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Abstract: Recent observations have identified a significant 4.9 tension between the cosmic dipole inferred from
galaxy number counts and that derived from the Cosmic Microwave Background (CMB), suggesting a potential de-

viation from the cosmological principle. This work investigates whether superhorizon isocurvature perturbations in
cold dark matter (CDM) can account for this discrepancy. We demonstrate that, unlike adiabatic modes, which can-

cel at leading order, superhorizon isocurvature modes can generate an intrinsic CMB dipole without significantly af-

fecting galaxy number counts, thereby explaining the observed mismatch. We explore both single-mode and continu-

ous-spectrum cases, focusing on two concrete models: a nearly scale-invariant power-law spectrum with a UV cutoff

and axion-induced isocurvature perturbations. For the axion scenario, we show that if the radial mode evolves dur-

ing inflation, the resulting perturbations can match the required amplitude while evading current CMB constraints.

Our analysis constrains the self-coupling of the axion potential to the range 10™° < 1 < 4x 107. These findings of-

fer a viable solution to the dipole tension and may serve as indirect evidence for axion dark matter.
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I. INTRODUCTION

The cosmological principle asserts that the universe is
homogeneous and isotropic on large scales; it is a funda-
mental assumption underpinning many key results in
modern cosmology. Ellis and Baldwin [1] note that the
cosmic rest frame (CRF) of galaxies and dark matter
should coincide with that of the Cosmic Microwave
Background (CMB) if the cosmological principle holds,
providing a powerful consistency test of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) models. If the ob-
served CMB dipole anisotropy is indeed kinematic due to
our local peculiar motion with respect to the CRF, then
there must be a corresponding kinematic dipole imprin-
ted in the galaxy number counts across the sky [1-5].

However, recent studies have found a significant dis-
crepancy between the cosmic dipole inferred from galaxy
number counts and that derived from the CMB, suggest-
ing that the two CRFs do not align [5—14]. Notably, dis-
tant radio galaxies and quasars exhibit a dipole amplitude
2-3 times larger than predicted by the kinematic inter-
pretation of the CMB dipole, with the highest reported
tension currently approximately 4.90 [13—18]. The ap-
parently large dipole in galaxy number counts raises

doubts about the validity of the cosmological principle or
suggests that systematic effects may have been underes-
timated [19—21].

It is conceivable that matter may exhibit a relative ve-
locity with respect to the CMB if a significant superhori-
zon cold dark matter (CDM) isocurvature perturbation
exists [22, 23]. Turner [24] proposed that such a primor-
dial isocurvature mode with a wavelength much larger
than the Hubble radius does not appear as a fluctuation,
but rather as a linear gradient across our observable uni-
verse. This gradient provides a mechanism for decoup-
ling the CMB rest frame from the matter rest frame.
Turner referred to this possibility as a "tilted universe," in
which galaxies appear to undergo a bulk motion relative
to the CMB rest frame. Subsequent studies have ex-
plored the effects of superhorizon fluctuations on the
CMB in detail [23, 25], establishing that only iso-
curvature modes can generate a leading-order CMB di-
pole. Furthermore, there are other theoretical frameworks
that may reconcile this tension, including local bulk flows
[26—28], anisotropic inflationary models [29—31], and the
dipole ACDM model [32], among others. In this work,
we focus on the "tilted universe" scenario.

To address the cosmic dipole problem by invoking a
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significant superhorizon isocurvature perturbation, a con-
crete model capable of generating such modes is required.
In [23], a single mode of isocurvature perturbation was
studied as a possible resolution of the cosmic dipole prob-
lem. In this paper, we instead consider a continuum spec-
trum. In particular, we study two models: one in which
the isocurvature power spectrum follows a nearly scale-
invariant power law,

