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Abstract: We introduce a novel level crossing phenomenon in the mass mixing between the QCD axions, one ca-
nonical QCD axion and one Zx, axion. The level crossing can take place at or slightly before the QCD phase trans-
ition critical temperature, depending on the ratio of the axion decay constants ~ 1.69. The cosmological evolution of

the mass eigenvalues in these two scenarios is similar; however, the transition of axion energy density differs signi-

ficantly. Finally, we estimate the relic density of the QCD axion dark matter in this context. Additionally, this level

crossing may have some interesting cosmological implications.
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I. INTRODUCTION

The QCD axions are attractive candidates for the cold
dark matter (DM). The canonical QCD axion was pre-
dicted by the Peccei-Quinn (PQ) mechanism [1, 2] to
solve the strong CP problem in the Standard Model (SM)
[3-8]. It obtains a tiny mass from the QCD non-perturbat-
ive effects [9, 10]. As the DM candidate, it can be non-
thermally produced in the early Universe through the
misalignment mechanism [11-13]. At high cosmic tem-
peratures, the QCD axion was massless and obtained a
non-zero mass during the QCD phase transition. The ax-
ion oscillation when its mass is comparable to the Hubble
parameter explains the observed DM abundance. See e.g.
Ref. [14] for a recent review. The reduced-mass Zy ax-
ion [15], can also solve the strong CP problem with N >3
[16] and account for the DM through the trapped plus
kinetic misalignment mechanism [17, 18]. Here N is an
odd number, the N mirror worlds that are nonlinearly
realized by the axion field under a Zy symmetry can co-
exist in Nature. Due to the suppressed non-perturbative
effects on axion potential from the A degenerate QCD
groups, the Z,, axion mass is exponentially suppressed at
the QCD phase transition. To avoid confusion, the fol-
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lowing "QCD axion" only stands for the canonical QCD
axion.

The mass mixing in the multiple axions model [19]
has attracted extensive attention in recent years." Consid-
ering the non-zero mass mixing between these axions, the
cosmological evolution process of the mass eigenvalues
called the level crossing can take place and induce the
adiabatic transition of the axion energy density, which is
similar to the MSW effect [23-25] in the neutrino oscilla-
tions. The level crossing has some interesting cosmolo-
gical implications, such as the modification of the axion
relic density and isocurvature perturbations [26-29], the
domain walls formation [30], the gravitational waves
emission and primordial black holes formation [31-33],
and also the dark energy composition [34, 35].

In this letter, we investigate the mass mixing between
the QCD axions, one QCD axion and one Zy axion. We
find that the level crossing can take place at the QCD
phase transition critical temperature or slightly before it,
depending on the relationship between the axion decay
constants. The conditions for level crossing to occur in
these two cases are discussed in detail. The cosmological
evolution of the mass eigenvalues in both cases is similar,
whereas the transition of energy density among the ax-
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1) For instance, the mass mixing between the QCD axion and axionlike particle (ALP) [20] or sterile axion [21], as well as the mixing between the Zp axion and

ALP [22].
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ions differs. Finally, we estimate the relic density of the
QCD axion and Zy axion DM through the misalignment
mechanism. To our knowledge, this is the first investiga-
tion of the effect of level crossing in the mass mixing
within a multiple QCD axions model.

II. THE MODEL

Here we consider a minimal multiple QCD axions
model, one QCD axion ¢ and one Zy axion ¢. Consider-
ing that these two axions are charged under two copies of
the SM, yet both are coupled to QCD. We expect ¢ to re-
ceive the dominant contribution from the QCD potential,
leading to the cancellation of the potential that occurs in
the usual Z, axion case, while such cancellation would
not occur for the single ¢." The low-energy effective
Lagrangian is given by

ro %Zaﬂd)ﬁ”d)—mﬁ(nﬁ {1 ~cos <?>}
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where m,(T) and my(T) are the temperature-dependent
QCD axion and Zy axion masses, respectively, f, and F,
are the QCD axion and Zy axion decay constants. The
QCD axion mass m,(T) can be described by

