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Charmed meson structure across crossover from SU(4) Polyakov quark
meson model with isospin asymmetry

Abdel Magied DIAB'

Physics and Engineering Mathematics Department, Faculty of Engineering, Modern University for Technology
and Information (MTI), 11571 Cairo, Egypt

Abstract: The Polyakov Quark Meson (PQM) model is extended to SU(4) flavor symmetry by incorporating the
charm quark and introducing a finite isospin asymmetry. This model incorporates the light, strange, and charm chir-
al condensates, along with the Polyakov-loop variables, to describe the confinement—deconfinement phase transition
in a thermal and dense QCD medium. The inclusion of the charm quark condensate enhances the capability of the
SU(4) PQM model to explore the spatial and thermal resolution of the chiral phase structure, particularly in the cros-
sover and high-temperature regimes. We construct the QCD phase diagram (7'/T), —u;/my) plane, indicating a de-
crease in the pseudo-critical temperature as the isospin chemical potential increases, and explore thermodynamic
quantities related to the QCD equation of state at very high temperatures. Fluctuations of quark flavors, conserved
charges, and baryon-charm correlations are studied across a wide temperature range. The SU(4) PQM model exhib-
its good qualitative agreement with lattice QCD calculations. Additionally, we calculate the meson mass spectrum at
zero and finite temperature, showing that the charm sector remains thermally stable over a wide temperature range.
Overall, this study highlights the capability of the SU(4) PQM model to describe key features of the QCD matter at
high temperatures and its relevance to heavy-ion collisions and astrophysical studies.
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I. INTRODUCTION

Recent progress in ultra-relativistic heavy-ion experi-
ments—such as the Relativistic Heavy Ion Collider
(RHIC) at Brookhaven National Laboratory (BNL),
Large Hadron Collider (LHC) at CERN, upcoming Com-
pressed Baryonic Matter (CBM) experiment at the Facil-
ity for Antiproton and Ion Research (FAIR), and Nuclo-
tron-based lon Collider fAcility (NICA) at the Joint Insti-
tute for Nuclear Research (JINR) —has significantly ad-
vanced the investigation of strongly interacting matter.
Quantum Chromodynamics (QCD), the fundamental the-
ory of strong interactions among quarks and gluons, pre-
dicts that at high temperatures and baryon densities, had-
ronic matter undergoes a phase transition into a decon-
fined and chirally symmetric phase known as the quark-
gluon plasma (QGP) [1-6].

In recent decades, effective low-energy QCD models
have been developed to investigate different features of
the QCD phase transition. These approaches incorporate
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the key concepts of spontaneous chiral symmetry break-
ing and color-charge deconfinement [7-9]. Chiral sym-
metry is a fundamental symmetry in QCD in the limit of
vanishing quark masses [7, 8]. For finite quark masses,
chiral symmetry becomes spontaneously broken, with the
chiral condensate serving as the associated order paramet-
er. When quark masses are small (up u- and down d-
quarks), chiral symmetry becomes explicitly broken, res-
ulting in the pseudo-Goldstone bosons acquiring finite
masses; for example, the light pseudoscalar mesons as pi-
ons and kaons. For heavier quarks, such as strange and
charm quarks, the explicit breaking is stronger, leading to
the formation of hidden and open charmed mesons, such
as D-resonances and y.o. At high temperature or density,
the chiral condensate melts, signaling the restoration of
chiral symmetry and the onset of meson state degeneracy.

Low-energy QCD approaches have been widely em-
ployed to study the QCD phase structure. These ap-
proaches, such as chiral perturbation theory [10], Dyson-
Schwinger Equations (DSEs) [11-13], hadron resonance
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gas, and other statistical models, such as [14-16], the
Polyakov Nambu-Jona-Lasinio (PNJL) model [17-20],
Polyakov linear sigma model (PLSM), or Polyakov quark
meson (PQM) model [21-24], have been widely applied.
In the world of N, quark flavors with u- and d-quarks,
i.e., SU2) flavor symmetry [25-27], pions are formed,
and the light quark condensate is investigated. The exten-
sion to SU(3) symmetry includes the strange s-quark, al-
lowing for the investigation of the strange condensate,
nonet meson masses, and QCD phase transition [28-30].
Further extension to SU(4) flavor symmetry incorporates
the charm quark and its associated condensate, making it
possible to analyze the charmed meson states in a thermal
and dense QCD medium [31-34]. The validity of the
PQM model has been confirmed by extensive comparis-
ons with lattice QCD simulations, demonstrating key fea-
tures of QCD thermodynamics and phase transitions
[35-37], including the non-extensive effects on the QCD
equation of state (EoS) [38], SU(3) isospin asymmetry
[39], SU#4) symmetry and QCD thermodynamics [33,
34], and viscous properties [36]. Further extensions stud-
ied the chiral symmetry containing the vector meson
states at finite density [22] and magnetic field [40]. Other
studies explored the QCD EoS in the presence of a mag-
netic field [41-43] and magnetic catalysis [44, 45].

One of the main targets of the research programs at
NICA (JINR) [46] is to investigate in-medium properties
of the QCD phase diagram at high density and moderate
temperatures by colliding heavy ions, exploring the onset
of deconfinement, locating the chiral symmetry restora-
tion boundary, and searching for the critical endpoint
(CEP). The created matter will naturally exhibit finite
isospin asymmetry, introducing a nonzero isospin chem-
ical potential (y;)into the system. Theoretical ap-
proaches, such as the PQM model and lattice QCD,
provide essential guidance for analyzing experimental
data, accurately mapping the chiral QCD phase structure,
and identifying the CEP in iso-asymmetric QCD matter.
The motivation behind the current manuscript is to util-
ize and examine the inclusion of finite isospin asym-
metry and the charm chiral condensate on the chiral QCD
phase structure, the chiral phase diagram of QCD matter,
thermodynamic observables, diagonal and off-diagonal
fluctuations of baryon-charm interactions, and the mass
spectrum of (pseudo)scalar meson states at finite temper-
ature 7, particularly at very high temperatures on the or-
der of 1 GeV. The inclusion of the charm chiral condens-
ate significantly improves the capability of the PQM
model to evaluate the QCD phase structure, especially at
high temperatures. This enhancement is relevant not only
for particle physics but also for modeling the EoS in hyp-

eronic matter, Bose-Einstein condensation (BEC), color
superconductivity (CSC), and EoS for the properties of
neutron stars (NS) and merger remnants [47, 48].

The remainder of this manuscript is organized as fol-
lows. Section II outlines the structure of the SU(4) PQM
model in finite isospin asymmetry. Section III focuses on
the analysis of the SU(4) PQM model in a thermal and
dense QCD medium. The PQM order parameters and
chiral QCD phase diagram are discussed in subsection
III.LA, while thermodynamic observables, the EoS of
QCD matter, and fluctuations and correlations of con-
served charges over a wide temperature range are ex-
plored in subsection III.B. Subsection III.C examines the
meson mass spectrum at both zero and finite temperat-
ures. Finally, Section IV provides a summary and conclu-
sion.

II. MODEL AND FORMALISM

The SU(N;) PQM model addresses the phase trans-
ition between the confinement and deconfinement phases.
The chiral Lagrangian is incorporated with the Polyakov-
loop potential as Lpom = Lenira — U(P,$,T). The chiral
Lagrangian Ly for (N, =4) quark flavors and (N, = 3)
color degree of freedom is given as follows:

Lenira = Lgy + L+ Ly(1)a + Lemass., (1
where
Low=> 0 [y’ Dy—gTu(cu+ivsmy)| .
f

Ly=Te[ M FM=m> M M| = 4, (TeMM] )]
— 4, Tr [ MM " THHM + M),
Ly(1)4 =C(Det| M| Det[M'] ),
Comas = <2 [o(MM)]
2

Here, the first term on the right-hand side (rhs) of Eq. (1)
represents the Lagrangian density for the baryonic (fermi-
onic) field ¢, where D,, v, y’, and g denote the covari-
ant derivative, Lorentz index, chiral spinors, and Yukawa
coupling constant, respectively. The index f refers to the
quark flavors, given as f = [(I = u,d), s,c]. The remaining
terms on the rhs of Eq. (1) correspond to the contribu-
tions from the mesonic (bosonic) field M. The generator
operator M is represented by a complex matrix [49, 50]
as
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Within the U(4) algebra framework with the pseudo-
scalar (7,,J7¢="") and scalar (o,,J7="") sectors, the
generators T, =1,/2 can be derived from Gell-Mann
matrices A, [52], where the index a=0,---, 15 (see App.
A). The fields o, m, denote the scalar (J°¢ =0**) and
pseudoscalar (JF¢ =07*) nonet meson fields, respect-
ively [49, 50]. For the sake of clarity, Eq. (3) illustrates
the meson sectors given in Table 1.In vacuum phe-
nomenology, the algebraic group U(4) symmetry is de-
composed as U4) ~SU4)x U(1),, where U(1), is rep-
resented by the anomaly term Ly, = C(Det[M]+
Det[M']). Moreover, one can assume that H #0, C#0,
and A # 0. This implies that the chiral Lagrangian leads to

