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Abstract: In this  paper,  we present  the CPT-violating (CPTV) Maxwell  equations in curved spacetime using the
Newman-Penrose (NP) formalism. We obtain a semi-analytical solution to the Maxwell equations in Schwarzschild
spacetime  under  the  assumption  that  the  CPT-odd  term  exhibits  spherical  symmetry  in  the  Schwarzschild
background. By retaining only terms up to the linear order in the  coefficient, we obtain perturbative solutions
by treating the solutions of the Lorentz-invariant Maxwell equations as the zeroth-order approximation and incorpor-
ating the  terms jointly as an additional source term alongside the external charge current. Each resulting NP
scalar  field  can  be  factorized  into  two  components:  the  radial  component,  expressed  in  terms  of  hypergeometric
functions, and the angular component, described by spin-weighted spherical harmonics.
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I.  INTRODUCTION

∼ 1011GeV

1.22×1019GeV

Lorentz symmetry (LS) is a fundamental symmetry in
both  general  relativity  (GR)  [1]  and  the  Standard  Model
[2]  of  particle  physics.  Some  candidate  theories  of
quantum  gravity,  such  as  certain  formulations  of  loop
quantum gravity [3, 4] and modifications of string theory
[5, 6], allow for  small  deviations from exact  Lorentz   in-
variance  at  very  high  energies.  In  some  scenarios,  this
could lead to extremely small Lorentz-violating effects at
lower energies. However, Lorentz-violating signals at en-
ergy scales accessible in high-energy astrophysical obser-
vations  (   [7])  are  expected  to  be  extremely
small and  are  generally  suppressed  by  a  small  ratio   in-
volving the Planck scale  , as suggested by
dimensional analysis and observational constraints.

Extremely  small  Lorentz  violation  (LV)  effects  may
accumulate  over  long  distances  and  at  high  energies  in
certain  models,  making  them  potentially  detectable
through terrestrial  observations.  Additionally,  some   ex-
periments and  astrophysical  observations  can  test   pro-
cesses  that  are  strictly  forbidden  in  standard  Lorentz-in-
variant (LI) physics but may occur in LV scenarios, such
as  vacuum  birefringence  [8,  9],  photon  decay  [10],  and
photon  splitting  [11]. These  observations  have   estab-
lished  stringent  constraints  on  LV  with  high  precision,

particularly  through  high-energy  observatories  such  as
Pierre Auger and LHAASO [12, 13].  Moreover,  most of
these  observatories  primarily  rely  on  multi-wavelength
observations  and  long-distance  photon  propagation  to
study astrophysical events.

As a comprehensive framework of effective field the-
ory, the Standard Model Extension is capable of describ-
ing  both  small  deviations  from  LS  in  flat  spacetime  [6,
14]  and  violations  of  local  LS  in  gravitational  contexts
[15], thus encompassing both high-energy phenomena in
flat spacetime [6] and gravitational effects or particle mo-
tions in curved spacetime [16, 17]. In recent years, there
has been increasing interest  in  probing LV in astrophys-
ics through observations of CMB photons [18, 19], neut-
rinos [20],  and gravitational  waves [21]. A natural  ques-
tion is whether interesting LV effects manifest in intrins-
ically curved spacetime. Regarding the constraints on LV
from  studying  the  cosmological  propagation  of  GRB  or
CMB photons,  a key assumption is that  spacetime is de-
scribed  by  the  Friedmann-Lemaître-Robertson-Walker
(FLRW)  metric,  which  is  curved  but  conformally  flat.
Here, we investigate LV electrodynamics in the simplest
non-conformally flat  curved  spacetime:  the   Schwarz-
schild metric.

There  has  been  a  growing  number  of  studies  on
photon behavior in curved spacetime, particularly follow-
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ing the successful  capture of black hole (BH) images by
the  Event  Horizon  Telescope  (EHT)  Collaboration  [22].
The photon sphere and subrings at  the edge of the black
hole shadow  may  encode  crucial  information  about   po-
tential  new physics  beyond GR [23].  This  highlights  the
necessity of  studying  photon  behavior  in  curved   space-
time near BHs.

As a first attempt, we aim to investigate the asymptot-
ic  behavior  of  CPT-violating  (CPTV)  photons  in  the
Schwarzschild geometry using the null formalism. Intuit-
ively,  employing  the  null  formalism  to  study  massless
particles  is,  in  some  sense,  analogous  to  describing  the
motion of massive particles — such as a gyroscope — us-
ing an orthonormal tetrad in its instantaneous rest frame,
even  though  massless  particles  do  not  possess  a  rest
frame.  However,  the  underlying  principle  remains  the
same:  null  tetrads  naturally  accommodate  massless
particles  that  follow null  trajectories.  Moreover,  the  null
formalism  offers  unique  advantages  in  analyzing  the
asymptotic  behavior  of  massless  particles,  particularly
photons in this context. It significantly simplifies the de-
scription  of  both  the  tangent  of  the  null  geodesic  for
photons and gravitons, as well as their polarization states
[24].  Consequently,  it  provides a coordinate-independent
framework  for  studying  photon  dynamics  with  a  clear
geometric  interpretation,  especially  in  highly  curved
spacetimes. Notably,  it  also  offers  a  physically   transpar-
ent  decomposition  of  the  Faraday  tensor  into  ingoing,
outgoing, and Coulomb modes.

In the presence of CPT or Lorentz violation, contrary
to  conventional  expectations,  the  asymptotic  behavior  of
photons  may  be  qualitatively  altered  [25].  For  instance,
vacuum birefringence  can  be  understood  in  terms  of  the
modified topology of the light cone structure, where dif-
ferent  helicities  of  CPT-odd  photons  experience  distinct
causal cones [26].

Pioneering  studies  on  exact  solutions  for  LI  photon
fields  as  perturbations  in  given  background  geometries
include  vacuum  solutions  for  photon  fields  in  the  Kerr
spacetime [27] as well as solutions for a point charge near
a Schwarzschild BH [28] and a Kerr BH [29]. Bičák et al.
studied  photon  fields  in  curved  spacetime  within  the
Newman-Penrose  (NP)  framework  [30],  including  the
Schwarzschild  [31],  ReissnerNordström  (R-N)  [32],  and
Kerr  [33]  BH  backgrounds.  As  a  preliminary  attempt,
here  we  study  the  behavior  of  CPT-odd  photons  in  the
Schwarzschild geometry following a similar approach.

In  Sec.  II,  we  review  the  Newman-Penrose  (NP)
formalism  and  discuss  some  earlier  studies  on  the  LI
Maxwell  equations  in  curved  spacetime  using  the  NP
framework.  Then,  we  examine  the  CPT-violating  Max-
well equations within the NP formalism in curved space-
time.  Next,  we  present  a  method  to  solve  the  coupled
Maxwell  equations  and provide  special  solutions  in  Sec.
III.  In  the  last  section,  we  summarize  our  results  and

gµν (+,−,−,−)
ϵ0 = µ0 = c =G = h̄ = 1

µ,ν,ρ
a,b,c

provide a short conclusion. In this paper, the signature of
the  metric  tensor    is  chosen  to  be  ,  and  we
use  geometric  units  with  .  The
notation conventions are as follows: spacetime indices are
represented by Greek letters such as  , while null tet-
rad indices are represented by Latin letters such as  . 