)
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where m, and f, represent the mass and decay constant of
the pion, respectively, z = m, /my ~ 0.48 signifies the ratio
of the up to down quark masses, Tocp =~ 150MeV is the
QCD phase transition critical temperature, and b ~ 4.08 is
an index taken from the dilute instanton gas approxima-
tion. The first term in Eq. (2) corresponds to the zero-
temperature QCD axion mass m,o. While the Zy axion
mass my(T) can be described by

My fx 1_Z
\4/7_{; 4/17HN3/4ZN/2 , T < TQCD
My fr

3)

< Tqocp
Vi1-z2’ y

TQCD <T<
vT

b
T

G
1-22 \Tqcp 04

F,

My fr
F,

where y € (0,1) is a temperature parameter. The first term
in Eq. (3) also corresponds to the zero-temperature Zy
axion mass my . Notably, this mass undergoes a sudden
exponential suppression at Tocp due to the Zy symmetry.
Subsequently, the equations of motion of ¢ and ¢ are giv-
en by
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where H(T) is the Hubble parameter, and the dots repres-
ent derivatives with respect to the physical time ¢. Diag-
onalizing the mass mixing matrix
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we can derive the heavy (a;) and light (a;) axion mass ei-
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with the corresponding mass eigenvalues my, ,(T')
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where a is the mass mixing angle

1) There is a widely held belief that string theory can predict a substantial number of axions [36—38], encompassing various types such as the QCD axion and poten-
tially the Zy axion, known as the axiverse [39—41]. In this theoretical context, a theory that incorporates the QCD axions within our framework emerges as a particu-
larly intriguing physics scenario beyond the Standard Model (BSM). This pursuit not only enhances our understanding of their characteristics but may also uncover new

physics within the BSM framework.
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The so-called axion level crossing is that when con-
sidering the interaction between two axion fields, there
exists a nontrivial mass mixing of their temperature-de-
pendent mass eigenvalues m,,(T) that as functions of the
cosmic temperature 7. It can take place when the differ-
ence of m¥(T)—m?(T) gets a minimum value.

Case I: Level crossing at Tycp,

We first consider a case that the zero-temperature
QCD axion mass m,, is smaller than the second term in
Eq. (3) (we can define it as the mass my )

mﬂfﬂ \/z mﬂf;! <
, 10
5 1+z F, Vi-z (10)
it can be characterized as
F, 1+z
=—< —~1.69, 11
¢ 7, 1—2 (11)

where we have defined the ratio . On the other hand, in
order for the level crossing to occur in this case, the zero-
temperature QCD axion mass should be larger than the
zero-temperature Zy axion mass my g, we have
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it can also be characterized as
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which depends on the value of N. Then we show in Fig.
1 (left) an illustration of level crossing in this case. We
have set f,=102GeV, F,=10""GeV, N =17, and
v =0.25. The red and blue lines correspond to the temper-
ature-dependent mass eigenvalues m,(T) and my(T), re-
spectively. Note that the level crossing occurs at the QCD
phase transition critical temperature

T = Tocp - (14)
Here we discuss the cosmological evolution of the mass
eigenvalues in this scenario. At high temperatures, the
heavy mass eigenvalue m;,(T) corresponds to the Zy ax-
ion, whereas the light one m(T) corresponds to the QCD
axion. They will approach to each other at Tocp and then
move away from each other. When T < Tqcp, the my,(T)
represents the QCD axion, and the my(T) represents the
Zy axion. For a more intuitive description, we can ex-
press them as follows

T) = my(T), T <Tx (15)
m
" my(T), T>T,
and
mN(T)a T < T><
T 16
i ):{ m(T). T>T, (16)

The above discussion is focused on the Case I, where
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(color online) The illustration of level crossing in the Case I (left) and Case II (right). The red and blue lines represent the

mass eigenvalues m,(T) and my(T), respectively. The black dashed line represents the Hubble parameter H(T). Left: We set
fa=10"2GeV, F,=10"""GeV (= ¢=0.32), N =17, and y=0.25. The gray dashed line represents the temperature Tocp. Right: We set
fa=10"2GeV, F,=1029GeV (=¢=~3.16), N=13, and y=0.25. The gray dashed line represents the level crossing temperature

Ty ~176.3MeV.
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the level crossing occurs at Tocp.