1
— 1
\2
1
oy 1
(W] _ \/§
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aj +in* k*+iK*  DY+iD°
—ad) +i(n,—n°
(@ ao) (7]6’ ) K +iK° D6 +iD~ (3)
\/5—0
K +iK os+in,  Dgo+iDj
Df§ +iD* D§o+iDg  xco+ine

I
nonzero quark masses, and the anomaly term is explicitly
broken. As a consequence of chiral symmetry spontan-
eously breaking, the mean value of the mesonic field,
M) =Tyoo+Ts03+Tgos+Ts015, must carry specific
quantum numbers, with only hy, h;, hg, and hys being
non-vanishing. To address finite isospin asymmetry,
where the quark flavor masses are not completely degen-
erate (i.e., m, #my, ms, m.), we utilize an orthogonal
basis transformation. This transformation converts the
condensates from the original basis, oy, 03, 03, and o5,
to the pure up (o), down (o), strange (o), and charm
(o) flavor basis, respectively. This conversion can be ex-
pressed as

1 1
Vi V6
1 1 o)
Vi V6 s "
2 1 oy
3 ﬁ J1s
V3
0 -7

The chiral symmetry is explicitly broken by a 4 x4 matrix, H = T,h,, where the explicit symmetry breaking terms, A,,

Table 1. Summary of the field contents of meson sectors.
Pseudoscalar —pion triplet states 7* = (7] +im)/ V2,72° = 713,
sectors —four kaon states K* = (4 £ins)/ V2,K° = (mg +in7)/ V2 and X = (g —im7)/ V2,
—isoscalar fields 7., mix and generate the physical fields # and " [21, 30, 51].
JPe =0t —open charmed D resonance D* = (r1; +ir12)/ VZ,D° = (1o —im10)/ V2, D" = (10 +imi0)/ V2,
—open strange-charmed D§ = (m3 £im4)/ V2, and
—hidden charmed n¢ = (7o — \3r15)/2.
Scalar —isotriplet of @ meson ai = (o1 £ic2)/ V2,a) = 03
sectors —four kaon states k* = (074 +i05)/ V2, K = (076 +i07)/ V2 and &° = (076 —i07)/ V2,
—isoscalar fields oy mix and generate the physical fields fy and o [21, 30, 51],
JPC =0+t

—open charmed Dy resonance Dg = (o1 £io12)/ \/f,Dg = (09 —io10)/ \/5,53 = (09 +io19)/ V2,

—open strange-charmed D§0 = (o3 xiog)/ V2, and

—hidden charmed y. = (03 — V30715)/2.
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can be determined from the partially conserved axial cur-
rent (PCAC) relations [39, 49]. The parameters of expli-
cit symmetry breaking for light (! = u-,d-quark), strange
(s-quark) and charm (c-quark) are given as

hl = frrm,zr’
2
hy = V2 fym? _f,,m,,’
S fK K \/z
2
My
hC = \/szsz — % (5)

In this regard, we utilize the PQM model to analyze the
QCD phase structure in finite isospin asymmetry. First,
we investigate the impacts of isospin asymmetry to dis-
tinguish between the light condensates of u- and d-
quarks. This arises due to the breaking of isospin asym-
metry, where o3 =af) = (fx= — fro) 0 [39]. Second, we
define the explicit symmetry breaking for light quarks
(I=u,d) as h, = h;+ hy and h; = h; — h;, where the term h;
representing explicit symmetry breaking is given by h; =
m2y(fx= = fxo) [39]. Finally, in the term —2Tr[&(M'M)] in
Eq. (1), € represents the direct contribution of bare quark
to nonet meson masses:

& 0 0 0
0 & 0 0

e= : (©)
0 0 & 0
0 0 0 &

For the sake of simplicity, one can set ¢,=¢;,=¢,=0
[30, 31]. The used parameters m?, h,, hq, hy, he, 41, A2,
and C are expressed in terms of m, [21]. In the current
manuscript, the relevant parameters assume m, = 800
MeV. [21]. The Polyakov-loop potential, U(¢,¢,T), in-
corporates degrees of freedom of color-charges and the
dynamics of the color gluon-quark interaction into the
chiral Lagrangian of the PQM model. The potential is es-
timated by calculating the thermal expectation value of a
color—traced Wilson loop in temporal space [53, 54] as
¢ = Tr.[L]/N, and its Hermitian conjugate ¢ = Tr.[L]/N,,
where £ and £ are matrices in the representation of the
SU(N,) color-charge gauge group [24, 55, 56]:

/T
L@ =Pexpli / drAy(r. 1), %
0

where A, and P are the temporal component and path or-
dering of the gluon gauge field, respectively. Various
functional forms of the Polyakov loop potential exist [21,
57-60]; in this work, we adopt the Polyakov loop poten-
tial proposed by Fukushima [61], inspired by a strong-
coupling interaction

Upukn @6 T) = ~bT [54e-“/T +In (1 — 604 — 3($d)>
+4@ +¢Y)], (8)

where a = 664.0 MeV and b =196.2 MeV are fixed para-
meters. The parameter a controls the confinement trans-
ition in pure gauge, while b is related to the mixing of the
chiral and deconfinement transition [61]. The expecta-
tion value of the Polyakov loops is finite and approaches
unity (indicating the deconfined phase) at high temperat-
ures, while it diminishes to zero or takes small values at
low temperatures (indicating the confined phase) [62].
Hence, this order parameter serves as a reliable indicator
of the confinement-deconfinement phase transition.

The grand canonical partition function Z, which de-
pends on the temperature 7 and chemical potentials of f-
th quark flavor uy, is defined by the path integral over all
fermions, anti-fermions, and bosons. In mean-field ap-
proximation [63], all fields are treated as averages in
space (¥) and imaginary time (7) as

Z(Tpy) = Trexp [ZM]
f

= / 1[2-.0. / Dy, Dy,

xexp [d*F(L+> uap Y us)]. )
!

where N, and H are defined by the quark number dens-
ity and the chiral Hamiltonian density, respectively. The
chemical potentials u, are related to the conserved
quantum baryon (B), electric charge (Q), isospin (/),
strangeness (S) and charm (C) numbers for each of the
quark flavors:

| IR
,Uu—3,uB 3,UQ 2#1, lld—3MB 3,UQ 2#1,

1 1 1

2
s = SHB— Mo —Hs, e = =M+ —fo+Hc. 10
Hs = 3H5= 3Ho~Hs He = 3Hp+ 3o+ He (10)

The exchanges between particles and antiparticles are in-
corporated through the grand canonical partition function
(Z), which is constructed from the free energy density as

1 T,ur
77PQM(T7/~1f) =-T M =U(oy, 04,05 0)
+(Lll/_/l!/(T7/Jf)+ q’{Fuku(¢’q_>’ T) (11)

The first term on the rhs of Eq. (11) represents the tree-
level mesonic potential. It accounts for the contribution of
the pure multiplet of the nonet meson states with a basis
of light (o, 04), strange (o), and charm (o) condens-
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ates. The purely bosonic (mesonic) potential is given as

7”(0-149 04,05, O—c)

hu
= 2 3‘10_(1 _hso-s _hro-c
m2

2 52
7 (7‘+7d+0' +a’f)— 0,0 400

4
A 2
+&.07; +R(O- +o+207 +20')

Ay 2
+R<a' +o+4ot+40t) (12)

The second term on the rhs of Eq. (11) represents the fer-
mion contributions to the PQM model [22, 61] as

Usy(Topp) = U + Uthe
A’k
- _ZNCZ/(ZNP

{E+ N, (ln [25)(T, )l +In[g5(T, ppl)
(13)

where the first term on the rhs of Eq. (13) corresponds to
the fermionic vacuum contribution; this term is usually
neglected in calculations. Moreover, one can regularize
the dimensions to avoid the diverging integral [64, 65]:

(u}/ffc l"eg(A) —

8 : 1og[A}, (14)

where A is defined as a regularisation scale parameter.
Meanwhile, the second term on the rhs of Eq. (13) gives
the fermionic contribution in a thermal and dense QCD
medium, whereas g(+)(T,;ﬂf) and gg)(T,;uf) are defined
as the Fermi-Dirac distribution functions in the presence
of expectation values of Polyakov loop variables, follow-
ing widely used notations:

£ £ £

g (T ) =1+3(p +de T e T +e T, (15)

where Ef” =E;(k)Fu; represent the energy-momentum
dispersion relations, with the upper sign applying to
quarks and the lower sign to antiquarks. The energy-mo-
mentum dispersion relations for quark flavors are defined
as E(k) = (k*+m})'"?, where m, denotes the constituent
quark masses:

Oy _ (4] Os Oc
Y mg =g

K] mg = ) me =
2 82

V2
(16)