II.  FIELD EQUATIONS AND SOLUTIONS

We study LV (more specifically CPTV) photon beha-
vior  within  the  photon  sector  of  the  minimal  SME  [6].
The action is given by 

S =
∫

d4x
√−g
ï
−1

4
FµνFµν+ (kAF)αAβF̃αβ− JµAµ

ò
, (1)

F̃αβ =
1
2
ϵµναβFµν (kAF)α

(kAF)α

where  ,  and    is the  CPTV   coeffi-
cient  [6]  [34].  The  coefficients    are  real  and  have
mass dimension one. The equation of motion is 

∇µFµν+2(kAF)µF̃µν = Jν. (2)

e µa = (lµ,nµ,mµ, m̄µ) ,a = 1,2,3,4,
l,n,m, m̄

Fµν

Using the null tetrad   cor-
respond respectively to  , and the electromagnetic
field  tensor    can  be  decomposed  into  three  complex
Newman-Penrose (NP) scalars, 

Φ0 = F13 = Fµνe1
µe3
ν = Fµνlµmν,

Φ1 =
1
2

(F12+F43) =
1
2

Fµν (e1
µe2
ν+ e4

µe3
ν)

=
1
2

Fµν (lµnν+ m̄µmν) ,

Φ2 = F42 = Fµνe4
µe2
ν = Fµνm̄µnν. (3)

FµνConversely,  the  electromagnetic  field  tensor    can  be
expressed as 

Fµν = 2
{
Φ1

(
n[µlν]+m[µm̄ν]

)
+Φ2l[µmν]+Φ0m̄[µnν]

}
+ c.c. ,

(4)

a[µbν] :=
1
2

(aµbν−aνbµ) c.c.where  , and " " denotes the com-
plex conjugate.

This  paper  primarily  focuses  on  photon  fields
propagating  in  the  vicinity  of  a  Schwarzschild  BH,  with
the line element 

ds2 = g(r)dt2−g−1(r)dr2− r2
(
dθ2+ sin2 θdφ2

)
, (5)

g(r) = 1− 2M
rwhere  . The corresponding null tetrad basis
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vectors are given by 

lµ =
(
g(r)−1,1,0,0

)
, nµ =

1
2

(1,−g(r),0,0),

mµ =
1√
2r

(0,0,1, i cscθ), mµ =
1√
2r

(0,0,1,−i cscθ) (6)

with their corresponding covariant components given by 

lµ = (1,−g(r)−1,0,0), nµ =
1
2

(g(r),1,0,0) ,

mµ =
r√
2

(0,0,−1,−i sinθ), mµ =
r√
2

(0,0,−1, i sinθ), (7)

In terms of the null contravariant vectors, we project the
derivatives into null directions: 

D = lµ∇µ = g(r)−1∂t +∂r, δ = mµ∇µ =
1√
2r

(
∂θ + i cscθ∂φ

)
,

∆ = nµ∇µ =
1
2
∂t −

1
2

g(r)∂r, δ = mµ∇µ =
1√
2r

(
∂θ − i cscθ∂φ

)
,

(8)

D = ∂r

∆ = −1
2

g(r)∂r

following Ref.  [30]. To simplify the calculations,  we as-
sume that the CPTV coefficient is spherically symmetric,
consistent with  the  Schwarzschild  background,  and   re-
strict  our  analysis  to  stationary  electromagnetic  fields.
Consequently, the directional derivatives reduce to 
and  . In other words, we focus on the beha-
vior of static electric and magnetic fields in the presence
of the CPT-odd term.

γabc ≡ e µa ebµ;νe νc
Similarly,  we  define  the  spin  coefficients  as

,  following  the  conventions  in  Ref.  [35].
In the  Schwarzschild  metric,  the  nonzero  spin   coeffi-
cients are given by 

ρ ≡ γ314 = −
1
r
, µ ≡ γ243 = −

1
2r

Å
1− 2M

r

ã
,

γ ≡ 1
2

(γ212+γ342) =
M
2r2
, α ≡ 1

2
(γ214+γ344) = − 1

2
√

2r
cotθ,

β ≡ 1
2

(γ213+γ343) =
1

2
√

2r
cotθ.

(9)

It  is  important  to  note  that  the  NP  formalism  employed
here  may  not  be  fully  applicable  within  a  generic
Lorentz-violating theory. In this paper,  we implicitly ad-
opt the test  particle assumption,  wherein the background
metric is assumed to remain unaffected by the Lorentz-vi-
olating  matter  fields  — specifically,  the  electromagnetic
fields  under  consideration.  Within  this  framework,  the
use  of  a  complete  and  quasi-orthonormal null  tetrad   re-
mains  appropriate,  given  that  it  effectively  captures  the

essential  features  of  the  quasi-null  wavefront  associated
with  CPT-violating electromagnetic  fields.  This  is   be-
cause the null  tetrad can be regarded as  a  natural  choice
for describing massless particles.

However, for  a  more  rigorous  treatment  —   particu-
larly  when  the  back-reaction  of  matter  fields  on  the
spacetime  metric  is  taken  into  account  —  the  standard
null tetrad may no longer suffice. In such cases, it may be
necessary  to  generalize  the  framework,  for  example,  by
employing  a  quasi-null  tetrad,  as  used  in  the  analysis  of
gravitational wave polarization [36]. 

A.    CPTV Maxwell equations in the NP formalism

(kAF)µF̃µν

(kAF)aF̃ab F̃ab ≡
1
2
ϵabcdFcd (kAF)a ≡ (kAF)µe µa (a = 1,2,3,4

(kAF)µ
(kAF)a ≡ ka

b = 1

The LI Maxwell equations in the NP formalism have
been derived in the appendix of Ref. [30] and in Chapter
1.8 of Chandrasekhar’s textbook [35]. For the CPTV con-
tribution,  the  term    in  Eq.  (2)  can  be  projected
onto  the  null  tetrad  basis  as  ,  where 

  and  ),  which  are
tetrad  components  of  the  CPTV  coefficient  .  For
simplicity,  we  define  .  As  an  example,
for , we obtain 

2(kAF)aF̃a1 = (kAF)aϵa1cdFcd

= 2i
[
−k2(Φ1− Φ̄1)− k3Φ0+ k4Φ̄0

]
. (10)

ϵ1234 = iHere,  we use  ,  which follows from the definition
of  the  complex  null  tetrad  given  in  Eq.  (6).  The  CPTV
Maxwell equations in NP form are then given by 