To compare with another case discussed below, we
show the condition for level crossing to occur in the Case
I by using Egs. (11) and (13). See Fig. 2 with the red
shaded region in the {N, {} plane. The unshaded regions
represent areas where no level crossing occurs.

100 T T T T T
1 # .
N
0.10
0.01
N
Fig. 2. (color online) The conditions for level crossing to.oc-

cur in the {N, ¢} plane. The red and blue shaded regions cor-
respond to the Cases I and II, respectively. The gray line rep-
resents ¢ = 1.69. Note that N =2k+1, ke N*.

Case II: Level crossing slightly before Tycp

Next we consider another case that the zero-temperat-
ure QCD axion mass is larger than my ,, we have

1
‘> 1—::1.69. (17)

We present an illustration of this case in Fig. 1 (right).
We have set f, =102GeV, F,=10>GeV, N =13, and
v =0.25. Different from the Case I, here the level cross-
ing will take place slightly before the temperature Tocp.
By solving d(mi(T)-mXT))/dT =0 at Toep<T <
Tocp/y, we obtain the level crossing temperature

T\ ~1/(2b)
-z 2
) (-8

which is slightly higher than Tocp. The QCD axion mass
at T is given by

Ty =Tqcp (
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Note that the condition ¢ < A should be satisfied in
Eq. (18). This level crossing persists for a parametric dur-
ation given by

1 dcosa(Ty) !
dT ’

= cosa(Ty) (20)

where a(T) represents the mass mixing angle given by
Eq. (9). This scenario is referred to as the Case II. The
temperature-dependent behavior of the mass eigenvalues
is similar to that in the Case I. However, the transition of
energy density between them differs significantly, as will
be discussed in detail later. It is worth noting that the
Case I can transition into the Case 1I, depending on the
value of the ratio £ ~ 1.69.

Then, in Fig. 2 (the blue shaded region), we illustrate
the condition for level crossing to occur in the Case I,
using Eq. (17) and the inequality ¢ < N. Additionally, we
note that at Tocp/y the QCD axion mass should be smal-
ler than the Zy axion mass

mnfn \/z’yb<m7rf7r Z , (21)
f. 1+z F, V1-7

it can be characterized as

1
r< 1—”%’ ~1.69y7, 22)

which depends on the value of y. Since for the small y, the
constraint of ¢ < N is more stringent than Eq. (22), we do
not include it in Fig. 2.

III. AXION RELIC DENSITY

Here we estimate the relic density of the axion DM in
the Cases I and II through the misalignment mechanism.
We will consider the pre-inflationary scenario, in which
the PQ symmetry is spontaneously broken during infla-
tion.

We first discuss the Case I, focusing on the the Zy
axion DM." We begin with the QCD axion field, which is
frozen at high temperatures with an arbitrary initial mis-
alignment angle 6, ,, and starts to oscillate at 7Ty ,. The os-
cillation temperature T, is given by m(T) = 3H(T). In the
following, the subscript "x" stands for the physical quant-
ity at T, or corresponding to x. The initial energy density
in the QCD axion field is given by

1
Pa1 = Emz,lfaze%,a' (23)

1) Since in the Case I the QCD axion energy density at Tqcp is non-adiabatic, its relic density is not straightforward to determine. As a result, we focus our atten-

tion on the Zy, axion.
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At Toep < T < Ty, the QCD axion energy density is adia-
batic invariant with the comoving number N, = p,a®/m,,
where a is the scale factor. Then we have the QCD axion
energy density just before Tocp as

1 a, 3
£aQCD = Ema,oma,lfaz o, ( - > . (24)
aqep

In this case, the axion is trapped around 6, = 6,(Tqcp) un-
til Tocp with the initial axion velocity 6, = 0,(Tqcp). At
T = Tqcp, the light mass eigenvalue m(T) will comprise
the Zy axion, the axion mass is suddenly suppressed and
the true minimum develops. Then we have the mean ve-
locity of the Zy axion

3/2
V@ = v (2e) @

aqcep

Note that the Zy axion energy density at Tocp iS non-
adiabatic, which just after Tocp is given by

