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Abstract: Hawking radiation elucidates black holes as quantum thermodynamic systems, thereby establishing a
conceptual bridge between general relativity and quantum mechanics through particle emission phenomena. While
conventional theoretical frameworks predominantly focus on classical spacetime configurations, recent advance-
ments in extended phase space thermodynamics have redefined cosmological parameters (such as the A-term) as dy-
namic variables. Notably, the thermodynamics of anti-de Sitter (AdS) black holes has been successfully extended to
incorporate thermodynamic pressure P. Within this extended phase space framework, although numerous intriguing
physical phenomena have been identified, the tunneling mechanism of particles incorporating pressure and volume
remains unexplored. This study investigates Hawking radiation through particle tunneling in Schwarzschild AdS
black holes within the extended phase space, where the thermodynamic pressure P is introduced via a dynamic cos-
mological constant A. By employing semi-classical tunneling calculations with self-gravitation corrections, we
demonstrate that emission probabilities exhibit a direct correlation with variations in Bekenstein-Hawking entropy.
Significantly, the radiation spectrum deviates from pure thermality, aligning with unitary quantum evolution while
maintaining consistency with standard phase space results. Moreover, through thermodynamic analysis, we verified
that the emission rate of particles is related to the difference in Bekenstein-Hawking entropy of the emitted particles
before and after they tunnel through the potential barrier. These findings establish particle tunneling as a unified
probe of quantum gravitational effects in black hole thermodynamics.
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I. INTRODUCTION

In 2019, the Event Horizon Telescope (EHT) collab-
oration achieved a historic milestone by capturing and
publicly releasing the first piece of direct visual evidence
of the supermassive black hole at the center of the M87
galaxy, located 55 million light years from Earth [1]. In
fact, as far back as in the 1970s, Stephen Hawking made
a pioneering discovery: the size of a black hole's event
horizon does not decrease [2, 3]. Since then, it has been
widely accepted that a black hole can be regarded as an
ordinary thermodynamic system. In this thermodynamic
system, a black hole possesses an event horizon beyond
which no particle, not even light, can escape the intense
gravitational pull. This characteristic implies that no en-
ergy or matter within the black hole can reach an extern-
al observer. Nevertheless, when quantum effects are
taken into account, a small amount of energy can be radi-
ated beyond the black hole's spacetime boundary. Previ-
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ous research has demonstrated that the temperature of a
black hole can be defined based on the radiant energy it
emits. At the same time, black holes can be regarded as
thermodynamic systems with Hawking temperatures [4].
Furthermore, black holes have irreducible mass, a prop-
erty that increases in irreversible processes. The irredu-
cible mass is similar to entropy in ordinary thermody-
namic systems. This is the Bekenstein-Hawking entropy
of a black hole [5, 6], which is proportional to the area of
the horizon. The thermodynamic law of black holes as a
thermal system is established using temperature and en-
tropy. In normal phase space, the conserved quantities of
the black hole thermodynamic system, such as charge,
angular momentum, and thermodynamic potential of the
system, are also defined on the event horizon. In other
words, based on the black hole horizon, the thermody-
namics of black holes is established. Subsequently, the
effect of Hawking radiation on the thermal properties of
black holes in particular has been extensively studied us-
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ing the thermal Green's function method [7], the Euc-
lidean action integral approach [8], the second quantiza-
tion method [9], Punsly's approach [10], the Damour-
Ruffini Method [11], and others [12—20]. However, in
these studies, the radiation spectra obtained are purely
thermal because the self-gravitational interactions of the
thermodynamic system of the black holes are not taken
into account.