Ps (k) = Al(k/kmax)nilg(kmax - k) s (1)

where 0 is the Heaviside step function. To remain con-
sistent with CMB isocurvature bounds, in the first model
we require the power spectrum to have a UV cutoff at a
sufficiently high wavenumber, k... In the second model,
the isocurvature perturbation is generated by axion dark
matter as proposed in [33]. Axions are hypothetical
particles arising from the spontaneous breaking of the
Peccei-Quinn (PQ) symmetry, a mechanism originally in-
troduced to resolve the strong CP problem in quantum
chromodynamics (QCD) [34, 35]. If the PQ symmetry is
spontaneously broken during inflation, axion dark matter
can generate isocurvature perturbations whose amplitude
is set by the Hubble scale, H/(nf,0,) [33, 36—47]. These
perturbations are distinct from and uncorrelated with
primordial curvature perturbations. Because no iso-
curvature mode has been detected in current CMB data,
stringent constraints are placed on both the axion dark
matter fraction and the amplitude of axion isocurvature
perturbations [48]. Consequently, if axion dark matter
generates large isocurvature perturbations on superhori-
zon scales during inflation, then they must decay to suffi-
ciently small levels by the recombination scale, kg [33].
In this paper, we provide a brief overview of galaxy
number counts, CMB temperature fluctuations, and the
cosmic dipole tension in Section II. In Section III, we ex-
amine these fluctuations in the presence of a single super-
horizon mode, considering both adiabatic and CDM iso-
curvature modes. In Section IV, we extend the analysis to
a continuous spectrum of fluctuations for a more realistic
scenario, where we evaluate two models: a power-law
spectrum and one based on the axion isocurvature model.

II. THE COSMIC DIPOLE PROBLEM: A REVIEW

Owing to our peculiar velocity, a dipole anisotropy is
observed in the Cosmic Microwave Background (CMB).
This CMB dipole has been measured to be [49]

DSMB = (1.23357 £0.00036) x 1073, 2)

from which our peculiar velocity is inferred to be

vi|=369.82+0.11 km/s . 3)

This velocity also induces a dipole in the galaxy number
counts, as discussed in [1]

DY () =[2+x(1+a)vini/c, 4)

where the parameter x characterizes the slope of the cu-
mulative number of sources above a flux threshold, fol-
lowing the relation N(> S) « §~*, and a is the spectral in-
dex of the galaxy sources, assuming a power-law lumin-
osity spectrum L(v) « v~. For the CatWISE quasar cata-
logue [13, 14], the measured average values are (x) ~ 1.7
and (@)=~ 1.26. Based on these parameters, if both the
CMB dipole and the galaxy number-count dipole are en-
tirely due to our peculiar velocity vy, the galaxy dipole
amplitude is expected to be roughly four times the CMB
dipole amplitude. However, the observed galaxy dipole is
about twice as large as this prediction, as reported in [13,
50]:

DY n)=(155+1.7)x1073 (5)

It points in a similar direction. This suggests a peculiar
velocity of

vl =797 £87 km/s. (6)

This value deviates by approximately 50~ from the velo-
city inferred from the CMB dipole measurement.

To account for this discrepancy, we consider the pos-
sibility that it arises from superhorizon perturbations.
Working in the conformal Newtonian gauge, we adopt
the perturbed Friedmann—Robertson—Walker (FRW) met-
ric:

ds? = (1) [-(1 + 29)de* + (1 -20)5,,dx‘dw’] . (7)

In both the CMB and galaxy number-count fluctuations,
the total density fluctuation can be decomposed into two
components: a kinematic part, arising from the observer’s
peculiar motion, and an intrinsic part, generated by the
perturbations themselves. Accordingly, the fluctuation
can be expressed as

A, z) = Diin(m) + Ajp(n, 2) . )]

Observer motion also contributes to the quadrupole at
O(*) ~107°. This kinematic quadrupole is subdominant
relative to the intrinsic primordial quadrupole (~ 107°)
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and to the O(v) dipole tension that we aim to address.
Thus, restricting the analysis to linear order in the velo-
city v and neglecting higher-order terms is sufficient. The
CMB temperature fluctuation is then given by [25, 51]:

1 Tdec . .
AZPm) = 16,+‘P+/ dr (@ +¥") +v,n; —vin; ,
0

©

DCMB

() = voni/c, (10)

where ¢, is the radiation density contrast, v, is the velo-
city potential at the source, v; = 9;v, and v, = v(r = 0). The
terms 16,+‘I’, ford“ dr (@' +¥"), and v n;—vin; corres-
pond to the Sachs—Wolfe effect, the integrated
Sachs—Wolfe effect, and the Doppler effect, respectively.
The term vin; denotes the observer's contribution.