2 2
my F

Fot (26)

1,
PN = EFfjef, +2

where we consider a case that the axion has a large mean
velocity. Then the Zy axion will start to oscillate at 7,
which is defined as the temperature when the kinetic en-
ergy is equal to the barrier height. At 7, < T < Tocp, the
Zy axion energy density is conserved with the comoving
PQ charge ¢y, = Oya®, and we have the scale factor at T,
as ap = (Nétr/(ZmN))IBLIQCD. Then at To<T<T,, the
adiabatic approximation is valid, and we have the Zy ax-
ion energy density at present Ty as

; 3
Mmp o F20y ( agcep >

= 27
PN N a 27

Substituting the mean velocity, it reads

Mp 0 Mgl 101.F s [ \J@1aGocn ’
pno=C , (28)
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where C ~ 2 is a constant. Compared with the no mixing
case, the relic density can be modified by

R l—z [myi O
L 1+z mg |91,N—7T|\/Z.

29

Then, in the left panel.of Fig. 3, we show the distribution
of R, in the {£,log(n)} plane, where 1 =my,;/m,, and the
initial misalignment angles are assumed to be of order
one. Considering the significant impact of the temperat-
ure parameter y on the oscillation temperature of the Zy
axion, we incorporate the variations in y into the ob-
served changes in # to provide a more intuitive illustra-
tion of how the relic density varies across different para-
metric conditions. We find that the ratio R, is enhanced
in'most regions, whereas it is suppressed in a small sub-
set of regions. Notice that, in the Case I, the parameter N
also exhibits a significant property related to £ as illus-
trated in Fig. 2. However, this property cannot be dir-
ectly observed from Fig. 3, and here we roughly set
0<¢<1.69.

Next we discuss the Zy axion DM in the Case II. Be-
cause of the insights gained from the discussion in the
last paragraph, we can simplify our discussion here some-
what. We also begin with the QCD axion field, and its
initial energy density at T, is given by Eq. (23). Then at
Ty <T <Ty., the QCD axion energy density is adiabatic
invariant, and it at T, can be described by

1 a, 3
pus = g f267, (222 ) (30)
ax

log(R,)

ll.S

=10

(a) Znr axion in the Case L.

Fig. 3.

(b) Zar axion in the Case II.

(c) QCD axion in the Case II.

(color online) The distributions of the axion relic density ratio log(R,) in the {¢,log(i)} plane. The left, middle, and right panels

represent the Zy axion in the Case I, the Zy axion in the Case II, and the QCD axion in the Case II, respectively. Note that the initial

misalignment angles are assumed to be of order one.
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At T =Ty, the level crossing occurs, the light mass eigen-
value m(T) will comprise the Zy axion and the energy
density p, is transferred to the Zy axion pyx. To en-
sure this axion energy transition is adiabatic at T, we re-
quire the following condition to be satisfied

21 2n
my(Ty) ’ my(Ty) —my(Ty) ’

Aty > max

1)

where At is the time interval corresponding to the tem-
perature change described in Eq. (20). Additionally, we
have verified this condition using the parameter set illus-
trated in the right panel of Fig. 1, and the results are
presented in Fig. 4. Then at Tocp < T < Ty, the adiabatic
approximation is valid again, and the Z, axion energy
density just before Tocp is given by

1 Ay, ’
PNQCD = EmN,nma,lfaz 6, (#> , (32)
aqQcp
with the mean velocity
1 ar, \"?
A (O2) = —— iy 21110 u(—’a) ) 33
(6 V2t N.allq,101, P (33)

The subsequent steps (7 < Tocp) are similar to those dis-
cussed in the previous paragraph. Substituting the mean
velocity into Eq. (27), we have the present Zy, axion en-
ergy density

_ Mo NN AT 101 o F, ( Vai .aqcp )3 (34)
PNO = VANC 0

Now compared with the no mixing case, we find that the

102}

]020 L

03 04

T [GeV]
Fig. 4. (color online) The three terms in Eq. (31) as func-
tions of the temperature 7. The black, red, and blue lines rep-
resent Aty, 2rx/my(T), and 2x/(my(T) —my(T)), respectively. The
gray dashed line represents Ty ~ 176.3MeV.

