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Abstract: Angular momentum projection is a fundamental technique for constructing nuclear wave functions with
definite angular momentum. Traditionally, a projected nuclear wave function is expanded in basis states obtained by
performing angular momentum projection directly on reference states of the entire nuclear system. Alternatively, one
can construct nuclear wave functions using another kind of projected bases, called the coupled projected bases,
which are generated by first performing angular momentum projection on the reference states for neutrons and pro-
tons, respectively, and then coupling the projected neutron states with the projected proton ones via Clebsch—Gor-
don coefficients. In the present work, we derive a new identity that provides a decomposition of the conventional an-
gular-momentum-projected nuclear wave function in terms of the coupled projected bases. This decomposition of-
fers direct insight into the underlying structure of nuclear states. To illustrate this point, we present decompositions
of variation-after-projection shell-model (VAPSM) wave functions for the ground states of several sd-shell nuclei.
Notably, even for the ground states of even-even nuclei, the nucleons are not fully paired. Finally, we demonstrate

that the VAPSM wave function can be further improved by employing the coupled projected bases.
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I. INTRODUCTION

Nuclei are quantum many-body systems composed of
protons and neutrons. Solving such problems exactly re-
mains a major challenge. A variety of approximate
quantum many-body methods have therefore been de-
veloped. The Hartree—Fock (HF) approximation [1, 2] is
among the most important and has been widely applied to
various quantum many-body systems, including nuclei
[3]. In this method, nucleons in a nucleus are assumed to
move independently in a common mean field. While re-
sidual interactions among nucleons are neglected, the HF
approximation has been highly successful in reproducing
various global properties of nuclei. The Hartree—
Fock-Bogoliubov (HFB) approximation generalizes the
HF approach by introducing the Bogoliubov transforma-
tion [4, 5] and is particularly powerful for describing
pairing correlations in nuclei. However, these mean-field
approximations generally break fundamental symmetries,
such as rotational invariance and reflection symmetry,
which are expected to be conserved in nuclear systems.

A natural way to restore these symmetries is to per-
form quantum-number projection on reference states,
such as the HF or HFB vacuum states [3]. Particle-num-
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ber projection can be applied to HFB vacuum states,
whereas angular-momentum projection and parity projec-
tion can be applied to both HF and HFB states. Parity
projection is relatively simple. By contrast, angular-mo-
mentum projection is computationally more demanding
because it involves a three-dimensional integration over
Euler angles.

Despite its computational complexity, angular-mo-
mentum projection has been widely used in the develop-
ment of various beyond-mean-field methods [6—18].
Moreover, it plays a crucial role in high-quality approx-
imate shell-model approaches, such as the Monte Carlo
shell model (MCSM) [19-21], the VAMPIR method
[22], the quasiparticle vacuum shell model (QVSM) [23],
the discrete nonorthogonal shell model (DNO-SM) [24],
and the variation-after-projection shell model (VAPSM)
[25-28].

Traditionally, nuclear wave functions are constructed
by performing angular-momentum projection on refer-
ence states of the entire nuclear system, as implemented
in Refs. [19-28]. This treatment implicitly assumes that
neutrons and protons move coherently as a single entity,
with no relative collective motion between the two sub-
systems.
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However, collective modes involving relative motion
between neutrons and protons, such as the scissors mode,
were studied in the 1970s [29] and were later confirmed
experimentally [30]. The scissors mode has been success-
fully reproduced within the projected shell model
[31-33], where new projected bases were introduced by
coupling the angular-momentum—projected neutron and
proton wave functions via Clebsch—Gordon coefficients.
Owing to the additional degree of freedom associated
with the scissors mode, shell-model approximations are
expected to be further improved by adopting such
coupled projected bases.

In the present work, we expand the calculated
VAPSM wave functions in terms of coupled projected
bases analogous to those employed in studies of the scis-
sors mode [31, 32]. This decomposition allows us to ex-
tract the distributions of neutron and proton angular mo-
menta, thereby providing direct insight into the micro-
scopic structure of nuclear states. Furthermore, we
demonstrate that the VAPSM description can be system-
atically improved by incorporating these coupled basis
states.

This paper is organized as follows. Section II presents
a general identity associated with angular-momentum
projection operators. Section III describes the decomposi-
tion of VAPSM wave functions in terms of neutron and
proton angular momenta. Section IV demonstrates the
improvement of VAPSM achieved with the new coupled
projected bases. Finally, a summary and outlook are giv-
en in Section V.