The galaxy number-count fluctuation is given by [1,
52,53]:

H  2-5 ,
Aﬁ(n,z) = (2+ 7_7 + ri(]_{s _ﬁ:vo) V'an,-

+ DO + (3= fovo)Hvs +¥

—(2-55)0+ %[d)’ +0,(vin)]

(7’(’ 2-5s
+ +

T H +5S’f”°)

x (‘I’ +vin+ / Y+ CD/)dr>
0

+2—55/"" (2_ ry—r
2rs Jo r

Vg) (¥ +D)dr ,

(11)

D) = 2+ x(1+a)vyni/c (12)

where 6,,. 1s the comoving matter density contrast. b, fi.,
and s denote the galaxy bias, magnification bias, and
evolution bias, respectively; these depend on the specif-
ics of the galaxy survey and instrument. Following [23],
we rewrite Eq.(11) in terms of three separate contribu-
tions:

AXM,2) = AP(0,2) + fio AT (0,2) + (2 - 55)AY (n,2) ,
(13)

which allows us to compute each term independently of
the biases b, s, and fiy,.

Reconciling the CMB and galaxy number-count
dipoles

Within our observable patch, a superhorizon perturba-
tion can be approximated as a slowly varying gradient. It
therefore does not manifest as an ordinary subhorizon in-
homogeneity, but rather as a large-scale background
modulation across the observable Universe. The crucial
point is that adiabatic and isocurvature long-wavelength
modes affect the dipole in different ways. For an adiabat-
ic mode, the leading contribution to the dipole cancels
among the observer, source, and gravitational terms. This
cancellation reflects the fact that a purely adiabatic super-
horizon mode can be locally absorbed into a coordinate
redefinition at leading order. By contrast, a CDM iso-
curvature perturbation represents a relative fluctuation
between matter and radiation. This relative mode cannot
be removed by the same argument and thus can generate
an intrinsic CMB dipole [23, 25, 54].

The essential observation is that this intrinsic contri-
bution primarily affects the CMB dipole, while its im-
pact on the late-time galaxy number-count dipole is sup-
pressed. Consequently, the galaxy number-count dipole
can still be interpreted, to a good approximation, as tra-
cing the observer's true peculiar motion, whereas the ob-
served CMB dipole receives both kinematic and intrinsic
contributions. If the intrinsic CMB dipole is approxim-
ately anti-aligned with the kinematic CMB dipole, the ob-
served CMB dipole is smaller than the value inferred
from galaxy number counts. This offers a possible way to
reconcile the CMB dipole with the galaxy number-count
dipole.

Let D, denote the dipole amplitude. Since the ob-
served CMB dipole and the galaxy number-count dipole
are nearly aligned, we focus on this configuration and
write the observed CMB dipole amplitude schematically
as

D?MB — DCMB _DCMB . (14)

1,kin 1,in

Here D{}i? =vo/c denotes the kinematic contribution in-
ferred from the galaxy number-count dipole, whereas
DB denotes the intrinsic contribution sourced by a su-
perhorizon CDM isocurvature mode. The minus sign in-
dicates that the intrinsic dipole is assumed to be opposite
in sign to the kinematic CMB dipole. This cancellation is
required because the velocity inferred from the observed
CMB dipole is smaller than that inferred from galaxy
number counts.
Using the galaxy-inferred velocity

Vo =797 +87 km/s (15)

and the observed CMB dipole amplitude
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DSMB = 1231073, (16)
we find that the required intrinsic CMB dipole is

1,in . (17)

~797k
DOMB _ Y0 1535107 = 1.4x 1034 o= 0T km/s
Cc C

Considering the uncertainty in vy, the required intrinsic
dipole falls within the 20 range

8x 107+ < DIMB <2 %1073 . (18)

lLin ~

For later use, we recast this requirement as a constraint on
the angular power spectrum. We define:

4
1
Cr=—— . 19
¢ 25"'1,":2_5'61[ | ( )

For a pure dipole modulation, where AT/T = D; cos8, one

has
D, =1/ & . (20)
A7

Therefore, the intrinsic CMB dipole generated by a super-
horizon isocurvature perturbation should satisfy

9% 107 5 CMP <5.6x107° . 1)

This range corresponds to an intrinsic CMB dipole that is
large enough to partially cancel the kinematic CMB di-
pole, while remaining consistent with the observed large-
scale CMB anisotropies. In realistic cosmological mod-
els, perturbations are not expected to be dominated by a
single Fourier mode but rather by a continuous spectrum.
In the following sections, we therefore analyze both a
single superhorizon mode and continuous spectra of
CDM isocurvature perturbations.

III. THE EFFECT OF A SINGLE PLANE WAVE

For a single superhorizon mode with wavenumber £,
the metric perturbation can be written as Y(x,7)=
WP (1)e*T. Using Rayleigh's plane-wave expansion:

[N} !

o
e"k‘r = Z Zalelm(f') = 4772 Z ll]/(kr)Yltn(r()Ylm(f‘) ’

=0 m=-1 =0 m=-1
(22)

where j;(x) is the spherical Bessel function and Y, (f) is a
spherical harmonic. We then have

al, = ani' X 77 (k)Y;, (k) ,

ay, = il (ZX]‘TR@) v, (k). (23)

I

where I labels perturbation modes corresponding to dif-
ferent initial conditions, and 77 is the corresponding
transfer function for X such that X(,k) = 7 (7, k) Xi; .

Since we have assumed that the intrinsic dipole is
aligned with the kinematic dipole, we choose the z-direc-
tion to be aligned with the CMB kinematic dipole and ex-
pand the plane-wave fluctuation in powers of (krg. cos)
and in spherical harmonics. For k =2, all ¥;,, with m #0
then vanish and thus

N 1
A=) 5 Dilkraeccost) = anYn®9).  (24)
1 : 1

By comparing the coefficients of each cos'6 term, we can
express D; in terms of the ay coefficients for a plane
wave propagating along the z-direction.

A. CMB fluctuations

We define 7 (z,k) as the transfer function of the vari-
able X at conformal time 7 and comoving wavenumber k&

XNT k) = TH@ D or X k) = T K0S i

(25)

This relation holds for either adiabatic or isocurvature
perturbations. Substituting these transfer functions into
Egs. (9) and (10) and projecting onto spherical harmon-
ics, we find that the coefficients a,, are given by

A = 47l [F)Daec + FFO(0)S aee] Y (K) (26)

where

1 . Tdec L.
Fl(k) = (Z‘rf, +Ty ) Jikr) + / dr (Tg +T3) jilkr)
0

+ T ji(kr) =T (0))(0) ..
27)

Here, the first two terms arise from the Sachs-Wolfe and
integrated Sachs-Wolfe effects, while the last two stem
from the Doppler contribution evaluated at the source and
at the observer. For simplicity, we consider a combina-
tion of a superhorizon adiabatic mode and a CDM iso-
curvature mode. Neglecting higher-order terms and eval-
uating the system at decoupling, we use the CLASS and
CLASSgal codes [55, 56] to numerically compute the first
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three multipole moments as

Dy = —(krgec)-0.278 gec » (28)
D2 = _(krdec)2 : (O33S dec T 0-32(Ddec) 5 (29)
D3 = —(krgee)’ - (0.33S ge +0.34Dge, ) - (30)

These correspond to the dipole, quadrupole, and octopole
moments, respectively.

As shown in the bottom-right panel of Fig. 1, the
leading-order intrinsic CMB dipole generated by adiabat-
ic perturbations is canceled by the kinematic contribution,
leaving only the initial isocurvature component to affect
the CMB dipole. The coefficients associated with the
adiabatic mode are consistent with those reported in [23,
25]. However, the coefficients for the isocurvature mode
are approximately 1.5 times as large as those reported in

1.5
—— Doppler
Observer
104 —— Gravity
—— Density
Dy
0.5 1
—
w
~2
=
-~
>< 0.0
054
—1.01
T T
1072 107! 10° 10!
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20 Observer
— Gravity
—— Lensing
10 4 — D3
—
~
=
< 0
§<
104
204
1072 10°* 10° 10t
Redshift z
Fig. 1.

