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Abstract: This article delves into the observational properties of a Schwarzschild-like black hole (BH). Initially,
the research provides a succinct examination of the spacetime geometry and the configuration of its horizon. Further-
more, we study the photon dynamics around the Schwarzschild-like BH in the presence of plasma using the Hamilto-
nian formalism. We found that the photon sphere radii increase under the influence of plasma frequency and vice
versa for the spacetime parameters. Further exploration is dedicated to understanding how plasma affects the shad-
ow of the BH, and we find that the radius of the BH shadow shrinks with the rise of the £ parameter and plasma fre-
quency. We then turn to constraining the spacetime parameters and the plasma frequency by using the observational
data released by the Event Horizon Telescope (EHT) collaboration for M87* and Sgr A*. Additionally, the research
scrutinizes the phenomenon of gravitational weak lensing in the vicinity of a Schwarzschild-like BH, considering
both uniform and non-uniform plasma scenarios. The outcomes demonstrate that the angle of deflection increases
under the influence of a uniform plasma frequency, whereas the opposite is true for non-uniform plasma. In both
scenarios, a rise in the spacetime parameters results in a decrease in the deflection angle. Finally, we investigate the
magnification of the gravitationally lensed image. The effect of the spacetime parameters and plasma frequencies on
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the total magnification is the same as in the deflection angles.
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I. INTRODUCTION

The past decade has witnessed remarkable progress in
black hole (BH) astrophysics, transforming these objects
from purely theoretical constructs into observable labor-
atories for testing gravity in the strong-field regime. The
groundbreaking first imaging of the supermassive BHs
M87* and Sgr A* by the Event Horizon Telescope (EHT)
collaboration [1-3] provided direct visual evidence of BH
shadows, while the detection of gravitational waves from
binary BH mergers by LIGO and VIRGO [4] opened a
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new window for probing the dynamics of compact ob-
jects. The aforementioned observational breakthroughs
stimulated extensive theoretical investigations aimed at
constraining deviations from the Kerr paradigm and test-
ing alternative theories of gravity [5—8].

Despite the empirical successes of classical general
relativity (GR), fundamental theoretical issues remain un-
resolved. The singularity theorems established by Roger
Penrose [9] demonstrate that, under reasonable physical
assumptions, gravitational collapse inevitably leads to the
formation of singularities where curvature invariants di-
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verge and classical physics breaks down. This indicates
that GR is incomplete at extreme energy scales, necessit-
ating the incorporation of quantum gravity effects to re-
solve these pathological features.

Among the various approaches to quantum gravity,
the asymptotic safety scenario [10—12] emerged as a
compelling framework. This approach proposes that grav-
ity is non-perturbatively renormalizable due to the exist-
ence of a non-trivial ultraviolet fixed point that governs
the high-energy behavior of the theory. The functional
renormalization group provides a systematic tool to in-
vestigate the running of gravitational couplings with the
energy scale, revealing a characteristic scale dependence
of Newton's constant. A powerful phenomenological
method to incorporate quantum gravity effects into clas-
sical spacetime geometries is the renormalization group
improvement procedure [13—15]. This technique utilizes
the running of couplings to construct effective metrics
that interpolate between the classical infrared regime and
the quantum-dominated ultraviolet regime. Recently, the
authors of Ref. [16] constructed an explicit renormaliza-
tion group improved Schwarzschild-like BH spacetime.
This new solution exhibits a scale-dependent Newton
constant G(r) that interpolates between the classical value
Gy at large distances and a running coupling in the ultra-
violet, yielding a regular spacetime with a de Sitter-like
core while preserving the asymptotic Schwarzschild
structure.

An essential aspect of testing such geometries lies in
understanding their observational signatures, which are
the BH shadow and weak gravitational lensing. In realist-
ic astrophysical environments, BHs are typically surroun-
ded by various forms of matter, among which plasma
constitutes a ubiquitous component. The presence of
plasma significantly modifies the propagation of electro-
magnetic waves, introducing a frequency-dependent ef-
fective mass for photons and altering their trajectories
compared to vacuum propagation [17—19]. This plasma-
induced modification of the geodesic structure provides
an additional probe of both the background spacetime and
the properties of the surrounding medium [20-23]. To
this day, there are different types of studies that have in-
vestigated the BH shadow and gravitational weak lensing
around compact objects [24—56]. While the above works
focused on analytical prediction of shadow shapes, more
recent studies have combined general relativistic mag-
netohydrodynamic (GRMHD) simulations with general
relativistic radiative transfer (GRRT) to model realistic
accretion flows and emission processes. These simula-
tions show that plasma physics and flow morphology can
influence the observed shadow size and asymmetry
[57—65]. In this work, we aim to study the photon dynam-
ics around the Schwarzschild-like BH [16] surrounded by
plasma using the Hamiltonian formalism, together with
the BH shadow and the gravitational weak lensing.

