accretion disk and
the impact parameter b for different values of the hairy
parameter Qyy when Q =0.6. Fig. 7 shows that the vari-
ation trend of the number of intersections n of null
geodesics with the accretion disk with respect to the im-
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20

Photon ring

Direct emission

Fig. 6.
sections n with the impact parameter b for an RN black hole

(color online) Variation curve of the number of inter-

when Q=0.6. The black, orange, and red lines represent the
direct emission, lensing ring, and photon ring, respectively.

pact parameter b for different values of Qyy is similar to
that of the RN case. However, as Qyy increases, the en-
tire variation curve shifts to the left, which corresponds to
the fact that the critical impact parameter gradually de-
creases as Qyy increases. Moreover, the impact paramet-
er intervals corresponding to the lensing and photon rings
also gradually decrease as Qyy increases.

In addition, by using the null geodesic Eq. (24), we
have plotted the light ray trajectory diagrams near the
black hole for different values of Qyy in Fig. 8.

Fig. 8 shows the following:

* The significance of the impact parameter in the fig-
ure is that it is the coordinate value corresponding to the
null geodesic at a distant position when it is directed to
the right (north pole), that is, the radial distance from the
center of the black hole of the light ray received by the
distant observer.

¢ Under different hairy parameter conditions, the Ein-
stein-Maxwell power-Yang-Mills and the RN black holes
exhibit similar characteristics. The impact parameter in-
tervals of the photon ring (represented by red curves) and
the lensing ring (represented by orange curves) of both
are relatively narrow, which can also be clearly observed
from Table 1. In comparison, the impact parameter inter-
val of the direct ring (represented by black curves) is rel-
atively large and is composed of two mutually independ-
ent parts.

* As the Yang-Mills hairy parameter Qyy increases, it
will cause the impact parameter intervals of the lensing
and photon rings in the spacetime to decrease. Corres-
pondingly, the relative brightness in these regions will
also become slightly dimmer.

* Under different hairy parameter scenarios, such a

2.0
— Qym=-0.07 — Qyy =0
15 — Qym=-0.04 = Qyp=0.02
c 1.0
/
05 /
,///////
0.0
0 2 4 6 8 10
b
Fig. 7.  (color online) Relationship between the number of

intersections n of null geodesics with the accretion disk and
the impact parameter b for different values of the hair para-
meter Qyym: 0.02 (black), 0 (green), —0.04 (blue), and -0.07
(red).

phenomenon will occur: As the impact parameter in-
creases, the bending degree of the corresponding null
geodesic gradually increases, reaches a maximum value
at the position of the unstable photon sphere, and then
gradually decreases. During this process, its color change
follows the rule of black — orange — red — orange —
black.

» With the increase in the hairy parameter Qyy, the
event horizon, photon sphere radius, and critical impact
parameter of the corresponding black hole will all change
(gradually decrease), and the shadow area of the black
hole will also decrease.

Therefore, the influence of the hairy parameter on
photon trajectories cannot be ignored, and this character-
istic can serve as a way to distinguish different black hole
solutions.

After further calculations, the intervals corresponding
to the impact parameters with different numbers of inter-
sections with the accretion disk are determined, and the
results are listed in Table 1, which also shows the results
of the black hole event horizon r,, photon sphere radius
Tpn, Critical impact parameter by,, and innermost stable
circular orbit ri, (it will be used later). r;, can be calcu-
lated as [40]

3f(risco)f/(risco)
isco — , 29
150 = D (P (Fiseo) = f (Fisco) [ (Fiseo) 29)

where the prime denotes the derivative with respect to 7.

B. Optical appearance of an Einstein-Maxwell power-
Yang-Mills black hole surrounded by a thin accre-
tion disk

In this section, we focus on the simulation research of
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(color online) Null geodesic diagrams of photons in polar coordinates for different values of the hair parameter Qym: —0.07

(top-left), —0.04 (top-right), 0 (bottom-left), and 0.02 (bottom-right). The black disc represents the black hole region within the event
horizon, and the black dashed line indicates the unstable photon sphere radius. The observer is located at the North Pole at a large dis-
tance from the black hole. The curved lines depict photon geodesic trajectories, with colors indicating their types: black for geodesics
intersecting the accretion disk once, orange for those intersecting twice, and red for those intersecting more than three times.

Table 1.