[23].

B. Galaxy number-count fluctuations

We now proceed to study the effect of a monochro-
matic superhorizon mode on galaxy number-count fluctu-
ations. Because the isocurvature perturbation has not
been fully converted into curvature perturbations by the
present epoch, a residual CDM isocurvature density fluc-
tuation remains. However, at redshift z ~ 1 the associated
density contrast is suppressed by a factor of ag/aeq ~ 10°.
Hence, the initial isocurvature perturbation can be safely
neglected when assessing its impact on galaxy number
counts [23]. We therefore focus only on the adiabatic
mode for galaxy number-count fluctuations and write the
spherical-harmonic coefficient a;,, as

— :l prad % (s
am(ts) = 4ni Fi° (15, k) @ini ¥, (K) (3D
where [52]
0.2 4
00
~
=
~
o
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(color online) Contributions to the number-count dipole and the CMB dipole for a single Fourier mode under adiabatic initial

conditions. The first three panels show the contributions to D} [top-left], DY [top-right], and D} [bottom-left], as defined in Eq. (13).
The last panel shows the contributions to DMB [bottom-right] from the Sachs-Wolfe effect, the Doppler effect, the integrated Sachs-
Wolfe effect, and the observer term. Notably, an exact cancellation occurs, yielding D; =0 (black) to leading order in both the CMB

and number-count dipoles for adiabatic initial conditions.
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ﬂ_’_ 2-5s
7'[2 7'57’[
H 2-5s

Fi(rs,k) = ji(krs) {b‘]}+ <

+55— fovo + 1) To+(=2+59)To +7{—1'rg)}

., k : H
+ {J;(krs) (W T H +5s—ﬁ:vo> i (krs) 7 + (Jevo —3)]l(k”s)?} Tv

rs —r

2-5s / " dr jihre ) To + ) [l(l +1)
0

* 2r5
. H'  2-5s
— j/(0) (2+Wz Ao

- fcvo> Tv(0).

We rewrite Eq. (32) in terms of three distinct contribu-
tions:

Fi(ts,k) = F\"” + fo,o F° + (2= 55)F\" . (33)

This decomposition allows us to compute each term inde-
pendently of the biases b, s, and f.,,. Under adiabatic ini-
tial conditions, as shown in Fig. 1, the leading-order con-
tributions cancel in both the galaxy number-count dipole
and the CMB dipole. The relativistic contributions—in-
cluding the Doppler, observer, gravitational, and density
terms —are computed numerically with the CLASS and
CLASSgal codes [55, 56].

Thus, to account for the dipole anomaly, we can infer
our peculiar velocity from the galaxy number-count di-
pole as

vi =797 87 km/s, (34)
which, in turn, induces a kinematic CMB dipole of
D{YP =(2.7+£0.29)x 107 . (35)
In comparison, the observed CMB dipole is
DSMB =1.2x1073. (36)

To reconcile this discrepancy, an intrinsic CMB dipole
contribution is required:

DEVMB 1 4% 1073 . (37)

1,in

Using the relation

Dy = —(krgec) - 0.278 gec (38)

we require

. , L (H 2-5s
+2} +/0 dr jikrs)(To +T) (7? e +5s—fevo)
(32)
15% 1073
(krdec)Sdec ~ A ~5% 10_3 . (39)

0.27

Thus, an intrinsic dipole of the required magnitude can be
obtained without altering the late-time number-count in-
terpretation.