Moreover, we take constraints of the spacetime paramet-
ers and the plasma frequency using the observational data
for M87* and Sgr A*, in spite of their estimation as rotat-
ing BHs. Indeed, in real astrophysical scenarios, for in-
stance, energy extraction mechanisms, jet formation, etc.,
spin plays a key role. Also, the spin would break the
spherical symmetry of the BH shadow, leading to a pro-
late or oblate distortion. Our use of a Schwarzschild-like
metric was intended as a foundational non-rotating
baseline to isolate the impact of the spacetime paramet-
ers without the added geometric complexities of frame-
dragging.

The structure of this paper is organized in the follow-
ing way. In Section II, we review the spacetime of the
Schwarzschild-like BH, including the event horizon
structure. In addition, we investigate the motion of a
photon around the BH surrounded by plasma using the
Hamiltonian formalism. The impact of the plasma on the
radii of the photon sphere and the BH shadow is ex-
plored in this part, together with the constraint values of
the spacetime parameters and plasma frequency by using
the EHT collaboration results. The weak gravitational
lensing and the magnification of the gravitationally
lensed images are studied in Sections III and IV, respect-
ively. Finally, we summarize our conclusions and discus-
sions in Section V. Throughout this work, we adopt nat-
ural units with ¢=%i=1 and the metric signature
(=, +,+,+).

II. PLASMA IMPACT ON BLACK HOLE
SHADOW

A. Photon dynamics around black hole surrounded by
plasma

We consider the spacetime of the Schwarzschild-like
BH in the following form

2
ds® = —f(rdr* + % +r2(d6” +sin’0dg”), (1)

where

4Mr?

1- :
E(yM+1)+ \/E(yM +r)? +4r°

The metric function includes the ¢ and y parameters,
which refer to the cutoff scale and interpolation paramet-
ers, respectively. It is worth noting that we can recover
the standard Schwarzschild spacetime when the ¢ para-
meter tends to zero (see Ref. [13]). In Fig. 1, we plot the
radial dependence of the metric function for different val-
ues of the spacetime parameters. By solving f(r) =0, we
can find the event horizon radii, and we plot the radius of

fr) = 2
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(color online) The plot shows the radial dependence of the metric function for different values of the ¢ parameter (left panel)

and the y parameter (right panel). Here, we set y = 0.5 and ¢ = 0.5 for the left and right panels, respectively.
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Fig. 2.
spacetime parameters.

the event horizon as a function of the spacetime paramet-
ers in Fig. 2. It can be seen from this figure that the event
horizon radii decrease under the influence of both the &
and y parameters.

Currently, we investigate the null geodesics around
the Schwarzschild-like black hole (BH) in the presence of
plasma by using the Hamilton-Jacobi equation. The
Hamiltonian for the null geodesics around the BH in the
presence of plasma can be expressed in the following
form [25]:

1
HE,pa) = 5 [87Papp= (" = Dpg] . B3)

where x%, ¥, and p,, respectively, refer to the spacetime
coordinate, four-velocity, and photon's momentum. Addi-
tionally, n represents the refractive index, and it can be
defined as [66].

; “)

where w, and w are the frequencies of the plasma and the
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(color online) The plot illustrates the dependence of the event horizon radii of the Schwarzschild-like black hole (BH) on the

photon, respectively. One can define them as

Wo
Vi)
with m,, e, and N, respectively, representing electron
mass, electron charge, and the number density of elec-
trons. The metric function satisfies f(r) > 1 as r — oo,
while w(e0) = wy = —p; defines the energy of a photon at
spatial infinity. w, can be restricted by using H =0 as

wi(x‘:’) =4 N(xV)/m,, w(r) = , wo =const, (5)

2
0

W,
G ©

> wi(r).