Values of the impact parameter b, event horizon radius r,, photon sphere radius ry, critical impact parameter radius by,

and minimum orbit radius ris, When the hairy parameter Qyy takes different values, Qym = —0.07,-0.04,0,0.02, respectively.

Oym by b b3 by b} Th Tph bph Tisco
-0.07 2.8133 5.1852 5.4303 5.4983 6.8027 1.9523 2.9647 5.4459 5.8753
-0.04 2.7088 4.9470 5.1676 5.2257 6.3607 1.8843 2.8630 5.1811 5.6724
0 2.5792 4.6552 4.8476 4.8950 5.8452 1.8000 2.7369 4.8586 5.4198
0.02 2.5183 4.5192 4.6993 4.7122 5.61423 1.7603 2.6775 4.7093 5.3021

optical characteristics, total light intensity received by the
observer, and images of the photon ring and black hole
shadow observed by distant observers when the hairy
parameter takes different values. As mentioned earlier, if
the accretion disk is considered the only light source, for
the null geodesics that intersect with the accretion disk,
the light emitted from the accretion disk will propagate
along these null geodesics to the position of the observer.
Energy can be considered to be extracted each time the

null geodesic intersects with the thin accretion disk. The
more intersections occur, the more energy is extracted,
and correspondingly, the brightness will increase, result-
ing in different contributions to the total intensity of the
observed light, which directly affects the distribution of
the observed intensity.

Because the thin accretion disk emits isotropically
within the static frame, the specific intensity of the emis-
sion frequency v, received by the observer is [40]
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Iy(r,vo) = & L(r,v,). (30)

Here, 8 = ? = Vf(r) is the redshift factor, with v, and v,
representiné the frequencies of the observed and emitted
light, and Iy(r,vy) and I.(r,v.) the specific intensities of
the observed and emitted light, respectively. The total ob-
served intensity over the entire wavelength band can be

obtained by integrating Io(r,vo) over different frequency
bands:

Lops(r) = /IO(r, vo)dvy = /g4I€(r, vedv, = f(r)zlem(r)-
(1)

Among them, Ion(r) = [L(r,v.)dv, is the total emission
intensity. Because the light extracts energy from the ac-
cretion disk each time they intersect, as we mentioned

1
earlier, light rays with the number of orbital turns » > 1

will intersect with the accretion disk on the front side.
When 7> %, the light rays will bend around the black
hole and intersect with the accretion disk for the second
time on the back side. Furthermore, when 7 > %, the light

rays will intersect with the accretion disk for the third
time on the front side again, and the total intensity we ob-
serve should be the sum of the energy values extracted
from each intersection [46, 65].

(D) = 3 F0P ()|

m

(32)

=rm(b)"

Among them, we introduce the transfer function
ra(b)(m=1,2,3,---), changing its observed intensity to a
function of b. It represents the radial coordinate of the m-
th intersection of the null geodesic with impact paramet-
er b and the accretion disk. The relationship between the
number of intersections and total angle bypassed by the

light ray is ¢ = 7 (According to the backward ray
tracing method, the so-called m-th intersection is named
in the order of successive intersections of the null geodes-
ic from the observer with the accretion disk). To simplify
the calculation, we ignore the absorption and reflection of

light rays by the accre;clion disk. Thereafter, when m is a
I'm

db
factor, and a larger m corresponds to stronger demagnific-

ation.

For the photon ring, a large strong demagnification
occurs, and its contribution to the total observed light in-
tensity can be ignored. The contribution of the photon
ring to the total light intensity is only a few percent of
that of the lensing ring; therefore, the total contribution of

fixed value, its slope describes the demagnification

light intensity can be primarily attributed to the direct
emission and lensing ring [46]. The first three transfer
functions r,,(b)(m = 1,2,3) can be expressed as

1
rb)= ———~—, be(b],+x), (33)
Cou(Ge)
1
r(b) = ETIRE b € (by,by), (34)
g (?l’>
r3(b) = b € (b3,b3). (35)

_

S\’
«(50)
Here, u(p,b) is the solution to the photon geodesic, Eq.
(17). We have plotted the graphs of the first three trans-
fer functions for different values of the Yang-Mills hairy
parameter in Fig. 9.

From the figure, we can draw the following proper-
ties:

* For the first transfer function (black curve), which
can be obtained from direct emission, lensing rings, and
photon rings, we find that as the Yang-Mills hairy para-
meter increases, the initial value of the impact parameter
b decreases. Meanwhile, the slope of the black curve is
close to 1, which means that the radial coordinate of the
first intersection of the null geodesic with the accretion
disk changes almost linearly with the impact parameter.