IV. THE EFFECT OF CONTINUOUS SPECTRUM

In realistic models, perturbations are more likely to
exhibit a continuous power spectrum than to be domin-
ated by a single mode. For a continuous spectrum, the
spherical harmonic coefficients «,, are computed by in-
tegrating over all possible wavevectors k. This yields

, [ &£k R
at, = 4ni' / 2y X (k)T ()Y, (k) ,

&’k .
(2n)? (;Xj(k)rrfr(k)> Y;,(K). (40)

ap, = 47Ti1

The dimensionless power spectrum of X for modes with
initial conditions J and 7 is defined as

(X XTI (K)) = )’ 6Ok -K)Prs(k). (41

A straightforward calculation then yields the angular
power spectra

2 [Tdk
CrI = ,/ —Pry(OF{ (K)F] (),
T Jo k

2 [~ dk
Ci== / = (Z%(k)) FlOF/ 0,  (42)
0 1.9

where 77 and 77 denote the transfer functions associ-
ated with the modes specified by initial conditions 7 and
J, respectively.

For simplicity, we restrict our attention to the iso-
curvature mode and define the power spectrum of the su-
perhorizon isocurvature perturbation as
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(S K)S (K)) = 2n)*6P(k —K)Ps (k) . (43)

In this paper, we consider two types of isocurvature
power spectra: a power-law form and another motivated
by axion-induced perturbations.

A. Constraints from CMB

The current measurements of the CMB impose strin-
gent constraints on the amplitude of uncorrelated dark
matter isocurvature perturbations, which can be quanti-
fied as follows [57]:

_Ps)
PR(k) k:kpivol

B <0.038, (44)

where Pr(k) denotes the primordial power spectrum and
kyivor 18 the pivot scale. Planck data impose constraints on
the amplitude of dark-matter isocurvature perturbations,
requiring the corresponding power spectrum to satisfy
Ps $0.8%107'% at the wavenumber ko = 0.002 Mpc™'.

Multipole measurements impose additional  con-
straints on the isocurvature power spectrum. In particular,
the quadrupole moment provides the most stringent
bounds on superhorizon perturbations, whereas con-
straints from higher-order multipoles are considerably
weaker [33]. Notably, the Planck measurements [48, 49]
report a quadrupole value of D, =2.26%733 x10% uK?,
while the best-fit ACDM model predicts D, = 1016 uK?
[48]. Although this discrepancy indicates that the ob-
served quadrupole is lower than the standard-model ex-
pectation, these measurements still provide meaningful
constraints within the context of our model.

When the quadrupole arises from two different power
spectra, their combination must be taken into account. Let
a3) and af) denote the spherical harmonic coefficients
corresponding to the two power spectra, P (k) and P,(k),
respectively. The combined quadrupole coefficients are
given by

1 2)
dom = a(2n)1 + a(Zm . (45)

Accordingly, the combined quadrupole power spectrum
D, is given by

D, =DV +DY . (46)

Given the observed value of DS ~226uK?, we derive the
20 upper limit on the quadrupole amplitude as follows:

D, < 1AX10°UK? . (47)

The quantity D,, defined here, is related to C, in our cal-
culation by

22+ DG,
Sl 48
DZ 27TT§ ( )
where T, ~ 2.7 K is the average temperature of the CMB.
This upper limit implies an upper bound on the quadru-
pole component Ci° generated by the superhorizon iso-
curvature mode as

Ci <55x1071 . (49)

B. The power-law spectrum

In the first case, Ps(k) follows a power-law spectrum
and is expressed as

Ps (k) = Ar(k/knax)"™ Okimax = k) , (50)

where A; is the amplitude, ky,y is the maximum comov-
ing wavenumber of isocurvature perturbations, n is the
spectral index, which is set to 1 in our calculation, and
0(k) is the Heaviside step function. Therefore, the angu-
lar power spectrum C, can be written as

2 kmax dk
C == / —Ps (k) (k). (51)
7w Jo k

C. The axion spectrum

The second power spectrum is given by [33]:

(k)
‘p(kmin)

-2
Ps (k) = Ps (kmin) { } O(k — kmin) » (52)

where Ps(kyin) ~ 1, knin denotes the minimum comoving
wavenumber at which the isocurvature perturbation be-
comes relevant, and (k) is the radial mode of the axion,
governed by

A
p+3HP+V () =0, Vip)=7 (¢ -7, (33)

where fis the axion decay constant and ¢ is initially dis-
placed slightly from the origin, with a characteristic dis-
placement scale of order H. If this displacement is im-
printed on the superhorizon scale set by ky, the result-
ing isocurvature perturbation is enhanced on superhori-
zon scales while remaining small at the scale ky... In this
case, the CMB power spectrum can be written as
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2 dk
C== / —Ps(IF (k) .
T k

kmin

(54)

