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Abstract: In the framework of effective field theory, we derive the formula for the decay width of neutrinoless

double beta-decay with the S-matrix theory, considering only the contribution from the exchange of light neutrinos.

Our results agree with previous derivations for a Left-Right symmetric model. Detailed analyses of the nuclear mat-

rix elements for "°Ge, **Se, '*'Te, and '**Xe from Quasi-particle Random Phase Approximation method with realistic

force and large scale shell model calculations are performed. We compare the results between two many-body ap-

proaches and discuss possible origins of the deviation. We also compare our results with those from the so-called
master formula, and find decent agreement between the two schemes. A deviation for the g-term in our scheme com-
pared with the counterpart in the master formula can be accounted for as the distortion of the electron wave function
under the static Coulomb field. We also provide constraints for the Low energy effective field theory Wilson coeffi-

cients Cif}‘ and Cif}e from current experimental limits.
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I. INTRODUCTION

As one of the rarest processes in-our universe, the
double beta decay has attracted a lot of attention from the
community in the new century. This second order pro-
cess happens in nuclear environment and is hard to de-
tect. Its special mode — neutrinoless double beta decay
(OvBB-decay) with a hypothetical half-live about 10%
years is one of the hottest topics in nuclear and particle
physics. Underground laboratories have been built and
various ambitious projects have been initiated to tackle
this challenge [1-5].

The discovery of OvgB-decay would provide direct
evidence of lepton number violation (LNV) beyond the
Standard Model (SM) relevant to low-energy processes
and confirm that neutrinos are Majorana fermions [6]. Al-
though LNV exists in the SM via sphaleron processes,
these do not contribute to 0vBB-decay [7]. Moreover, it
would reveal the Majorana nature of neutrino masses and
offer new insights into the matter-antimatter asymmetry
in the universe through the so-called leptogenesis [8].

Received 20 June 2025; Accepted 5 November 2025

To achieve this, we need to understand the 0vBB-de-
cay process. To describe the detailed process, new phys-
ics models, such as Left-Right symmetric model (LRSM),
extra dimensions, R parity violated Super Symmetry
(SUSY), etc., are constructed and mechanisms based on
these new physics models are investigated. Also, various
0vBB-decay observables have been proposed and calcu-
lated [9, 10], also methods for distinguishing these differ-
ent underlying mechanism have been suggested [11, 12].

In recent years, the rapidly developing Standard Mod-
el effective field theory (SMEFT) has offered a model-in-
dependent way to explore new physics behind various
phenomena if observed. Operators with d >4 are con-
structed which follow the SM gauge symmetries and their
redundancies are usually removed by the equation of mo-
tion methods [13] or group theoretical approaches [14]. In
principle, calculations of various process based on this
method should agree with previous model dependent ap-
proach once the UV physics (physics at high energy) is
known. In Ref [15], a standard procedure for simulating
the OvBB-decay process is proposed and a master formula
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for the OvpBB-decay width based on all the possible
SMEFT operators which could contribute to this process.
This new formula makes use of all the known compon-
ents of the nuclear matrix elements (NMEs) from the
standard neutrino mass mechanism except one M44.

One of the interesting new physics model which is re-
lated to OvBB-decay is the LRSM [16, 17]. It offers rich
phenomenon for not only 0vBB- but also collider physics
[18] and a lot of attention has been payed to the phe-
nomenon of this model. For 0vBB-decay, a thorough
study has been performed in 1980s [19] and also efforts
of NMEs calculations have been made from various
many-body approaches [9, 20—22]. Recently, contribu-
tions from the pion poles and weak magnetism has also
been included in the calculations with large scale shell
model (LSSM) [23, 24] and quasi-particle random phase
approximation (QRPA) method with realistic force [25].
These calculations found that the important contribution
from weak magnetism component in nuclear current
which are neglected in previous calculations. And these
results suggest that the # mechanism are enhanced com-
pare to the other long range mechanisms including the
standard neutrino mass mechanism.

In this work, we start with the SMEFT, and sub-
sequently the LEFT, by matching with the LRSM, we ob-
tain the corresponding operators. After electroweak sym-
metry breaking, we further obtain corresponding LEFT
operators at the energy scale of A, ~GeV. After match-
ing with yPT operators, we obtain the basic building
blocks of OvBB-decay. This has been done in [26], but a
comparison with traditional model calculations in [19] is
still missing. Therefore, in the current work, we perform
a systematic S-matrix calculation of OvBB—decay under
the EFT framework for LRSM relevant LEFT Dim-7 op-
erators. Exact wave functions of electrons and nucleus
have been explicitly considered during the derivation.
Furthermore, we check the consistency between our de-
rivation and those from LRSM model calculations [19],
and we also perform a detailed comparison between our
EFT calculations and those obtained in Ref. [15]. Our cal-
culation bridges the EFT calculations with previous mod-
el calculations.

This article is arranged as follows: first brief introduc-
tion of the matching of LR symmetric models to LEFT
operators, then we give the expression for the half-lives
in term of phase space factors and nuclear matrix ele-
ments, later the corresponding NMEs are given and the
constraints on the corresponding Wilson coefficient of
LEFT operators.

II. FORMALISMS

A. The left-right symmetric model
The LRSM is a natural extension to the SM by noti-

cing the missing of right-handed counterparts of SM
particles. It is based on the gauge symmetry group
SUB)®SUR), ®SU2),®U(1)5_,. The basic constitu-
ents for the fermion field are (here we neglect the index
of generations) [27]:
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Here we give the basic representations of each doublet for
the gauge groups.

Compared to SM, additional Higgs fields such as left
and right Higgs triplets (A. z) are introduced:
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The vacuum expectation values (vev's) of these Higgs
fields could break the gauge symmetry from
SU®B),®SU(2), ®SU2),®U(1), ;, — SU3), ®SU2), ®U(1), —
SU@3)-®U(1),, successively. During this process, the
left- and right- handed gauge bosons acquire mass. In ad-
dition, there may exist a mixing between the left- and
right-handed weak gauge bosons due to the non-diagonal
mass matrix after symmetry breaking.

The interactions between the charged weak gauge bo-
sons W; and Wy and the light quark and lepton charged
currents can be written in the most general form as:
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where VL and VR represent the generalized

Cabibbo—Kobayashi-Maskawa (CKM) matrices for left-
and right-handed charged currents, respectively.

The leptons acquire mass through their Yukawa coup-
lings with Higgs particles, especially the neutrinos. After
successive symmetry breaking, we obtain the neutrino
mixing matrix [28]:
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Here U, S, T, V are 3%3 block matrices in flavor space.
Here v;;, and N are the mass eigenstates of the left- and
right-handed neutrinos respectively. The superscript C
denotes charge conjugation, defined as:

y =Cy’, C=iny. (5)
The matrix U represents the mixing between the electron
flavor and the light neutrino mass eigenstates. In the lim-
it where the mixing between light and heavy neutrinos is
negligible (i.e., S < 1), U reduces approximately to the
standard PMNS matrix.