02 0.5

relic density can be modified by

WO 014
Mg O n — 7l

R, ~ (35)

As previously demonstrated, in the middle panel of Fig.
3, we present the distribution of R, in the {¢,log(n)}
plane. In most regions, the ratio R, can be suppressed,
whereas in a small subset of regions, it can be enhanced.
Note also that { is'constrained by the set of A, and here
we only present a small range of zeta values, specifically
1.69 < ¢ < 10. On the other hand, we note that Eq. (35) re-
sembles the single level crossing scenario, where the Zy
axion mixes with. ALP, leading to the suppression of the
Zy axion relic density, as seen in Eq. (25) of Ref. [22].
However, due to the differing ranges of parameters, here
¢ exceeds 1.69, and consequently, the Z, axion relic
density ratio R, can be either enhanced or suppressed.

Finally we discuss the QCD axion DM in the Case II.
We should begin with the Zy axion field, it starts to oscil-
late at 7, 5 with the initial misalignment angle 6, 5, and
the initial energy density is given by

1
P = Sy Fabh - (36)

2

At Ty < T < Ty n, the Zy axion energy density is adiabat-
ic invariant, and at T, we have

1 ap N 3
PNx = EmN,nmN,nggiN ( a >

X

(37

At T =T, the level crossing occurs, the heavy mass ei-
genvalue m,(T) will comprise the QCD axion and the en-
ergy density pyx is transferred to the QCD axion p,.
Then at Ty < T < Ty, the adiabatic approximation is valid
again, and we have the present QCD axion energy density

’i
1 a ’
22 LN
Pao = 7ma,0mN,1Fa01,N a .
0

7 (3%)

Compared with the no mixing case, the relic density can
be modified by

2 2

Mg 91,N§
R, ~ L
mpy g 0

la

(39

In the right panel of Fig. 3, we also present the distribu-
tion of R, in the {{,log(n)} plane. We find that, within the
parameter space we consider, the ratio R, is enhanced in
most regions, whereas it is suppressed in a minority of
those regions. We also note that Eq. (39) resembles the
level crossing that occurs in the mixing between the QCD
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axion and ALP, as illustrated in Eq. (3.26) of Ref. [29]. In
such case, the QCD axion relic density can be signific-
antly suppressed. However, as mentioned earlier, due to
the varying ranges of parameters, the QCD axion relic
density ratio R, in this context can be either enhanced or
suppressed.

IV. CONCLUSION

In summary, we have investigated the mass mixing
between the canonical QCD axion and Zy axion, and in-
troduced a novel level crossing phenomenon. During the
mixing, we find that the level crossing can take place at
the QCD phase transition critical temperature Tocp (Case
I) or slightly before Tocp (Case 1), depending on the ra-
tio of the axion decay constants ¢ ~ 1.69. The conditions
for level crossing to occur in the Cases I and II are dis-
cussed in detail. In the Case I, the zero-temperature QCD
axion mass m,q should be smaller than the mass my , and
larger than the zero-temperature Zy axion mass my,
which can be characterized by the inequality
1.24 x 0.48N2N31* < ¢ < 1.69. While in the Case II, the
zero-temperature QCD axion mass m, should be larger
than my, and the condition ¢ < N should be satisfied,
which can also be characterized by the  inequality
1.69 < ¢ < N. Note that in this case we also have a relat-
ively weak constraint given by ¢ < 1.69y7, which will
become more stringent for large values of y.

Despite the similarity in the cosmological evolution
of mass eigenvalues in both cases, the transition of en-
ergy density between the axions differs. Specifically, in
the Case I, the axion energy transition at the level cross-
ing is non-adiabatic (at Tocp), while in the Case 1II, it is
considered to be adiabatic (at 7). Finally, we estimate
the relic density of the axion DM through the misalign-
ment mechanism, focusing on the Zy axion DM in the
Cases I and II, respectively, as well as the QCD axion
DM in the Cases II. We also compare this with other ax-
ion mixing scenarios and find that, within the parameter
space we consider, the axion relic density can be either
enhanced or suppressed. Furthermore, the level crossing
phenomenon in this scenario may have other intriguing
cosmological implications, such as gravitational waves
and primordial black holes.
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The appendix is organized as follows. In App. A, we
provide an illustrative example of the UV completion for
the Zy axion. In App B, we present the temperature-de-
pendent mass of the Zy axion. In App. C, we describe
how our axion mixing potential is derived. Finally, in
App. D we present some details about the axion relic
density, considering both the no-mixing and mixing scen-
arios.