(D−2ρ)Φ1− (δ̄+π−2α)Φ0+ κΦ2

=
1
2

Jl+ i
[
k4Φ̄0− k3Φ0− k2

(
Φ1− Φ̄1

)]
,

(δ−2τ)Φ1− (∆+µ−2γ)Φ0+σΦ2

=
1
2

Jm+ i
[
k4
(
Φ1+Φ̄1

)
+ k2Φ̄2+ k1Φ0

]
,

(D−ρ+2ε)Φ2− (δ̄+2π)Φ1+λΦ0

=
1
2

Jm̄− i
[
k3
(
Φ1+Φ̄1

)
+ k2Φ2+ k1Φ̄0

]
,

(δ−τ+2β)Φ2− (∆+2µ)Φ1+ νΦ0

=
1
2

Jn+ i
[
k4Φ2− k3Φ̄2+ k1

(
Φ1− Φ̄1

)]
. (11)

Jl = lµ jµ Jn = nµ jµwhere  ,  , etc.
kµ

kt , 0 kt = k1lt + k2nt , 0
k1 k2 k3 = k4 = 0

Given that we assume that the CPTV coefficient   is
spherically  symmetric,  a  simple  example  is  to  consider
only  . Given that  , this implies that
 and   cannot be zero, while  . By substitut-

ing the spin coefficients from Eq. (9) and the differential
operators from Eq. (8), Eq. (11) simplifies to 
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Å
∂

∂r
+

2
r

ã
Φ1+

1√
2r
ð̄Φ0 =

1
2

Jl− ik2
(
Φ1− Φ̄1

)
,

− 1√
2r
ð̄Φ1+

1
2

ïÅ
1− 2M

r

ã
∂

∂r
+

1
r

ò
Φ0

=
1
2

Jm+ ik2Φ̄2+ ik1Φ0,

(
∂

∂r
+

1
r

)Φ2+
1√
2r
ð̄Φ1 =

1
2

Jm̄− ik2Φ2− ik1Φ̄0,

− 1√
2r
ðΦ2+

1
2

Å
1− 2M

r

ãÅ
∂

∂r
+

2
r

ã
Φ1

=
1
2

Jn+ ik1
(
Φ1− Φ̄1

)
, (12)

ð ð̄where the differential operators   and   are defined as 

ðη ≡ −(sinθ)s
ï
∂

∂θ
+

i
sinθ

∂

∂φ

ò
(sinθ)−sη, (13)

 

ð̄η ≡ −(sinθ)−s
ï
∂

∂θ
− i

sinθ
∂

∂φ

ò
(sinθ)sη. (14)

ð ð̄

sYlm s = 1,0,−1
Φ0,Φ1,Φ2 s = 0

0Ylm = Ylm

s, l,m |m| ≤ l |s| ≤ l

The  eigenfunctions  of    and    are  the  spin-weighted
spherical harmonics  . Here,   correspond to
the  spin  weights  of  ,  respectively.  For  ,

  are  the  standard  spherical  harmonics,  and  the
indices   satisfy   and  . For further details
on the definition and properties of spin-weighted spheric-
al harmonics, see Appendix A or Ref. [37]. 

III.  SOLUTIONS FOR A GIVEN SOURCE

To solve Eq.  (12),  we adopt the Teukolsky approach
[38].  The  key  is  to  leverage  the  commutation  relations
[30]  between  differential  operators  (Eq.  (8))  and  spin
coefficients (Eq.  (9))  to  decouple the four  coupled Max-
well equations. Acting with a combination of the operat-
ors  on  Eq.  (12),  we  obtain  a  set  of  partially  decoupled
equations: 

(D−3ρ)(∆+µ−2γ)Φ0−δ(δ̄−2α)Φ0

=
1
2

J0− i
[
k2δ

(
Φ1− Φ̄1

)
+ (D−3ρ)k2Φ̄2+ (D−3ρ)k1Φ0

]
,

(15a)
 

(D−2ρ)(∆+2µ)Φ1− (δ+2β)δ̄Φ1

=
1
2

J1−i
[
(δ+2β)k2Φ2+(δ+2β)k1Φ̄0+ (D−2ρ)k1

(
Φ1−Φ̄1

)]
,

(15b)
 

(∆+3µ)(D−ρ)Φ2− δ̄(δ+2β)Φ2

=
1
2

J2− i
[
k2(∆+3µ)Φ2+ k1(∆+3µ)Φ̄0+ δ̄k1

(
Φ1− Φ̄1

)]
.

(15c)

Here,  
J0 := δJl− (D−3ρ)Jm,

J1 := (δ+2β)Jm̄− (D−2ρ)Jn,

J2 := (∆+3µ)Jm̄− δ̄Jn.

(16)

∑
lm ≡

∑∞
l=1

∑l
m=−l,For  later  convenience,  we  define    and

given  that  spherical  symmetry  is  preserved  in  at  least  a
special  preferred  reference  frame,  we  expand  the  three
complex  scalars  using  spin-weighted spherical   harmon-
ics:  

Φ0 =
∑

lm

R0|lm(r) 1Ylm(θ,φ),

Φ1 =
∑

lm

R1|lm(r) 0Ylm(θ,φ)+R1|00(r) 0Y00(θ,φ),

Φ2 =
∑

lm

R2|lm(r) −1Ylm(θ,φ).

(17)

|kAF | ≤ 10−44

Inspection  of  Eq.  (15)  reveals  that  in  the  absence  of
CPTV  coefficients,  the  three  equations  are  decoupled.
Given that the CPTV coefficients are experimentally con-
strained  to  be  extremely  small,  say  GeV,
[39–40], we may treat the CPTV terms on the right-hand
side of Eq. (15) as perturbations.

k1 k2
Thus, the radial functions can be expanded in powers

of CPTV coefficients   and   as 

Ra|lm(r) = R(0)
a|lm+R(1)

a|lm+R(2)
a|lm+ · · · , a = 0,1,2, (18)

k1 k2 R(0)
a|lm

where the superscripts "(0)," "(1)," etc.,  indicate the cor-
responding order  of   and  .  For  example,  corres-
ponds to the zeroth-order function without LV correction.
The expansions of the NP scalars are thus given by  

Φ0 = Φ
(0)
0 +Φ

(1)
0 + · · · =

∑
lm

(
R(0)

0|lm+R(1)
0|lm+ · · ·

)
1Ylm,

Φ1 = Φ
(0)
1 +Φ

(1)
1 + · · · =

∑
lm

′ (R(0)
1|lm+R(1)

1|lm+ · · ·
)

0Ylm,

Φ2 = Φ
(0)
2 +Φ

(1)
2 + · · · =

∑
lm

(
R(0)

2|lm+R(1)
2|lm+ · · ·

)
−1Ylm.