In 2000, Wilczek and Parick [21, 22] introduced an
innovative framework to investigate Hawking radiation
through a quantum tunneling formulation. Within this
theoretical framework, the black hole event horizon is
conceptualized as an effective potential barrier in quan-
tum mechanical tunneling processes. By considering the
energy conservation and spacetime background structure,
the position of the potential barriers is given, and the tun-
neling probability of the black hole radiation is obtained.
This analytical approach yielded a modified thermal
emission spectrum and proved that the Hawking radi-
ation of a black hole does not present a pure thermal
spectrum. Due to the generalizability of this approach,
subsequent research rapidly expanded its application to
various classes of black hole solutions [23—53]. Notably,
when implementing this methodology in de Sitter and
anti-de Sitter (AdS) black hole spacetimes, prior investig-
ations predominantly treated the cosmological parameter
A as a static quantity. [44—53]. Recently, however, re-
searchers have noticed that, if cosmological parameters
are considered as dynamic parameters of the thermody-
namic system, it will be interesting to explore their con-
tribution to and influence on the thermodynamic system
of black holes. If the cosmological constant is considered
as a dynamic parameter of the thermodynamic system of
black holes, in the extended phase space, the validity of
the law of black hole thermodynamics and the validity of
the cosmological supervision assumption are worth in-
vestigating in depth to describe the thermodynamic prop-
erties of black holes in a more comprehensive manner
[54-58].

Caldarelli [59] pioneered the elevation of the cosmo-
logical constant to a variable state parameter of the ther-
modynamic system of black holes and systematically in-
vestigated the thermodynamic properties of Kerr-New-
man-AdS black holes. Hendi [60] directly considered the
phase space containing the cosmological constant
(M, Q,A) an extended phase space and further studied the
thermodynamic phase transition of a class of charged
black holes. In addition, some scholars have proposed a
volume of a black hole that can be defined as a conjugate
variable of the thermodynamic system, claiming that the
role of the cosmological constant turns out to be a natural
candidate for pressure. By considering A as a dynamic
thermodynamic variable, a new thermodynamic quantity,
namely, the thermodynamic pressure and volume of the
black hole, has been introduced into the laws of black

hole thermodynamics [61, 62]. Here, the thermodynamic
pressure is P =—-A/8x, and the volume is its conjugate
quantity V = (0M/0P)S, Q. J; the black hole mass M is in-
terpreted as thermodynamic enthalpy H rather than in-
ternal energy U [55], which is defined as the entropy
versus pressure variable. In fact, from a general relativist-
ic perspective, a negative cosmological parameter is
sometimes puzzling when interpreted as a conjugate dy-
namic parameter of a thermodynamic volume, i.e., the
cosmological constant is regarded as a dynamic paramet-
er of a black hole thermodynamic system. Moreover, this
theory has aroused great interest and widespread concern.
Based on this theory, many interesting phenomena, such
as van der Waals phase transition of the black hole ther-
modynamic system, the weak cosmic supervision hypo-
thesis, repulsive interaction of black hole microstructure,
and the consistency of the Smarr relation with the first
law of thermodynamics, have been studied extensively,
and many meaningful results have been obtained
[63—68]. These studies show that the introduction of pres-
sure and volume terms into the normal phase space en-
riches the phase structure space of the black hole thermo-
dynamic system. In this extended phase space, the ther-
modynamic laws of black holes are still valid, and the
weak cosmic supervision hypothesis is also valid, which
has important practical significance. In the extended
phase space, the first law of black hole thermodynamics
is modified as dM = TdS + VdP + ®dQ + QdJ [68].

This correction complicates the thermodynamic prop-
erties of black holes and provides a new perspective on
the study of Hawking radiation. The mechanism of
Hawking radiation is similar to the conventional case;
however, the radiation spectrum and evaporation process
of the black hole may be affected due to the introduction
of variables such as pressure and volume. Specifically,
the Hawking radiation in the extended phase space de-
pends on the mass of the black hole and may also be re-
lated to the pressure and volume, and this dependence
makes the intensity and time evolution process of Hawk-
ing radiation different from the classical case; however,
such a scenario has not been tested. When we investigate
the tunneling process of a particle in the extended phase
space, because the cosmological parameter A is taken in-
to account, the thermodynamic pressure and volume
should not be ignored. In fact, when a black hole radiates
particles, its mass decreases, it gets compressed, and its
thermodynamic pressure and volume change. Within the
extended phase space, the mass M of an AdS black hole
should be reinterpreted as its enthalpy H, which satisfies
the thermodynamic relation H =M =U + PV (where U
denotes the internal energy) [55]. In view of this, by con-
sidering the self-gravitation, the motivation of the present
study is straightforward, i.e., to use the null geodesic
method to carefully investigate the Hawking radiation as
tunneling of the Schwarzschild AdS black hole in the ex-
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tended phase space.