» For the second transfer function (orange curve),
which can be derived from lensing and photon rings, we
find that as the Yang-Mills hairy parameter increases, the
value of the impact parameter b also decreases. The in-
crease in the slope indicates that its contribution to the
light intensity is relatively small.

* The third transfer function (red curve), which can
only originate from the photon ring, has been studied, and
we find that as the Yang-Mills hair parameter increases,
the threshold of its collision parameter decreases, and the
transfer function exhibits a larger slope. In terms of light
intensity contribution, it is smaller than the second trans-
fer function and can almost be ignored.

To further verify the prediction of the transfer func-
tion, we must conduct an in-depth study on the contribu-
tions of direct emission, lensing rings, and photon rings to
the total intensity of the light and the optical appearance
image of the observed Einstein-Maxwell power-Yang-
Mills black hole under specific emission intensity condi-
tions. Hence, we have considered some specific toy mod-
el emission functions.
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(color online) Images of the first three transfer functions for different values of the Yang-Mills hairy parameter, where the

hairy parameters are taken as Qym = —0.07, Qym = —0.04, Qym =0, Qym = 0.02 . Black, orange, and red curves represent the radial co-

ordinates of intersections with the accretion disk once, twice, and thrice, respectively.

For the first emission model, we assume that the radi-
ation intensity of the accretion disk is a function that de-
cays in a quadratic power form starting from the inner-
most stable orbit.

1 2
Iy {m} s > TFiscos

0’ r< Tisco-

Ieml(r) = (36)

Here, I, represents the maximum emission intensity (the
same applies hereinafter). The data of the radius ri, of
the innermost stable orbit is given in Table 1. In the first
emission model, the intensity peaks at ri., before gradu-
ally decreasing to zero. In this case, the contribution of
the lensing and photon rings to the observed flux is negli-
gible, with no superposition occurring with direct emis-
sion [40]. When the emission peaks at r = ry, and r,, red-
shift effects significantly influence the observed flux
[46]. Under these conditions, the lensing and photon rings
superimpose with direct emission [46], producing observ-
able bright ring structures distinct from the first model.
To capture these differing optical signatures, we further
employ I, and I3 emission profiles.

For the second emission model, we assume that the
radiation intensity of the accretion disk is a function that
decays in a cubic power form starting from the position

of the photon sphere orbit.

1 3
Iy | —————=| , r>rm,
O{r—(rph—l)} "= Ton

0, 7 < Iph-

IemZ(r) = (37)

Here, r,, represents the photon sphere radius. For the
third emission model, we consider a more slowly decay-
ing function that starts from the position of the event ho-
rizon radius ry:

T _arctan [r— (Fiseo — 1)]
Ih2 :
5 —arctan 7y = (rio = D] (39)

Iem3(r) =

O, VSVh.

Because the real universe has various substances sur-
rounding black holes, the observational images must be
further studied under different circumstances. Therefore,
we substitute these three different emission intensity and
transfer functions into Eq. (32) to study the total emis-
sion and the total observed intensity under the three toy
models when the Yang-Mills hairy parameter has values
of —0.04, 0, and 0.02, as well as their optical appear-
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ances (see Figs. 10, 11, and 12). The first column of each
figure shows the total emission intensity, and the second
column displays the total observed intensity, that is, the
contributions of the three ring structures to the total light
intensity. The third column presents the variation in the
total observed intensity with the impact parameter and
converts it into the corresponding two-dimensional im-
age, thus generating the optical appearance of the accre-
tion disk.

Fig. 10 shows the emission and reception intensities
and the optical appearance of the first toy model:

¢ In the first toy model, the emission intensity in the
first column exhibits a specific pattern: it reaches its max-
imum value at the radius ri, of the innermost stable cir-
cular orbit and then decays rapidly. Moreover, as the
hairy parameter Qyy continuously increases, the peak of
the emission intensity moves in the direction of decreas-

ing b value. Therefore, when the Yang-Mills hairy para-
meter increases, the minimum radius of photons around
the black hole decreases accordingly.