Assuming manifest left-right symmetry (i.e., explicit
P or C), the SU(2); and SU(2)p gauge couplings are
equal (g =g¢’), and the left- and right-handed quark mix-
ing matrices satisfy V; ~Vp ~V,,; [18]. Under these as-
sumptions, one can obtain the effective Lagrangian by in-
tegrating out the heavy gauge bosons in Eq. (3):

GF Vud

L=
Y]

[jL#jﬁ +XjRpj'£ + njL#j’,; + /LTR”j‘;e + h.c.} ,
(6)

with J7 , = ay* (1 Fys)d, jiz=ey"(1Fys)v,. Here, Gp is
the Fermi constant, with a value of Gp=1.166X
107° GeV~2. In the SM, it is related to the mass of the W
boson through the relation G, = V2g*/(8M2). We also
use the following relations:

M 2
n=x-—tan§, x=rm, /l=(¢), @)

My,

where ¢ denotes the mixing angle between the left- and
right-handed charged gauge bosons W, and W, which
are not mass eigenstates in general. After electroweak
symmetry breaking, these states mix to form the physical
mass eigenstates W, and W,, with masses My, and My,,
respectively. Here, W, is identified with the SM-like W
boson, while W, is the heavier partner arising from the
extended gauge symmetry in the LRSM.

In the LRSM, besides the vector and axial-vector cur-
rent contributions from integrating out the W bosons in
Eq. (6), OvBB-decay may also receive contributions from
heavy sterile neutrinos and doubly charged scalars, whose
masses are typically at the TeV scale. However, these
higher dimensional contribution may also contribute to
the final rates and at certain occasions may dominate the
decay [29]. Since in current study, we are focusing on the
discussion of decays mediated by light neutrinos, we neg-
lect these contributions and leave them for future discus-
sions.

B. SMEFT and LEFT operators
The SMEFT constructs based on the symmetry

SUB)-®SU2), ®U(1),, with SM degrees of freedom and
the heavy particles beyond SM are integrated out giving
operators with d > 4. The 0vBB-decay relevant AL =2 op-
erator first appears at dim-5 [30], and then dim-7, dim-9
etc., these operators have been explicitly given in literat-
ure such as [31-33].

For practical calculations of low-energy processes,
such as OypB-decay in the context, these SMEFT operat-
ors can be matched with operators from LEFT [34-36],
where heavy SM particles such as Higgs bosons and W, Z
bosons have been integrated out and the remaining SM
gauge symmetry is SU(3)¢xU(1),,,-

For our study of LRSM, the relevant LEFT operators
are at dim-3 the neutrino mass operator:

®)

1
3
-E( ) = —Emv,aﬁv;CvLﬁ.

Here m, is the mass matrix of left-handed neutrino, and
a,8 are the flavor indices.

Since in LRSM, only vector and axial vector current
are included, the relevant LEFT operators at dim-6 are
then [15, 26]:

2Gr
V2
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In current study, only @ =8=e¢ are applicable, we can
therefore neglect the flavor index for these Wislon coeffi-
cients. Matching with the current-current interaction (6)
in previous section, we come to:

Cg/Gz = _ZVudr] (TU?I ):(, s Cg/ﬁl)? = _2le'/l (TU?I ):e > (10)
where (TU™");, =33, U,;T;;, and the index j runs over
the mass eigenstates.

C. Chiral Lagrangian

Our starting point of analysis is based on the lepton
left-handed and right-handed weak currents matched by
the LEFT dim-6 operator induced by AL =2 dimension-
seven operators in the SMEFT, which can be written as
[26]:

2G
l,u = 721:‘['+ (—2VMdEL'yHVL+C5/62@R’)/HC1_/LT> +h.C.,
2G
r,= \/EF T C\ery, Cv." +hec., (11)

where 7* = (11 2 i1,) /2, 7; is Pauli matrix.
For nucleon sector, we introduce the nucleon doublet
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T
N= (p n) in terms of the proton (p) and neutron (n).

The chiral Lagrangian for nucleon sector was given in
various literature [37—40]. Nuclear system is usually
thought to be non-relativistic, thus, non-relativistic reduc-
tion of these Lagragians are needed for the adaption to
nuclear many-body calculations. Two ways are available
for such manipulation, besides the Foldy-Wouthuysen ex-
pansion [41], a heavy baryon approach called heavy-ba-
ryon chiral perturbation thoery (HBChPT) which could
separate the nucleon wave function's heavy and light
components are commonly used [42].

Under HBChPT, for the nucleon sector, the leading-
order Lagrangian is given as follows [43]

LY =iNv-DN + g,NS -uN, (12)

as well as the next-leading-order (NLO) nucleon Lag-
rangian is given by [44]
g

1 _ _
2 = (W —g"™YND,D,N — N{S-D,v-u}N
N sz( v g) utly sz { ,V M}

8m vay N
- mf’u ﬁVaNSﬁf;,N,
(13)

with the various currents defined therein [44]. And the
nucleon interacts with the external current through the co-
variant derivative D, or the vielbein u,.

In the rest frame of the nucleon, one usually sets
v =(1,0) and S* = (0,07/2), where v represents the nuc-
leon velocity and S* represents the spin, g4 is the axial-
vector constant, g, is the anomalous isovector nucleon
magnetic moment, "* is the totally antisymmetric
tensor, with €23 = +1.

From above Lagrangian, one can obtain the relevant
effective interactions:

l —_
e r”Jg)N

_(l,+
Leﬁ=N(“—”‘J‘¢— >

. (14)

Up to NLO in the chiral expansion, the nucleon cur-
rents become

P +p*Y | ign () e
st =g (@) (v EE0) L 8D gy 5,
2
T =ga (q°) (25" - iZS -(p+p’)> - MZq“S -q.
2my 2my

(15)

Here p and p' stand for the momentum of the incoming
neutron and outgoing proton respectively and
¢ = (¢°.q) = p*— p*. The form factors are given by [45,
46]

gv(@®) = gv(0)/ [1 +¢*/A3],
1(q%) = a0/ [1+ /A2,

gu(@®) = (1p—pa +1) gv(g),
2mN

gr(q*) = —galq") (16)

g +my

Here, m, is the pion mass. The cutoff values are
Ay =0.85GeV and A, =1.086GeV. We take gy(0)=1
due to the constraint of vector current conservation, up to
small isospin-breaking corrections. The experimental val-
ues g4(0) =1.27 and u,~u, =3.70 (the anomalous mag-
netic moment of the nucleon) are used. The pseudoscalar
form factor gp(g*) originates from the pion propagator,
which itself incorporates contributions from both the
single-nucleon 7N and mesonic sector. We adopt the
definition " g4(0) =gw(0)+1=p,—u,+1=4.7, where
gw(0)'=p, —u, 1s the relativistic weak magnetism factor.
These nuclear currents interact with the external currents
in Eq. (11) under chiral symmetry, as expressed in Egs.
(12) and (13) [26]. These form factors take into account
the finite-size effects of nucleons. With these form
factors, the divergences that would appear at LO for s-
wave channel disappears (for a detailed discussion, see
Ref. [47]), thus a contact term with the LEC gV intro-

v

duced by Ref. [15] is not needed at LO in current study.
III. NEUTRINOLESS DOUBLE BETA DECAY

A. the half-life of the Ov53-decay

In this work, we adopt the S-matrix theory to derive
0vBB-decay half-lives, following that of Ref. [19], and a
brief introduction of its derivation is given in the appen-
dices. The contribution of two high-dimensional operat-
ors is at the order of O(v%/A%), hence it can be neglected
compared to other contributions. Since C\} vz = O /A%),
where v =246 GeV is the scalar field vacuum expecta-
tion value and A is the energy scale of new physics. The
terms associated with nucleon recoil momentum are neg-
lected. For two SM vertices, we consider only the contri-