The term g% (T, ;u +) can be evaluated by substituting E}H

with E” and replacing the Polyakov loop variable ¢ with
its conjugate ¢, and vice versa. As the chiral symmetry is
spontaneously broken, the PQM Lagrangian undergoes a
shift in the meson fields o, by their vacuum expectation
values, denoted as oy — o4+ (0 s). The values of quark
chiral condensates in a vacuum are calculated in terms of
decay widths of pion, kaon, and D-meson using the par-
tially conserved axial-vector current (PCAC) relations
T = fr =924 MeV, 7, = 2fx - f)/ V2 =94.5 MeV, and
Teo = 2fp—f)/ V2=293.87 MeV. We use the experi-
mental values [66, 67], where f: = fo =92.4 MeV, fx: =
113 MeV, fxo =113.453 MeV and [, =254 MeV are the
decay constants of pion, kaon, and D meson states, re-
spectively. Within the mean-field approximation (MFA),
one can examine the thermodynamic observables that
characterize the chiral QCD phase structure of quark-had-
ron matter as functions of independent parameters, such
as temperature, chemical potentials, and magnetic field.
These observables are derived by examining the thermal
behavior of the order parameters of the PQM model.
Within this framework, the quark chiral condensates &,
o, 05, and 7., as well as the expectation values of the
Polyakov-loop variables ¢ and ¢, are determined by loc-
ating the global minimum of the real part of the PQM
thermodynamic free energy density R [Fpom(T,us)], as
given by Eq. (11), to the relevant order parameters at the
saddle point,

OFvqu _ OFvqu _ OFrqu _ IFrou
oo u oo d oo 5 aa—c
_ P _ Toaw) (17)

ag 99 min

The Polyakov loop is a complex-valued matrix that
renders the PQM free energy density in Eq. (11) a func-
tional of complex variables. Notably, the physical observ-
ables derived from the imaginary part of this function
vanish, as discussed in Ref. [68]. This involves solving a
set of equations simultaneously. The thermal evolution of
the order parameters is analyzed using the gap equations
and by tracking the approach towards the saddle point.

III. RESULTS AND DISCUSSION

This section investigates the properties of the quark-
hadron phase structure using the SU(4) PQM model. The
analysis highlights several thermodynamic observables,
such as chiral condensates, deconfinement order paramet-
ers, pseudo-critical temperatures, and other thermody-
namic quantities, compared with lattice QCD simulations.
Additionally, we examine the quark susceptibilities, fluc-
tuations, and correlations of conserved charges associ-
ated with the charm quantum number. Finally, the mass
spectrum of nonet meson states is introduced within the
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framework of the SU(4) PQM model.

A. PQM order parameters and pseudo-critical
temperatures

It is helpful to present several calculations to illus-
trate the impact of isospin asymmetry on the chiral phase
transition and deconfinement order parameters in the
PQM model for Ny =2+ 1+1 quark flavors. To achieve a
reliable differentiation between u- and d-quark condens-
ates, it is necessary to estimate the influence of finite
isospin asymmetry on the SU(4) PQM order parameters.
To this end, we begin with the real part of the PQM ther-
modynamic free energy density in the mean-field approx-
imation (MFA) (Eq. (11)). This term should be globally
minimized at a saddle point with respect to the corres-
ponding mean field, as outlined in the gap equations (Eq.
(17)). The solutions of the gap equations provide a com-
plete set of equations that illustrate the evolution of the
chiral condensates o, with [f = (I=u,d),s,c] quark fla-
vors, as well as the order parameters of Polyakov loop
potential ¢ and ¢, in the thermal and dense QCD medium.

Figure 1 depicts the quark chiral condensates o /o,
normalized to their values in a vacuum and the order
parameters of the Polyakov loop variables (¢ and ) as a
function of temperature at different values of isospin (g;)
and baryon (up) chemical potentials: left panel (a) at
r=0.0, middle panel (b) at y; = 150.0 MeV, and right
panel (c) at y; =225.0 MeV. In the current calculations,
we assume that pp =2.0y;, and other chemical potentials
for conserved charges are set to zero. The left panel (a)
displays the normalized expectation values of the non-
strange (o7, solid curve), strange (o, dashed curve), and
charm (o, dotted curve) chiral condensates, as well as
the order parameter for the Polyakov loop variables ¢ = ¢
(dotted-dashed curve), at zero isospin chemical potential
(u; =0.0). The nonstrange condensate is defined as
o¢ = (0, +0,)/2. In the hadronic phase, when the temper-
ature is below the pseudo-critical temperature 7, the val-
ues of o/, start at unity and remain unchanged until

1'2\\\‘\\\‘\\\‘\\\‘\\\

the phase transition region around T =~ T,. This indicates
that the expectation values of the quark chiral condens-
ates are nearly indistinguishable, signifying a confined
state. As the system's temperature increases, the chiral
condensates gradually decrease, resulting in distinct
curves that characterize the nonstrange, strange, and
charm chiral condensates. The smooth decrease indicates
a slow transition, or "crossover". At high temperatures,
the chiral condensates are significantly suppressed, indic-
ating a transition to a deconfined phase in the QCD sys-
tem. The thermal evolution of the deconfinement phase
transition is evident in the behavior of the Polyakov loop
order parameters (¢, ¢). The order parameters of the
Polyakov loop variables are identical, ie., ¢=¢, at
us=0. At low temperatures (confined phase), the con-
fined hadron phase dominates, and the order parameters
of the Polyakov loop variables vanish or take small val-
ues. As the temperature increases, the confined phase
transforms smoothly to the deconfined phase, occurring
at a deconfinement temperature 7. At higher temperat-
ures (deconfined phase), the order parameters of the
Polyakov loop variables for the Fukushima-type poten-
tial approach unity, which is related to the gluonic dy-
namics and static color-charge free energy.

In the middle (b) and right (c) panels of Fig. 1 at fi-
nite y,, the significance of the isospin parameters (o3, h3)
becomes evident in distinguishing between the u- (dash-
double-dotted curves) and d- (long-dashed-dotted curves)
quark condensates. During the phase transition, the nor-
malized light quark condensates split into two separate
curves representing the u- and d-quark condensates. It is
apparent that the pseudo-critical temperature 7, de-
creases as y; increases. Additionally, the normalized
strange and charm condensates remain unaffected by
changes in y,, and the value of T, decreases as up in-
creases. Furthermore, the nonstrange and strange chiral
condensates exhibit greater sensitivity to u; and up than
the charm condensate. It is noteworthy that both the
isospin y; and baryon up chemical potentials lead to the
same conclusion: the phase transition occurs at a lower

(b) p;=150.0 MeV. (©) 1y =225.0 MeV.
..\. ------- -/.____%r::___,_—————;T.\'-\-------.__’___:-::_::_r___________,
‘\‘\\)(// Tl .. »‘\‘\\//’,, N .~\~

DI . \\\(,\

\ -— i Iy N
//\\ R 0 — - /&\‘ \ i
o 6, — - - s
\. ' 62 ------ 4 [ § AN B
RN N
AR R SN i
\_;~___ i \_;____
S —— /,’ —_—]

0 \\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\\\\“\\\‘\\\‘\\\‘\\\‘\\\‘\\\\“\\\‘\\\‘\\\‘\\\‘\\\‘\

150 300 450 600 750 900 150 300
T(MeV.)
Fig. 1.

T(MeV)

600 750 900 150 300 450 600 750 900
T(MeV)

(color online) Left panel (a) illustrate the thermal behaviors of the PQM order parameters (o¢/oy,, ¢, and ¢) at u; =0.0. The

middle and right panels (b) and (c) show the same as (a) but at x; = 150.0 MeV and y; = 225.0 MeV, respectively.
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temperature 7,,. When the isospin chemical potential y; is
introduced, the thermal evolution of the order parameters
associated with the deconfinement transition becomes
more pronounced. Specifically, the Polyakov loop wvari-
able ¢ (long-dashed curves) and its conjugate ¢ (triple-
dashed curves) begin to differ, i.e., ¢ # ¢. It is evident
that the thermal behavior of ¢ consistently exceeds that of
¢ as p; increases. Increasing either y; or up results in a
gradual rise in the Polyakov loop variables and thereby
enhances the deconfinement transition. It is significant
that the effects of both u; and up lead to the same out-
come: the deconfinement transition occurs at a lower
temperature T.

Figure 2 illustrates the behavior of the normalized
chiral condensates (o,/o,) and the order parameters of
the Polyakov loop variables (¢ and @) as functions of the
isospin chemical potential (u;) at different temperatures:
T =120.0 MeV (left panel), T = 145.0 MeV (middle pan-
el), and T =165.0 MeV (right panel). The impact of tem-
perature (7) and isospin chemical potential (u;) on the
light quark condensates (o, and o) and heavy quark
condensates (o, and o) highlights significant differ-
ences between the light and heavy quark sectors. The
chiral condensates (o, 0,4, and o) show pronounced
sensitivity to both 7 and y;. The introduction of isospin
asymmetry causes the chiral condensates of the light
quark sector to become distinguishable: as y; increases,
o, decreases more rapidly than o, and o. In the begin-
ning, the chiral condensates remain at their vacuum val-
ues (o) at low u;, where the system resides in a con-
fined phase with chiral symmetry spontaneously broken.
As u; increases, the chiral condensates of the ¢- and s-
quark sectors gradually decrease due to the restoration of
the chiral symmetry, with a suppression near the phase
transition. However, the thermal behavior of the chiral
condensates exhibits a smooth phase transition or smooth
crossover. This suppression becomes more pronounced
with increasing 7. While the charm quark condensate
(o) is not sensitive to the isospin chemical potential, o

remains nearly fixed as both 7"and y; increase.