APPENDIX A: UV COMPLETION FOR THE Z
AXION

Here we provide an illustrative example of the UV
completion for the Zy axion. We consider the KSVZ Z,
axion scenario [16], with N copies of vector-like Dirac
fermions Q; and a gauge singlet complex scalar S, the Zy
symmetry reads QOp — O, S — /NS . The general
Lagrangian is given by

N-=1
) . ~ 1+
Liv=0,50'S + {Qki DO, +ye ™ iINg QkTySQk +hec.
k=0

- V(S,Hy),
(AT)

which exhibits an accidental U(1)pp symmetry that is
spontaneously broken by the vacuum expectation value
vs through the potential V(S,H,). The complex scalar S
can be expressed as

1 s
S=—(s+p)e's,

NG (A2)
where p and ¢ represent the radial and angular (axion)
modes, respectively. Through an axial transformation, the
axion mode can be rotated away from the Yukawa term.
After integrating out the heavy quarks, the resulting ef-
fective Lagrangian for the axion is given by

B il ay (¢ 2nk ~
0Lyv —Zg F7a+7 GGy, (A3)

k=0

where we set vs = F,, F, is the axion decay constant, a;
is the strong fine structure constant, G, and G, are the
gluon field strength tensor and dual tensor, respectively.

In the context of the KSVZ Z, axion model, the dis-
crete symmetry is inherently present due to its construc-
tion. By elevating the inherent Zy symmetry to a gauge
symmetry, an accidental U(1)pq invariance arises, which,
for large values of N, is efficiently shielded from addi-
tional sources of explicit breaking. Furthermore, the low-
est-dimensional PQ-violating operator in the scalar poten-
tial that is compatible with the Zy symmetry is SV,
which contributes to an explicitly PQ-breaking term to
the potential.

See also Ref. [16] for another UV completion in-
volving the composite Z,, axion model.

APPENDIX B: TEMPERATURE-DEPENDENT Z,
AXION MASS

Here we provide a brief overview of the temperature-
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dependent Z,, axion mass. As derived in Ref. [16], the
zero-temperature (T < Tocp) Zy axion potential is given
by

mN oFs
Vn(0) ~ — N cos(N6), (B1)
with the zero-temperature axion mass
Mefr o 1=2 34 np
s B2
o = \nF, 1+z ¢ (B2)
where =m,/my~0.48. At medium temperatures

Tocp < T < Tqep/y, the Zy axion potential is given by

TCD>2h+Zv< Z"k), (B3)

Va(0) = V() (TQ

where V(0) is the QCD axion zero-temperature chiral po-
tential

4z 0
0)=-m2f> 1- '2<7). B4
V( ) mﬂfﬂ (1 +Z)2 sin 2 ( )
Using
1 d*V ()
T)=— B
mN( ) Fa d92 - s ( 5)
we obtain the axion mass
My fr
~ , B6
my F, -2 (B6)

which is also defined as the mass my . At high temperat-
ures T > Tqcp/y, the Zy axion potential is given by

T\ ok ~2b

Va(6) ~ V(0 ( ) ; v( ) ( ) ,

w0 = VO 7 Z Toc
(B7)
then we have the axion mass
m.fr [ z yT b

~ nJm B

N Fa 1—22 (TQCD> ( 8)

Notice that the temperature parameter y delineates the
high-temperature and intermediate-temperature regions.
To be more precise, this parameter can be represented by
the inequality Y < ¥ < Ymax, Where the values of y at the
lower and upper bounds respectively correspond to the

mirror copies of the SM that are the coldest and the hot-
test. For simplicity, we denote it as y. Finally, the temper-
ature-dependent Z, axion mass can be described by

Mefe of1-2 4

—— N3N T<T
Ve, V17 ° Qcp
My fr

my(T) =

[z Tqcp
s T <T<
-2 QCD y
[z ( vT )4’ -
1—Z2 TQCD ’

See also Ref. [17] for more details.