Fig. 1. Feynman diagrams for current study. Double lines
and single lines represent nucleon and lepton fields, respect-
ively. The filled gray circles and squares are the effective four
fermion interaction vertex for SM and new physics respect-
ively. The black square represents the insertion of Majorana
neutrino mass.
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bution of two outgoing s-wave electrons. For terms in-
volving high-dimensional LEFT operators, only cases
with less than or equal one p-wave outgoing electron is
considered. For wave function of these emitted electrons,
the approximation of no finite de-Broglie wavelength cor-
rection (noFBWC) [19] (see also Appendices) is used in
order to separate the phase-space factor and the nuclear
matrix element. Under the aforementioned approxima-
tion, the half-life of neutrinoless double beta decay can be
expressed as (By sorting the decay width in Appendix C

according to the Wilson coefficients):
my (CVe )
me 2Vud

i)
(55) 1)

where mg; is the effective Majorana neutrino mass;
defined as:

- FOV m 2
[Ti] " = 2 {C’"’”| niiy

© \ *
mgs [ Cyp
~C,.R
e {m <2vud)

2
+ CA,,Re

- Cm/lRe

6
Cvr
2V

(17)

3
mg =y Usm, (18)
i=1

with m; being the light neutrino masses and U,; the mix-
ing matrix elements connecting the electron flavor to the
i-th mass eigenstate.

The coefficients C’s as functions of NMEs and phase
space factors are defined as:

Com =G M3,
Ciia =Ciaw + Crrag
==GpM,M g +GosM, My,
Coip =Conws + Ciung + Cogp + Crpr
=GpM, M, — GuM, M, — GosM,Mp + Gos M, M,
Cia =Craw +Ciag + Ciawg
=G M, + GonM;R +GoioMorMyr,
Coy =Croo + Crppg + Crpng + Cpnp + Crpr + Crppr
=GpM;, + Gy 1M§L +GoroMurMgyL
+GogMp + GooMy — Goy Mp Mg,
Cay =Cipw + Cayg + Caug
==2GpM, Mg —2Go MqLMqR
—Goo (MwLMqR + MwRMqL) .
(19)

With these definitions, we could compare the expression
of the decay width to that given in various literature [19,
28, 48, 49] for LRSM. By substituting eq.(10), we obtain
the eq.(33) in Ref [28] with ()= ‘Cgféz)e/ (Zle)’ =
A|TU,, and () == |C/@Vap| =n|TU™.. Till this
step, we have proven the equivalence between EFT de-
scription and a model dependent description of 0vBB-de-
cay for the LRSM from [19]. In this sense, in addition to
traditional model dependent description of OvgB-decay,
SMEFT and LEFT provide very good tools which could
well connect the different energy scales with renormaliza-
tion groups.

By rearranging the so-called master formula for the
half-life of 0vBB-decay in Ref. [15] in a form similar to
Eq.(17), we obtain:

C. =Gy M,
Cri =Cry + Gy

=~ Gos M, M),x + Gy M, M.,
Cry =Crino T Crig + oo

=G03M‘,M‘;L - G04MVM:1L + G()GMVM;Q,
C;l/l :C;l/lw + C;l/lq + C:qu
sy ] ;2
:G02 (MwR) + § (G02 + G03 + 3G04) (MqR)
2 ! !
3 (Goz + G03)MwRMqR’

c, =C

m T mw

+C’

mq

+C’

mwq

+C’

mR

1
:Goz (M:oL)z + § (G02 + G03 + 3G04) (M:]L)z
2
- g (GOZ + G03)M¢LLM¢;L + Gog (MIR)Z .

' ’ ’
C/lr] _C/h]a) + C/b]q + C/lr]wq

’ 7 2 7 7
= 2G02MwLMa)R - § (G02 + G03 + 3G()4) MqLMqR

2
+ g(Goz +Go3) (M, M+ Mx M, ). (20)

A detailed term-by-term comparison between eq.(19)
and the master formula in eq.(20) shows that the phase
space factors and NMEs in the two formalisms exhibit an
almost one-to-one correspondence. While the majority of
phase space factors coincide exactly, a few terms differ
slightly in their form. Specifically, the coefficient Gg,; in
front of the g-type NMEs in eq.(19) is replaced by
(Go2 + Gz +3Gps)/9 in eq.(20), and the interference term
involving ¢ and w, originally accompanied by Gy, cor-
responds to (G, + Go3)/3 in the master formula. These are
obtained by considering numerical wave functions of p-
wave electrons [25]. Despite these differences, a numeric-
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Table 1.
[28]. The first row shows the Qgg values for the different iso-

Phase space factors in units of yr~! taken from Ref.

topes, where Qpg = M; — My —2m,.

%Ge 2Ge 130Te 136X e
Ops (MeV) 2.039 2.995 2.527 2.458
101Gy, 0.237 1.018 1.425 1.462
104G, 0.391 3.529 3.761 3.679
105Go3 1.305 6.913 8.967 9.047
104Gy 0.185 0.873 1.205 1.231
103G 0.566 2.004 3.790 4.015
102G 0.531 1733 2227 2.275
1010Gyy; 0.270 1.163 1.755 1.812
10" Gog 0.149 0.708 1.549 1.657
101G 1.223 4.779 4972 4.956
10™Go1o 0.177 1.443 1.636 1.615
104G 0.122 0.788 0.987 0.991

al comparison confirms that the deviations remain below
5%, rendering the two prescriptions effectively equival-
ent for practical purposes [25].

Therefore, the principal difference between the two
approaches lies in the choice of nuclear matrix elements
whose forms are given in Appendix.B, we will examine
in detail in the following discussion.

IV. RESULTS AND DISCUSSION

A. NME:s for Ovgp-decay from LRSM

The calculation of NMEs relies on specific nuclear
many-body models, and the results obtained using differ-
ent methods often vary significantly. This is observed for
the NMEs of mass mechanism. A large deviation is found
for different calculations [50, 51]. However, the NMEs
for other mechanisms are relatively limited, until re-
cently, we have calculations which include all the LO
components for A mechanism [52, 53].

In this work, we take the NMEs mainly from two pre-
vious calculations: the first calculations [53] using the
Quasi-Particle Random-Phase Approximation (QRPA)
with the realistic NN force CD-Bonn [54] where one ad-
opts a model space with eight major shells (N=0-7). Ad-
ditionally, short-range correlations (SRC) with CD-Bonn
parametrization are incorporated into our calculations
[55]. We adopt a bare axial vector coupling constant
ga = 1.27, and the parameters are determined as in [56],
the only difference is that in current study, the BCS over-
lap factors in [53] is include and one finds that this ad-
justment changes the final results slightly except for
semi-magic nucleus **Xe. The second calculation is from
the large scale nuclear shell model (LSSM) calculations

[52], where for each nuclei, two different Hamiltonians
are used (for the lighter nuclei, "°Ge and *Se, jun45 and
jj44b respectively, while for the heavier nuclei, *°Te and
Xe, jj55a and GCN50 : 82). These two calculations are
used to illustrate the uncertainties from various aspects.

In eq.(19), we have actually 7 different terms of
NMEs, within which, one term (M,) is related to the
Dim-3 LEFT operator mygg, two terms (M, and M) are
related to dim-6 LEFT operator C\®) and four terms (M.,
M., Mp and Mp) related to dim-6 LEFT operator C§f2
Each term except Mp then consists of different parts,
namely the Fermi, GT and Tensor parts (My has only GT
and tensor parts).-And-different parts may consist of dif-
ferent components, this is given explicitly in Appendix B.