In the left panel of Fig. 2, we show the evolution of ¢
for different values of the parameter A. In view of the
constraints from current CMB observations [48], which
imply the bound H/f < 107 for 6, ~ O(1), we specify the
initial conditions as ¢ =0, @(kmin) = H/m, and f=10°H.
The right panel shows the corresponding axion iso-
curvature power spectrum Ps (k). As the field approaches
f, the power spectrum diminishes and eventually be-
comes negligible. When 4 is too small, the power spec-
trum remains large for too many e-folds, yielding excess-
ive isocurvature perturbations at recombination and viol-
ating the isocurvature bound. When 1 is too large, the
field reaches f'too quickly and the superhorizon enhance-
ment becomes too short-lived to generate a sufficiently
large dipole.

D. Numerical results

We numerically compute the angular power spectra of
the CMB and number-count fluctuations. As in the
single-mode case, the number-count dipole and the CMB
dipole vanish for adiabatic initial conditions, while the
isocurvature CMB dipole does not. To address the dipole
tension, Fig. 3 shows the parameter space for both scen-
arios: the two black curves mark the lower and upper
bounds on the dipole amplitude, and the blue regions in-
dicate the 20 exclusion limits from the observed quadru-
pole C,.

The left panel of Fig. 3 shows the parameter space re-
quired to explain the cosmic dipole anomaly in the
1/(kmax7aec)—A; plane. In this analysis, the isocurvature
constraint is imposed by restricting the parameter space
to the region where kp.x < kgec. Within this region, the
usual isocurvature bound is automatically satisfied and

need not be shown explicitly. We find that explaining the
dipole anomaly requires A; 2 0.2; otherwise, the pre-
dicted CMB dipole is too small or the quadrupole be-
comes too large.

The right panel of Fig. 3 shows the parameter space
required to explain the cosmic dipole tension in the
1/(kminraec)—~ plane. The red region is excluded by ex-
cessively large isocurvature perturbations. We find that
the self-coupling must lie within the range 107° <A<
4x107°. If future observations determine the axion de-
cay constant f from its couplings, the corresponding scal-
ar mass can also be inferred. For example, if f ~ 10"
GeV, the scalar mass is expected to be around O(10%)
GeV. Although this mass is beyond the reach of the cur-
rent LHC, a future 1000 TeV collider may be capable of
detecting this particle.

In axion models, the isocurvature mode does not ne-
cessarily vanish abruptly in the power spectrum, and a re-
sidual isocurvature component may remain at the recom-
bination scale. Although current observations place only
upper limits on the amplitude of isocurvature perturba-
tions, a significant improvement in sensitivity could
provide an important cross-check of the axion scenario.
In this framework, the axion naturally serves as a dark-
matter candidate. For the QCD axion, the mass is typic-
ally at the ueV scale. Thus, the existence of the axion
particle is a key prediction of this model. Ongoing and fu-
ture experimental searches for axions will be crucial for
testing the viability of the axion scenario.

Before closing this section, we comment on the de-
gree of tuning in our scenario. The allowed regions in
Fig. 3 should be viewed as restricted phenomenological
windows rather than generic predictions. In the power-
law case, explaining the dipole tension requires a sizable
superhorizon isocurvature amplitude, A; > 0.2, together
with a cutoff scale sufficiently far beyond the recombina-
tion scale such that the usual CMB isocurvature bound is

124 107 —— A=1.00 x 10~°
A=2.00 x 10~
ol /\ -2 —— A=4.00 x 107°
0.8 1 10-4 4
(}\ g
0.6 4 & 10
0.4 1
1078 4
0.2 4 —— A =100 x 107
A =2.00 x 10~ 107101
0.0 —— A=4.00x107°
10° 11'1l 16‘1 16" 164 10° 1(')1 162 1(')’3 1(')4
k/kmin k/kmin
Fig. 2.  (color online) [Left] Evolution of the radial mode ¢ during inflation for f=1x10° and 1=1x10,2x107°, and 4x10~.