At lower temperatures, below the critical endpoint
(CEP), ie., T=120.0MeV (left panel), the system re-
mains in the confined phase, characterized by high-value
chiral condensates and small values of the order paramet-
ers of the Polyakov loop variables. As y; increases, the
transition towards the deconfined phase becomes more
pronounced, with a sharper decline in chiral condensates
and a significant rise in the Polyakov loop order paramet-
ers. At temperatures above the CEP, i.e., T = 165.0 MeV
(right panel), the system is almost entirely in the decon-
fined phase. Under y; dependence, the chiral condens-
ates are suppressed, while the Polyakov loop order para-
meters are elevated. The behavior of the order paramet-
ers of the Polyakov loop variables (¢ and ¢) also exhibits
isospin asymmetry. At low u;, the two parameters are
nearly equal, reflecting a symmetric QCD medium.
However, as y; increases, ¢ rises more rapidly than ¢.
Furthermore, increasing 7 shifts the deconfinement trans-
ition to higher values, indicating that the system trans-
itions more rapidly from the confined to deconfined
phase. The thermal behavior of ¢ is more pronounced
than that of its conjugate, ¢. When y; is introduced, the
evolution of the order parameters for the deconfined
phase transition becomes distinguishable. It is important
to highlight that both temperature (7) and isospin chemic-
al potential (u;) are similar, resulting in a lowered decon-
finement transition temperature, T,. The pseudo-critical
temperature (7, ) at different values of the isospin chem-
ical potential can be estimated by identifying the location
of the inflection point as follows:

oo,

T, = Arg [ ar

}max. (18)

The obtained results map out the chiral phase diagram
(T/T,,u;/m,) plane at uz=0MeV. Figure 3 illustrates
the dependence of the normalized pseudo-critical temper-
ature (T/7T,) on the normalized isospin chemical poten-

i e
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Fig. 2. (color online) The same as Fig. 1 but varying the isospin chemical potential at different values of temperature 7= 120.0 MeV

(left panel), 145.0 MeV (middle panel), and 165.0 MeV (right panel).
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Fig. 3.
vanishing baryon chemical potential. The PQM results (solid

(color online) Chiral phase diagram (7 —pu;/u.) at

curves) are confronted with lattice QCD calculation [69]
(shaded band) and [70] (open symbols).

tial to the pion mass (u;/m,) for the SU(4) PQM model.
The current result (solid black curve) is compared with
lattice QCD calculations from Refs. [69] (shaded band)
and [70] (open symbols). The coordinates of (7/T,,
wr/m,) were estimated by identifying the temperature cor-
responding to the inflection point of the chiral susceptib-
ility at vanishing chemical potentials. This result reveals
that the chiral phase diagram exhibits a decreasing trend
in T, with increasing y;. Furthermore, the obtained PQM
curve shows good agreement with lattice QCD calcula-
tions [69, 70], particularly for p;/m, < 1. At higher val-
ues of u;, where lattice QCD data are absent, the PQM
model provides an extrapolation, predicting a continued
suppression of the pseudo-critical temperature as y; in-
creases. The PQM curve smoothly extends towards lower
temperatures and higher isospin chemical potentials. This
agreement validates the effectiveness of the PQM model
in capturing essential QCD thermodynamic observables
over a wide range of isospin chemical potentials. The
SU(4) PQM model and lattice QCD simulations have
demonstrated that increasing the isospin chemical poten-
tial (u;) leads to a decrease in the pseudo-critical temper-
ature (7,) associated with chiral symmetry restoration.
This finding suggests that chiral symmetry is restored at
lower temperatures under such conditions, potentially
leading to a shift in the location of the critical-endpoint
(CEP) within the QCD phase diagram. In heavy-ion colli-
sions at NICA, the produced matter is expected to exhibit
finite isospin asymmetry due to the nature of of the col-
liding heavy ions, resulting in a nonzero isospin chemic-
al potential ;.

B. QCD equation of state and charmed fluctuations

Thermodynamic observables play an essential role in
characterizing of the chiral-deconfinement phase trans-
ition for Ny =2+1+1 quark flavors in a thermal and
dense QCD medium. For a statistical system in equilibri-

um within volume V, the thermodynamic pressure can be
estimated from the grand canonical free energy density as
p(T.ur) = Feom(T,1y), and the normalized interaction
measure (trace anomaly) is given by

I(T,us) €-3p 0 [P]
T4

= =T —
T4 T4 oT

(19)
where the energy density is given by e(T, uy) = T%9[p/T]/
OT = —p(T, ug)+T s(T, uy), while the entropy density is
defined as s(7, us) =Adp/dT. In the ideal gas limit, the
Stefan—Boltzmann (SB) limits can be determined from
the grand canonical partition function for (N> - 1) mass-
less gluons and N, massless quark flavors, using lowest-
order perturbation theory [71]:

2 7t 1 1
T =0 eNn (G [ v m‘g’o)

where the first term on the rhs of Eq. (20) represents the
gluonic contribution, the second term corresponds to the
fermionic contribution, and the remaining terms account
for the contributions of an ideal gas at finite chemical po-
tential. Figure 4 presents various dimensionless thermo-
dynamic observables: the normalized pressure p/T*, in-
teraction measure (trace anomaly) I/T*, and entropy
density s/T° (left panel (a)), along with the quark flavor
susceptibilities X% (right panel (b)) as functions of T/T,
at uy = 0.0 MeV. The results are obtained from the SU(4)
PQM model in the presence of the Polyakov loop vari-
ables (solid curves). The PQM results show good agree-
ment with lattice QCD simulations [72-74].

At low temperatures, the normalized pressure is sup-
pressed due to confinement and then gradually increases
with T/T, as new degrees of freedom emerge during the
transition to the deconfined phase. At high temperatures,
the pressure closes to the SB limit, indicating that the sys-
tem behaves like an massless ideal gas of free color
quarks and gluons, where the interactions are effectively
negligible.

The increase in energy density with rising 7/T, re-
flects the rapid liberation of degrees of freedom during
the QCD phase transition, while the entropy density
quantifies the disorder of the system during the hadron-
quark transition. Furthermore, the interaction measure
(trace anomaly) quantifies deviations from conformal
symmetry, where the energy-momentum tensor 7*" van-
ishes in the limit of a massless ideal gas. The trace anom-
aly shows a pronounced peak around T/T, = 1, marking
the hadron-quark phase transition. This peak corresponds
to the maximal interaction effects during the crossover to
the quark-gluon plasma (QGP) phase. At high temperat-
ures, the trace anomaly decreases and approaches zero,
indicating the recovery of approximate conformal sym-
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(color online) A comparison between the normalized PQM thermodynamic observables p/T*, I/T*, and s/T3 (solid curves) at

pur=0.0 MeV for SU(4) quark flavors with the lattice QCD simulations [72] (closed circles) and [73] (open circles) (left panel (a)). The
quark flavor susceptibilities X} are confronted with the corresponding lattice QCD calculations [74] (closed symbols) (right panel (b)).

metry.

The grand canonical ensemble treats conserved
charges as external input parameters. During a heavy-ion
collision, the baryon number, electric charge, and
strangeness quantum numbers remain conserved. In
QCD, conserved charges are associated with four quark
chemical potentials that can be introduced in a 2+1+1
quark flavor system. The set of chemical potentials p; is
defined in Eqs. (10). The higher-order susceptibilities (or
fluctuations) with respect to the quark chemical poten-
tials can be expressed in terms of derivatives of the nor-
malized pressure in the PQM model with respect to the
corresponding quark chemical potential:

oM (p(Tou)/T*)
(0)' (o)’ (012,)" (12.)"

X5 (o) = 21)

where fiy = us/T, ensuring that the cumulants remain di-
mensionless, and the indices i, j, and k& denote the order of
partial derivatives. Following the standard procedure in
lattice QCD calculations, various fluctuations (diagonal)
and correlations (off-diagonal) of different conserved
quantum numbers, x = [B, Q, S, C], can be estimated from
the normalized pressure in the PQM model with respect
to the corresponding chemical potential of conserved
quantum number:

PV (p(T, )/ T
(Ofep)* (Ofo) (Bfis ) (Afc)®”

XS (T ) = 22)

The superscripts a, f, y, and d represent the orders of the
derivatives, where [, = u,/T. Equations (21) and (22) il-
lustrate the (diagonal) fluctuations and (off-diagonal) cor-
relations of quark flavors and conserved quantum num-
bers, respectively. The moment products or diagonal (off-
diagonal) susceptibilities can be established by taking de-

rivatives of the normalized thermodynamic pressure of
the SU(4) PQM model with respect to the corresponding
dimensionless chemical potentials, as defined in Eq. (10).
These moment products can be related to experimentally
measured particle multiplicities, encompassing the mean,
variance, skewness, kurtosis, and higher-order cumulants,
as discussed in [75].