Of these different terms, some are closely related, that
is M, and M, or M, and M. They just differ with
their counterpart by the sign for the components related to
the vector current and weak-magnetism current.

A detailed list of the values for these NMEs are
presented in Table 2 and 3, where for the LSSM calcula-
tions, as stated above, two Hamiltonians are adopted. We
start with the mass mechanism, for these NMEs, we have
plenty of calculations and abundant discussions on the
uncertainties for various many-body methods [57-59],
this is not the main topic of current study. Since there are
detailed discussions of these NMEs in Ref. [52] for these
two calculations respectively, in this work, we focus on
the discussion of their difference. And for the QRPA res-
ults we have a minor change by including the BCS over-
lap factors and we find that this barely changes the res-
ults except for the case of **Xe.

We start with the results for M, (Table 2). At the first
glance, we find a drastic suppression of NMEs for '**Xe
which has never been reported in spherical calculations
through observed in deformed QRPA calculation [60].
Since “**Xe is a semi-magic nucleus, the newly incorpor-
ated BCS overlap factor may be underestimated by com-
paring with GCM calculations with restored particle num-
ber. The difference between the two approaches is pro-
nounced, for the GT part, QRPA calculations are about
30% to 50% larger except for **Xe explained above. The
largeness of QRPA calculation may originate from the
lack of certain nuclear correlations, for example, explicit
account of nuclear deformation could reduce the NMEs
and reduces the deviation between QRPA and LSSM cal-
culations [60]. Another difference between the two ap-
proaches is the relative magnitude of the tensor part
which is more than 10% for QRPA but negligible for
LSSM calculations. On the other hand, for the Fermi part,
My =-1/3Mgr is first observed for QRPA in [56] with
the restoration of isospin symmetry, which agrees with a
naive analysis from Fierz rearrangement, but for LSSM,
such ratio is a bit smaller in magnitude, only —1/4. The
possible reason may originate from the heavily truncated
model space, and if this model space is adopted in QRPA
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Table 2.

The 0vB8—decay NMEs for "°Ge, ¥Se, **Te, and '**Xe. Presented are all components of the NMEs defined by Eq. (B6), in-

cluding those required for the master formula in Ref. [15]. Results are given for QRPA and shell model calculations with two different

Hamiltonians. All NMEs are evaluated at g4 = 1. For consistent comparison and summation, the MM terms are rescaled by 1/g% with

ga=1.27.
Ge 82Se 130Te 136X e

NMES oRPA  junds  jj4db  QRPA  jumd5  ji#db  QRPA  jjSSa  GCNS0:82  QRPA  [j5a  GCNS0:82

Mp -1.314 —0.665 —0.602 -1.180 —0.624 —0.523 -1.155 —0.668 -0.702 —0.345 -0.574 —0.568
Mé’; 5.139 3.584 3.278 4.387 3.360 2.860 3.988 3.147 3.180 1.493 2.648 2.549
Mé); -1.961 -1.090 —0.960 —1.708 —1.021 -0.834 —1.681 -0.979 —1.034 -0.597 —0.820 -0.829
Mg; 0.671 0.344 0.300 0.586 0.321 0.261 0.594 0.313 0.335 0.207 0.260 0.268
MggM 0.828 0.247 0.215 0.717 0.229 0.188 0.733 0.227 0.244 0.250 0.188 0.194
Mgt 4.362 2.991 2.751 3.710 2.802 2.404 3.355 2.622 2.632 1.258 2.205 2.108
M’;A —1.833 —0.086 —0.052 —-1.704 —0.084 —0.062 —2.262 —0.059 —0.024 -0.704 —0.053 —0.005
M?P -0.809 -0.013 —0.004 -0.749 -0.014 -0.012 -0.965 0.008 0.015 -0.294 0.002 0.014
M;P 0.296 0.002 —0.001 0.272 0.003 0.003 0.342 —0.006 —0.007 0.103 —0.003 —0.006
M%/[M -0.121 —-0.001 0.000 -0.110 -0.001 —0.002 -0.134 0.003 0.003 —0.040 0.001 0.002
My —0.588 -0.012 —0.005 —0.546 -0.012 -0.010 =0.706 0.004 0.011 -0.216 0.000 0.009

calculations, similar suppression can be observed.

Since M, and M, differs only by the energy denom-
inator, the corresponding components are basically the
same, the deviation is within 5%, so does the difference
between the two approaches. For the w term, because of
the different structures of the corresponding currents of
the terms in eq.(15) associated with C\> and C%, the fi-
nal NMEs are different, namely the M,; and M,z as
defined.

While the @ term is basically the same as mass term,
the ¢ terms behave quiet differently in many ways, this is
most due to the fact of different angular momentum trans-
fer of the neutrino propagators. Although the total angu-
lar momentum transfer is the same, one unit of orbital an-
gular momentum is carried away by the p-wave electron,
this dramatically changes the transition strength for simil-
ar operators as we shall see.

As has been discussed in [52], the ¢ term differ from
other terms by various aspects. In summary, for GT part,
a 1/3 factor in front of AA component and enhancement
from high transfer momenta together make AP compon-
ent the largest and the other components comparable.
While, as for the mass mechanism, deviations are found
for the two many-body calculations mainly for the tensor
part. Its effect is more pronounced for q terms, since one
finds that they are comparable to the Fermi part or even
GT part from QRPA calculations. Therefore, instead of a
10% correction, a 30% or 40% correction needs serious
consideration.

As pointed out in Ref. [26], the R term dominates in
the # mechanism. Although the weak-magnetism com-
ponent of the nucleon current is considered a next-to-
leading-order (NLO) effect in effective field theory and

thus expected to be suppressed, its contribution is signi-
ficantly enhanced due to the large value of u, —pu,. Un-
der the current definition, QRPA calculations show that
My — the NME corresponding to the R term — is about
twice as large as those from other contributions. In con-
trast, the LSSM calculation gives a smaller NME, with
the GT part being only half of the QRPA result and the
tensor part nearly negligible, which in the QRPA calcula-
tion serves to partially cancel the GT contribution. As a
result, a suppression of about 40% is observed in LSSM,
which indicates that precise predictions for the # mechan-
ism strongly depend on the nuclear many-body method
adopted.

The importance of P term was first proposed by [19].
However, various many-body calculations suggest that
the corresponding NME is suppressed, which is about
1/10 of other NMEs. With these suppressed NMEs, the
contribution from P term can now be safely neglected for
the # mechanism.