This condition physically implies that the photon's local
frequency, w(r), must exceed the plasma frequency at
that location. Because this rule governs light in plasma,
the resulting BH shadow can exhibit different forms than
it does in the vacuum case (w, =0). Using Eq. (4), one
can rewrite Eq. (3) as follows [25, 27].

y-!

8

(M

DaDp+ cuf,] .
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Afterward, the light ray equations for the photon can be
obtained by using i* =dH/dp, in the equatorial plane
(0=mn/2) as [67]

S

=TT ®)
L_dr

i= =), )
,_do_py

PE T e (19)

We then derive the orbit equation by taking the ratio of
Egs. (9) and (10) as

dr _ g"p:
dp  g%p,’

(11)

The equation above can be rewritten for the photon
geodesics H = 0 in the following form [68]

2

dr g W
- = Rr— -1, (12)
dg g 7
with
gtt w2
Rry=-2--—£_. (13)
g g"wl

When a light ray travels from infinity, reaches its closest
approach at a radius r,,, and returns to infinity, this tra-
jectory corresponds to a turning point in the h*(r) func-
tion. Consequently, the photon sphere radius is obtained
by solving the equation below

d(*(r)

i = 0. (14)

r=rps

We numerically investigate the photon sphere radii due to
the complex spacetime of the Schwarzschild-like BH.
Figure 3 shows the photon sphere radii as a function of
plasma frequency for different values of the ¢ and y para-
meters. As seen in this figure, the values of the radius of
the photon sphere increase with the rise of the plasma fre-
quency and vice versa for the & parameter. There is a
slight decrease in the photon sphere radii under the influ-
ence of the y parameter.

B. Black hole shadow in the presence of plasma

This subsection is devoted to the investigation of the
BH shadow in plasma. One can write the angular radius
of the shadow [24, 69]

oL @)

B (rs) _ L (rps) wg (15)

R [ 1 )]
ST

. 2
sin” g, =

with r, and r, referring to the locations of the observer
and the photon sphere, respectively. We can approximate
the BH shadow in the following form by assuming that
the observer is located at a large distance from the BH
[24]

1 wi(ry)

fr) @}

(16)

Ry =rosinag, = rpg

1. Homogeneous plasma

In this section, we consider the homogeneous plasma
distribution where the plasma frequency is constant, i.e.,
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Fig. 3. (color online) The plot demonstrates the photon sphere radii as a function of the plasma frequency for different values of the ¢

(left panel) and y (right panel) parameters. Here, we set y = 0.5 for the left panel and £ = 0.5 for the right panel, respectively.
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(color online) The plot shows the dependence of the BH shadow radii on the plasma frequency for different values of the &

(left panel) and y (right panel) parameters. Here, we set y = 0.5 and & = 0.5 for the left and right panels, respectively.

w*(r) = const. In Fig. 4, we demonstrate the shadow radii
as a function of the plasma frequency for different values
of the ¢ and y parameters. It can be observed from this
figure that the radius of the BH shadow decreases with an
increase in both plasma frequency and the ¢ parameter.
There is also a slight decrease under the influence of the y
parameter. To provide more information, we explore the
appearance of the BH shadow from the perspective of a
distant observer. Therefore, we can write the following
expressions using the celestial coordinates [69]

where (ry,6y) represents the position of the observer, the
Egs. (15) and (16) obey the following relation if we as-
sume that the observer is located on the equatorial hyper-
plane

X*+Y*=R}. (19)

Using the above equation, we plot the BH shadow in
Fig. 5. It can be seen from this figure that the BH shadow
shrinks with the increase in the ¢ parameter and the
plasma frequency. Moreover, we obtain the theoretical
constraints for the parameters of the spacetime and the
plasma frequency by using the observational data from
the EHT and GRAVITY collaborations, with the assump-
tion that M87* and Sgr A* are static and spherically sym-
metric, despite the observations not supporting this. To
do so, we can use the following equation to calculate the

£§=05,y=05

6F T T T ]

d
X = lim = rosinfy—> : (17)
ry—o0 dr ro.60
do
Y = lim <r0 ) (18)
rp—oo dr "U,H(J
o
4,
2,
y of
2t
_4}
_6—‘ ) ) ) ) )
-6 -4 -2 0 2 4 6
X
Fig. 5.

of the ¢ parameter and the plasma frequency.