In this section, we present the quark flavor susceptib-
ilities x with respect to the light £ = {u, d}, strange s, and
charm ¢ quark flavors as functions of temperature 7 at
vanishing p,. Furthermore, we show the thermal behavi-
or of diagonal (off-diagonal) susceptibilities of the charm
quantum number, as well as baryon—charm (BC) correla-
tions and their ratios.

The right panel of Fig. 4 illustrates the diagonal sus-
ceptibilities x?, x?, and y?. At low temperatures, the
quark flavor susceptibilities vanish because the chiral
quark condensates have large values, resulting in large ef-
fective quark masses and suppressed fluctuations. At high
temperatures, where the relevant degrees of freedom are
liberated, quark masses become small, and temperature
dominates the dynamics. The system behaves like a non-
interacting ideal gas of massless quarks and gluons, and
the susceptibilities close the corresponding SB-limits.
The susceptibilities increase monotonically with temper-
ature. The PQM model exhibits a smooth crossover be-
fore saturation, with values remaining below the SB-lim-
it. Both y? and y? saturate at approximately 95% of the
SB-limit. The light quark susceptibility y? increases more
rapidly than the strange and charm quark susceptibilities,
consistent with the faster melting of the light chiral con-
densate. We also find that the pseudo-critical temperat-
ure associated with the charm quark susceptibility y? is
higher than those for the light and strange quarks, lying
beyond the crossover region. It is important to note that
the PQM results incorporating the Polyakov potential
(Eq. (8)) improve the agreement between the PQM mod-
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el and lattice QCD calculations [74].

The main objective here is to analyze how thermal ef-
fects on the charm quark mass are influenced by isospin
asymmetry and to compare these results with available
lattice QCD data. While the momentum dependence of
the charm quark mass has been taken into account, the
thermal behavior of x? in the low-temperature region ap-
pears fixed, with noticeable evolution only at higher tem-
peratures. Finally, the inclusion of the charm quark sus-
ceptibility in the PQM model enhances the spatial and
thermal resolution of comparisons with lattice QCD sim-
ulations. Figure 5 shows the temperature dependence of
baryon—charm correlations x5¢ (left panel (a)), higher-or-
der fluctuations of the charm quantum number x¢
(middle panel (b)), and the corresponding ratios between
correlations and fluctuations, compared with lattice QCD
simulations [76] (right panel (c)), all at vanishing chemic-
al potential u, =0MeV. The present SU(4) PQM results
(solid curves) are obtained in the presence of the
Polyakov loop variables.

The right panel (a) of Fig. 5 shows the thermal beha-
vior of the correlation between baryon and charm
quantum numbers, denoted as x5S, where (n,m) refers to
the order of the derivatives with respect to charm and ba-
ryon chemical potentials, respectively. The solid arrows
in the plot indicate the expected SB- limits for each cor-
relation. These correlations are sensitive to the interplay
between baryon number and charm quantum number and
are important observables for probing the liberation of
charm degrees of freedom across the QCD crossover
transition. At low temperatures, the correlations are
small, indicating that charm degrees of freedom are still
confined in the hadronic phase. As the temperature enters
the crossover region, the correlations rapidly increase,
signaling the partial restoration of chiral symmetry and
the onset of deconfinement for charm-bearing states. At
high temperatures, these correlations reach a saturation
level below the SB-limit, as indicated by arrows. Their

sensitivity to charm degrees of freedom is evident, as the
pseudo-critical temperature shifts lower with increasing
derivative order with respect to the charm quantum num-
ber. A systematic suppression in thermal behavior is also
observed with higher-order derivatives. The influence of
charm fluctuations becomes more pronounced with the
inclusion of the charm chiral condensate and charm
quantum number in the PQM model, enabling a more ac-
curate evaluation of the quark—hadron phase structure at
high temperatures. Additionally, the incorporation of
charm meson states improves the spatial resolution of
these comparisons, particularly in the crossover and high-
temperature regions.

Different (n,m) combinations give a different re-
sponse, where the lowest-order correlation yBF (black
solid curve) rises most strongly and saturates close to its
SB-limit. The higher-order derivatives, such as y%¢ (blue
dashed) and x5 (red dashed), grow more slowly and sat-
urate at lower values, while x5~ (brown dash-dot) re-
mains suppressed over the full temperature range and
contributes negligibly to the SB limit. We conclude that
the sensitivity of the observables to charm fluctuations in-
creases with the inclusion of higher derivatives, making
them useful probes for testing the strength of QCD inter-
actions, especially in the transition region relevant to
heavy-ion collision experiments like those at NICA and
FAIR.

The middle panel (b) of Fig. 5 illustrates the higher-
order fluctuations of the charm quantum number, x¢, for
n=2, 4, and 6 in the SU(4) PQM model. In the low-tem-
perature region, the thermal behavior of ¢ shows small
values, characteristic of the hadronic phase. This suppres-
sion is due to large chiral condensates, which give rise to
large effective masses, thereby reducing susceptibility to
fluctuations. The evolution of y¢ with temperature does
not exhibit a sharp phase transition but rather a smooth
crossover. The temperature dependence of fluctuations is
significantly influenced by the chiral structure of the had-
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Fig. 5. (color online) Thermal dependence of baryon-charm correlations (left panel (a)), higher-order charm fluctuations (middle pan-

el (b)), and their ratios between correlations and fluctuations (right panel (c)) at vanishing chemical potential, uf =0 MeV. The PQM
results are compared with lattice QCD simulations (solid symbols) [76]. The solid arrows indicate the corresponding SB limits.
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ronic states. At high temperatures, a new state of matter
emerges, characterized by nearly massless quarks and
gluons. As the system transitions to the deconfined phase,
the charm fluctuations gradually increase and approach a
saturation value slightly below the SB-limit. The higher-
order fluctuations, i.e., y$ are more sensitive to the critic-
al behavior of the system. Their response is sharper and
peaks earlier than lower-order fluctuations. Notably, the
transition to the partonic phase becomes more rapid as the
order n of the derivative of the charm quantum number
increases, indicating enhanced sensitivity of higher-order
fluctuations to critical dynamics and deconfinement fea-
tures.

The right panel (c) of Fig. 5 illustrates the ratios
between correlations and fluctuations of baryon—charm
quantum numbers, ¥B¢/yB¢ as functions of temperature T
at vanishing chemical potential (u;=0 MeV), where
n,m,a,f>0 and n+m, a+p are even. The ratios x§/x§,
XSIXS, xBC/xE, and yBC/xBC are obtained from the
SUM4) PQM model at vanishing chemical potential
uy=0MeV. The thermal behaviors of the ratios x§ /x5
and xBC /x5S are similar in strength. In the low-temperat-
ure and crossover regions, these ratios begin near unity,
implying that the corresponding correlations and fluctu-
ations are comparable in strength in the hadronic phase
ie, x$~x$ and x5 ~ B¢, In the hadronic phase, the
PQM results agree well with lattice QCD simulations
[76].

As the temperature increases and the system enters
the crossover region, both ratios gradually decrease and
then stabilize at higher temperatures, indicating that high-
er-order baryon—charm correlations become weaker in the
deconfined phase. This behavior suggests that baryon—
charm interactions follow a perturbative pattern at high T,
with the ratios approaching values below the SB-limit.
The thermal behavior of the ratio x¢ /xS also begins near
unity in the crossover region, confirming that charm fluc-
tuations x§ and y¢ are nearly equal at low temperature—
well-representing the contribution of charm degrees of
freedom. In this region, the suppression is due to large
chiral condensates, which give rise to large effective
masses, leading to smaller values for higher-order sus-
ceptibilities. As temperature increases, the ratio y</x§
rapidly drops, reflecting a sharp change in the system
near the crossover—consistent with signatures of the chir-
al phase transition. This decline indicates that higher-or-
der charm fluctuations are significantly suppressed in the
deconfined phase, although charm interactions remain
present. The ratios x5 /x5S and xBS /x5S stabilize around
0.1 and 3.0, respectively. This consistent suppression in-
dicates a strong reduction of higher-order baryon—charm
correlations relative to lower-order ones and reflects how
the system evolves from a hadronic to partonic phase.
The PQM model agrees well with lattice QCD calcula-
tions in the crossover region, confirming its reliability for

studying QCD thermodynamics with charm quark effects,
as it accurately captures charm-related fluctuations and
matches lattice QCD results at high temperatures.

C. Meson mass spectrum

The squared masses of the meson states are defined as
the second derivatives of the grand canonical PQM ther-
modynamic free energy density (Eq. (11)) with respect to
the corresponding mesonic fields at the global minimum

0 Foqu(T, )

2
+m;
60',-#60',-,;, l'ab|

2 2
- mi,ab ’X + mi,ab‘
min
tree-level

2 —
mi,ab(T’ #f) - the vac’

thermal vacuum

(23)

where the subscripts o,p denote the corresponding
meson field of i— hadron state, a,b€[0,1,---,15]. Eq.
(23) is defined as a follow:

e The first term, 77, > represents the tree-level mass
matrix obtained from the second derivatives of the chiral
Lagrangian with respect to the meson fields. Tables 2 and
3 provide the analytical expressions for the (pseudo)scal-
ar meson sectors, including the anomaly term in the
SU#4) PQM model: The first two columns assign the
meson field in terms of pi; pseudoscalar meson field and
PDG counterparts [77]. The third column gives the quark
flavor content based on SU(4) symmetry. Furthermore, it
gives the tree-level mass-squared derived analytically
from the SU(4) PQM chiral Lagrangian in Eq. (1).