(19)

Keeping only the linear-order terms in the CPTV coeffi-
cients, Eq. (15) can be separated into two sets: the zeroth-
order LI equations, 

(D−3ρ)(∆+µ−2γ)Φ(0)
0 −δ(δ̄−2α)Φ(0)

0 =
1
2

J0,

(D−2ρ)(∆+2µ)Φ(0)
1 − (δ+2β)δ̄Φ(0)

1 =
1
2

J1,

(∆+3µ)(D−ρ)Φ(0)
2 − δ̄(δ+2β)Φ(0)

2 =
1
2

J2,

(20)

and the first-order equations with linear CPTV corrections, 
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(D−3ρ)(∆+µ−2γ)Φ(1)
0 −δ(δ−2α)Φ(1)

0 = −i
î
k2δ
Ä
Φ

(0)
1 −Φ

(0)
1

ä
+ (D−3ρ)k2Φ

(0)
2 + (D−3ρ)k1Φ

(0)
0

ó
,

(D−2ρ)(∆+2µ)Φ(1)
1 − (δ+2β)δΦ(1)

1 = −i
î
(δ+2β)k2Φ

(0)
2 + (δ+2β)k1Φ

(0)
0 + (D−2ρ)k1

Ä
Φ

(0)
1 −Φ

(0)
1

äó
,

(∆+3µ)(D−ρ)Φ(1)
2 −δ(δ+2β)Φ(1)

2 = −i
î
k2(∆+3µ)Φ(0)

2 + k1(∆+3µ)Φ
(0)
0 +δk

1
Ä
Φ

(0)
1 −Φ

(0)
1

äó
. (21)

The  zeroth-order  equations  indicate  that  the  external
charge and current act as sources for the zeroth-order NP
complex  scalars,  which  are  linear  combinations  of  the
components of the Faraday tensor. Similarly, the first-or-
der  equations  show  that  the  zeroth-order  Faraday  fields
act as sources for the first-order CPTV corrections to the
Faraday tensor.

We  begin  by  solving  the  zeroth-order  decoupled
equations given in Eq. (20). By leveraging the orthogon-
ality relations of  spin-weighted spherical  harmonics (Eq.
(51)) and substituting Eqs. (8), (9) and (17) into Eq. (20),
we obtain the following radial equations: 

r(r−2M)R(0)
0|lm
′′+4(r−M)R(0)

0|lm
′

− (l−1)(l+2)R(0)
0|lm = −J0|lm,

r(r−2M)R(0)
1|lm
′′+4(r− 3

2
M)R(0)

1|lm
′

− (l−1)(l+2)R(0)
1|lm = −J1|lm,

r(r−2M)R(0)
2|lm
′′+4(r−2M)R(0)

2|lm
′

−
ï
(l−1)(l+2)− 4M

r

ò
R(0)

2|lm = −J2|lm. (22)

R(r)′′ R(r)′Here,    and    denote  the  second-  and  first-order
derivatives  with  respect  to  r,  respectively.  The  source
terms are given by  

J0|lm =

∫
J0(r, θ,φ) 1Y lm(θ,φ)r2dΩ,

J1|lm =

∫
J1(r, θ,φ) 0Y lm(θ,φ)r2dΩ,

J2|lm =

∫
J2(r, θ,φ) −1Y lm(θ,φ)r2dΩ.

(23)

x ≡ r/(2M)
In the  absence  of  source  terms  in  Eq.  (22),  by   introdu-
cing  the  variable  transformation  , the   homo-
geneous  equations  can  be  rewritten  in  the  standard  form
of hypergeometric equations: 

x(x−1)R(0)
0|lm
′′+ (4x−2)R(0)

0|lm
′− (l−1)(l+2)R(0)

0|lm = 0,

(24a)
 

x(x−1)R(0)
1|lm
′′+ (4x−3)R(0)

1|lm
′− (l−1)(l+2)R(0)

1|lm = 0,

(24b)
 

x(x−1)R(0)
2|lm
′′+ (4x−4)R(0)

2|lm
′−
ï
(l−1)(l+2)− 2

x

ò
R(0)

2|lm = 0.

(24c)

The general  solutions  of  the  hypergeometric   equa-
tions are 

R(0)
0|lm = a(0)

lm R(I)
0|l +b(0)

lm R(II)
0|l ,

R(0)
1|lm = c(0)

lm R(I)
1|l +d(0)

lm R(II)
1|l ,

R(0)
2|lm = e(0)

lm R(I)
2|l + f (0)

lm R(II)
2|l . (25)

l , 0 Ra|lm
(a = 0,1,2)
For  ,  the  linearly  independent  solutions  for 

 are 

R(I)
0|l = F(1− l, l+2,2; x),

R(II)
0|l = (−x)−l−2F

(
l+1, l+2,2l+2; x−1

)
, (26)

 

R(I)
1|l = F(1− l, l+2,3; x),

R(II)
1|l = (−x)−l−2F

(
l, l+2,2l+2; x−1

)
, (27)

 

R(I)
2|l = x−1F(−l, l+1,2; x),

R(II)
2|l = (−x)−l−2F

(
l+1, l,2l+2; x−1

)
. (28)

l = 0 R0|l R2|l
s = ±1

l ≥ |s| Ra|0 a = 1
s = 0

R1|0

For  ,  given  that    and    correspond  to  spin-
weight    and  the  spin-weighted  functions  are  only
defined  for  ,    is  not  defined  except  for  ,
which corresponds  to  spin-weight  . The linearly   in-
dependent solutions of   are 

R(I)
1|0 = x−2 ln(x−1)+ x−1, R(II)

1|0 = x−2. (29)

To  fully  characterize  the  solutions,  we  examine  their
asymptotic behaviors at both spatial infinity and near the
event horizon.  The  asymptotic  expressions  of  the   solu-
tions in the far-field regime are 

R(I)
a|l ∼ x−1+l, R(II)

a|l ∼ x−2−l, a = 0,1,2. (30)

R(I)
a|l l > 0 R(II)

a|lGiven that   diverges for  , only   remains well-
behaved at spatial infinity, ensuring an appropriate phys-
ical  decay.  The  asymptotic  expressions  of  the  solutions
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near-horizon regime are 

R(I)
0|l,R

(I)
1|l ∼ const., R(I)

2|l ∼ (x−1); (31a)

 

R(II)
0|l ∼ (x−1)−1, R(II)

1|l , ln(x−1), R(II)
2|l ∼ constant. (31b)

R(I)
a|l

l = 0 R1|0
R(II)

1|0

x→∞ x→ 1

R(II)
a|l R(I)

a|l

Thus,  only   solutions are  regular  near  the  event  hori-
zon.  For  ,  only    exists,  and  among  its  solutions,
only    remains  well-behaved  in  both  the  far-field
( )  and  near-horizon  ( )  limits.  In  short,  to
have  physically  acceptable  solutions,  we  have  to  ensure
that  the  general  solutions  (Eq.  (25))  exhibit  proper  and
reasonable asymptotic behaviors both at infinity and near
the horizon, namely   and   are chosen, respectively.

r1 ≤ r ≤ r2

2M < r1 < r2 <∞ r1

r1 = 10rS = 20M r2

r2 <<∞

Next,  we consider  the  non-homogeneous case  of  Eq.
(22) in the presence of source terms. We assume that the
source  is  localized  within  the  finite  region  ,
where  .  In  this  range,  we  may  let    be
sufficiently  larger  than  the  Schwarzschild  radius  of  the
compact object, say,  , and   far from in-
finity, i.e.,  . This ensures that essential non-linear
or curvature effects  do not  become dominant.  More pre-
cisely,  given  that  our  analysis  is  primarily  based  on  the
test particle assumption, any back-reaction of electromag-
netic  perturbations  on  the  background  spacetime  metric,
as  well  as  potential  instability  issues,  are  beyond  the
scope of this work. While these topics are indeed interest-
ing  and  important,  they  are  significantly  more  complex
than  the  current  study  and  are  worth  exploring  in  future
research.