II. A GENERAL IDENTITY

Here, we refer to the state to be projected as the refer-
ence state. This reference state can be a Slater determin-
ant (SD), as used in the VAPSM, or another, more com-
plicated wave function without a well-defined angular
momentum. One can perform angular-momentum projec-
tion on the reference state |®@) to obtain a projected state
with good spin.

|‘PJM(K)> = NJKPLK@)» (1)

1

. V{D|Py :
factor, ensuring that ﬁ;JM(K)I‘PJM(K)) =1. Here, Pj,; is

the angular-momentum projection operator.

where Nyg = denotes the normalization

2J+1

Ple="
MK 871'2

/ dQD (R, ()
where D3, (Q) = (J_]VJI|I§(%)|JKJ} and R(Q) is the rotation
operator R(Q)=e e Te 7. Q denotes the Euler
angles a, f, and y. By definition, one also finds [3]:

Pix = InIM)YIK|, 3)

n

where all [pJM) states form a complete orthonormal set
in the Hilbert space, and # denotes all quantum numbers
except the total angular momentum J and its magnetic
quantum number M. This immediately implies that:

> Prx =D IIKYnIK| = 1. @)
JK

nJK
For convenience, we begin by assuming that the refer-
ence state |®) of the entire nuclear system is the product

of a proton reference state, |®"), and a neutron reference
state, |®@”):

D) = |DT)|D"). )

Similar to Eq. (1), one can perform angular-momentum
projections separately on |®") and |®"), i.e.,

¥}, 0, (K2)) = Ny g, Py ¢ |07,
¥, 01, (K))) = Njx, Py |7 (6)

Then, the total nuclear wave functions with good
quantum numbers J,, J,,J, and M can be constructed as

(¥, 0,00 (K, K,))
= S M MDY, (KWW, (K ). D)

MﬂMV

From Egs. (4) and (5), one readily obtains
D Prl®) = (Z Pﬁ:mm) (Z PQVKV|<I>V>> .®
JK JnKx 1Ky

Note that Py . can be applied only to |[®7), and Py, can
be applied only to |®”). Therefore, we have:

b4 K )Y K,
ZP;{K@): Z ¥k, (KOs, x,(K,))
N;x N
JK JxKrdyKy I KAV, K,
= Z <J7rK7rJVKV|JK,r + Kv>
JoKzJy Ky J lerKnNJVKV
X ¥y, 1,0k, k,(Kr, K,))- )

Using the orthogonality of the angular-momentum eigen-
states, one obtains:
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<J7rK7rJVKv|JK>|\PJ,,JVJK(KM Kv)>
NJ,(K,,NJ,,KV .

(10)

P;{K@) = Z

JxJyKz K,

By applying Eq.(3) to both sides of Eq.(11), we obtain

P111/1K|(D> = Z

Jrdy Kz Ky

(LK KN K ) g, o (K, K))
Nk, Nyk, ’

(11)

Using Eq.(7), we then have

>

JrdyKn Ky Mz M,

X ¥ s, (KON 1,11, (K )
= > K KNTK M M| TM)

Jxdy K Ky My M,

X Py g Py |D).

(=K d, K KT Md M, | I M)

Pl l®) =
MK ]\]J,,KWZVJVKy

(12)

Clearly, the reference state |®) in Eq. (13) may be chosen
arbitrarily and written in a general form,

D)= fil@D))),

ij

(13)

where i(j) labels the proton (neutron) reference state, and
the f;; coefficients are arbitrary. Therefore, we obtain the
following new identity:

>

JndyKx Ky Mz M,

Py = (JnKnd K TK YT M J, M| T M)

Jr Jy
xPM”K”PMVKV.

(14)

For convenience, we define the following angular-mo-
mentum projection operator:

Pl (KoK = (UM L, MJIM)PY; ¢ Phic . (15)
MM,
and Eq. (15) can be written as
Puc= Y (LKJKVKPH(KK,).  (16)

JxJyKz Ky

III. DECOMPOSITION OF THE PROJECTED
WAVE FUNCTIONS

In general, a projected nuclear wave function can be
written as follows:

W) =Y friPrl®:). (17)
Ki

where the coefficients f; satisfy the normalization condi-
tion such that (¥,y|¥,y) = 1. Inserting Eq. (17) into Eq.
(18), one obtains

¥y =) D falduKnd KNTK) X P (KK )IDD. (13

Jxdy KzKyi

Here, we refer to P75 (K, K,)|®;) as the coupled projected
basis. From Eq. (16), we see that P75 (K,K,) is an operat-
or projecting onto four good quantum numbers, namely,
Jy, J,, J, and M. This enables us to decompose ¥,y in-
to different (J,, J,) components that are mutually ortho-
gonal. The contribution of each (J,, J,) component to
|¥;4) can be evaluated by