B. Comparison with the master formula

A master formula of the decay width for OvB38—decay
induced by all the dim-3, dim-6, dim-7 and dim-9 operat-
ors in LEFT was proposed in Ref. [15]. All the NMEs in-
volved in this formula consist of components which have
been included in the NMEs for the light neutrino mass
mechanism, except one component M74. As shown
above, by rearranging the different terms according to the
Wilson coefficients and comparing the expressions in
eq.(19) and eq.(20), we can get a rough correspondence
of each term in the two comparison. This correspondence
is given above and in this section. By substituting the nu-
merical values of corresponding NMEs components, we
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Table 3. NMEs for 0v38-decay mechanisms beyond the mass mechanism in "Ge, #Se, '**Te, and '**Xe. The same conventions and
normalization as in Table 2 are used.
%Ge 2Se 130Te 3Xe
NMES T ORPA  jun45  ji#db  QRPA  jund5  jji#db  QRPA  jj55a  GCNS0:82  QRPA  jisSa  GCNSO:82
Myr -1.290 -0.637 -0.576 -1.156 -0.597 -0.500 -1.152 -0.637 —0.669 —0.341 —0.545 -0.540
Mﬁ?}T 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351
MﬁgT -1.929 —1.044 -0.919 —1.684 -0.978 —0.798 —1.665 -0.939 -0.993 -0.580 —0.786 —-0.795
MS(};T 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259
Mﬁ% 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188
MyrGr 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932
MyrGT 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698
Mﬁ; —0.785 -0.012 —-0.003 -0.726 -0.013 -0.011 -0.926 0.009 0.015 —0.283 0.003 0.014
M£1TD 0.287 0.002 —0.001 0.265 0.003 0.003 0.330 —0.006 —-0.007 0.100 —0.003 —-0.006
ML}L/ITM -0.191 —0.001 0.000 -0.174 —0.001 —0.002 -0.210 0.003 0.003 —0.064 0.001 0.002
Myrr -0.616 —-0.011 -0.004 -0.569 -0.011 -0.010 -0.726 0.006 0.010 -0.222 0.001 0.009
MyreT —0.380 —0.009 —-0.004 —0.353 —0.009 —-0.007 =0.466 0.000 0.006 —0.144 —0.001 0.007
Myr —-0.797 -0.379 -0.352 -0.734 -0.360 —-0.303 =0.683 —0.408 -0.418 —-0.195 —0.358 -0.342
M;é‘T 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736
M;;‘(?T 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188
M;JC[:)T -1.104 —0.648 -0.569 -0.967 -0.610 —=0.493 —0.945 -0.577 —0.609 —0.345 —0.485 —0.489
M%% -1.959 —-0.625 —0.545 -1.707 —0.582 —0.475 -1.734 -0.569 —0.608 -0.607 -0.473 —0.485
Myrcr 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134
MyrGr 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736
Mg}q 2.874 0.112 0.066 2.660 0.110 0.084 3.456 0.062 0.018 1.070 0.062 —0.004
M;ﬁ -1.534 —0.008 0.002 -1.406 -0.012 -0.016 -1.730 0.036 0.036 -0.522 0.014 0.030
M‘[;;) 0.458 —0.000 —0.002 0.416 0.002 0.006 0.484 -0.014 -0.010 0.144 —0.004 —0.006
M%M 0.178 —-0.000 —-0.000 0.158 —0.000 0.002 0.174 -0.002 —-0.002 0.052 —0.000 —-0.002
My 1.908 0.104 0.066 1.768 0.100 0.076 2.318 0.082 0.042 0.724 0.072 0.018
Myr T 1.688 0.104 0.066 1.572 0.100 0.072 2.102 0.086 0.046 0.660 0.072 0.022
Mgt 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080
Mgt —2.281 0.014 0.004 -2.128 0.018 0.028 —2.983 -0.056 —-0.056 -0.910 -0.014 —0.042
Mg 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038
Mp -0.562 -0.431 -0.279 -0.521 —0.428 -0.152 —0.281 —0.498 —0.425 -0.203 -0.289 -0.255

can quantitatively compare the difference among two ap-
proaches, namely our S-matrix derivation and the master
formula. And in the next section, we also give some na-
ive estimation on how these deviations will affect the de-
termination of the constraints on various new physics
parameters.

A comparison of the NMEs for current work and that
of the master formula is presented in Table 4 (except that
of the mass mechanism which is identical in both frame-
works).

For the @ and ¢ terms, current work include the con-
tribution from MM components which are somehow ex-
cluded by the master formula since they are considered to

be NLO contribution. If we temporarily neglect the MM
components in the discussion, we could compare the
terms parts by parts. In fact, for the @ term, as discussed
in the last section, the NMEs of the mass term and the w
term barely deviate, and since the master formula uses
directly the components in mass term, therefore the ratio
for those components in the two frameworks is close to
unity, especially for QRPA calculations. A deviation
within 10% is observed and we find that it is reasonable
to replace the components of w term with the correspond
components in the mass term.

However, for the ¢ term, the situation is quite differ-
ent. At first, for the Fermi part, as we see above, M, is
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Table 4. Ratios of NMEs from the master formula in Ref. [15] to our results for °Ge, %*Se, **Te, and **Xe. “I(r)” excludes MM con-

tributions in Mk and My gr; “L(R)” includes them.

%Ge 82Se 130Te 136X e

Ratio QRPA jund5 ji4db QRPA jund5  jj44b  QRPA jj5Sa GCN50:82 QRPA  jSsa GCN50:82
F 1018 1044 1045 1021 1045 1046 1003 1049 1048 1011 1053 1.050

AA 1020 1094 1100 1011 1.093 1102 0991 1.092 1085 1030 1.091 1084

AP 1016 1044  1.045 1014 1044 1.045 1009 1043 1041 1029 1043 1.043

T b loi6 103 103 1015 1035 1036 1012 1033 1034 1028 1032 1035

MM - - - - - - - - - - - -

v, AP 1031 1083 1333 1031 1.077 1.091  1.042 0889  1.000 1039 0667  1.000
Mook T PP 1030 1000 1000 1027 1000 1.000  1.037 1.000 1.000 1035 1.000  1.000
MM - - - - - - - 4 - - - -

ltotal 1020 1127 LI35 1001 1126 1138 0955 1125  LI117 1032 1122 1114

rtotal 1020 1.094 1100 1.009 1.094 1102 0977 1.091 1085 1024 1.091 1085

Liotal 0883 1003 1016 0862 1003 1020 /0799 . 0989 0972 0.885 0988 0970

Rtotal 1.126 1182 1184 1115 LI81 1185 1090 1183  1.I81 1140 1180 1.179

F 1648 1755 1712 1609 1738 1720 1692 1.637 1681 1772 1603 1658

AA 1353 1117 L1000 1377 1114 1098 1492 1132 1156 1356 1128 1.154

AP -2354 2026 -2001 -2358 -2010. —2.006 -2.491 -2.065 -2.103 2355 -2.046  —2.094

O b _lg24 1593 1583 —1818 -15R0 ‘1588 —1886 —1627 1650  -1801 -1609 1643

MM - - - - - - - - - - - -

AA 0851 0040 1.057 0854 1 0042 0983 0873 0023 1748 0878  0.066  —1.533

% T AP 1584 0025 60000 1598 0030 2250 1674 0014  1.250 1690 —0.011 1400
PP 1934 0033 15000 1960 0054 1500 2116 -0.093 2100 2142 -0.156  3.000

MM - - - - - - - - - - - -

ltotal —0.089 —0.075 —-0.102 —0.075 -0.075 —-0.094 —0.015 -0.048 —0.125  —0.057 -0.063  —0.131

rtotal 0521 -0512 ~0.908 0515 -0.512 —0.886 —0.399 -0466 —1.193 0383 -0.746  —1231

Liotal —0.114 —-0.089 —0.133 -0.096 —-0.088 —-0.123 -0.019 —-0055 -0.172  —0.073 —0.078  —0.180

Rtotal —0.408 —-0433 —0.675 —0404 —0433 —0.661 0318 —-0402 —0.833  —0.306 —0.590  —0.856

GT 0914 0760 0755 0915 0758 0758 0914 0755  0.753 0918 0754 0752
Meooor 0.546 —0931 0000 0547 -0.743 —0.955 0551 0835 —0.835 0554 -1130  —0.754
total 1034 0755 0754 1043 0752 0744 1071 0774 0771 1052 0760  0.768

M,/Mp P - - - - - - - - - - - -

heavily suppressed. Therefore, either for the QRPA or
LSSM methods, more than 60% enhancement of the
Fermi part from master formula is observed.