The remainder of this paper is organized as follows.
In Sec. II, we discuss the extended phase space thermody-
namics of the AdS black hole, where the cosmological
constants are viewed as dynamical variable quantities.
Subsequently, we obtain the geodesic equation of tunnel-
ing particles using Lagrangian analysis of the action. In
Sec. III, we present an investigation on Hawking radi-
ation as tunneling of the black hole with the thermody-
namics variables. We discuss the tunneling process
through thermodynamic analysis in Sec. IV. Finally, we
summarize and discuss our results in Sec. V.

II. THERMODYNAMICS AND GEODESIC
EQUATION WITH PRESSURE

In this section, we focus on asymptotically AdS black
holes within the framework of a negative cosmological
constant A. While a concise overview is provided here,
further discussions on the thermodynamics of AdS black
holes can be found in Ref [59]. For such black holes, it is
customary to define the thermodynamic pressure as
P=-A/8n, and it is clear that asymptotically flat black
holes are the special case where the pressure is constant
at zero; once the pressure is introduced into black hole
thermodynamics, we consider thermodynamics that is not
banal, as can be seen by the definition of the pressure, P,
as a variable quantity. That is, the cosmological constant
A should be a variable physical quantity in the broad
sense [58]. The cosmological constant as a variable
quantity is physically very interesting; moreover, it is
reasonable and even necessary that the cosmological con-
stant undergoes change.

A. Thermodynamics with pressure
For simplicity, we employ a spherically symmetric
AdS black hole to discuss the tunneling behavior across
the event horizon. In general, a spherically symmetric
black hole can be expressed as

ds® = —f(Ndt” + f(r)'dr’ + (d6” +sin” 6dg®), (1)
where the metric function f(r) is

S = I—Z—M—érz. 2)
r 3

Here, the parameter M denotes the black hole mass, and

A is the cosmological constant. The cosmological con-

stant A was interpreted as the thermodynamic pressure in

the extended phase space [62]

1 3
P=—A=—"—. 3
8 8nl? 3

The metric function f(r) can be modified as

4)

2M  8xP
f=1- +8%r2.

T
The Black hole mass is given by solving f(r) =0 in the
equation, given by

1 8
M=(ra+ gnPr;), (%)

where ry is the radius of the event horizon of the black
hole, which is taken to be the largest real positive root of
f(r)=0. From this, the thermodynamic volume can be
derived as

3
4nr;,

3 (6)

oM
V=(67)=

Accordingly, the phase space of AdS black holes is ex-
tended. In the extended phase space, the first law of ther-
modynamics should be written as [55]

dM =TdS + VdP. (7

At the event horizon, one can also derive the volume as
well as the entropy of the black hole, namely [5, 6, 56],

A
S = i nry. ®)

B. Geodesic equation of particles

The event horizon of the black hole is located at
r=r,, where r, represents the largest root of f(r)=0,
and at this radius, the standard coordinates become singu-
lar. To properly describe particle trajectories across the
event horizon, one must eliminate these coordinate singu-
larities. This can be achieved by introducing the Painlevé
coordinate transformation [69]:

dr =dry Y0y, 9)

fr)
where 7, denotes the Schwarzschild time, and ¢ denotes

the Painevé time. In this case, the Painevé-like line ele-
ment of the AdS black hole reads

ds? = —f(NAP +2 \/T= F()drdr +dr® + P(d6° + sin’ 6d6?).
(10)

To describe the geodesic equation, we start with the ac-
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tion /, which governs the motion of a particle or photon in
a curved spacetime. The action is given by