(color online) The plot illustrates the profile of the shadow cast by the Schwarzschild-like black hole (BH) for different values
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Table 1. Observational data for M87* and Sgr A* are refer- Using the simple equation Dy, = 2Ry,, one can constrain
enced in several studies [71-73]. the values of the spacetime parameters and the plasma
Parameter MS87* Ser A* frequency. These results were demonstrated in the top
% %
Angular Diameter (6)  43.3+2.3pas 51.842.3pas panel (for M87*) and the bottom panel (for Sgr A*) of
Fig. 6. Indeed, the typical electron densities near the
Distance (D) 16.5Mpc 8.275kpce

event horizons of M87* and Sgr A* are estimated at
Mass (M) (6.5+0.7)x10° My (4.297+0.013)x 10° Mo, 10*=10° em™ and 10°—10® cm™, respectively. While a
simple calculation yields a ratio of (w,/w)* ~ 1077 at 230
GHz for these average densities, we emphasize that
plasma effects remain non-trivial due to the fact that
global averages may overlook localized regions of signi-
Dy, = e (20)  ficantly higher density (10'°-10'? c¢m=?) within the tur-

bulent accretion flow or at the base of the jet, where
(w,/w)* is large enough to affect the shadow of the black
hole.

shadow diameter [70]

Using the observational data in Table 1, one can write the
diameter of the shadow as follows:

. 2. Inhomogeneous plasma
DM = (11 £ 1.5)M,
Sar A" Here, we investigate the BH shadow by assuming that
Dy " =0514M. 1) the BH is surrounded by inhomogeneous plasma. The

plasma frequency can be expressed in a simple power-

*

ms7

| Rep/M

wpz/%z
SgrA”

h I I n n
0.0 0.2 0.4 0.6 0.8

wp?/ wny? Wp?/ wp®
Fig. 6. (color online) The plot illustrates the radius of the black hole (BH) shadow for M87* (top panels) and Sgr A* (bottom panels)

as a function of the spacetime parameters and the plasma frequency. The values of the shadow radius are derived from Eq. (21). In this
context, we set y = 0.5 for the left panels and ¢ = 0.5 for the right panels.
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(color online) The top panel illustrates the BH shadow radius as a function of the & parameter for various values of zo/w?. In

the bottom panel, the plot reveals the dependence of the shadow radius on the y parameter for different values of zo/w?. Here, we set
g =1 and g =3 for the left and right panels, respectively, while y = 0.5 and ¢ = 0.5 are used for the top and bottom panels.

law form as follows [74, 75]

(=
W =2,

(22)

where zy and ¢ > 0 are considered free parameters. To in-
vestigate the fundamental characteristics of the aforemen-
tioned model, we consider the following two particular
scenarios:

e When ¢=1 and z, remains constant, this corres-
ponds precisely to the negative-mass diverging lens mod-
el.

e The case of ¢ =3 with fixed z, refers to a profile
associated with the stellar surface based on the
Goldreich-Julian density [76].

Now, in Fig. 7, we plot the radius of the BH shadow
as a function of the spacetime parameters for different
values of zo, using the values of g as specified earlier.
This figure shows that the shadow radii decrease as zy/w}
increases, and there is a slight difference between the

g=1 and g =3 cases. To provide more information, we
plot the BH shadow in the presence of the inhomogen-
eous plasma in Fig. 8. In addition to the effect of the
spacetime parameters, we can observe a slight decrease
with the increase in zy/w}. Moreover, we compare the im-
pact of the homogeneous and inhomogeneous plasma on
the radius of the BH shadow in Fig. 9. As can be seen
from this figure, the homogeneous plasma has a stronger
effect on decreasing the shadow radii than the inhomo-
geneous case.

III. WEAK GRAVITATIONAL LENSING FOR
BLACK HOLE

This section focuses on the framework of gravitation-
al weak lensing around Schwarzschild-like black holes in
the presence of both uniform and non-uniform plasma
cases. To proceed, we need to define the weak-field ap-
proximation as outlined in [20, 68]

gaﬁ = 77a/3 + h(y[i . (23)
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the given values of the spacetime and plasma parameters.

Here, 1,5 and h,; represent the Minkowski spacetime and
the gravitational perturbation, respectively. Therefore, the
following conditions are suitable for them:

nop = diag(-1,1,1,1) ,

hog <1, he—0 under x"— oo,

g =1 —h, R =hy . (24)

One can use the following equation to investigate the de-
flection angle around the BH [20].