CUnt) = Y frnlxilJK, KK
KK i' KKy i
X (T K K NTKX®y [P Py [0, (19)
Clearly, C(J,,J,) should satisfy
> CUmI)=1. 20)
‘IZD‘IV

We note that similar calculations of C(J,,J,) were
previously performed by Otsuka [34]. However, in his
calculation the intrinsic state is assumed to be axial, with
K =0 for even-even nuclei. Here, we present Eq. (20),
which is more general and allows the reference states to
be arbitrary. Consequently, Eq. (20) can be applied to any
state of an even-even, odd-mass, or odd-odd nucleus.

In our VAPSM calculation, we have shown that the
projected wave function in Eq. (18) can be simplified as

¥ u(K)) = ZﬁPLchD», 1)

without losing a good shell-model approximation [27].
Here, |®;) is the product of a proton SD, |®7), and a neut-
ron SD, |®!); namely, |®;)=|D7)D!). Accordingly,
C(J,,J,) can be written as

C(J )
= Y KK = KTKY T Ked K = KAl TK)

KL Kyi
X [ QP |OTUDLIPE g i |DY). (22)

If we take only one reference state |®@)=|D")|®”), then
Eq. (22) reduces to Eq. (1). In this case, the correspond-
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ing C(J,,J,) can be calculated as

C(U, )
=Y (KK = K| TK YK J K = K| JK)
KKy
(7| | Q"D P g |V
(DIPgx|D)

(23)

In even-even nuclei, the ground state always has spin
J =0 and positive parity. The corresponding C(J,,J,) can
be written explicitly as

1 Z (—I)K/_K@”JV
(D|PJ,|D) 2J,+1

KK’

XAD| PR | DD [P, | D). (24)

ClUr J,) =

Traditionally, for an even-even nucleus in its ground
state, it is believed that all nucleons are paired. One might
expect that C(J, =0,J, =0) equals 1 and that the other
C(J,,J,) values vanish. However, shell-model calcula-
tions show that this is not the case. To demonstrate this,
we compute the ground states of several even-even sd-
shell nuclei using both the full shell model (SM) and
VAPSM. We adopt the USDB shell-model Hamiltonian
[35]. The full shell-model calculations are performed us-
ing the NuShellX code [36]. This code can also compute
the C(J,,J,) values for any eigenstate of a given Hamilto-
nian, as shown in Fig. 1. The VAPSM trial wave func-
tion is taken as in Eq.(1). After variation, we compute the
C(J,,J,) values for the fully optimized VAPSM wave
functions; these results are also shown in Fig. 1.

One can readily see that both SM and VAPSM yield
very similar C(J,,J,) values. This implies that the ap-
proximate VAPSM wave functions are quite close to their
corresponding exact SM counterparts. This also confirms
the validity of the present formulae. Nevertheless, all the
calculated C(J, =0,J, =0) values are less than 1, while
the C(J, =2,J, =2) values are significant. For *’Ne and
Mg, the C(J, =2,J, =2) values are even larger than the
C(J,=0,J,=0) values. This indicates that, even in the
ground states of even-even nuclei, like nucleons are not
fully paired because, in the components with J, =J, =2,
at least two like nucleons are not coupled to spin zero.

The appearance of the J,=J,#0 components is
clearly due to the neutron-proton interaction present in
the adopted Hamiltonian. This can be understood as fol-
lows. Let us remove the neutron-proton interaction from
the adopted Hamiltonian. Then the Hamiltonian can be
written as

H=H"+H". (25)

r VAPSM SM
100% |- —o— —e—J.=J,=0
L —o— —e JK:JV:Z
80% - —o—  —e—J =J =4 f
= 60% | f @
=2
3 |
40% +
I Q\ :
20% - —® ®\>
| Y e
0% L M Il %‘i\?\? Il oi\é\? Il Il Il Il Il
Fig. 1.  (color online) Calculated C(J.,J,) values for the

ground states of even-even sd-shell nuclei using the shell
model and VAPSM. The USDB interaction is employed.

This implies that the nuclear system can be separated in-
to two independent subsystems, namely the neutron and
proton subsystems. In each subsystem, the ground state is
formed with all like nucleons paired, and the correspond-
ing wave function has zero spin and positive parity. The
ground state of the total nuclear system is then simply the
product of the ground states of these two subsystems.
Hence, the ground state for the Hamiltonian of Eq.(26)
contains only the J, =J, =0 component. Therefore, the
neutron-proton interaction leads to admixtures of
J. =J, #0 components in the ground states of even-even
nuclei.