{R(I)
a|l,R

(II)
a|l }

a = 0,1,2

Based on the previously analyzed asymptotic behavi-
ors,  we  use  the  fundamental  solution  set    for

  to  construct  the  general  solution  of  Eq.  (22).
The  radial  solutions  in  different  regions  are  provided
next.

l , 0For  , the  solution  takes  different  forms   depend-
ing on the radial range:
 

2M < r < r1• In the region  , where the solution is near
the source but outside the event horizon, the general form
is 

Ra|lm = ulmR(I)
a|l, a = 0,1,2, (32)

ulm alm,clm,elmwhere  the  coefficients    correspond  to  ,  re-
spectively.
 

r > r2•  In  the  region  , far  from  the  source,  the   solu-
tion takes the form 

Ra|lm = vlmR(II)
a|l , a = 0,1,2, (33)

vlm blm,dlm, flmwhere  the  coefficients    correspond  to  ,  re-
spectively.

This piecewise formulation ensures that the solutions
satisfy the  appropriate  boundary  conditions  at  both   spa-
tial  infinity  and  the  event  horizon  while  maintaining
mathematical consistency  across  the  defined  radial   do-
mains.

l = 0There exists a special case for  ,  where the radial
function takes the form 

R1|00 = Ea R(I)
1|0, for 2M < r < r1, (34)

and 

R1|00 = Eb R(II)
1|0 , for r > r2. (35)

Ea Eb

ulm vlm

Here,   and   are constants that, along with the previ-
ously introduced coefficients   and  , will be determ-
ined using the method outlined below.

For  the  case  of  given  sources  in  Eq.  (22),  we  apply
the  method  of  variation  of  constants  [41] (see  also  Ap-
pendix C). The corresponding particular solutions are ob-
tained as follows: 

R(0)
a|lm(x) = R(I)

a|l(x)
∫

Ja|lm(ξ)R(II)
a|l (ξ)

ξ(ξ−1)W
(
R(I)

a|l,R
(II)
a|l , ξ

)dξ
−R(II)

a|l (x)
∫

Ja|lm(ξ)R(I)
a|lm(ξ)

ξ(ξ−1)W
(
R(I)

a|lm,R
(II)
a|lm, ξ

)dξ, (36)

a = 0,1,2 W
(
R(I)

a|l,R
(II)
a|l , ξ

)
R(I)

a|l R(II)
a|l

where  .  The  function    represents
the Wronskian determinant of the two fundamental solu-
tions   and   evaluated at ξ.  By comparing Eq. (36)
with Eq.  (25),  we  obtain  the  following  integral   expres-
sions for the expansion coefficients: 

a(0)
lm =

∫ x2+ε

x1−ε

J0|lm(x)R(II)
0|l (x)

x(x−1)W
(
R(I)

0|l,R
(II)
0|l , x

)dx,

b(0)
lm = −

∫ x2+ε

x1−ε

J0|lm(x)R(I)
0|l(x)

x(x−1)W
(
R(I)

0|l,R
(II)
0|l , x

)dx, (37a)

 

c(0)
lm =

∫ x2+ε

x1−ε

J1|lm(x)R(II)
1|l (x)

x(x−1)W
(
R(I)

1|l,R
(II)
1|l , x

)dx,

d(0)
lm = −

∫ x2+ε

x1−ε

J1|lm(x)R(I)
1|l(x)

x(x−1)W
(
R(I)

1|l,R
(II)
1|l , x

)dx, (37b)

 

e(0)
lm =

∫ x2+ε

x1−ε

J2|lm(x)R(II)
2|l (x)

x(x−1)W
(
R(I)

2|l,R
(II)
2|l , x

)dx,
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f (0)
lm = −

∫ x2+ε

x1−ε

J2|lm(x)R(I)
2|l(x)

x(x−1)W
(
R(I)

2|l,R
(II)
2|l , x

)dx, (37c)

xa ≡ ra/(2M) a = 1,2
where  ε  is  an  infinitesimal  positive  constant  and

  ,  with    ,  specify  the  external  source
region in radial direction. After performing explicit calcu-
lations, we find that the Wronskians are approximated as
follows: 

W
(
R(I)

0|l,R
(II)
0|l , x

)
≈ (2l+1)!

l!(l+1)!
x−2(x−1)−2, (38a)

 

W
(
R(I)

1|l,R
(II)
1|l , x

)
≈ 2(2l+1)!

[(l+1)!]2
x−3(x−1)−1, (38b)

 

W
(
R(I)

2|l,R
(II)
2|l , x

)
≈ − (2l+1)!

l!(l+1)!
x−4. (38c)

The  detailed  derivation  of  these  expressions  is  provided
in Appendix B. By substituting Eq. (38) into Eq. (37), we
obtain the final expressions: 

a(0)
lm =

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε
x(x−1) J0|lmR(II)

0|l (x)dx, (39a)

 

b(0)
lm = −

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε
x(x−1) J0|lmR(I)

0|l(x)dx, (39b)

 

c(0)
lm =

[(l+1)!]2

2(2l+1)!

∫ x2+ε

x1−ε
x2 J1|lmR(II)

1|l (x)dx, (39c)

 

d(0)
lm = −

[(l+1)!]2

2(2l+1)!

∫ x2+ε

x1−ε
x2 J1|lmR(I)

1|l(x)dx, (39d)

 

e(0)
lm = −

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε

x3

(x−1)
J2|lmR(II)

2|l (x)dx. (39e)

 

f (0)
lm =

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε

x3

(x−1)
J2|lmR(I)

2|l(x)dx. (39f)

Ea Eb

Ea = 0 Eb =
√
πe

Φ0
1 Φ1

For  coefficients    and  ,  we  refer  to  Eq.  (12),  from
which we obtain   and  , where e is the ele-
mentary charge  obtained  from integrating  the  charge  as-
pect   of the Coulomb mode  . Next, we consider the

first-order  correction,  i.e.,  Eq.  (21).  By  substituting  the
right-hand side of Eq. (19) into Eq. (21) and utilizing the
properties  of  spin-weighted  spherical  harmonics  (Eq.
(51)), we obtain  ∑

lm

[(D−3ρ)(∆+µ−2γ)−δ(δ̄−2α)] R(1)
0|lm 1Ylm

= − i
∑

lm

ï
− 1√

2r
[l(l+1)]1/2k2

(
R(0)

1|lm 1Ylm− R̄(0)
1|lm(−1)m

1Yl(−m)
)

+(D−3ρ)k2 R̄(0)
2|lm(−1)−1+m

1Yl(−m)+ (D−3ρ)k1 R(0)
0|lm 1Ylm

]
(40)

  ∑
lm

[(D−2ρ)(∆+2µ)− (δ+2β)δ̄] R(1)
1|lm Y0|lm

=− i
∑

lm

1√
2r

[(l+1)l]1/2
(
k2R(0)

2|lm0Ylm+k1 R̄(0)
0|lm(−1)1+m

0Yl(−m)
)

+ (D−2ρ)k1
(
R(0)

1|lm 0Ylm− (−1)m R̄(0)
1|lm 0Yl(−m)

)
(41)

  ∑
lm

[(∆+3µ)(D−ρ)− δ̄(δ+2β)] R(1)
2|lm −1Ylm

=− i
∑

lm

(∆+3µ)k2R(0)
2|lm−1Ylm+ (∆+3µ)k1 R̄(0)

0|lm(−1)1+m
−1Yl(−m)

+
1√
2r

[l(l+1)]1/2k1
(
R(0)

1|lm −1Ylm− (−1)m R̄(0)
1|lm −1Yl(−m)

)
.