Similar conclusions can be drawn for each compon-
ent of the GT part. For all these components, the AA
components comes out to be the one with smallest devi-
ations between the master formula and our formalism, for
QRPA, 30-40% difference is observed, while for LSSM,
the enhancement of the master formula reduce to 10-20%.
Dramatic deviation are observed for the AP and PP com-
ponent, not only the magnitude but also the sign changes
for these cases. The AP component which serves as the

cancellation and the PP component which serves as the
enhancement to the AA components from the master for-
mula change their role in the current formalism. While
their sign difference comes from the angular momentum
algebra, their difference in magnitude comes mostly from
the different behavior of the neutrino potential (see for
example, fig. 1 in Ref. [52]) ¢ terms.

Similar situation happens for the tensor part, in mass
term, no AA component exists. A component called M44
is then introduced in Ref. [26] and also the NMEs values
from QRPA and LSSM calculations are presented in Ta-
ble 2. For QRPA, roughly 10% difference for this corres-
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ponding component from the two formalism is observed,
but for LSSM, the deviation is large in ratio, this is due to
the smallness of these components and for LSSM, one
can usually neglect the contributions from tensor parts
based on the discussion in the above section, therefore we
see the ratios for these components come out to be ran-
domly small or large just because of the smallness of
these components.

As a consequence, for the C related NME M,, for
most cases, only half of the overall NMEs are obtained
from the master formula for QRPA calculations. For
LSSM calculation, the overall NMEs are closer for the
two formalisms because of a negligible tensor part. And
for M,; which is related to C\,, the difference is pretty
large, the master formula gives negligible total NMEs due
to the cancellation among different parts for both nuclear
many-body calculations. But since for C\®), g term contri-
butions are at N’LO as discussed in above section, this
difference hardly causes any difference to the total decay
width.

For the master formula, the MM components for both
the GT and tensor parts are thought to be at NLO for the
mass, @ and ¢ terms, therefore one neglects their contri-
butions.

The R term and its counterpart in the master formula
are close to each other. For the QRPA calculations, the
deviation is about 10% for the GT part and a larger 40%
smaller reduction from tensor part in-our formalism. All
this together gives the nearly identical overall Myg's for
the two formalism. For LSSM calculations, ignoring the
negligible tensor part, the GT part is about 25% sup-
pressed compared to our formalism.

In general, above analysis suggests that the NMEs
from the two formalisms are close to each other, they are
basically the same for M,, and slightly different for Mx.
Although, the deviation from M, is much larger, but be-
cause they are sub dominant terms for C& or C\®, their
effect to the total decay widths are limited, and in next
section, we will discuss how they will affect the determ-
ination of the new physics parameters.

C. The current experimental constraints on the para-
meters

In this section, we investigate how current experi-
mental data can be used to constrain the parameter space
associated with various BSM scenarios contributing to
0vBB-decay. Under the assumption that only a single
Wilson coefficient dominates the decay process —thus
neglecting possible interference between different mech-
anisms—we utilize the most recent lower bounds on half-
lives reported by experiments (see Table 5) to derive con-
straints on the corresponding new physics parameters.
The resulting exclusion limits are illustrated in Fig. 2.

For the case that the mass mechanism dominates, cur-

Table 5. Current lower limits on the half-lives of 0vgs—de-

cay [52].

Isotope Experiment Lower Limit (years) C.L.
“Ge GERDA [61] 1.8x10% 90%
52Se CUPID [62] 4.6x10% 90%
130T CUORE [63] 22x10% 90%
136Xe KamLAND-Zen [64] 2.3%10% 90%

rent experiments set the limit mgz/m, below 107°, this
corresponds to myg below 100 meV for °Ge or “Xe.
These limits are somehow directly related to the calcu-
lated NMEs, therefore, they are related to the many-body
approaches one adopts. For QRPA calculations, the most
stringent constraint comes from "°Ge although the longest
half-life limit is from KamLAND-Zen experiment. The
reason has been discussed above, this once again emphas-
ize the importance of the determinations of NMEs. While
for the LSSM calculation, the constraints of mg; gener-
ally follows the order of half-life limits, the most strin-
gent one comes from **Xe due to a smaller fluctuation
for the values of NMEs for mass mechanism. Meanwhile,
the error from different Hamiltonians are also illustrated.

Since the suppression of *°Xe from QRPA calcula-
tion mostly comes from a small overlap factor which all
the NMEs shares. Therefore the most stringent con-
straints for the Wilson coefficients C{) and C, also
comes from Ge for the QRPA calculation, while for
LSSM calculation '**Xe. For C\, the constraints from
the master formula with an IBM calculation [15] gives
1.43x107%, we give a value close to 10~ for both many-
body calculations. For the meantime, a constraints on C\5
was set at 2.81x 1077, and in between 107°% ~ 1077 from
our calculations.

On the other hand, as indicated in the above section,
the larger deviation in M, term doesn't not cause too
much difference in the determination of the new physics
parameters. For the constraint on C\, the deviations
from the two formalisms are much less than that from the
two many-body calculations. While for C% the opposite
holds. These suggest that for future determination or con-
straints of new physics parameters, both the realization of
underlying mechanism and the nuclear many-body calcu-
lations of NMEs are important.

V. CONCLUSION

In the framework of yEFT, we simulate the contribu-
tion of Dim-6 operators in LEFT originating from
SMEFT Dim-7 operators relevant to the LRSM to the
OvBB—decay half-life based on the S-matrix theory, ob-
taining results consistent with previous new physics mod-
el calculations [19]. We compare our results with the so-
called master formula in Ref. [26]. We find decent agree-
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Fig. 2. Experimental constraints on the upper limits of the unknown dimensionless parameters mgz/m, and C’s. The ordinate in the

figure represents the absolute values of various parameters (abscissa), with the red shaded area representing results from QRPA. Addi-
tionally, for "°Ge and *2Se, the blue filled areas represent results from the jun45 shell model. For *Te and **Xe, the blue filled areas
represent results from the jj55a shell model. Furthermore, the region filled with lines from the bottom left to the top right indicates res-
ults from Refs. [15, 26], while the region filled with lines from the top left to the bottom right indicates our results. In the shell model
results, parameters jj44b and GCN50:82 are introduced as uncertainties.

ment between these two frameworks. Furthermore, we
observe that counterpart of the g-term NMEs in Ref. [26]
is smaller than our results, emphasizing the effects of dis-
tortion of electron wave functions from nuclear electrical
static potential. We further give constraints on the' con-
straints of the Wilson coefficients of relevant LEFT oper-
ators by utilizing current experimental limits.

APPENDIX A: ELECTRON WAVE FUNCTION

The electron wave function y(e,r) is described as a
combination of spherical waves distorted by Coulomb
forces and the wave functions for specific partial waves
can be solved numerically by subroutines Radial [65].

In general, these electron wave functions can be de-
composed into different partial waves as:

Y(e,r) = w(s)(e, r)+ a,//(P)(e, r)+ l//(D)(e, P+ (A1)

Here S, P and D respectively represent the S(/=0)-,
P(/=1)- and D(/=2)-waves etc.