One can imagine that, as the strength of the neutron-
proton interaction increases from zero, the mixing of the
Jr=J,#0 components correspondingly increases. The
N =Z nuclei seem to have the strongest neutron-proton
interactions. Indeed, as seen in Fig. 1, for the ground
states of *’Ne, **Mg, %*Si, **S and **Ar, the weights of the
Jr=J,=2 components are relatively large, and such
J. =J, =2 components are even predominant in *’Ne and
*Mg. One can also see from Fig. 1 that, as the neutron
number increases away from N=Z, C(J,=0,J,=0)
roughly increases, whereas C(J, =2,J, =2) roughly de-
creases. This implies that the neutron-proton interaction
becomes weaker as N increases away from N = Z.

For nonzero spin states, the decomposition of the cor-
responding wave function is more complicated because
J, and J, can differ. We performed the same calculations
as in Fig. 1, but changed the spin from J =0 to J =2. The
result for the yrast 2* state in **Mg is shown in Fig. 2.
Again, the distribution of C(J,,J,) from VAPSM is very
similar to that from the exact SM. The main components
for the yrast 2* state in **Mg are those with
(J,=0,J,=2), (J,=2,J,=0), and (J, =2,J, =2). Simil-
ar calculations for the odd-mass nucleus *Mg and the
odd-odd nucleus *°Al were also performed. The results
for their ground states are shown in Figs. 3 and 4. In Fig. 3,
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Fig. 2. (color online) Distributions of the calculated C(J,J,) Fig. 3. (color online) The same as Fig. 2, but for the 5/2*
values for the yrast 2* state in **Mg obtained with VAPSM ground state of *Mg.

(upper panel) and with the shell model (lower panel). The US-
DB interaction is employed.

the ground state of *Mg is dominated by the 80
J,=0,J,=5/2) and (J,=2,J,=5/2) components. In 92 m m m m m
particular, the latter component arises from the neutron- .
proton interaction in the USDB Hamiltonian. 712 n m m X 00

One may observe in Figs. 2 and 3 that when J, or J, §
is odd, the corresponding C(J,,J,) becomes very small. 52 m m m S 40
This is also indicated in Fig. 1, where those small g—
C(J,,J,) values are not shown. This behavior may be 320 nm o
caused by time-reversal symmetry. If a deformed intrins- ocm
ic state has time-reversal symmetry, one can prove that |
the possible angular-momentum projected states with J " ‘ ‘ ‘ m 0
positive parity and K =0 are those with even J [37]. This v o2 H n m n m
is why, in even-even nuclei, the ground-state bands in-
clude only states with even J. In the lowest proton (neut-

: . . 72} 7.0
ron) configuration with an even particle number, all pro- m - m n
tons (neutrons) governed by the Hamiltonian are likely to
form pairs. One can easily understand that such a config- 52 m m
uration may have time-reversal symmetry. Therefore, the
projected states with K7 =0 (K*=0") can only have 32t mn
even J, (J,). Consequently, C(J,,J,) should vanish when
Je (J,) is odd. A small nonzero value of C(J,,J,) with 12+ m
odd J, (J,) implies that time-reversal symmetry might be : : : :
. 112 312 5/2 712 912

slightly broken.

For the ground state in Al the dominant component Jr
in Fig. 4 is (J, =5/2,J,=5/2), which indicates that the Fig. 4. (color online) Same as Fig. 2, but for the 5* ground
spins of the neutrons and protons are parallel. One may state of Al

064103-5



Wen Chen, Zhan-Jiang Lian, Xue-Wei Li et al.

Chin. Phys. C 50, 064103 (2026)

also consider the possibility that these spins are antiparal-
lel and form a 0* state. Indeed, we calculated the yrast 0*
state in *°Al, and the results are shown in Fig. 5. Both the
shell-model and VAPSM results show that this 0* state is
also dominated by the (J, =5/2,J, = 5/2) component.

Based on the above analysis, this decomposition of
the angular-momentum projected nuclear wave function
is very helpful for studying the structure of the calculated
nuclear states. This opens the possibility that such a de-
composition can be applied to any heavy, deformed nuc-
leus once its angular-momentum projected wave function
is available.