(42)

Using the orthogonality of spin-weighted harmonics (Eq.
(52)),  we  obtain  the  following  equations  for  the  radial
components: 

[(D−3ρ)(∆+µ−2γ)−δ(δ̄−2α)] R(1)
0|lm = JLV

0|lm, (43a)

 

[(D−2ρ)(∆+2µ)− (δ+2β)δ̄] R(1)
1|lm = JLV

1|lm, (43b)

 

[(∆+3µ)(D−ρ)− δ̄(δ+2β)] R(1)
2|lm = JLV

2|lm, (43c)

JLV
a|lm

a = 0,1,2
where  we  define  a  set  of  effective  source  terms 
( ) induced by LV as follows:

 

i JLV
0|lm ≡

ï
− 1√

2r
k2[l(l+1)]1/2

(
R(0)

1|lm− R̄(0)
1|l(−m)(−1)0−m

)
+ (D−3ρ)k2 R̄(0)

2|l(−m)(−1)−1−m+ (D−3ρ)k1 R(0)
0|lm

ò
, (44a)
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i JLV
1|lm ≡

ï
− 1√

2r
[(l+1)l]1/2k2 R(0)

2|lm−
1√
2r

[(l+1)l]1/2k1 R̄(0)
0|l(−m)(−1)1−m+ (D−2ρ)k1

(
R(0)

1|lm− (−1)m R̄(0)
1|l(−m)

)ò
, (44b)

 

i JLV
2|lm ≡

ï
(∆+3µ)k2 R(0)

2|lm+ (∆+3µ)k1 R̄(0)
0|l(−m)(−1)1−m+

1√
2r

[l(l+1)]1/2k1
(
R(0)

1|lm− R̄(0)
1|l(−m)(−1)0−m

)ò
. (44c)

R(II)
a|l

x−1 x→∞ x−1→ 0
R(II)

a|l → (−x)−2−l a = 0,1,2

From Eqs. (26)-(28), we observe that   are functions of
.  As  ,  we  have  ,  implying  that

  for  . Consequently,  we   approx-
imate 

R(0)
0|lm ≈ b(0)

lm (−x)−2−l, R(0)
1|lm ≈ d(0)

lm (−x)−2−l, R(0)
2|lm ≈ f (0)

lm (−x)−2−l.

(45)

r = 2Mx

R(0)
a|lm

R̄(0)
a|lm a = 0,1,2

By substituting these approximations and the spin coeffi-
cients  into  Eq.  (44)  and  setting  ,  we  derive  the
governing radial equations (Eq. (43)) up to the lowest or-
der  approximations  of    and  their  complex  conjugate

, where  .
Similar to the zeroth-order case,  we express the gen-

eral solution as 

R(1)
0|lm = a(1)

lm R(I)
0|l +b(1)

lm R(II)
0|l ,

R(1)
1|lm = c(1)

lm R(I)
1|l +d(1)

lm R(II)
1|l ,

R(1)
2|lm = e(1)

lm R(I)
2|l + f (1)

lm R(II)
2|l . (46)

JLV
a|lm a = 0,1,2For the given LV sources   ( ),  following the

procedure used in Eq. (36), we obtain the particular solu-
tion: 

R(1)
a|lm(x) = R(I)

a|l(x)
∫

JLV
a|lm(ξ)R(II)

a|l (ξ)

ξ(ξ−1)W
(
R(I)

a|l,R
(II)
a|l , ξ

)dξ
−R(II)

a|l (x)
∫

JLV
a|lm(ξ)R(I)

a|l(ξ)

ξ(ξ−1)W
(
R(I)

a|l,R
(II)
a|l , ξ

)dξ. (47)

Comparing Eq. (47) with Eq. (46), we determine the fol-
lowing coefficients: 

a(1)
lm =

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε
x(x−1) JLV

0|lm(x) R(II)
0|l (x)dx, (48a)

 

b(1)
lm = −

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε
x(x−1) JLV

0|lm(x) R(I)
0|l(x)dx, (48b)

 

c(1)
lm =

[(l+1)!]2

2(2l+1)!

∫ x2+ε

x1−ε
x2 JLV

1|lm(x) R(II)
1|l (x)dx, (48c)

 

d(1)
lm = −

[(l+1)!]2

2(2l+1)!

∫ x2+ε

x1−ε
x2 JLV

1|lm(x) R(I)
1|l(x)dx, (48d)

 

e(1)
lm = −

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε

x3

(x−1)
JLV

2|lm(x)R(II)
2|l (x)dx, (48e)

 

f (1)
lm =

l!(l+1)!
(2l+1)!

∫ x2+ε

x1−ε

x3

(x−1)
JLV

2|lm(x)R(I)
2|l(x)dx. (48f)

JLV
a|lm,a = 0,1,2

x→∞
b(1)

lm f (1)
lm

−1 +1

∓1
JLV

0|lm JLV
2|lm

It can be seen that  if  the CPTV term is  treated as  an ef-
fective  source  term,  the  LV  effect  may  be  characterized
by  the  effective  currents  .  In  the  case  of
point charges or other sources (see Ref. [31]), as  ,
the two quantities   and  , corresponding to the spin-
weight    and    modes,  respectively,  exhibit  nearly
identical  asymptotic  behavior.  The  primary  difference
between these spin-weight   modes arises from the LV-
induced effective currents   and  , which is consist-
ent with expectations.

r≫ 2M

R(0)
a|l (x)

sYlm

JLV
a|lm,a = 0,1,2

R(1)
a|lm x−l−2

x = r/2M

(l = 0),R(1)
a|lm ∝ x−2

∣∣∣R(1)
a|lm

∣∣∣2
∼ r−4

R(1)
a|lm ∝ ka ·R(0)

a|lm a = 1,2

The analytical  solutions  obtained  in  this  section   re-
veal  that  CPT-odd  corrections  induce  significant  mixing
between  different  spin-weight modes  of  the   electromag-
netic field in the far-field regime ( ),  even though
the electromagnetic  field  produced by static  currents  de-
cays  rapidly  in  this  region.  In  the  classical  LI  case,  the
zeroth-order solutions  exhibit  radial  dependencies   gov-
erned  by  the  expansion  of  hypergeometric  functions