I= /Lcu, (11)

where £ is a Lagrangian quantity, given by

1 u
L = Eguvxﬂx

1 ; . ; . .
=5 [—f(”)l2 =2/1= f()ii+i? + 6" + * sin’ 9¢2] ,
(12)
where x* represents the derivative with respect to the af-
fine parameter 7. Based on the definition of the general-
. oL
ized momenta, namely, Po = ax. Ve have
0L . .
P = i —f(Ni— /1= f()r,

P, =% = T

Pg = % = 729,
(%
Py = % = 1 sin® 6. (13)

Considering the 4-velocity normalization condition, evid-

ently, ¢ and ¢ are the cyclic coordinates; therefore, we

ap, oL AP, 0L
have ar o % ar T ae =0. This means

P, =—f(r)i— \/1- f(r)i = E = Constant,
P, = r*sin*6¢ = L = Constant, (14)

where we consider the geodesic in an invariant plane
6, = /2 without loss of generality. Then, the values of 7
and 7 can be obtained in the following form using Eqs.
(13) and (14):

sod Ez—ﬂr)(k*%z)’

12
—Ex\/1-f(r) E2-£(r) <k+r2>} .
(15)

o dr 1
T

Using Eq. (15), it is easy to calculate the geodesic equa-
tion, which is

A i /)
NS (GF

dr i E ©(16)

VE = f(k+L2)]r

where the sign = is related to the outgoing (ingoing) radi-
al motion of the particle. When one considers that the s-
wave approximation (L=0) and k=0, Eq. (16) reduces
to

F=x1-/1- (). (17)

In view of this, the geodesic Eq. (17), which applies to
massless particles, is derived by Lagrangian analysis. In
the next section, we use this equation to systematically
study the tunneling radiation from the Schwarzschild AdS
black hole in an extended phase-space framework.

II. TUNNELING WITH THERMODYNAMIC
PRESSURE

In this section, we study Hawking radiation as a semi-
classical tunneling process considering the thermodynam-
ic pressure and volume. In the vicinity of the black hole
event horizon (the boundary is very close to the interior),
positive and negative pairs of particles are generated be-
cause of the vacuum rise and fall of the quantum effect.
The negative energy particles are absorbed by the black
hole, and the positive energy particles are radiated to in-
finity through the field of view, thus reducing the black
hole energy and pressure. When the self-gravitational ef-
fect of the emission particles is considered, Eqgs. (4) and
(17) are modified accordingly. Considering the emission
particles as S-waves, both the interior and exterior of the
black hole are AdS spacetime, but the mass parameters of
the interior and exterior are different when fixing the
mass of the spacetime as a whole and allowing the mass
of the black hole to vary. In the previous discussion [17],
we have extended the achievements in phase space to an
extended phase space involving thermodynamic pressure
and volume. In contrast to the simplified treatment in pre-
vious studies that equate mass with internal energy, in the
framework of the extended phase space where thermody-
namic pressure (related to the cosmological constant A)
and volume are introduced, the internal energy U of the
black hole can no longer be simply interpreted as the
black hole mass M. This is because, here, the mass must
be redefined as the thermodynamic enthalpy H that in-
cludes the pressure-volume contribution, which satisfies
H =M =U+PV. This correction implies that the energy
composition of the black hole not only includes the in-
ternal energy corresponding to the internal degrees of
freedom but also must incorporate the energy term from
the interaction between the spacetime background pres-
sure and black hole volume. In the case of energy conser-
vation, the mass M and pressure P of the black hole are
transformed as M — M —-«’ and P — P-p’, respect-
ively. Therefore, the Bekenstein-Hawking entropy differ-
ence of the black hole obtained in the extended phase
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space should be rewritten as AS =S(M-w',P-p’)-
S (M, P) rather than AS =S(M —w)—S(M). The expres-
sion of f(r) for the black hole can be modified as

_2M-w) 8n(P-p) 5

3 (18)

fin=1

Meanwhile, the geodesic equation of the particles be-
comes

7

2M—-w) 8a(P-p’)
1oy ) S o)

Because the outgoing particle is described as an outgoing
S-wave, the WKB approximation can be applied to it. The
particle emission rate and imaginary part of the action
have the following relationship:

T o e—ZImS (20)

where S is the action of the particle. The imaginary part
of the action of the tunneling particle can be expressed as

ImS =Im / P.dr

Tout Py
= Im/ / dpP’,dr (21)
Fin 0
T H
out dH
= Im/ / fdr,
Tin 0 r

where P, is the regular momentum corresponding to 7,
and r;, and ry, correspond to the positions of particles at
the moments before and after emission, respectively. We
use Hamilton's equation

dH
Fo & 2
"Tap, (22)

where dH characterizes the energy variation arising from
radiation when the tunneling particle traverses the event
horizon. In the conventional phase space framework, the
black hole's internal energy U is reinterpreted by the
black hole mass M. Given that the objective of this study
is to investigate the radiation behavior of particles in the
extended phase space, where cosmological parameters are
treated as dynamic variables, the black hole mass should
be interpreted as the thermodynamic enthalpy H rather
than the internal energy U [51]. Consequently, the en-
ergy change should be expressed as d(M-w')-
Vd(P - p’). On this basis, Eq. (21) can be rewritten as fol-
lows:

ImS =

(M—w’,P—p') Tout dr
Im/ / : -
(M.P) ] \/2(M—CU)_87T(P—P)r2
r 3
X[dM—-w)—Vd(P-p')]. (23)

Evidently, there is a single pole at r=ry in the above
equation at the horizon; thus, to calculate the above integ-
ration, we must deform the contour around this pole. Set

U= Z(Mr—(l)/) _ 8”(P3_p/)r2' (24)

Through simultaneous differentiation on both sides of the
equation, we obtain

4mr3

3

%du —dM-w)-Zqip-p). (25)

From the previous discussion, we have

3
y= (26)
3
This leads to
d(M - )= VA(P—p') = %du. 7)

Under this replacement, we get

o U rdu
ImS =Im/ / ——dr. 28
o 20— 25)

It can be seen that this integral indicates the existence of a
pole at u = 1. Therefore, the above integral can be calcu-
lated using the contour integral, and we first integrate u.
Integrating in the upper half-complex plane yields

Im /0 ﬁ = —inr. (29)

In this way, the integration in Eq. (23) can be easily writ-
ten as

ImS =Im (—inmr)dr

Tin

=2 (Ru=12)- (30)

Thus, the relationship with the tunneling rate can be ob-
tain as
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r o e—ZImS — e”(rfz)ul_rlzn) = CASBH, (3 1)

where ASgy=Sgu(M —w',P—p’)—Sgu(M,P) is the dif-
ference in black hole entropy after and before the particle
tunnels into the event horizon. The derived emission
spectrum actually deviates from a pure thermal form in
the extended phase space, which is consistent with the
result obtained in the normal phase space. This result
conforms to the unitary principle and supports the conser-
vation of information.

IV. THERMODYNAMIC ANALYSIS OF THE
PARTICLE TUNNELING RADIATION
PROCESS

In fact, in the context of both static spherically sym-
metric black holes and steady-state axially symmetric
black holes, the expression of the first law of thermody-
namics in reversible processes can be resorted to in veri-
fying the conservation of information, regardless of
whether the outgoing particles under discussion are mass-
less, massive, or charged. However, it is worth noting that
this step has not been fully considered in de Sitter space-
time as well as in AdS spacetime. Early literature
presents a robust correlation between the emission spec-
trum of black holes and their first law of thermodynam-
ics, yet this correlation lacks the inclusion of thermody-
namic volume and pressure terms. Through the detailed
analysis presented in the first section of this paper, it be-
comes evident that, with the introduction of the extended
phase space concept, the form of the first law of thermo-
dynamics undergoes corresponding modifications and ex-
tensions, thereby incorporating the previously neglected
thermodynamic volume and pressure terms. This refined
formulation not only enriches the thermodynamic de-
scription of black holes but also paves the way for a more
comprehensive exploration of the interplay between black
hole radiation mechanisms; fundamentally,

dM-w)=T'dS’ +V'd(P-p"), (32)

where T is the Hawking temperature, and 7’ =«’/2n,

4
V= gﬂ'l"f. Eq. (32) can be modified to

_dM-o)-V'd(P-p)
= 7 .