&_l/wé %+ ! %_ K. dﬂd
PTa )\ dr 1-w2/w? dr - dr “

(25)

— zg/w?=0.0
— zg/w?=0.3

— zw?i=0.5

(color online) The plot illustrates the profile of the shadow cast by the Schwarzschild-like black hole for different values of the
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(color online) The plot compares the effects of homogeneous and inhomogeneous plasma on the radius of the BH shadow for

with o and w, respectively referring to the frequencies of
the photon and plasma. Here, b represents the impact
parameter, signifying the closest approach of the photons
to the BH, and K, is a constant defined by K, = 4re*/m
[20]. To explore weak gravitational lensing, we need to
expand the line element of the Schwarzschild-like BH in-
to a Taylor series in the following form:

4AMr? )

s+ dr
E(yM+71)+ /E(YM +r)? +4r°

4AM7r? )

+ dr
EOM+1+ BT 450

where  ds? = —d> +dr? + r*(d6® +sin*#d¢?). We further
write the components of 7,4 as

ds® =~

(26)
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4AMr?

hoo = )
E(yM+r)+ /EH(yM +r)? +4r0

4Mr?
hi = n
E(yM+r)+ /EH(YM +r)* +4r°

AMP
i os? 27)

h33 = COS X
E(yM+r)+ /E(YM +r)? +4r°

where we define z as the coordinate along the photon tra-
jectory. For a light ray with impact parameter b, the radi-
al distance 7 is related to z via r* = b*+72, and y repres-
ents the angle between the radial vector and the direction
of propagation, such that cos®y = z?/r*. After that, it is
possible to write the deflection angle as a combination of
three angles as follows [77]

i

dh=d1+d2+d3, (28)
with

1 [ bdhsys
s _ 1 bdhss 4
@ ZZmr d ’
A_l/wé L dho
) o P 1= /w? dr o

1 [7b K, dN
R I A R 2
@ Z/Dor( W -w? dr) < 29)

In the subsequent sections, we investigate the deflection
angle in the presence of both uniform and non-uniform
plasma density distributions.

A. Uniform plasma
The equation (28) can be written for the uniform

£=0.5,7=0.5
1.2 , , , : .

— welwy? = 0.0

1.0k - - wHwy?>=0.3

plasma case as [77, 78]

Quni = ynil + Quniz + Qunis - (30)

We can analyze the deflection angle numerically by
combining Egs. (27), (28), and (29). The left panel of Fig.
10 demonstrates the deflection angle as a function of the
impact parameter for different values of the plasma fre-
quency. As shown in this figure, the values of the deflec-
tion angle decrease with the rise of the impact parameter,
and vice versa, for the uniform plasma frequency. Here,
we set the spacetime parameters as & =y =0.5. We plot
the dependence of &,, on the & parameter for different
values of the y parameter in the right panel of Fig. 10.
One can observe from this panel that the deflection angle
decreases with increasing values of both & and y.

B. Non uniform plasma

In this subsection, we examine the singular isotherm-
al sphere (SIS), which is the most widely favored model
for probing photon geodesics near black holes (BHs).
Typically described as a spherical gas cloud, it features a
central singularity where density becomes theoretically
infinite. The SIS density distribution can be written as
follows [20]

0.2

pr)=— €3]

2712’

2
v

sion. Subsequently, we can write the plasma frequency in
the following form

with o2 is referring an one-dimensional velocity disper-

b=5, w*/wp?=0.5

F1.170 :
t"0o60 065 070 075 080

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 10. (color online) The left panel shows the deflection angle as a function of the impact parameter for different values of the uni-
form plasma frequency. Here, we set the spacetime parameters as £ = 0.5 and y = 0.5. The right panel illustrates the dependence of the
deflection angle on the & parameter for different values of the y parameter. The impact parameter and the plasma frequency were fixed

for this panel, i.e., b=5 and w?/w} =0.5.
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2

K.o;

w?=K.N(r) = (32)

2ntkm,r? ’

Keeping this in mind, the deflection angle for the
non-uniform plasma case can be written by combining
three angles as

Qs1s = sis1 + Asisy + Asiss - (33)