, while  the  angular  components  are  precisely   de-
scribed  by  spin-weighted  spherical  harmonics  .  The
degeneracy  in  the  behavior  of  different  spin-weight
modes is  a  direct  consequence  of  the  underlying   space-
time  symmetry.  However,  the  introduction  of  the  LV
term  breaks  this  symmetry,  manifesting  as  perturbations
to  the  original  solutions  through  the  equivalent  source
terms  .  Specifically,  the  radial  behavior

  still  follows  the  power-law  decay    (where
),  reflecting  the  suppression  of  electromagnetic

multipole  radiation.  Notably,  in  the  lowest-order  case
,  leading  to  , which   con-

firms  the  absence  of  net  energy-momentum  flux  in  the
far-field  region  for  electromagnetic  fields  generated  by
external static currents [42]. Furthermore, the linear rela-
tion   (for  ) in the far-field solutions
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indicates  that  LV  effects  could  be  extremely  small,  yet
their  cumulative  impact  might  become  significant  in
high-energy  astrophysical  environments,  such  as  active
galactic nucleus (AGN) jets.

±

l ≥ 1

kAF

Φ1

kr

kr ∝ O(1/r)

Moreover, it is interesting to note that in time-depend-
ent  scenarios  where radiation is  present,  the two helicity
 modes correspond to different polarization states, mak-

ing helicity-dependent effects particularly pronounced for
higher multipole moments ( ).  This  suggests  that  LV
effects  may be more significant  in  radiation from higher
multipole moments and could be constrained through cu-
mulative  effects  in  long-baseline  photon  propagation,
such as polarization angle evolution in gamma-ray bursts
(GRBs).  Furthermore,  the  study of  far-field  behaviors  in
radiative cases reveals distinct deviations from LI electro-
dynamics [25]. For instance, logarithmic correction terms
may arise owing to the absence of an additional  derivat-
ive  in  the  CPT-odd    term compared  to  the  LI  Max-
well theory [25, 43]. Additionally, a form of energy flux
cancellation  between  lower  and  higher  frequency  modes
may  occur  to  ensure  the  absence  of  net  radiation  for  a
charged  particle  moving  at  constant  velocity  [44].  For
time-dependent  situations,  a  nonzero  net  energy  flux  is
expected,  just  as  for  conventional  electrodynamics.  A
nontrivial  example  is  provided  by  dipole  radiation  [45],
though  its  polarization  structure  is  non-perturbative  in
terms of the CPTV coefficients. In fact, a closer examina-
tion of Eqs. (12) reveals that the presence of the imagin-
ary part of   in the first equation obstructs the separabil-
ity  of  time  and  radial  variables, u  and  r  (for further   de-
tails,  see  Eqs.  (54c)  in  Ref.  [25]).  This  issue  may  stem
from the strong assumption of a constant radial compon-
ent  .  A  more  physically  plausible  assumption   —
namely   — could  resolve  this  difficulty.  Un-
der  such  a  decay,  the  standard  separability  of u  and r  is
recovered at sufficiently large radii, such as at null infin-
ity.  Then,  the  compatibility  of  asymptotic  flatness  with
test particle assumption is ensured.

kAF
|kAF| ≤ 10−44

However, note that current constraints on dimension-
3 CPTV coefficient   are extremely stringent and have
already  reached    GeV.  For  a  more  detailed
summary of the constraints, please see tables S3 and D16
in  Ref.  [46].  It  is  also  important  to  distinguish  between
Lorentz  violating  constraints  in  curved  spacetime  from
those  in  flat  (or  conformal  flat)  spacetime.  The  former
may  be  subject  to  screen  effect  due  to  the  minuscule
nature of gravitational couplings [47]. While the existing
constraints are so tight that further improvements through
astrophysical observations may be impractical, this study
still provides semi-analytical solutions to the CPTV Max-
well  field  equations  in  curved  spacetime,  which  may  be
valuable from a theoretical standpoint. 

IV.  SUMMARY

(kAF)µ

Φ0,Φ1,Φ2

(kAF)µ

(l,m)

(
R(1)

a|lm ∼ x−l−1
)

x = r/2M

In  this  paper,  we  investigate  analytical  solutions  of
the CPT-odd Maxwell equations in Schwarzschild space-
time using the NP formalism. By employing a perturbat-
ive  approach,  we  treat  the  LI  Maxwell  equations  as  the
zeroth-order  approximation  and  incorporate  the  CPTV
coefficients   as first-order corrections. The electro-
magnetic  field  tensor  is  decomposed  into  three  complex
NP  scalars  , whose  radial  dependence  is   gov-
erned  by  hypergeometric  functions,  while  the  angular
components  are  described  by  spin-weighted  spherical
harmonics.  Specifically,  the  zeroth-order solutions   pre-
serve the  spherical  symmetry  of  the  Schwarzschild  met-
ric, with multipole moments determined by hypergeomet-
ric radial  functions.  The  introduction  of  CPTV   coeffi-
cients    induces anisotropic corrections by coupling
different  angular  modes  ,  even  assuming  that  the
CPTV coefficients  are  spherical  symmetrically   distrib-
uted. In the radiation case, this may also alter the polariz-
ation structure. If the radial behavior of radiation follows
a similar scaling   with  , it may in-
dicate  the  suppression  of  higher  multipole  radiation  at
large distances.

R(1)
a|lm ∝ x−l−2

Although this is a very preliminary study on CPT-vi-
olating electrodynamics  in  curved  spacetime,  it   repres-
ents the first attempt within the NP formalism. The inter-
play  between  geometric  and  LV  effects  may  not  only
deepen our understanding of BH electrodynamics but also
open new avenues for exploring physics beyond classical
relativity.  From  a  theoretical  perspective,  the  results
presented here provide a foundation for further investiga-
tions into CPT-violating and LV effects in curved space-
time. Future research could explore more complex space-
time backgrounds, such as Kerr spacetime, where frame-
dragging and ergo-region dynamics may significantly in-
fluence  LV  effects.  Extending  this  analysis  to  rotating
black  holes  could  reveal  novel  phenomena,  such  as  LV-
modified superradiance or potential imprints on BH shad-
ow substructures  observable  by the  Event  Horizon Tele-
scope. Moreover, the framework developed here is inher-
ently adaptable to arbitrary orders of electric and magnet-
ic  multipole  expansions.  By  extending  the  relation

 to higher  l,  one could systematically analyze
LV  corrections  to  higher  multipole  moments,  probing
finer details  of  electromagnetic  fields  near  compact   ob-
jects. 
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APPENDIX
 

A.    Spin-weighted spherical harmonics
The  spin-weighted  spherical  harmonics  could  be

defined in terms of the usual spherical harmonics as
 

sYlm =



 
(l− s)!
(l+ s)!

ðsYlm, 0 ≤ s ≤ l 
(l+ s)!
(l− s)!

(−1)sð̄−sYlm, −l ≤ s ≤ 0

0, l < |s|.