* Regarding the total intensity observed by the ob-
server in the second column, as shown in figure (b), the
three peaks from left to right are the photon, lensing, and
direct rings. However, the region of the photon ring is ex-
tremely narrow, which can be observed in figure (b). As
the hairy parameter Qyy increases, the peak of the ring
moves in the direction of decrease. Therefore, in the op-
tical appearance diagrams with larger values of Qyy, the
radius of the ring we observe is smaller. The photon
ring's emission peak becomes virtually undetectable, ren-
dering its contribution to the total observed flux negli-
gible. The bimodal distribution of the observed intensity
implies that its two-dimensional projection should exhib-
it dual bright rings. This characteristic morphology is un-

Quu=-0.04

10 05
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T
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06 03
o
3 <!
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Fig. 10.

(color online) Images of the first toy model when the Yang-Mills hairy parameter Qyy takes values of —0.04, 0, and 0.02.

The first column shows the emission intensity Zemi(r), second column presents the total intensity Ios(b) observed by the observer, and

third column displays the optical appearance seen by the observer.
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(color online) Images of the second toy model when the Yang-Mills hairy parameter Qym takes values of —0.04, 0, and 0.02.

The first column shows the emission intensity Im2(r), the second column presents the total intensity Ions(b) observed by the observer,
and the third column displays the optical appearance seen by the observer.

ambiguously demonstrated in the corresponding optical
image (third column).

* The dark area in figure (c) in the third column has a
very thin bright ring, which is the lensing ring. An even
thinner photon ring exists on the inner side of the lensing
ring. Its brightness is too low to be easily observed, and
the contributions of these two rings to the overall bright-
ness are extremely limited. The direct emission is located
outside the lensing ring. At the position of the direct
emission, the brightness suddenly increases and becomes
extremely bright. Subsequently, the brightness gradually
decreases as it moves further outwards.

* In conclusion, under different hairy parameters
Ovw, the positions of the peak values of the total intens-
ity observed by the observer will change. As the Yang-
Mills hairy parameter continuously increases, the peak of

the observed total intensity moves in the direction of de-
creasing b, which causes the radius of the optical appear-
ance to change accordingly. In the Einstein-Maxwell
power-Yang-Mills black hole, precisely because of this
characteristic, no degeneracy phenomenon occurs in its
optical appearance images. Note that the values of the
Yang-Mills hair corresponding to the photon rings with
different radius in the optical appearance of this black
hole are different. This rule provides an effective means
to test the Yang-Mills hair, which is conducive to our fur-
ther exploration of the physical phenomena and essence
related to this black hole.

The emission and reception intensities and the optical
appearance of the second toy model are shown in Fig. 11:

* In the first column, the emission intensity of the
second toy model reaches its maximum value at the
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(color online) Images of the second toy model when the Yang-Mills hairy parameter Qyy takes the values of —-0.04, 0, and

0.02 . The first column shows the emission intensity Iem3(r), second column presents the total intensity /,s(b) observed by the observer,

and third column displays the optical appearance seen by the observer.

photon sphere r,,, and then decays rapidly. Moreover, as
the Yang-Mills hairy parameter Qyy increases, the peak
moves in the direction of decreasing b. That is, an in-
crease in the Yang-Mills hairy parameter Qyy can re-
duce the radius of the photon sphere of photons around
the black hole.

* For the total intensity observed by the observer in
the second column, as in (b), the two peaks from left to
right are, respectively, a peak formed by the direct ring
and another peak formed by the superposition of the
photon and lensing rings. Unlike the first model, the dir-
ect ring appears inside the lensing and photon rings. As
QOywm increases, the peaks of the rings also move in the
direction of decreasing b. Therefore, the radius of the
rings observed in the optical appearance diagrams with
larger values of Qyy will also be smaller.

* Judging from the total observed intensity presented

in the second column, the total observed intensity is de-
creasing compared with the first toy model. This can also
be observed from the optical appearance in the third
column. Consequently, the optical appearance also ap-
pears relatively darker. In addition, the brighter direct
ring is located inside the photon and lensing rings.

Figure 12 shows the emission and reception intensit-
ies as well as the optical appearance of the third toy mod-
el:

* The emission intensity of the third toy model in the
first column reaches its maximum value at the radius of
the event horizon r, and then decays slowly. Moreover,
as the Yang-Mills hairy parameter Qyy increases, the
peak value b shifts in the decreasing direction. In other
words, the same result also holds for the third toy model:
an increase in the hairy parameter Qyy can reduce the
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photon sphere radius of photons around the black hole.