However, in heavy, deformed nuclear regions, in-
truder orbits with opposite parity are usually included in
the model space. In this case, parity projection is adopted,
and the VAPSM wave function in Eq. (22) can be writ-
ten as

W) (K)) = ZﬁP”PIJMKlq)i% (26)

1 A
where P = §(1+7TP) is the parity projection operator,

with 7=+1 and P the parity operator. It is straightfor-
ward to see that

pr=) PPY @7)

T, Ty,

where P™= and P™ are the parity-projection operators for
protons and neutrons, respectively. The proton and neut-
ron parities, n, and =,, satisfy .7, =n. Consequently,
the C(J,,J,) component is decomposed into two parts,
namely,

CUnJ,) =CWUJ;, J)+C(J,, T, (28)
.4 ~
60% | 2A| A —©— VAPSM
—e—SM
’\> 400/0 - ’;/ 5‘\
A J \
33
2
(@) )
20% -
. ° N\
0% O—8—o
1/2 3/2 5/2 712 9/2 11/2 13/2
J(=d,)
Fig. 5. (color online) Distribution of the calculated C(J.,J,)

values for the yrast 0% state in 2Al from shell-model and
VAPSM calculations using the USDB interaction.

for = = +1 state, or
CUr,J) = CU;, J)+CUL,J)) (29)

for the m = —1 state. J7 denotes the spin and parity of the
protons (7 =) or neutrons (7 =v). Similar to Eq. (23),
C(J7=,J™) can be calculated by

CUF.J7)
= Y (LKLJK = KK KK - K| JK)

K, Kyi

X [ fAQFIP™ P |DTHDLIP P ¢ 1O (30)

To demonstrate the decomposition in a heavy, de-
formed nucleus, we calculate the ground-state band with
K™ =0" in 'Dy. The adopted model space includes all
single-particle orbits between the shell closures of '**Sn
and 2®Pb, which is usually referred to as the jjS6pn mod-
el space. In this model space, the dimension of the con-
figuration space for '*Dy reaches 1.0 x 10'7, well beyond
the scope of traditional shell-model calculations. The ad-
opted shell-model Hamiltonian is jjS6pnb [38], de-
veloped for nuclei near '**Sn. Here, we use the wave
function of Eq. (27) including only one SD. Using the al-
gorithm in Ref. [28], the states in the rotational band can
be obtained simultaneously. The calculated ground-state
band energies in '°Dy from VAPSM, together with the
corresponding experimental data, are shown in Fig. 6.
One can see that, as spin increases, the calculated rota-
tional energy increases faster than the experimental one.
This discrepancy indicates that the adopted jj56pnb
Hamiltonian might become less effective for '*Dy, since
1Dy lies far from '*2Sn. However, with this Hamiltonian,
the rotational character of the ground-state band in '*Dy
is clearly reproduced. As a preliminary step, we take the
wave functions corresponding to the calculated energies
in Fig. 6 and decompose them using Eq. (31).

The cutoff values for J, and J, are J, =J, =20. All
the calculated components with J, <20 and J, <20 ac-
count for 99.9998%, 99.999%, and 99.94% of the wave
functions with J* = 0%,2*, and 10", respectively. For the
ground state with J"=0*, the calculated C(J,,J,),
C(J:,J0), and C(J;,J;) values in Eq. (29) are shown in
Fig. 7. It is clear that the C(J;,J;) values are almost zero.
Indeed, the sum of all C(J;,J;) values in Fig. 7 is about
0.042%. Unlike Fig. 1, the predominant components in
Fig. 7 are those with J, = J, =2,4, and 6, each exceeding
15%, whereas C(J, =0,J, =0) is only about 3.2%. This
result is very similar to that for '**Sm with an axial in-
trinsic state in Ref. [34]. However, here the adopted SD
can be arbitrarily deformed. In this J=0 case, the
nonzero J, and J, angular momenta must be anti-aligned,
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—=— VAPSM /
—e— Exp.

0 2 4 6 8
Spin J

1 1 1
10 12 14 16

Fig. 6. (color online) Calculated ground-state band energies
and the corresponding experimental data for 'Dy are presen-
ted. The jjS6pnb interaction is employed.

25% |- —S- C(dpdy)
—e—C(J5,J7)
20% - —o—C(Jnd)
=
Q 15%
o
a
E 10%
O
5% -
0%
0 4 8 12 16 20
Jﬂf(=JV)
Fig. 7. (color online) Distributions of the calculated

C(Jr, 1), C(JE,J)), and C(J;,J;) values for the VAPSM wave
function of the ground 0* state in 'Dy.

as has been extensively discussed in Refs. [34, 39, 40].
For other calculated nonzero-spin states, the C(J,J,)
values are likewise very close to zero. For example, at
J*=2* and 10*, the sums of the calculated C(J;,J;) val-
ues are 0.049% and 0.058%, respectively. Thus, we have
C(Jy,J,) ~ C(J;:,J?) for the present case of '*Dy. The de-
compositions of the VAPSM wave functions for J* =2*
and 10* are shown in Fig. 8. For J™ =27, the predomin-
ant components are those with J, and/or J, equal to 4 and
6, whereas the expected J, +J, =2 components are quite
small. For J” = 10*, the J, +J, = 10 components predom-
inate, indicating that the proton and neutron deformed el-
lipsoids rotate in almost the same direction [34, 39, 40].