In Table 2, the squared mass of the K meson state cor-
responds to the (4,4) element of the pseudoscalar mass
matrix and satisfies the Gell-Mann—Okubo mass relation
[78-80]. The # and i’ masses result from the diagonaliza-
tion of the isoscalar pseudoscalar mass matrix, which in-
corporates off-diagonal flavor mixing and anomaly terms
[21]. The charm isosinglet . includes o contributions
and is further shifted due to charm-sector symmetry
breaking. The D resonances include charm-specific sym-
metry-breaking terms (e.). A similar approach applies to
Table 3 but for scalar meson states. The x meson state
corresponds to the (4,4) element of the scalar mass mat-
rix and also satisfies the Gell-Mann—Okubo mass rela-
tion [78-80]. The isoscalar states f, and o in the scalar
multiplet are obtained via the diagonalization of the iso-
scalar scalar mass matrix, which includes off-diagonal
flavor mixing and anomaly terms, as presented in Table 3
[21].

e The second term m?,, |, arises from the fermionic
(partonic) contribution to the grand thermodynamic free
energy, which describes the thermal and dense QCD-me-
dium effects on meson sectors due to the quark—anti-
quark contribution, as given in Eq. (13) within the SU(4)
PQM model [21, 22].
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Table 2. Mass expression of spin J#¢ =0~ pseudoscalar meson sectors, PDG correspondence, quark content, quantum numbers, and
PDG mass values from [77].

Field PDG/MeV  Quark content Mass squared Analytical derivation
. )/ VA, uc?,dl?t_ N 2 c
% = (m xim (1300 uit—dd 2 2 A2\ (%, Yd 2.2\
0:”3 ( ) 5 my m0+(/ll+ 2)(2 + 2)+/ll(0's+"'c) 5050,
* = (my +ims)/ V2, U3, sit A y 2 c
0_ : K(1460 ds m2 2 DN(Tu Tdy_p(Tu, 9d 2 2_%
]i)_(ﬂbﬂm)/\@ ( ) as X m0+(/11+ 2)(2 +5 ) Az(\ﬁ+ \/j) s+(/11+/12)0';+/110'c 5050,
K =(ne—in7)/ V2
uii+dd 1 2 g2 C
ne 1408) m2 2 2N (%, Zd 2,02} + 2
7e( v e i+ (A + 2)( ) )+/ll(0'5+(r[,)+2(rso'c_
2 2
— 2 g’
s 1,(1475) 55 m2, m+ Ay (% + St 4ot eo?) + 402,
uit—dd ) |
Eigenv’ (1¢,n5) n(1294) \/2 ny, 3 (m%{ +m,2h _AWJM) .
SSs
uit—dd Loy, o - \/ 2 _ 0
Eigenv" (1¢,75) 17'(958) B m?, 2 (m’" + i, +A’Wh) e = (mw m,h) +Amg, .,
o U » _Croy o4
> mw,m—j(7+7)‘70
- 2 2 2
e = (mo— V3mis)/2  1c(2983) cc my, m3+ A (7 + 7‘1 +02 402 ) + 02 + 26,

D = (my1 £im)/ V2,
N DY(1865 ué,cit 2 2 o2 0y 2, 2 2 A ou 04

= (mo —im10)/ V2. (1865) » mp m0+(/11+—)(7+7)+/11(o-_v+a-c)+/lzo-c—$<7+7)o-c+ac,
58 = (m9 +im)/ V2

2 g2
+ 3 + P 2 o [on
D§ = (mi3 zima)/ V2 D§(1968) sc,cs Mp, m3+ A (—( Ly dyglio ) + (0 +02) = oo, + e,

Table 3. Same as Table 2 but for spin J¥¢ = 0** scalar meson sectors.

Field PDG/MeV  Quark content Mass squared Analytical derivation
v ud,di 3 5 c
= 1 = 7 2 a’
O EING oy widd me (ot orgrat+ot) + 2 (T ) S
0793 V2
= (o4 £ios)/ V2, us, sit 2 2
S, A o a C
* 2 u d 2 2
O = (e +iom) VA, k;(1425) i}g m? ml+ (/11+7) (7+ )+/12(7+—)05 (/11+/12)Us+/110'C+EUSO'C
= (06 —io7)/ V2
uit +dd 5 3 02 o C
ge o¢(1370) 2 M, mi+ A (U§+0'{21+(Tu(rd+o'§+0%)+72(7“+—d)—50'g0'c,
_ 2 g2
o 5(1506) 55 me, m+ Ay (%+ ) #3000 + )0 + 1o,
. uit+dd ) |
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) d3p 1
2
nll,ab|thc Zf /O (2n)3 2E,

X {(qu +Ng,) (mfp’ab -

2 2

My My )

2
2Eq,f

. mfﬂamfp’b
+ (qu +Bé_f) 2E fT > (24)
‘B

where N, =2N, color flavors. This expression includes
the squared quark masses with respect to meson fields
from the SU(4) PQM model (Eq. (24)). The diagonaliza-
tions of the quark-mass matrix are listed in Table 4. The
quark mass derivative with respect to the meson fields
g is defined as m}, = dm7}/do,, and the second derivat-
ive with respect to o, and o, is given by m7,, =
#*m3 /00,00, More details can be found in Refs. [22,
81]. Table 4 lists the squared quark masses in the SU(4)
PQM model with respect to the meson fields: the first
four columns correspond to the light (# and d) quarks, the
fifth and sixth columns to the strange (s) quark, and the
seventh and eighth columns to the charm (c) quark. The
terms E,;(T,u) are symmetric under u— —u, ie.,
E, «(T,u) = E, (T,—p), and thus ensure that the thermody-
namic contributions from quark—antiquark pairs remain
even functions of the chemical potential. This symmetry
plays an essential role in conserving CP invariance and
simplifies the evaluation of thermodynamic integrals at
vanishing and finite u:

peEarlT 4 2pe2Eus/T 4 g=3Eas/T
ar 1+3(¢+(Ze’E«~f/T)e’Eq~f/T+e’3Ef7vf/T’

(25)

geEarlT 1 2pe2Eas/T 4 e=3Eas/T
ar = 1 +3(¢+ peEar/T)e Eas/T 4 e=3Eas/T’

(26)

are implemented as in Ref. [81]. Furthermore, for (anti-)
quark, B arap) = 3N, ;f(q_/‘) - qu@f)a where

(pe*quf/T +4($672Eq’f/T +3e*3Eq_f/T 27
U1+ 3( + peFar/ Ty e Fas /T + e=3Eas /T @7

(z)e—E,N/T +4¢672Eq<f/r + 3e~3EasIT
a5~ 1+3($+¢675,;‘f/T)eng1f/T +e3Eqr T’

(28)

are defined as in Ref. [81].

e The third term m?,,| . defines the fermionic vacu-
um correction [82, 83]. Using the three-dimensional—
cutoff A in the fermionic vacuum term in Eq. (13), one
obtains

2
mi,ab

N, 3
= —(472_)2 zf: [(ln [%] + E)mi‘,am?b

vac

2

+ 2L (1+am [P )i, (29)

The present calculations of meson state squared masses
account for both the isospin asymmetry of light quarks
(m, #my) and the inclusion of heavy quark masses (m;
and m.). Table 5 provides a comprehensive comparison
of the (pseudo)scalar meson masses in the SU(3) (third
column) and SU(4) (sixth column) formulations of the
PQM model, both incorporating isospin asymmetry. Our
results are compared with those of other effective thermal
QCD models, including the extended Linear sigma mod-
el (eLSM) [30, 31] and PNJL model [84], as well as the
Particle Data Group (PDG) values [77]. The PDG column
shows the experimental meson masses, with ground states
listed first and their radial excitations added where avail-
able. Radial excitations are simply heavier partners of the
ground states, carrying the same quantum numbers but re-
flecting a higher internal quark—antiquark mode. The res-
ults exhibit strong consistency with experimental data and
with predictions from other QCD-based effective models.
In particular, the agreement between the SU(4) PQM
model and eLSM is notably fine, especially in both the
scalar and pseudoscalar meson sectors. The extended
SU4) PQM model not only reproduces the ground-state
spectrum but also matches well with several known excit-
ations, such as m(1300),7(1405/1475), and f;(1370). This
agreement suggests that the model is able to capture im-
portant aspects of chiral symmetry restoration and con-
finement dynamics across the light, strange, and charm
sectors.