ds’

(33)

Considering the asymptotic behavior of the outgoing
particles near the horizon, the geodesic equation of the
outgoing particles reads

FaK(rn), (34)

where «’ is the surface gravity when the particle is emit-
ted from the horizon. Substituting Eqs. (33) and (34) into
Eq. (23), the imaginary part of the classical forbidden or-
bital action can be expressed as

Fout (M—W,P—Ii')dM_ ’ _V/d P_ ’
ImS:Im/ / M) VPP,

(M,P) K’(r—rjr)
1 /SBH(M_“)aP_I’l) 1
=— dS’ = —=ASg. (35)
2 SBH(M,P) 2

The probability of the outgoing particle crossing the
event horizon is

r~ e—ZImS — eASBH. (36)

It is clear that, with the help of the differential form of the
first law of thermodynamics of black holes and the
second law of thermodynamics, we are able to derive the
probability that the outgoing particles cross the event ho-
rizon of the black hole and verify that this probability co-
incides with the result previously derived through Eq.
(31). However, it must be clarified that this derivation
only applies to reversible static processes. This is be-
cause, in a non-reversible process, the expression of the
second law of thermodynamics changes and no longer re-
tains its original form

1
ds > ?(dM—VdP). (37)

This is due to the fact that the corresponding process
has irreversible entropy generation, and substituting Eq.
(37) for Eq. (32) does not give the result of Eq. (34).
Moreover, this result is the same as that obtained by Eq.
(31), which proves that, even in the extended phase
space, when we consider the thermodynamic pressure, the
emission spectrum of the particles obtained actually devi-
ates from a purely thermal spectrum, and the emission
rate of the particles is related to the difference in Beken-
stein-Hawking entropy before and after the outgoing
particles traverse the potential barriers while also being
consistent with an underlying unitary theory in the
quantum mechanics, which supports the conclusion of the
conservation of information.

V. SUMMARY AND DISCUSSION

We aimed to investigate Hawking radiation in the ex-
tended phase space. The cosmological parameter A was
treated as a dynamic variable, and the thermodynamic
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phase space was extended. By considering the cosmolo-
gical constant as a thermodynamic pressure, although
many interesting physical phenomena have been presen-
ted, Hawking radiation with thermodynamic pressure and
volume remains unknown. Based on this, we employed
the null geodesic method to carefully investigate Hawk-
ing radiation as tunneling of the AdS black hole, where
the thermodynamic pressure and volume are taken into
account. First, we analyzed the geodesic motion of mass-
less particles by employing the Lagrangian analysis meth-
od. With inclusion of the self-gravitation effect, we used
the geodesic equation to carefully investigate the tunnel-
ing radiation of massless and massive particles through
the event horizon of the Schwarzschild AdS black hole in
the extended phase space. Finally, our results show that
the emission rate of emitted particles is proportional to a
factor, which depends on the initial entropy and final en-
tropy of black hole. This not only confirms the applicabil-
ity of the tunneling process to scenarios involving ther-

modynamic pressure in the extended phase space but also
reveals its intrinsic connection with the first law of ther-
modynamics. Notably, from our thermodynamics analys-
is perspective, the relationship I' ~ ™25 is a natural con-
sequence of the first law of thermodynamics in the exten-
ded phase space (expressed in the form of dM =
TdS + PdV), thereby reflecting a close interdependence
governed by the principle of energy conservation. This
means that the exact emission spectrum also deviates
from a pure thermal spectrum, even if we take the ther-
modynamic pressure into account. Therefore, it is true
that our results are not only consistent with an underly-
ing unitary theory but also coincide well with the results
obtained in the normal phase space. In this paper, our dis-
cussion only focused on the tunneling radiation of the
Schwarzschild AdS black hole; it would be interesting to
discuss the Hawking radiation of other black holes in the
extended phase space.
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