IV. ANIMPROVEMENT OF THE VAPSM WAVE
FUNCTION

According to Eq. (19), the standard projected wave
function in Eq. (18) can be expressed in a more general

161 Jr=o* [0.1]0.0fo0f
15( (@) J™= oofoo[oc[oo]
141 0.30.0f0.1f0.0f00]
13 0.1]00JooJoo0]o.0]
12 09foo]o3oo]o2]
1My o5fo.1fo1]o0]o4]
10+ o-tfosfo1]oe]
9r
J, 8 20 Y
7+ 2.0J0.9]0.7]o5]0.8] <
6 78]14]36]08]39] cl®
5+ [20]2.1]0.8]13]15] 2 4
4r o
KY 0.0]3.2[0.0]2.3]1.6] g' 2
2 G
1 ol
0
16 ] ]
15
14
13
12 )
11
10 : FIE
9r 0.2Jo.4Jo.3]o.1]o.2Jo.0f0.1f0.0f0.1f0.0f0.0f
J, 8r o5fo.1]o2]o1]o1]oo0]00]
7 0.3]0.8J0.2J0.3f0.2J0.1f0.2]0.0f0.1]0.0]0.0]
6 [6.0]1.7]32f03]1.9J0.1]osJo2f0.3]0.1]o.1]0.0f0.1]
5¢ o5]1.7]o8Jo3fo5]0.2]o1]o2f0.1]0.2]0.0]
4t
3 166 0.3]1.0]06]0.2J0.2[0.4]0.1]
2t Dy [25]0.4]1.5]0.3] 0]
1r o.0fo.1]o0]
012345678 910111213141516
JTI',
Fig. 8. (color online) Distributions of the calculated C(J,J,)

values for the VAPSM wave functions associated with the 2+
and 10* states in '*Dy.

form,

W)=Y fuiPom(@)I®y), (32)

ai

where fi 5k, = fxi{J-K:J,K,|JK). The fx; coefficients,
as well as the SDs |®;), can be obtained by performing
VAPSM calculations based on Eq. (18). However, if we
treat the f; 5 x k. coefficients as free parameters, that is,
we recalculate f; ; k. k,; by diagonalizing the Hamiltonian
in the space spanned by the Py (K.K,)|®;) basis states,
the shell-model approximation within VAPSM may be
further improved. For brevity, we rewrite Eq. (32) in a
more concise form

Wou) =Y fuPou(@I®)), (32)
where a denotes the tuple (J,,J,, K}, K,) and
Pu(@) = PTp (K:K,). (33)

Here we adopt the simplified wave function given in Eq.
(22) to perform VAPSM calculations. As in Eq. (32), Eq.
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(22) can be written as:

¥ou(K)) =Y fuP o@Dy, (34)

ai

where f,; = fJ:K,J,K,|JK). However, K, and K, are no
longer independent, as they are constrained to satisfy
K. +K, = K, where K is fixed.

To obtain the fully optimized f,; coefficients and the
corresponding energy E, one should solve the following
generalized eigenvalue equation:

Z(Hozi,a’i’ - ENai,a’i’ )fa’i’ = 0, (35)

o'’
where o' denotes the numbers (J,,J,, K, K).

Nuiarir = (DiIP (@)P ()| D)
= > (Mo T MMM, M\ M)

My, My, MM, (36)
J, J! J, J!,
X<(D;r|PK’;,M,(PM",',K,'r|(D;$><(D:‘/|PKVVMVPA/;;K;|(D}/’>
J J,
= (QFIPY g | DN PR, 4, 1D} )61,0,60,,

To calculate the matrix element H,; ., the shell-model
Hamiltonian is divided into three parts:

H=H+H +H". (37)

In Eq. (38), the like-nucleon part, H* (with 7 =7 or v), is
given by

H = Ze,rl\?,, + Z

re<Sete<ur,J

J

rrSrtclir

X VA+6, )+ 5”“7)XM:A}M(rTsT)AJM(tTu,) :
(3%)