F,

My fr
F,

Tqocp

(B9)

APPENDIX C: AXION MIXING POTENTIAL

In this section, we describe how our axion mixing po-
tential, which is presented in Eq. (1), is derived. Let us
first consider the mixing of two axions ¢; and ¢, with the
mixing potential

Vinix = A} {l—cos (nl]fc1 +n12ff +6 )}

+A; {1—005 (n2]%+nzzg +62)} ,

(CD)
where n;; are the domain wall numbers, and 6; are the
constant phases. In order to achieve the purpose of dis-
cussing the emergence of the level crossing phenomenon,
the domain wall numbers must be set in this way:

n#0(0m;;=0), np=0@m2#0), ny#0, np#0,
(2)

or

ni#0, np#0, ny=0(my #0), ny#0(0ny=0).

(C3)

In other words, among these domain wall numbers, one
must be set to zero, while the rest cannot be zero. This
consideration and operation are reasonable, and numer-
ous pieces of literature considering the mixing between
two axions have adopted similar approaches. For in-
stance, the mixing between the QCD axion and ALP [20]
or sterile axion [21], as well as the mixing between the
Zy axion and ALP [22]. Note that Refs. [20] and [21] can
be viewed as corresponding to the considerations in the
contexts of Egs. (C2) and (C3), respectively, if we con-
sider ¢; as the QCD axion and ¢, as the ALP. In these
contexts, the domain wall numbers are equal to or less
than 1 (and there is exactly one that is less than 1, i.e., 0).
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In contrast, in Ref. [22] the domain wall numbers can be
greater than 1. On the other hand, the constant phases
need to be set to zero

(C4)

This can be regarded as tantamount to demanding an in-
dependent solution for addressing the strong CP problem.
Since this assumption has no impact on the evolution of
the two axion fields during the mixing process, it will not
alter the energy density of axions in the context of mass
mixing [29].

Now consider the scenario of multiple QCD axions
mixing in this work, specifically one QCD axion ¢ and
one Zy axion ¢. For our purposes, we need to consider
the following parameter settings:

nn=N, 6 =0, 06,=0,

(C5)

nyp=1, np=0, ny=1,

therefore we obtain the mixing potential in Eq. (1), which
is given by

Vaix = m,(D {1_COS(%)}
+W{1—COS<Z+N;€)} . (Co)

As mentioned above, obtaining the axion mixing poten-
tial here is both straightforward and reasonable. When we
set n;; =1 and ny, =0, the first term of Eq. (C6) aligns
perfectly with the canonical QCD axion potential;
however, this alignment is not an absolute requirement in
this context. Additionally, it is worth noting that the ac-
quisition of the mixing potential here differs from the ac-
quisition of the single Zy axion potential. Furthermore,
there should also exist another mixing scenario with the
potential given by

Vinix = my(T) 3 [1 ~cos (}ﬁ +Np%ﬂ
-

o2

The corresponding cosmological implications would
be entirely distinct and warrant a separate detailed discus-
sion, which, however, is beyond the scope of this particu-
lar context.

2TF2
+mN( ) a

e (C7)

APPENDIX D: AXION RELIC DENSITY

In this section, we present some details about the ax-

ion relic density through the misalignment mechanism.
We consider the pre-inflationary scenario, in which the
PQ symmetry is spontaneously broken during inflation.