Table 5 aims to estimate meson state masses with
high precision, not only for vacuum phenomenology but
also for applications in thermal and dense QCD media.
The available fits in the SU(3) and SU(4) PQM models
are obtained from the expressions for the squared tree-
level masses listed in Tables 2 and 3, corresponding to
the pseudoscalar and scalar sectors, respectively. The es-
timated fits of nonet meson states in the SU(3) frame-
work assume a vanishing charm condensate o.. The
SU(3) PQM model accurately predicts the 7 and K meson
masses, showing excellent agreement with PDG values
(within 1%-2%), thereby confirming the effectiveness of
the chiral Lagrangian in describing the Nambu—Gold-
stone bosons. However, it significantly underestimates
the # and 7’ masses, revealing limitations in capturing the
U(1), anomaly within the SU(3) framework. Moreover,
the states 7, n,, 0, and oy are model basis states (light-
and strange-quark isosinglets). The predicted masses of
n,(1342) and 7,(1469) correspond closely to the experi-
mental 7(1408) and n(1475) states, respectively, while the
0(1458.01) and o,(1671.23) states correspond with the
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Table 4. Squared—quark mass second derivatives with respect to the relevant meson fields within SU(4) PQM model.

2 2 2 2 2 2 2 2 2 2 2
Field mu.v/mu,ﬁ mu,aﬁ md,(ymd,ﬂ md,aﬂ mS.l!m.v,ﬂ m.v,wﬁ mc’.l!mc,,B mc,a,B
g g g & g & g g
1 1 1 1 1 1 1 1
T00 — 2 - -2 - -2 - 22 -
o0 Tu 1 g4 1 4%% 4 1%¢ 4
o2 1 o’ 1
0003 —u —_— __—d - 0 0 0 0
42 242 42 242
1, 1 1, 1 No 1
0008 —0 — —0 — _ Y252 — 0 0
4v6 " 2v6 4v6 ¢ 26 3 s V6
1, 1 1, 1 1, 1 \3 V3
00015 o — —=0 — -—— — AL ¥
8V3 " 4V3 8V3 ¢ 43 4v3 * 4v3 4 7¢ 4
1, 1 1, 1
0303 ZU—” 3 _Z(f" -3 0 0 0 0
30 L 2 ! L2 ! 0 0 0 0
308 = - = - =
43" 2V3 43" 2V3
O30 L 1 L ! 0 0 0 0
30715 —F=0] — -—— -—=
46 " 26 46 " 26
1 1 1 1 2 2
o808 — 2 - — o2 - st st 0 0
127" 6 1274 6 37 3
g8015 ;0'5 i ;0'5 i Lo'% i 0 0
12V2 6V2 122 62 32 3v2
o150 1. 1 1 s 1 X 352 3
247" 12 2474 12 277 12 4 4
g101 g'g 1 0'(21 1 0 0 0 0
2 2 2
vare . ., it oo o oy T V2 0 s+ V2o 0 0
02-203 ;=202 202 -07
o606 0 0 0 0 0 S‘T-Yz;‘/?";c 0 L%
o4 =30z 30i-0%
1 1 1 1 1 1
O 0 - 0 — —o? - —o? -
070 1 ) o ) o )
1 1
O3 0 —_— 0 -_— 0 0 0 0
2V2 2V2
1 1 \a 1
moms 0 — 0 — _Ye 2 — 0 0
26 26 3 s N
1 1 1 1 V3 V3
o715 0 — 0 — -0 — N o _¥
43 43 443" 43 3 Jc 2
373 0 1 0 L 0 0 0 0
2 2
T3 0 ! 0 ! 0 0 0 0
378 = RN
23 243
1 1
T3S 0 — 0 -—— 0 0 0 0
2v6 26
YT 0 1 0 l 0 E 0 0
6 6 3
M5 0 i 0 £ 0 £ 0 0
6V2 6V2 3V2
TisTs 0 1 0 1 0 1 0 3
12 12 12 4
mm 0 1 0 1 0 0 0 0
- : - V2 205 - V2
rars 0 , Tu= V20, 0 (74 V20, 0 P P 0 0
o2—202 o207 202 -07
o4 -302 30i-02
experimental ¢(1370) and o(1506) states, respectively. lated meson masses. The extended flavor symmetry en-
In the SU(4) PQM model, the focus shifts to the neut- ables exploration of charm-sector phenomenology while
ral multiplet masses of nonstrange—charmed meson states. maintaining consistency with the light-quark sector. The
This approach employs a low-energy chiral model in choice of fitting parameters plays an essential role in
which the input parameters directly determine the calcu- achieving agreement with PDG values and results from
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Table 5. Comparison between (pseudo)scalar meson states within PQM model.

PDG [77]

Meson (ground; excitation) SU(3) PQM eLSM [30, 31] PNIJL [84] SU(4) PQM
Pseudoscalar Sector (07)
™ 7°(134.98 £ 0.06); (1300 + 100) 136.8 141.0+5.8 126 1291
K K°(497.61£0.01); K(1460) 496.3 485.6+3.0 490 1228
e - - - - 1342
s - - - - 1469
n 17(547.86 £0.02); (1294 +4) 553 509.4+3.0 505 1276
n 17(957.78 +0.06); i (1475 + 4) 635 962.5+5.6 949 1527
Ne 17:(2983.9+0.4) - 2673+ 118 - 2682
D D°(1864.84 +0.05) - 1981 +73 - 1985.73
Dy D*(1968.35 +0.07) - 2004 +73 - 2035.02
Scalar Sector (0**)
ao ap(980 £20); ag(1474 +19) 849.8 1636+ 1 837 1381.58
K k5 (682 +29); ki (1425 +50) 1331.6 1450+ 1 1013 1581.45
o¢ - - - - 1458.01
Ts - - - - 1671.23
a 400-1200; o-(1704 + 12) 824.0 975.1+6.4 700 1645.96
fo 1200-1500 1339.0 1186+6 1169 1241.92
Xeo(1P) Xeo(3414.71£0.3) - 3144+ 128 - 3541.21
Dy Dj;(2343.00+ 10.0) - 241477 - 2451.11
D D, (2317.8+0.5) - 2467 +76 - 2507.47

other low-energy effective models. In the present work,
the parameters are fixed at o = 800 MeV, as specified in
Ref. [21]. In the presence of chiral symmetry breaking,
isospin asymmetry among light quarks, the anomaly term,
and the Polyakov loop corrections, Fig. 6 presents the
masses of nonet meson sectors: pseudoscalar (negative
parity) and scalar (positive parity) meson states (left and
middle panels), along with open and hidden charmed
mesons in the thermal QCD medium (right panel).

Figure 6 illustrates the thermal evolution of the meson
mass spectrum for the nonet pseudoscalar mesons (x, K,
Ne> Ms» 4, 1) (left panel), nonet scalar mesons (ay, k, o,
o5, fo, o) (middle panel), and open/hidden charmed
mesons (D°, D*, D}, D%, ¢, X«0) (right panel), all given
at vanishing chemical potential u,. The temperature de-
pendence of the meson mass spectrum can be categor-
ized into three regions: bosonic (mesonic), phase trans-
ition, and fermionic (partonic) regions. In the bosonic re-
gion, meson masses decrease gradually with increasing
temperature, reflecting the dominance of thermal suppres-
sion of mesonic degrees of freedom. The phase transition
region is characterized by a smooth but rapid decline in
mass values, corresponding to the chiral crossover. At
high temperatures, in the fermionic region, quark—anti-
quark contributions dominate, leading to a moderate in-

crease in the meson masses due to the restoration of chir-
al symmetry.

At low temperatures (T <7, ), bosonic contributions
dominate. The tree-level meson masses presented in
Tables 2 and 3 effectively restore the mass gap character-
istic of the chiral phase structure in meson states. As pre-
viously discussed, the system remains in the confined
phase, characterized by large chiral condensates o, and
small values of the Polyakov loop order parameters. This
regime allows for the estimation of vacuum mass values
for each meson sector at vanishing temperature (7 =0
MeV). In this region, meson masses are expressed as
functions of pure mesonic condensates o ;. The thermal
behavior of meson masses remains nearly constant, relat-
ive to their corresponding vacuum values, until the tem-
perature approaches the pseudo-critical point 7 ~ T,. It is
evident that in this low-temperature regime, the masses of
all meson states are effectively independent of temperat-
ure.

U(1), symmetry breaking appears in the tree-level
meson masses through the anomaly term C, which is par-
ticularly significant for nonet meson states (left and
middle panels) due to strange and charm quark contribu-
tions. In the SU(4) PQM model, the phase structure of the
charm chiral condensate o, plays an essential role in de-
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Fig. 6.
charmed meson sectors (right panel).

termining the chiral behavior of meson masses. When o,
vanishes, the SU(3) structure is effectively restored. In
this limit, the U(1), anomaly effect disappears in the
charm—strange meson sectors, and the term L. be-
comes dominant. This term is directly related to the expli-
cit quark mass contribution. For simplicity, we assume
sg,=€g;=¢6,=0and g, ~m,.