We plot the dependence of the deflection angle in the
presence of the non-uniform plasma on the impact para-
meter for the different values of the plasma frequency in
the left panel of Fig. 11. It can be seen from this panel
that there is a decrease with the increase in the values of
the impact parameter and plasma frequency. Furthermore,
the deflection angle for the non-uniform plasma was plot-
ted as a function of the ¢ parameter for the different val-
ues of the y parameter. As shown in this panel, there is a
slight decrease under the influence of both ¢ and y para-

£=0.5,y=0.5

]0 LN B R B LR R | AL B T T T
f — wRw?=00 ]
0.9k o ]
Fs - - wXw?=03 ]
[ N 1
0.8F> Mo N e wlwe? =05
[ %™
F N ]
2 0.7; ~,~:\\ * )
N r oS ]
0.6f oS ]
NN
[ S S ]
0.5F RN ]
04 T I~
: 1 1 1 1 MPENRES =
4 5 6 7 8 9 10
b
Fig. 11.

2 2
;:0.5,,/:0.5,%:%:0.5
1.6 T

Uniform

121

Fig. 12.

Asis

meters. It should be noted that the effects of uniform and
non-uniform plasma cases on the deflection angle are op-
posite to each other. We compare the deflection angle of
light for the uniform and non-uniform plasma cases in
Fig. 12 to provide more information.

IV. MAGNIFICATION OF GRAVITATIONALLY
LENSED IMAGE

This section is devoted to the magnification of the
gravitationally lensed image around the Schwarzschild-
like BH surrounded by uniform and non-uniform plasma.
One can define the magnification factors in the presence
of the plasma, which are ' and p*, referring to the
primary and secondary images, respectively, as [32, 34,

79, 80].
+2),

xX2+4
x

(34

xX2+4

b=5, w/w?=0.5

0.685F
0.680L
0.675F
0.670
0.665
0.660
0.655p°
: fo.663

F 070
0.650
0.0

fo.669
.68

b.e67 ’
bess}
fo.665

0.72 0.78
1

0.2

074 076

0.4

0.80

0.6

4

(color online) The same as Fig. 10, but for the non-uniform plasma scenario.

b=5,¢£=0.5,y=0.5
3.0 T T

251 Uniform ]

(color online) Illustrated in the plot is a comparison of the deflection angle between uniform and non-uniform plasma distri-

butions. The dependence on the impact parameter is shown in the left panel, and the dependence on the plasma frequency is shown in

the right panel.
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1 ( X x2+4 )
Pl + -2, 35
E=\Vea " (35)
where [68]
x=p0/6g, (36)

with 6g referring to Einstein's ring, which defines the
shape of the image, and S referring to the angular posi-
tion of the source with respect to the line passing through
the observer and the lens, one can then calculate the total
magnification as a combination of the magnification
factors as [78].

2
A T P 37
Hion = 3 = e (37)

In the next subsections, we analyze the effect of both uni-

b=5,y=0.5
24—
%
7 ]
7
7
7 :
2
- - 7z 4
§ 21 20'840 041 042 043 044 045 i — §=0.0
< - - £20.2
20f ik ]
/_‘.,4" ----- §=0.4
19f A £=0.6 ]
A — -¢=0.8
8 . . e £=1.0 ]
0.0 0.1 0.2 0.3 0.4 0.5 0.6
wo?! wy?
Fig. 13.

form and non-uniform plasma on the total magnification.

A. Uniform plasma

In this section, we consider a uniform plasma. There-
fore, Eq. (37) can be rewritten as follows:

1 xﬁni +2
(ﬂfm)uni = (#T)uni + (Mgl>uni - Xuni xlzmi +4 ’ (38)
where
1 Xuni \/m
pl R uni uni
(e Duni = ( Z+d A 12> :
Xuni = B (39

(i

We plot the total magnification as a function of the uni-
form plasma frequency for different values of the ¢ para-

b=5, w2/ wp?=0.5
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0.2
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0.0 0.6

(color online) Left panel: The total magnification as a function of the uniform plasma frequency for different values of the &

parameter, with other parameters fixed at =5 and y =0.5. The right panel shows the dependence of the total magnification on the &
parameter for different values of the y parameter. Here, we set b =5 and w?/w} =0.5.
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Fig. 15. (color online) The top left and right panels illustrate the ratio of the magnification factors in the presence of plasma to those

in the vacuum case as a function of x for different values of the plasma frequencies, while their comparisons are presented in the bot-

tom panels.

meter while the other parameters are fixed as b =35,
v =0.5 in the left panel of Fig. 13. One can see from this
panel that the total magnification increases with the rise
in the uniform plasma frequency. Also, there is a slight
decrease influenced by the & parameter. In the right panel
of this figure, the dependence of the total magnification
on the ¢ parameter for different values of the y parameter
is plotted. It is clear from this panel that the total magni-
fication decreases due to the rise of the spacetime para-
meters. Here, the other parameters are considered con-
stant, as b =5 and w?/w} = 0.5.