Here, N, is the operator that measures the number of
nucleons in the r, subshell with quantum numbers (,_,
er’ jr7)5 i'e"

K=Y e, crm, (39)

My

where Ci,,, (¢rm, ) 1s the spherical harmonic-oscillator
single-particle creation (annihilation) operator with
quantum numbers (n,, I, j.., m;.). AjM(rTsT) is the nuc-
leon-pair creation operator defined as:

Ap(res) =Y Gromrjsoms JIMYC, € (40)

Mpp Mgy

and

AJM (t‘rur) = Z <jtrmrfjurmu, |JM>CuTmuT Ctemy, + (4 1 )

My My,

The neutron-proton interaction term, H™, can be written
as:

Hm/ = Z VrJ,,sVI,,uV ZAjM(rnsv)AlM(tﬂuv)’ (42)
M

FrSytglly,J
where

A}M(rﬂsV) = Z <jrnm*'nj5vm5v|JM>Ci,,m,”czvmw (43)

My M,

and

Amiltait) =D (o o IM)Cum, Coomy- (a)

My My,

Accordingly, the matrix element H,;,, canbe decom-
posed into three parts,

Heiir = (@il P} (@) HP ()| D)

=Hyj i + H' viwri + Hy i (45)
where
HE, o = (DiIP] 1 (@) H" P ()| @y )
= (O] |H" P, |G X D] 1Py |9})5 11,61,
(46)
HY, o = (DiIPS (@ H' Py ()| D)
= <(D?|P;(7:,K;|(Dg ><‘D,‘V|HVP;£;K;|‘D; 00,0,04,1;
(47)
and
HY i = (DiIP] (@) H™ Py (@) D). (48)

To evaluate H™ H™ needs to be transformed from the

al,a'i’ >

particle-particle form into the particle-hole form; namely,
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H™ = Z VrjnxvtnuvZA;M(rnSv)AJM(Z‘,,MV),
M

T Sylxity,J

Z w/rlntns,,uv Z(_ 1)/l_uSﬂ}l(rﬂ[”)s/l_#(s"u")’

FrSylgity,A u
= ) W, (G0t - S (s, (49)
FrSylrity,A

where
w;lnlnsv“v = Z(_l)jsv+jln*/l*.](2‘, + 1)
J
iy
xTm S e (50)
Ju, Jn A
Vi, =) (DA 1)
A
.f .S J
L S P (51)
Ju, Jn A

S 4u(r.1;) 1s a spherical tensor operator defined as follows:

S /lu(r‘rt‘r) = Z <jr7mr7 jrrmz, M~ﬂ>clmﬁ Et,m,, ) (52)

My My

where ¢, =(-1)/*"c, _, . Inserting Eq. (50) into Eq.
(49), we obtain

v _ A A
Hm‘,(l’i’ - § wr,,t,,svuv(_ 1)

I Sylxity,A

X (q)ileM(a)S A(ete) - S a(syu,) Py (@)| D)
— Z wfnt’rsvuv(_l)/l(_l).l,',+lv+./

FrSylgity,A

X o bt W, (KDIS a(rat) 7, (Ki))
J(/ J;r 1 lpj” xl AFrly w],’, b

X W, (K DS a(syu) g, (KDY,
(53)

where, we define
W 1,00, (K i) = Py i |®F) (54)

and the reduced matrix element

(=12 (G m A jm) T
(55)

1
T |
GmITylj'm’) NyEl

The reduced matrix element in Eq. (54) can then be ex-

pressed as

Wi, (K DS 2 (ret) g (KLT))
=271, +1 ZU;K, — uAplJ K
u

XADTIS 4 (et )P | D). (56)

The projected matrix elements in Egs. (47), (48), and (57)
can be readily evaluated within the present VAPSM
framework. This, in turn, provides the matrix elements in
Eq. (36), allowing the generalized eigenvalue equation to
be solved.

To demonstrate the improvement afforded by the new
projected wave function, we first perform VAPSM calcu-
lations for the ground states in several sd-shell nuclei. For
simplicity, we adopt only a single SD to construct the
VAPSM wave function in Eq.(22). After the VAPSM cal-
culation, the minimized energy and the corresponding op-
timized VAPSM wave function are obtained. The energy
differences between these VAPSM energies and the ex-
act shell-model ones are shown in Fig. 9. These differ-
ences are on the order of a few hundred keV, which may
appear large in the figure but are actually negligible com-
pared with the absolute energies [26, 41]. The quality of
the shell-model approximation can also be seen from
Figs.1, 2, 3, 4, and 5, which indicate that the VAPSM
wave functions with one SD are very close to the exact
shell-model ones. Of course, these energy differences can
be reduced to sufficiently small values by adding more
SDs to the VAPSM wave functions. However, here we
do not add more SDs. Instead, we investigate whether
such energy differences can be reduced by adopting the
aforementioned coupled projected basis.