In current work, higher partial waves except P-wave
are neglected in the calculations. The S-wave and P-wave
forms can be expressed respectively as [19]:

g—l)(.v

Se,r) = ,
voer ((mﬁ)fm)
(e r) =

l. <(g1 (P (0 p)+g [3(?-@—(0-?)(0'@])%)

(=fa(o- D+ L3P (o p)— (0 D)) x,
(A2)

To facilitate the calculation of the OvBB—decay scat-
tering amplitudes in Appendix C, we define following

functionals of electron wave functions [19]:

1, (€%, €y) = ¥ (€,%) 7, (1 =ys) v  (.),
U P (€x,6y) = ¢ (€.X)7, 1 Fy5) v, (..
o (erx,6y) =¥ (e, x) (1 £ys)YC (&.),

u® (ex,€3) = ¥ (e1,%)7,(1Fy)¥  (&,). (A3)

As well as

u,(61x,6y) = e, x)y, 4 (6,y),
ul(e1x,6y) = (e, X)y, 750 (€.). (A4)

More functionals are defined following [19]:

u,(ex,6y) xu,(6y,6y)
2 b
MLS)(QX, €y)+ MLS)(Q}’, &y)

2

F.(ex,6y)=
(AS)

Fff‘i)(elx, 62_}7) =

Where for the time component, the dominant contribu-
tion are for both electrons with s partial-wave, while for
the spatial component, at least one electron should be
with p partial wave. For the latter case, one can extract
out a factor r/2 and r, and redefine the F' functionals:

i
Fi(ex,6y) = 57:—(61-‘:,62)’),
Fi(ex,ey)= r.iFe(ex, ey),
FS)(QX, ey)= V+i7’i(5)(€1X, ey),

Ti
F(ex,6y) = 57:455)(6135, €Yy). (A6)

Here, r, =(ri+r)/2,and r=r,—r,.
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APPENDIX B: NUCLEAR MATRIX ELEMENTS

In this section, we provide detailed definitions of the
nuclear matrix elements and neutrino potentials. The con-
tributions from the neutrino mass term, as well as from
qL, gR, wL, and wR, can be written in a unified form as
the sum of three components [19]:

M; = Mip + Mgy + M. (B1)

And the GT and Tensor parts are composed of different
components:

Migr = Mgy + Mgy + M + Mgy ©2)
Mg = MG+ M3+ M5+ MM,

It is worth noting that, within the defined nuclear matrix
elements, the tensor contribution from the AA current
arises solely in the g-type terms and does not appear in
the matrix elements corresponding to the mass mechan-
ism or w-type terms. Based on these definitions, the fol-
lowing relations hold among the nuclear matrix elements:

MVF = _MF’ MqLF = _MqFa Mu)LF = M{uF’

Myrr = My, Mogre = —Mour, My = My,

MyT = M;j’ MqLGT = MqGT’ MqLT = Mlqu

Ma)LGT = MwGT’ M(;)LT = MZT’ M:]JRGT 5 M;jGT’

MqRT = M;]T’ MZRGT = MZGT’ Ma{RT y- M;jr- (B3)

Special attention should be paid to the following excep-
tions, which apply specifically to the MM components:

MM _ MM MM _ _ agMM MM MM
M7 =0+ Mp", M gor = —MgGr, Mypr =-M;",
MM _ MM MM _ MM
Ma)RGT - _MwGT’ MwRT - _MwT .
(B4)

While the expression for the R-term are relatively
simple:

My = Mggr + Mgr. (BS)

The P-term, denoted by Mp, consists of a single compon-
ent, whose structure will be presented below.

More generally, all of the above nuclear matrix ele-
ments can be expressed in the following unified form:

le = Z <Nf| hKI (”mm nm)

nm

1O |NY,

(B6)

with the radial 4(r,,.r",) (neutrino potential) and angu-
lar O; parts. Here K refers to different mechanisms.
The angular operator O;'s have the form [19, 28]:

Or=1, O¢r=0, 0y,
OT = 3o-n'/i.nmo-m'/i'nm

Op=i(0',,

—O0, Oy,

_a-m)'(i‘nrnx/i'Jrnm)’ (B7)
where r,, =r,—r, represents the relative position
between the mth nucleon and the nth nucleon, while
ri, =(@r,+r,)/2 is the center of mass coordinates
between them, with 7, representing a unit vector in the
direction of r;,, and similarly 7,

The neutrino potential can be generally expressed as

qdq
(E;+Ef) /2

y 2R [* ..
h,’(r,r+)=7 / f,’(q,r,m)q (B8)
0

+E,—

Except for @ terms, for which the form of the neutrino
potential changes to

q*dq
~(E+Ef) 2)°
(B9)

i (r,r) = = / f.r, V+)
q+E

Here, R represents the nuclear radius, introduced to make
the neutrino potential dimensionless overall. E, denotes
the energy of the intermediate state in the nucleus, while
E; and E; represent the energies of the parent and daugh-
ter nuclei, respectively. In the QRPA calculations, the in-
termediate states are explicitly included, E, is obtained
from the QRPA solutions [53]. While in LSSM calcula-
tion, the closure approximation is adopted, and an aver-
age closure energy of 7 MeV is used [52].

The detailed expressions for each component is given
as:

1) mass term or @ term

fr=8v(@)jolgr), }“?;T =g:()jolgr),
o = 8 @er(@’ )—Jo @0, S =GP 1y o @),
= gu(d ) Jo (gr),
q2
7 ==ga (qQ)gp(qz)Ssz (qr),
my
4
= =gd) g o J2(qr),
Y= @ () (qr).
12my,
(B10)
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2) g term

far =g/ @)inarar,  figr = &i(@))3 ~ ianar,

7
f;GPT = —gA(qz)gP(CIZ)ﬁjl (gr)gr,

quT = _gp(q ) Ji(gr)gr,

122

2
fitt = gM(q) Jl(qr)qr fi ——gA(q) Jilgr)gr,

2
1AF = —gA<q2)gp<q2)3q—jl(qr)qr,
my

2
fat =-&nq’ )20 : (gmqr) —jg(qn) ar,
2
= (gjl(qr)—fs(qr)) qr.
(B11)
3) R term
2 2 R . 2
Jror = —84(q")gm(q )Tjo(qr)q ,
my
R
far = —gA(qz)gM(qz)sz(qr)qz. (B12)
my
4) P term
fr = gv(q)ga(q?)ji(gr)gr.. (B13)

Here, jo, j1, j» and j; are spherical Bessel functions of
the specific ranks. And f24 doesn't appear in our calcula-
tion but is part of the master formula in Ref. [15]. Also
compared to expressions in Ref. [19, 28, 52], we absorb
the factor 1/3 into the definition of NMEs to obtain a
compact expression for q terms.

In current work, we also compare our results with that
from the so-called master formula, where they consist of
components from the mass term in eq.B10. We define the
NME:s out of the amplitudes in Ref. [15] by taken out the
corresponding Wilson coefficients:

1 1
M= (MF+ L om +M¢A)) ,

1 1
ME,R = g (MF— g (ZMé?- +M¢A)) N
1 L aa AA
M, =~ 3 Mr— 3 (Mgh —4mpt)
-3 (M M ) ),
1 L aa AA
M, r=— 3 Mr+ 3 (Mgh —4mpt)

3 (M + M+ M ) ).

——2—(MMM+MMM) (B14)

Here, both M,,, ; and M,, z contain contributions from the
g- and w-dependent terms. To facilitate the classification
and comparison of these contributions, we reorganize the
expressions in terms of the ¢, w, and R structures, yield-
ing a more compact representation:

M(/UL = 4 (ME,L + Mme![‘/z) 5 M(’uR = —4- (ME,R + MmA,,R/Z) N

M:IL = 6Mml,,Ls = _6Mme,Rs Mlle = —mNRMM.