QCD axion without mixing

We first show the QCD axion relic density without
mixing. At high temperatures 7 > Tocp, the QCD axion
field is frozen at an arbitrary initial misalignment angle
0, and starts to oscillate at T ,. The oscillation temperat-
ure Ty, is given by

m(T) =3H(T), (D1)
with the Hubble parameter
m’g.(T) T?
HT)= —_—, D2
(T) %0 Mn (D2)

the number of effective degrees of freedom of the energy
density g., and the reduced Planck mass
Mp; ~2.4x80"GeV. The initial energy density in the
QCD axion field is

1
Par = 5Me1fabas (D3)

where m,; is the axion mass at Ty,. At Ty < T < Ty,, the
QCD axion energy density is adiabatic invariant with the
comoving number N, =p,a’/m,, where a is the scale
factor. Using

3 3
Pa1@ g Pap

ma,l ma,O

; (D4)

then the QCD axion energy density at present (7,) can be
described by

: (Ds)

1 a 3
Pap = 7ma,0ma,1faz€iu ( Ya) 5
ao
where a;, and a, are the scale factors at T;, and T, re-
spectively.

Zx axion without mixing

Next we show the Z, axion relic density without
mixing. At high temperatures T > Tqcp, the Zy axion
field is frozen at an initial misalignment angle 6, ,, and
starts to oscillate at the oscillation temperature T . Here
we consider a case that the Zy, axion mass is temperature-
dependent at the first oscillation, i.e., T\ 5 > 1/yTqcp. The
initial energy density in the Z,, axion field is



Hai-Jun Li, Yu-Feng Zhou

Chin. Phys. C 49, (2025)

1
PN1 = imi,,ngeiN, (D6)

where my; is the axion mass at T) y. At Tocp < T < T
the Zy axion energy density is adiabatic invariant with
the comoving number Ny = pya®/my. Then we have the
Zy axion energy density at Tocp as

aiN

)3 .o

1 2
PN.QCD = EmN,lmN,an (91,/\/ - ﬂ) (
aqQcp

where ay, is the scale factor at Ty . In this period, the
Zy axion will be trapped around 6, = Ox(Tocp) ~ 7 until
the QCD phase transition with the initial axion velocity
Oy = On(Tqcp). Then the mean velocity is given by

)3/2

At T =Tqcp, the Zy, axion mass is exponentially sup-
pressed due to the Zy symmetry and the true minimum
will develop. Note that the axion energy density at Tocp
is non-adiabatic, which then can be described by

aN

; 1
V(0% = % Vi iy |61 v — 7 ( (DY)

aqcep

Lo mIZVFi
:EFa91r+2 N2

PN e (D9)

The follow-up is determined by the velocity 6, ~ 2my /N
and we consider a case that the axion has a large initial
velocity, i.e., 6, >2my/N. Then at T, <T < Tqcp, the
Zy axion energy density is conserved with the PQ charge
Giin = Oya’, and here T, is defined at which the kinetic
energy is comparable to the Dbarrier height,
On(T>) = 2my/N. Using the conserved g¢y,, the scale
factor at T, is given by
13
> agep -

o

At T < T,, the Zy axion will start second to oscillate un-
til nowadays, and the axion energy density is adiabatic in-
variant. Using

Nb
2m N

(D10)

3 3
PN28 — PNOGy

my

, (D11)

my o

then the Z, axion energy density at present can be de-
scribed by

myoF Zéu (aQCD ) ’

N ap
Substituting the mean velocity, we obtain the axion en-
ergy density

PNO = (D12)

N = oo NN TN A0 N — 7 F ( Varnaqep > }
NO VN @ ,

(D13)

where C ~ 2 is a constant.

Z, axion in the Case I

The axion relic density ratio R, in this case is given

by
3
R - Vma,()ma,lgl,a al,a
Lm0 — 7l \ vars
3
_ 4 l_Z Mg,1 Hl,a Ala
L+z Vomy 100 =7l VT \ Vain
_ ¢ -z mg, 014 (mN,1>3/4
L+z V omp g 1008 =7l VT \ mg,
1- 614
= ¢ TR T o (D14)
1+2 V mgy 1015 -7V

Zy axion in the Case 11
The axion relic density ratio R, in this case is given

by
3
R ~ VmN,Irma,lel,a al,a
P MmOy~ \ yara
3
mgy 1 61,(4 alq
mu 1 Oy =70\ ary

M b

Mgy |Oin -7l

(D15)

QCD axion in the Case I1
The axion relic density ratio R, in this case is given
by
_mnaFath <al,N)3 _ e Bin8
alq B LLONS 9%,(1 .

P 202
ma,lf;zgl,a

(D16)
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