As a preliminary calculation, we simply use the same
SD as in the optimized VAPSM wave function to con-
struct Eq. (35). The coefficients f,; and the correspond-
ing energy are obtained by solving Eq. (36). The energy
differences between the energies with the new wave func-
tions and the exact shell-model ones are also shown in
Fig. 9. For the ground states in even-even nuclei, the im-
provements with the new wave functions are not signific-
ant, indicating that the relative scissors motion between
the neutron system and the proton system can be neg-
lected in these calculated states. However, for odd-mass
and odd-odd nuclei, the energies with the new wave func-
tions are considerably lowered. This indicates that the
coupled projected basis is indeed capable of improving
the VAPSM wave function, although that improvement is
not complete because the adopted SD is simply taken
from the original VAPSM calculation. A full VAPSM
calculation with the coupled projected basis would dir-
ectly vary the wave function in Eq. (35) by simultan-
eously changing the |®;) SDs and the f,; coefficients.
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Fig. 9. (color online) Calculated energy differences between

VAPSM and exact SM ground-state energies for (a) even-
even, (b) odd-mass, and (¢) odd-odd sd-shell nuclei. The black
squares show results for the optimized VAPSM wave func-
tion given by Eq. (1). The red dots show results obtained by
replacing the optimized form in Eq. (1) with the generalized
form in Eq. (35). The USDB interaction is employed.

This will be done in the near future.

V. SUMMARY AND OUTLOOK

Angular momentum projection is a fundamental tech-
nique for constructing high-quality nuclear wave func-
tions that can be very close to the exact solution of a giv-
en nuclear shell-model Hamiltonian. To date, the angular-
momentum-projected nuclear wave function is usually
expressed in terms of basis states generated by perform-
ing angular momentum projection on reference states for
the whole nuclear system. This implies the assumption
that there is no collective motion of neutrons relative to
protons.

However, the discovery of the scissors mode in nuc-
lei confirms an additional degree of freedom correspond-
ing to the relative motion between neutrons and protons.

To treat the scissors mode, the PSM method introduced a
different kind of projected basis, constructed by coupling
the angular-momentum-projected neutron wave func-
tions with the corresponding proton ones. Owing to the
inclusion of this extra degree of freedom associated with
the scissors mode, we expect that the new projected basis
may also improve the shell-model approximation in our
VAPSM calculations.

In this work, we first derive a general identity that
provides an explicit expansion of the angular momentum
projection operator for the whole nuclear system in terms
of products of the angular momentum projection operat-
ors for neutrons and protons. Consequently, we are able
to expand a traditional angular-momentum-projected nuc-
lear wave function in terms of the coupled projected
basis, as used in studies of the scissors mode [31, 32].
This is crucial for extracting the probability of a given
(Jz.J,) pair in an angular-momentum-projected nuclear
wave function, i.e., the C(J,,J,) value, as is done in the
standard shell model. In other words, we can decompose
any angular-momentum-projected nuclear wave function
into different (J,,J,) components.

To demonstrate the validity of this decomposition, we
take the fully optimized angular-momentum-projected
wave functions obtained from the VAPSM and decom-
pose them into different (J,,J,) components. Calcula-
tions for several sd-shell nuclei are performed. The result-
ing C(J,,J,) distributions for the VAPSM wave func-
tions are generally very close to those for the correspond-
ing shell-model ones. This further confirms the quality of
the shell-model approximation achieved by the VAPSM.
The distribution of C(J,,J,) is also helpful for under-
standing the structure of the nuclear states. We expect
that, when the VAPSM is applied to heavy, deformed
mass regions where the standard shell model cannot
reach, such a decomposition will also be useful for study-
ing the structure of heavy deformed nuclei.

Finally, we improve the VAPSM wave function by
first replacing the original basis states with the coupled
projected ones, and then diagonalizing the shell-model
Hamiltonian in the new basis. For even-even nuclei, the
improvements are not very obvious, whereas for odd-
mass and odd-odd nuclei, the improvements are more sig-
nificant. This encourages us to implement a full optimiza-
tion of the wave function in Eq. (35) in the future. We ex-
pect such a wave function to be closer to that from the
shell model and to enable studies of the scissors mode in
heavy deformed nuclei based on a realistic shell-model
Hamiltonian.
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