* From figure (b) of the total observed intensity for
the observer in the second column, we observe an obvi-
ous peak, which appears at the position of the photon
ring, indicating that the intensity of the photon ring plays
a decisive role in the maximum value of the total ob-
served intensity. As Qyy increases, a second peak ap-
pears at the position of the lensing ring. The difference in
the intervals between these two peaks shows that the lens-
ing ring contributes more to the total flux than the photon
ring. Compared with the second toy model, the observed
intensity is slightly enhanced. As Qyum increases, the peak
gradually becomes stronger, and the position of the peak
shifts in the direction of decreasing b. Therefore, the radi-
us of the ring observed in the optical appearance diagram
for larger values of Qyy will also be smaller.

* Compared with the first and second models, the
third model has only one ring that changes from dark to
bright and then from bright to dark, whereas the first and
second models have two rings. Moreover, due to the
greater total observed intensity in the second column, the
third model has a higher brightness. The third model
should also have two rings. However, judging from the
observed intensity and the image, the distance between
the two peaks is too small; therefore, discerning the
double-ring structure is very difficult.

In conclusion, the hairy parameter Qyy has an im-
pact on the observed intensity under different models.
The larger the hairy parameter, the stronger the observed
intensity. Different hairy parameters also affect the posi-
tion of the peak of the observed intensity, thus influen-
cing the optical appearance image. Therefore, these res-
ults can serve as effective characteristics for distinguish-
ing black holes with different hairy parameters.

C. Comparison with standard Yang-Mills black hole

In this subsection, to highlight the distinctive features
of the Einstein-Maxwell power-Yang-Mills black hole
with p=1/2, we compare its optical appearance with that
of the standard Yang-Mills black hole (p=1) under
identical parameters Q = 0.6 and Qyy = —0.04. The met-
ric function for the standard case is obtained by setting
p=1inEq. (5):

2M 2
fstd(l’)=1—7+%+Qr\;M. (39)

In this case, the contribution of the Yang-Mills term
shares the same form as the Maxwell term. Consequently,
the geometric properties of the black hole (such as the
event horizon radius and photon sphere radius) exhibit
behavior similar to that of an RN black hole, with the

total charge term effectively becoming Q%+ Qyy. Under
these conditions, the optical appearance and photon ring
structure of the black hole will resemble those of an RN
black hole, although specific numerical values will be ad-
justed owing to the inclusion of the Qyy parameter. Ta-
ble 2 presents the comparative parameter values between
the standard Yang-Mills black hole (p=1) and the
power-law Yang-Mills black hole (p=1/2) with fixed
charge parameters Q=0.6 and Qym =—0.04. The term
"Relative Enhancement" refers to the relative increase in
relevant physical parameters of power-law Yang-Mills
black holes compared to standard Yang-Mills black
holes. We find that under identical parameter conditions,
the various characteristic radii (e.g., event horizon radius
v, photon sphere radius r,,) of power-law Yang-Mills
black holes exhibit an increase compared with those of
standard Yang-Mills black holes.

The power-law Yang-Mills case exhibits systematic-
ally larger values compared with those of the standard
Yang-Mills solution, reflecting the nonlinear geometric
effects induced by the r*=? term. To verify the observa-
tional effects induced by the parametric differences dis-
cussed above, Fig. 13 presents a comparative analysis of
the optical appearance characteristics between the stand-
ard Yang-Mills black holes and the power-law Yang-
Mills black holes under three representative emission
models.

As shown in Fig. 13, the optical appearance between
the power-law Yang-Mills and standard Yang-Mills black
holes is significantly different: the photon ring radius of
the former is slightly larger, which is consistent with the
parameter calculation results presented earlier. The intro-
duction of the power-law term leads to changes in all rel-
evant optical parameters. This result indicates that the
power parameter not only affects the spacetime structure
of the black hole but also plays an important role in the
imaging and observation of the shadow of the Einstein
Maxwell power-Yang-Mills hairy black hole. This exhib-
its characteristics consistent with those observed in the
uncharged power-law Yang-Mills black holes studied in
the literature [56].

V. CONCLUSION

In this paper, the null geodesics near the Einstein
Maxwell power-Yang-Mills black hole are studied.
Moreover, based on the distribution of light rays, the op-
tical images of the black hole surrounded by an optically
and geometrically thin accretion disk are calculated, and
the influence of the hairy parameter on both is discussed.