(A1)

It could also be represented as
 

sYlm(θ,ϕ) =(−1)l+m−s

 
(l+m)!(l−m)!(2l+1)

4π(l+ s)!(l− s)!
sin2l
Å
θ

2

ã
eimϕ×

×
l−s∑
r=0

(−1)r

Ç
l− s

r

åÇ
l+ s

r+ s−m

å
cot2r+s−m

Å
θ

2

ã
.

(A2)

From  the  definition  above,  the  spin-weighted  spherical
harmonics have some useful properties:
 

sȲlm = (−1)m+s
−sYl(−m),

1Ylm = −1Ylm+2m[l(l+1)]−1/2(sinθ)−1Ylm,

∂

∂φ
sYlm = imsYlm

ð sYlm = [(l− s)(l+ s+1)]1/2
s+1Ylm,

ð̄ sYlm = −[(l+ s)(l− s+1)]1/2
s−1Ylm,

ð̄ð sYlm = −(l− s)(l+ s+1)sYlm,

ðð̄ sYlm = −(l+ s)(l− s+1)sYlm, , (A3)

The  spin-weighted spherical  harmonics  obey  the   ortho-
gonality condition
  ∫ 2π

0

∫ π

0
sȲlm(θ,φ)sYl′m′ (θ,φ)dΩ = δll′δmm′ , (A4)

dΩ = cosθdθdϕwhere  .
 

B.    Wronskian

f1, . . . , fn

n−1

The  Wronskian  is  a  determinant  constructed  from  n
differentiable  functions    along  with  their  first

 derivatives. Its explicit form is given by
 

W ( f1, . . . , fn) (x)

= det


f1(x) f2(x) · · · fn(x)

f ′1(x) f ′2(x) · · · f ′n(x)
...

...
. . .

...

f (n−1)
1 (x) f (n−1)

2 (x) · · · f (n−1)
n (x)

 , (B1)

f (n−1)
n (n−1)th fnwhere   is the   derivative of  . For a general

homogeneous differential equation
 

f (n)+a1(x) f (n−1)+ · · ·+an(x) f = 0, (B2)

there  exists  a  useful  relation  known  as  Abel's  identity,
which  expresses  the  Wronskian  of  a  set  of  solutions  in
terms of a known Wronskian at a reference point and the
coefficients of the original differential equation:
 

W ( f1, . . . , fn) (x) =W ( f1, . . . , fn) (x0)exp
Å
−
∫ x

x0

an−1(ξ)dξ
ã
.

(B3)

Φ0,Φ1,Φ2 Φ0

This  identity  is  particularly  useful  in  computing  the
Wronskian of  . For  , using Eq. (24a), we ob-
tain
 

W
(
R(I)

0|l,R
(II)
0|l , x

)
=W

(
R(I)

0|l,R
(II)
0|l , x0

)
exp
ï
−
∫ x

x0

4ξ−2
ξ(ξ−1)

dξ
ò

=W
(
R(I)

0|l,R
(II)
0|l , x0

) x2
0 (x0−1)2

x2(x−1)2
.

(B4)

x0→∞ R(I)
0|l R(II)

0|lBy taking the limit   and substituting   and 
from Eq. (26), we obtain
 

W
(
R(I)

0|l,R
(II)
0|l , x0

)
≈ (2l+1)!

l!(l+1)!
x−4

0 ,

W
(
R(I)

0|l,R
(II)
0|l , x

)
≈ (2l+1)!

l!(l+1)!
1

x2(x−1)2
. (B5)

Φ1For  , using Eq. (24b), we obtain
 

W
(
R(I)

1|l,R
(II)
1|l , x

)
=W

(
R(I)

1|l,R
(II)
1|l , x0

)
exp
ï
−
∫ x

x0

4ξ−2
ξ(ξ−1)

dξ
ò

=W
(
R(I)

1|l,R
(II)
1|l , x0

) x3
0 (x0−1)
x3(x−1)

.

(B6)

x0→∞ R(I)
1|l R(II)

1|lBy taking the limit   and substituting   and 
from Eq. (27), we obtain
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W
(
R(I)

1|l,R
(II)
1|l , x0

)
≈ 2(2l+1)!

[(l+1)!]2
x−4

0 ,

W
(
R(I)

1|l,R
(II)
1|l , x

)
≈ 2(2l+1)!

[(l+1)!]2

1
x3(x−1)

. (B7)

Φ2For  , using Eq. (24c), we obtain 

W
(
R(I)

2|l,R
(II)
2|l , x

)
=W

(
R(I)

2|l,R
(II)
2|l , x0

)
exp
ï
−
∫ x

x0

4ξ−4
ξ(ξ−1)

dξ
ò

=W
(
R(I)

2|l,R
(II)
2|l , x0

) x4
0

x4
.

(B8)

x0→∞ R(I)
2|l R(II)

2|lTaking  the  limit  ,  and  substituting    and 
from Equation (28), we obtain 

W
(
R(I)

2|l,R
(II)
2|l , x0

)
≈ − (2l+1)!

l!(l+1)!
x−4

0 ,

W
(
R(I)

2|l,R
(II)
2|l , x

)
≈ − (2l+1)!

l!(l+1)!
1
x4
. (B9)

 

C.    Solution of non-homogeneous equation
In this subsection, we introduce an approach [41] for

solving  non-homogeneous differential  equations.   Con-
sider  a  general  non-homogeneous  ordinary  differential
equation of the form 

L(y) = y(n)+a1(x)y(n−1)+ · · ·+an(x)y = b(x), (C1)

L(y)where    represents  a  linear  differential  operator.  The
general solution of Eq. (62) can be written as 

y = yp+ c1y1+ · · ·+ cnyn, (C2)

yp

b(x) = 0
c1y1+ · · ·+ cnyn

c1, · · · ,cn

where    is  a  particular  solution  of  Eq.  (62).  When
,  the  equation  reduces  to  a  homogeneous  form,

whose general solution is given by  , where
 are constants.

ypTo construct  a  particular  solution   with  a  structure
similar to  the  homogeneous  solution,  we assume the  an-
satz 

yp = u1y1+ · · ·+unyn, (C3)

u1, · · · ,unwhere   are functions rather than constants. These
functions satisfy the following system of equations: 

u′1y1+ · · ·+u′nyn = 0,

u′1y′1+ · · ·+u′ny′n = 0,

u′1y(n−2)
1 + · · ·+u′ny(n−2)

n = 0,

u′1y(n−1)
1 + · · ·+u′ny(n−1)

n = b(x). (C4)

This  system  of  equations  can  be  solved  using  Cramer's
rule, yielding 

uk(x) =
∫ x

x0

Wk(t)
W(y1, · · · ,yn)(t)

dt, (k = 1, · · · ,n), (C5)

W(y1, · · · ,yn)(t)

yp(x)

where    denotes the  Wronskian   determin-
ant of  the  fundamental  solutions.  Consequently,  the  par-
ticular solution   can be expressed as 

yp(x) =
n∑

k=1

yk(x)
∫ x

x0

Wk(t)b(t)
W (y1, · · · ,yn) (t)

dt. (C6)
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