[Right] Power spectrum Ps (k) of the isocurvature perturbation induced by the axion for f=10°H and 1= 1x107,2x107°, and 4x 107°.
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(color online) Parameter spaces of two models proposed to explain the cosmic dipole problem. The two black curves denote
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the minimum and maximum amplitudes of the intrinsic CMB dipole required to resolve the tension. The blue regions show the 20 ex-

clusion limits from the observed quadrupole C,. The red region is excluded because it would produce excessively large isocurvature

perturbations. [Left] Parameter space for the power-law spectrum. [Right] Parameter space for the axion power spectrum.

avoided. In the axion case, the viable parameter space
results from a balance between two competing effects: if
A is too small, the isocurvature perturbation remains too
large at recombination, whereas if 1 is too large, the radi-
al field relaxes too quickly and the superhorizon enhance-
ment becomes insufficient. The resulting window, 107 <
A1<4x107, therefore reflects a certain degree of tuning
in the radial-mode dynamics.

This small quartic coupling should be regarded as a
property of the radial sector during inflation, rather than
as a generic prediction of the QCD axion. Nevertheless,
such a small value can be technically stable if the radial
mode is sufficiently weakly coupled. For example, if the
radial mode couples to the Peccei—Quinn quarks through
a Yukawa coupling y, radiative corrections to the quartic
coupling are expected to be of order y*/(167?). A coup-
ling of order y ~ 1072 gives a correction well below 1079,
and therefore does not destabilize the required value of A.
The main tuning is thus not the radiative stability of a
small quartic coupling, but rather the relatively narrow
phenomenological interval selected by the dipole and iso-
curvature constraints. While this window is narrow com-
pared with a generic range of 4, it also makes the scen-
ario predictive and potentially testable.

Since the mechanism mainly modifies the superhori-
zon isocurvature spectrum, the axion relic abundance can
still be determined approximately by the conventional
misalignment mechanism. It depends on the axion decay
constant, the initial misalignment angle, and the post-in-
flationary history. A complete model should therefore
simultaneously reproduce the observed dark-matter
abundance and satisfy the CMB isocurvature bound at re-

combination.

V. CONCLUSIONS

In this work, we investigate both discrete and continu-
ous power spectra of superhorizon cold dark matter
(CDM) isocurvature perturbations as a potential way to
resolve the cosmic dipole tension. Our analysis of a
single plane-wave perturbation shows that an initial adia-
batic superhorizon mode does not contribute to either the
CMB dipole or the galaxy number-count dipole. This is
because such adiabatic perturbations cancel at leading or-
der. Moreover, the late-time contribution of a superhori-
zon isocurvature mode to the number-count dipole is
strongly suppressed, rendering it ineffective at signific-
antly altering the number-count interpretation. However,
a superhorizon isocurvature mode can induce a negative
intrinsic dipole in the CMB, partially canceling the kin-
ematic dipole from our peculiar motion and thereby help-
ing to reconcile the observed discrepancy.

We then extend our analysis to continuous spectra of
isocurvature fluctuations. Both nearly scale-invariant
power-law spectra and axion-generated spectra are cap-
able of resolving the dipole anomaly while remaining
consistent with current CMB constraints. For the power-
law case, we find that explaining the observed dipole re-
quires A; > 0.2 for a suitable cutoff scale k. In the ax-
ion scenario, the evolution of the radial mode during in-
flation naturally generates large superhorizon  iso-
curvature perturbations that decay on recombination
scales. We find that, for f = 10°H and 10° <1< 4x107°,
with an appropriate choice of kg, the observed dipole
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tension can be resolved.

If confirmed, this mechanism would not only address

the cosmic dipole problem but also provide indirect sup-
port for the existence of axion dark matter. However, the
axion interpretation remains model-dependent, especially
regarding the origin of the small quartic coupling and its

relation to the final dark matter abundance. Our results

thus preserve the cosmological principle while motivat-

ing further investigation into the generation of superhori-

zon fluctuations and the broader implications of axion

physics in the early Universe.
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