In the phase transition region, beyond the chiral tem-
perature T ~ T,, meson masses gradually decrease with
increasing temperature. This region exhibits a smooth de-
cline, characteristic of a slow crossover transition. Bey-
ond the chiral temperature (7 ~ T, ), meson masses gradu-
ally decrease with rising temperature. This behavior re-
flects the nature of a smooth crossover transition. Not-
ably, the location of the chiral critical endpoint (CEP) is
not universal across all meson states; rather, it depends on
the specific PQM order parameters and input conditions
of the QCD medium.

At high temperatures (T >T,), fermionic (partonic)
thermal contributions significantly influence the thermal
evolution of meson states. As the temperature increases,
these contributions become dominant and lead to the de-
generation of meson masses. In contrast, their impact re-
mains negligible at low temperatures. The observed de-
generacy in meson masses arises from thermal fluctu-
ations acting on the chiral condensates o/, particularly
the strange o, and charm o, condensates, and reflects the
process of chiral symmetry restoration [21]. These
thermal fluctuations melt the light quark condensates (o,
o4) more rapidly than the strange and charm condensates.
Consequently, nonet pseudoscalar mesons (left panel)
enter the deconfined (partonic) phase earlier than nonet
scalar and charmed mesons. At very high temperatures
(T ~ 1 GeV), the thermal evolution of the charm condens-
ate completes the transition for strange—charm meson
states. In this regime, charmed meson masses remain rel-
atively stable until the temperature becomes extremely
high. Accordingly, charmed meson states are expected to
undergo phase transition and mass degeneracy as the

1T ‘ T T ‘ 1T ‘ T T ‘ 1T 1
200
T(MeV.)

T T ‘ 1T ‘ T T ‘ 1T ‘ T T
300 400 500 200 400 600 800 1000
T (MeV.)

(color online) In-medium meson masses for the nonet pseudoscalar (left panel), scalar (middle panel), and open/hidden

density of the system increases. This transition enhances
thermal energy to overcome the gap associated with the
Fermi surface of the meson states [22, 40]. The latter dif-
fers from one meson state to another.

IV. CONCLUSIONS

In conclusion, we extended the SU(4) PQM model by
incorporating isospin asymmetry to explore the chiral
phase structure of QCD matter in a thermal medium. This
study examined how the system undergoes phase trans-
itions in the presence of isospin asymmetry between light
quark condensates and the charm condensate. The results
reveal key features of chiral symmetry restoration, decon-
finement transitions, quark and charm fluctuations and
correlations, thermodynamic observables, and the thermal
evolution of meson masses within the SU(4) PQM frame-
work.

The introduction of isospin asymmetry leads to sever-
al modifications in the chiral phase structure and meson
dispersion relations. At finite isospin chemical potential
(uz), the u- and d-quark condensates (o, o) split due to
isospin symmetry breaking. In the SU(4) framework, all
diagonal sigma-fields (o, o3, o3, 015) and symmetry-
breaking parameters (hg, hs, hg, h15) become nonzero, ex-
plicitly breaking SU(2) isospin symmetry through the
presence of o3 and hs;. As a result, the pseudo-critical
temperatures for o, and o, decrease with increasing y;.

The inclusion of the charm chiral condensate (o) sig-
nificantly enhances the thermal resolution of the PQM
model, particularly at high temperatures. While light and
strange quark condensates melt rapidly near the pseudo-
critical temperature, the charm condensate remains
largely stable up to much higher temperatures. This en-
ables better characterization of the crossover and high-
temperature phases. Incorporating the isospin asymmetry
allows the (T/t.hi, u;/m;) plane to be traced, where the
pseudo-critical temperature T, decreases with increasing
normalized isospin chemical potential. The model agrees
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well with lattice QCD simulations for w;/m, < 1.0, and
the inclusion of o, enables the exploration of high-tem-
perature and high-density regimes.

Thermodynamic observables-such as pressure, trace
anomaly, and entropy density—calculated from the SU(4)
PQM model show excellent agreement with lattice QCD
results. All quantities exhibit a smooth crossover and re-
main below the SB limit at high temperatures. These res-
ults are critical for modeling the EoS for dense QCD mat-
ter relevant to compact astrophysical objects. While o
may play a minor role in early-stage deconfinement, it
could influence the EoS in the extreme interior of hybrid
stars. The analysis of diagonal susceptibilities )(} for
f=(,s,c) provides insight into the thermal behavior of
the corresponding chiral condensates. Light and strange
quark susceptibilities rise sharply near 7,, while the
charm susceptibility increases gradually, indicating
delayed thermal response in the charm sector.

Meson masses were obtained from the second derivat-
ive of the SU(4) PQM grand potential with respect to the
mesonic fields. This includes tree-level, thermal, and va-
cuum contributions, allowing for a consistent description
of the meson mass spectrum. Light pseudoscalar mesons
such as z, K, and 5 show rapid mass suppression with in-
creasing temperature, while scalar mesons such as ay, x,
and f, exhibit greater thermal stability. The inclusion of
0. enables analysis of the thermal behavior of both open-
charm mesons (e.g., D, D,) and hidden charmonia (e.g.,

[0 1 0 0 0 —i 0 0]
. 1 00 01 . i 0 0 0] .
Alz s/12_ 7A3=

00 00 0 0 0 0

00 00 0 0 0 0]

[0 0 =i 0 [0 0 0 0]
. 00 0 0] . 00 1 01 .
AS: a/l6= ,ﬂ7=

i 0 0 0 01 00

00 0 0 L0 0 0 0|

[0 0 0 1 0 0 0 —i
. 00 0 0] . 00 0 0| .
Ay = ,Adip = LA

00 0 0 00 0 0

1.0 0 0 i 00

00 00 00 0 0
1 00002 00002
13_0001714_000_i’15_

0010 00 i 0

Nes X)), Which remain thermally stable over a wide tem-
perature range.

In dense astrophysical systems, such as neutron stars
and hybrid stars, where both baryon density and temper-
ature are extreme, charm mesons may contribute to the
EoS. The slow melting of o, and the thermal robustness
of hidden charmed mesons suggest potential relevance for
transport and stability properties in such studies. Overall,
the SU(4) PQM model provides a good framework for
studying the QCD phase diagram, including heavy-flavor
dynamics. It offers predictive power for both heavy-ion
experiments at FAIR and NICA and for modeling ex-
treme conditions in compact stars.
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APPENDIX A: SU4) GENERATOR OPERATORS
AND MESON STRUCTURE

The generator operator T, = A,/2 in U(4) is obtained
from the generalized Gell-Mann matrices A, [52], where
the indices a =0,...,15 [49]. The matrices are defined as
a follow:

1 0 0 0 001 0
0 -1 0 0| . 00 0 0
7/14_ s
0 0 0 0 1 000
0 0 00 00 00
[0 0 0 0 1 0 0 0
00—1‘02_10100
0 i o™ V3lo o -2 0]
0 0 0 00 0 0
00 00 00 0 0
00 0 1| . 00 0 —i
’/112_ s
00 00 0 0 0
0100 0 i 0
1 00 0
1101 0 0
— (A1)
6|10 0 1 0
00 0 -3
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These generators satisfy the U(4) algebra with the
commutation and anticommutation relations

[Ta’ Tb] = ifabcf07 {f-‘tﬁ 7Awh} = idabcfca (AZ)
where f,,. and d,,. are the antisymmetric and symmetric
structure constants of SU(4), respectively. The symmet-

ric constants are explicitly defined by

1 A A A 2
dabc = ZTI. ({Aaa/lh}ﬂvc) > dahO = \/;6017' (A3)

In the framework of PCAC, the decay constant f, is re-
lated to the symmetric constants and sigma fields as

.ﬂl = daabo_—a . (A4)

For charged and neutral pion meson (f= = fi, fro = f3)

and kaon meson (fx= = fi, fxo = fs), the decay constants
take the following form:

2 1
= f = \| S50+ —0s, AS
fo= fo =y 20+ 5 (A3)
2 1 1
s =\ =00+ =03 — —=07s%, A6
fx \/;0'04'20'3 2\/50'8 (A6)
2 1 1
=1/Z09— 03— —=05. A7
Sxo \/ga'o 20'3 2\/50'8 (A7)
Hence, the isospin field 65 can be expressed as
03 = fx= — fxo. (A8)

The scalar meson generator matrix 7,0, takes the follow-
ing 4 x4 matrix form:

@+$+ﬁ+& o —10, o4 —105 o9 —1i07g
222G 2 2 ¥
o +io, Ty 03 O O o6 —i07 o —io,
T.,0,= L \/5 2 2 \/6 273 V2 \/5 (A9)
a0a 2 o4 +ios 06 +107 0o io_s_'_ 015 o133 —1014
V2 V2 2 V6 23 V2
o9 +iog o1 +iop o3 +ioyy (o) V3
N R w22
Similarly, the pseudoscalar meson generator matrix 7,7, becomes:
@+ﬁ+£+ s T —1m, Ty — M5 g — 17T}
2 V2 Vo 243 V2 V2 V2
T +1m, Ty T3 8 s e — 1717 Ty — Il
I V2 272 V6 23 V2 V2
Tama = % Ty + 175 Mg + 177 T 2 s M3 —imyy (A10)
V2 V2 2 %" s W2
o +irmyg T+ T3 +imy o V3
V2 V2 V2 272
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