B. Non-uniform plasma

As conducted in the previous section, we examine the
effect of the non-uniform plasma on the total magnifica-
tion. Hence, we recall Eq. (37) for the non-uniform
plasma (SIS medium) as in [20].

(’ugt>sm = (,u El)sm + (“ 81)515 = X 2 ) (40)

2
XsIS Xgis + 4

with

1 X Xio +4
Py = — sis__ sisth L,
W 4 ( X3 +4 Xsis
B
XSIS = ——— . (41)
(st

Using the above equations, we plot the dependence of the
total magnification on the non-uniform plasma frequency
for different values of the ¢ parameter in the left panel of
Fig. 14. We can see from this panel that the total magni-
fication decreases under the influence of both the plasma
frequency and the ¢ parameter. Furthermore, the total
magnification as a function of the ¢ parameter was plot-
ted for different values of the y parameter in the right pan-
el of Fig. 14. It can be seen from this panel that there is a
slight decrease with the increase in the spacetime para-
meters. Additionally, we plot the ratio of the magnifica-
tion factors to that of the vacuum case as a function of x,
for both the uniform and non-uniform plasma cases,
alongside a comparison between these cases in Fig. 15.
Notably, this ratio increases with an increase in the
plasma frequency in the uniform plasma case and de-
creases in the non-uniform plasma case. Also, the uni-
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form plasma distribution exhibits greater sensitivity to
this ratio compared to the non-uniform one.

V. CONCLUSIONS

In this work, we analyze the impact of uniform and
non-uniform plasma on the shadow and weak gravitation-
al lensing around the Schwarzschild-like BH. Our key
results from the research can be summarized as follows:

First, we perform an analysis of the spacetime geo-
metry by plotting the radial dependence of the metric
function for different values of the ¢ and y parameters.
We then investigate the event horizon structure of the
Schwarzschild-like BH. It was found that the event hori-
zon radii decrease as both spacetime parameters increase.
In addition, using the Hamiltonian formalism, we study
the photon dynamics around the BH in the presence of
homogeneous plasma together with the BH shadow. The
outcomes indicate that the photon sphere radii increase
under the influence of the plasma frequency, while the
BH shadow radii decrease. Also, both decrease with the
rise of the ¢ and y parameters. After that, we constrain the
spacetime parameters and the homogeneous plasma fre-
quency using the observational data for M87* and Sgr
A*.

Moreover, we investigate another observational sig-
nature of the Schwarzschild-like BH, which is weak grav-
itational lensing in the presence of uniform and non-uni-
form plasma. We explore the deflection angle for both
cases numerically due to the complexity of the con-
sidered spacetime, and we find that the deflection angle
increases with the increase of the uniform plasma fre-

quency, while it decreases for the non-uniform case. The
rise in the spacetime parameters leads to a reduction in
the deflection angle values for both cases.

Finally, we study the magnification of the gravitation-
ally lensed image. Using Einstein's ring, we define the
magnification factors for the primary and secondary im-
ages and find the total magnification by linearly combin-
ing them. Subsequently, we plot the total magnification
for the uniform and non-uniform cases as a function of
the plasma frequency and the & parameter. The results in-
dicate a decrease with the increase of the & and y paramet-
ers, and the total magnification decreases under the influ-
ence of the non-uniform plasma frequency, while for the
uniform case, it is vice versa. To elaborate further, we
plot the ratio of the magnification factors in the presence
of plasma to those in the vacuum case. Notably, the val-
ues of this ratio increase/decrease under the influence of
the uniform/non-uniform plasma frequency.

Investigating the optical phenomena around BHs, in-
cluding the Schwarzschild-like BH, is crucial from an as-
trophysical perspective. Our theoretical findings may not
advance fundamental understanding but could open a
window for future observational and experimental efforts
to distinguish Schwarzschild-like BHs from ordinary
Schwarzschild BHs.
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