(B15)

The purpose of this decomposition is to express the res-
ults in"a form consistent with Eq.(19), allowing a direct
identification of the matrix elements defined in Eq.(20).
This representation facilitates a systematic comparison of
the contributions from each term, as shown in Table 4.

APPENDIX C: THE DERIVATION OF THE DE-
CAY WIDTH FOR 0v35-DECAY

The 0vBB—decay width T is given by [19]:

&k,
(2n)°

&k,
(2n)?

Ovzl

|Ru|* )6 (Ei—E;—e—e).
(CDH

Here €, and k;, respectively denote the energy and mo-
mentum of the two emitted electrons, while E; and E;
represent the total energy of the initial and final nuclei in-
cluding their rest masses. The relation between the reac-
tion matrix element R;; and the S-matrix element is giv-
en by:

Sf,' =2nid (E,'—Ef—él —62) Rf,'. (CZ)
For OvBB-decay to the ground states, |i)=[0/) is the
ground state of the parent nucleus. While the final states
are defined as |f) =|pi, p»;07), where p;, p, are the mo-
mentum eigen-states of electrons and [07) is the ground
state of the final nucleus.

Under the perturbation theory, the second-order S-
matrix element describing the 0vBB-decay process can be
written as:

Ssi= d*xd*y(fIT [Hi(X)Hie ()] 1) (C3)

2!

where the Hamiltonian H;,, is given in Ref. [26]:
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Hine(x) = [J‘Z(x)ly(x) + JZ(X)V#(X)] ) (C4)
and the hadron currents can be written as:
_ .1 _ 1
JL =Nt S (= TN, Jp=Nt"S (Jy+ )N (CS)

with J4 and Ji, given in the form of Eq.(15) up to NLO,
and the lepton current is taken from Eq.(11), where the
isospin raising operator 7+ has been factored out.
In terms of Wilson coefficients, we split the R matrix
in to different parts with terms up to the order of O:
Ry =R +RY + Ry (C6)
At the order of O(v/A), we have the so-called stand-
ard neutrino mass mechanism [19]:

— A2 Y2 d’q
R, = —4G;Voymgs > [ dxdy

(2n)?

el (x-y)
X |: 2w JZL(x y’a)SL,uv(xy Cl):l (C7)
where
T (6. 3,@) = (N[ J4(0) ING) (N T30 IND
IL (€1x,62y) IL (sz,E]y)
_ _wy
SLHV(x’y’a)_ (1)+A2 U)+A1
A, 1
=Ea—(Ei+Ef)/Zi*(€1—Ez). (CS)
A, 2

Here the indices o and f represent the left-handed (V- A)
hadronic currents or the right-handed (V +A) hadronic
\/ 4> +m’ the energy of the intermedi-
ate neutrino. The above equation are obtained by per-
forming integration over the time coordinates xy, yo as
well as the time component of the 4-momentum of inter-
mediate neutrino.

Similarly, at the order of O(*/A?), the corresponding
R-matrix can be expressed as follows:

RO =2G2V, udc@Z / dxdy /

currents, with w =

2y
el x-y)
X |: 20 JZL(x y,(l) (Vva(x yva)"'VR;w(x y,a))
eiax-y)
Ril = 263 Vi Z/ dxdy / (27r)‘ 20

X (LRG0, Y, @)V (6, ) + Ty (£,3,0) Vi (, y))}
(C9)

where

u® (€x, ezy) U (ex,€y)

C10
(1)+A] ( )

Vi =
(R (1)+A2

Contracting all Lorentz indices, using properties of
the gamma matrices and keeping certain terms up to NLO
in yPT, we could further obtain the R-matrix elements in
a concise form.

For the matrix element R, in Eq.(C7), it can be sim-
plified to

G V2 m,
ZF LudMe mﬁﬁMvtL(elR,ezR).

Cl1
4R m, ( )

vV

Here for the wave function * of two emitted electrons,
we take the s-wave at the nuclear surface R under the so-
called no-FBWC [19] approximation.

For the terms associated with Wilson coefficient C\S)
of the scattering amplitude, applying the same method,
we can further simplify them to

GAV2,m c<6>{ 2
(6) d e VL (5)
= -M F$ (&R, &R
RL,R 47R V., R Rm, " (R, &R)
2 (E]R EzR):|
RO - GrVume C(Véi( M) — 7 (@R.6R)
LT T 4nR Vg 2im, RN
G V m, C( €12
RO - ZF ud e ZVL py 2 Fo. (6R,&R). C12
Lw 4RV, L 2m, o+ (61R, &R) ( )

Likewise, for the Wilson coefficient C\} correspond-
ing term, the expression for these terms are as follows, re-
spectively:

6
G2V2,m, C\

R<6> M) —F_ (R, &R),
Rq — 7R ‘,ud( qR)zl. . (1R, &R)
G2VZim, C(é) €
(6) FYud"e VR €12
Ry, = —~—(-M, R, &R). 1
Rw VTR ( wR) V., 2m, (e1R,&R) (C 3)

Here, to separate the lepton and nuclear part, besides
no-FBWC, we make another approximation given that
the exchange momentum of neutrino w ~ m, much larger
than the average nuclear excitation energy A of a couple
up to tens of MeV:

1 N 2 1 1 e
w+A, w+A, T w+A’ w+A;, w+A N(w+A)2'
(C14)

And as stated above, after separating the lepton and
nuclear parts, integrating over the electron momenta, we
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can obtain the final expression of the decay width:

2
Mg

e

2 ~ ~ £
M2~ 2Re (CHE ) Mo Mo

o2
FO"=G01 M3+G02“C§/6[)“ MLZUL

+|e%

+ G03 [aRMVMwR - aLMVMwL]
+Goy [ar M, My, — agM, Mg | + Gosa, M, Mp
2
—Gosar M, Mg — G ’C%’ MpMp
. 2 - 2
+Gog ‘C@‘ M2+ G ’c&‘g) M>
2
MwRMqR

~ 6 |2 ~
=20 || €61 Moo+ |

—Re (CCHY ) (MurMor + MurM,yr) }
TR CIET
+ Gy ‘CVL‘ MqL+‘CVR’ MqR

~2Re (C)C8) MqLMqR} . (C15)

To simplify the expression for the decay width, we in-
troduce several shorthand notations:
6 *
(C(VZ,VR) }

2Va

(6)
~(6) CyLvr
VLVR = .
2Va

aLr = Re {mﬁﬁ (C16)

m,

Here, C $2,VR denote the Wilson coefficients of the dimen-
sion-seven operators divided by the CKM matrix ele-
ment V.4, and a;, ap appear in the interference terms
between the standard mass mechanism and the contribu-
tions from dimension-seven operators. These definitions
are introduced solely for the purpose of simplifying the
decay width formula.

The coefficients G; are phase space factors that de-
pend on the electron wave functions with explicit form
given in Appendix A and are defined through integrals
over the final-state phase space. Some of the G; coincide
with the phase space factors G; defined in Ref. [28],
namely,

G, =G, (C17)
while others are linear combinations of the latter:

’ 1 ’

G04 = 3G04 + §G03,
1 ’ 1 !’
Goo = §G02 + §G010v
’ 1 ’ 2 !

Goin = Gy + §G02 + §G010- (C13)

The values of these phase space factors are given in
Table 1.
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