First, the Einstein Maxwell power-Yang-Mills black
hole solution is briefly reviewed. In this solution, a p-
power Yang-Mills term and hairy parameter related to
non-Abelian charge are introduced, and the influence of
the hairy parameter on the radius of the event horizon is
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Table 2.
black hole (p = 1/2) with fixed parameters Q = 0.6 and Qyy = —0.04.

Comparison of characteristic parameters between the standard Yang-Mills black hole (p =1) and power-law Yang-Mills

Parameter Standard Yang-Mills (p = 1) Power-law Yang-Mills (p = 1/2) Relative Enhancement
Th 1.8246 1.8843 +3.27%
Tph 2.7688 2.8630 +3.40%
bph 4.8991 5.1811 +5.76%
Fisco 5.4889 5.6724 +3.34%
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(color online) Optical appearance comparison between (a-c) standard (p = 1) and (d-f) power-law (p = 1/2) Yang-Mills black
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holes with Q = 0.6 and Qym = —0.04. Columns represent three distinct emission models.

analyzed. By analyzing the change in the hairy parameter
QOym when Q = 0.6, we find that a critical scenario occurs
for the black hole when Qyy =1.77778; when Qym <
1.77778, the Einstein Maxwell power-Yang-Mills black
hole has two horizons, corresponding to the Cauchy and
event horizons; when Qyy > 1.77778, no event horizon
exists, and it is a naked singularity scenario. Owing to the
cosmic censorship hypothesis proposed by Penrose,
which prohibits the appearance of naked singularities, in
this paper, we primarily consider the case where Qym <
1.77778.

Second, the equations of motion trajectories and the
effective potential of photons around this black hole are
studied. Starting from the Lagrangian of the black hole,
the geodesic equations and the effective potential of
photons are obtained. The radius of the unstable photon
sphere orbit can be determined based on the effective po-
tential. Subsequently, the null geodesics around the hairy
black hole are explored through the backward ray-tracing
method. We find that the hairy parameter Qyy has an im-

pact on both the distribution and classification of geo-
desics. Moreover, when the hairy parameter increases, the
event horizon radius r,, photon sphere radius r,,, radius
of the innermost stable circular orbit 7, and critical im-
pact parameter by, of the black hole would all decrease.
The interval of the impact parameters corresponding to
the photon and lensing rings would also become narrow-
er, which would further affect the image of the null
geodesics of the black hole. The data and images are de-
picted in Table 1 and Fig. 8, respectively.

Finally, we investigate the total emission intensity,
total observed intensity, and corresponding optical ap-
pearance for each of the three simplified models with
varying values of the hairy parameter Qyy under the illu-
mination of an optically and geometrically thin accretion
disk. The results demonstrate that as the hairy parameter
increases, the total observed intensity of each model is
enhanced, with all intensity peaks shifting toward de-
creasing values of the impact parameter b, leading to a re-
duction in the light ring radius. Furthermore, all three
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emission models reveal that: (i) the direct image domin-
ates the total flux, (ii) the lensing ring manifests as a
bright yet extremely narrow structure that is challenging
to observe, and (iii) the contribution of the photon ring is
negligible and virtually undetectable. Our conclusions in-
dicate that distinct hairy parameters yield differentiable
optical signatures, which exhibit no degeneracy with the
optical characteristics of standard RN black holes and can
thus be distinguished from them. Additionally, for iden-
tical values of the hairy parameter, we conduct a compar-
ative analysis between the optical appearance in the non-
linear regime (p = 1/2) and the standard Yang-Mills case
(p=1). The results demonstrate that the optical appear-
ance of the nonlinear p-power Yang-Mills black hole is
dimmer than the standard case while exhibiting a larger
shadow radius and brighter ring radius relative to the
standard scenario. Consequently, the optical appearance
of black holes may serve as a viable tool for discriminat-
ing between spacetime metrics of Einstein-Maxwell

power-Yang-Mills black holes with different hairy para-
meters. This provides a potential avenue for characteriz-
ing distinct black hole solutions through future observa-
tions of photon rings, thereby offering valuable insights
and research directions for probing the fundamental
nature of black holes. Note that in this work, our focus
has been on photon rings of static spherically symmetric
black holes. However, because actual astrophysical black
holes typically possess angular momentum, significant re-
search efforts have been devoted to studying the photon
rings of rotating black holes [66—68]. These considera-
tions motivate our future investigations into the optical
characteristics of these physically significant rotating
black hole systems.
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