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Abstract: The process in which a muon bound to the nuclear potential decays into an unbound electron, a muon

neutrino, and an electron antineutrino is considered. The study examines atomic effects on the differential transition
rate relative to the energy of the emitted electron, specifically the electron spectrum, near its high-energy boundary,
within the framework of Fermi effective theory. The analysis takes into account corrections due to finite-nuclear-

size, nuclear-deformation, electron-screening, and vacuum-polarization effects, all of which are incorporated self-
consistently into the Dirac equation. Furthermore, the nuclear-recoil correction to the muon binding energy is in-

cluded. Calculations are carried out for the isotopes of C, Al, and Si, which are particularly important for forthcom-

ing experiments aimed at search for the charged-lepton flavor-violating process of muon-to-electron conversion in a

nuclear field.
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I. INTRODUCTION

In contrast to the well-established phenomena of
quark-generation mixing and neutrino-flavor oscillations,
no experimental evidence for charged-lepton flavor viola-
tion (CLFV) has yet been found (see, e.g., the reviews in
Refs. [1-4] and references therein). A promising channel
for investigating CLFV is coherent muon-to-electron con-
version in a nuclear field. In this process, a muon ini-
tially bound to a nucleus coherently, i.e., without chan-
ging of the nuclear state, converts into an unbound elec-
tron without emitting additional particles. Observation of
this rare process would represent a significant milestone
in fundamental physics, as it offers a powerful discrimin-
ator between various extensions of the Standard Model.
In particular, since the conversion takes place in the pres-
ence of the nucleus, it enables discussing hypothetical
lepton-quark couplings.

The muon-to-electron conversion can be character-
ized by the ratio, R,,, of the muon-to-electron conversion
rate to the muon nuclear capture rate, see e.g. Ref. [5].
The current experimental upper bound, R, <7x107",
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was obtained for muonic gold in Ref. [6]. Several next-
generation experiments [7—9], based on the grounds of
Ref. [10], are expected to significantly improve the sens-
itivity to this CLFV process by at least four orders of
magnitude, reaching ~ O (107'7). The potential of these
forthcoming experiments to probe physics beyond the
Standard Model is discussed in Ref. [11].

The Standard-Model process accompanying the
CLFV muon-to-electron conversion and constituting the
only irreducible background to the conversion signal is
the bound-muon decay, also referred to as "u~ decay in
orbit". In this process, the muon decays into an electron, a
muon neutrino, and an electron antineutrino: u- —
e +v,+v,. Conservation laws constrain the electron en-
ergy from above and the corresponding upper limit
defines the endpoint of the differential transition rate of
the bound-muon decay with respect to the final-state elec-
tron energy, which is commonly referred to as the elec-
tron spectrum [12]. Importantly, this endpoint energy
practically coincides with the characteristic electron en-
ergy of the muon-to-electron conversion. Moreover, the
shape of the electron spectrum near the endpoint is
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strongly affected by atomic effects.

A potential signal from the muon-to-electron conver-
sion would appear as a small, narrow peak on top of the
steeply falling bound-muon decay background. In experi-
ments on searching for the muon-to-electron conversion,
it is not possible to determine on an event-by-event basis
whether a detected electron originates from the conver-
sion signal or from the bound-muon decay background.
The separation of signal and background is therefore per-
formed statistically, typically through a fit to the ob-
served energy spectrum (see, e.g., the methodology de-
scribed in Ref. [6]). Consequently, for the interpretation
of experimental data a reliable theoretical prediction for
the irreducible physical background arising from the
Standard-Model-allowed bound-muon decay is essential.

The theoretical study of the bound-muon decay pro-
cess was initiated in Refs. [13, 14]. Later, various aspects
of the problem were investigated in Refs. [15-24]. The
most recent and comprehensive analysis of the complete
electron spectrum across different nuclei was carried out
in Refs. [25, 26], where fully relativistic wave functions
constructed for the finite-nuclear-charge distribution
model were employed. The specific case of Al was
scrutinized in Refs. [27-29]. The isotope dependence of
the electron spectrum near the endpoint was explored in
Ref. [30]. An effective-field theory, which separates all
relevant physical scales, was recently developed in Ref.
[31].

The present study is devoted to advance a description
of the electron spectrum near its endpoint in the bound-
muon decay process with two primary goals. The first is
to derive a general expression for the electron spectrum
corresponding to an arbitrary bound state of the muon.
The second is to systematically study the influence of
various atomic effects, including finite nuclear size, nuc-
lear deformation, muon nuclear recoil, and electron
screening, on the muon binding energy and the resulting
electron spectrum close to its endpoint. Additionally, cor-
rections arising from quantum electrodynamics (QED),
specifically the vacuum-polarization effect, are also con-
sidered. The analysis of atomic effects on the electron
spectrum is performed for several isotopes: ':C and 3Si,
which will be used in the experiment described in Ref.
[7], and #]Al, which will be employed in the experiments
discussed in Refs. [8, 9].

The paper is organized as follows. Sec. II presents a
brief derivation of a general expression for the electron
spectrum within the central-field approximation. Two in-
dependent but equivalent approaches are employed to en-
sure the internal consistency of the results. Sec. III intro-
duces the atomic effects considered and outlines the de-
tails of the numerical calculations. Sec. IV presents and
discusses the results, including a comparison with previ-
ously published data. Sec. V summarizes the main con-
clusions. The paper also contains seven appendices, each

addressing specific technical aspects related to the deriva-
tions presented in Sec. II.

The relativistic units (i =c=1) are used throughout
the paper unless specified otherwise.

II. THEORY

The bound-muon decay process is described by the
reaction:

W = e+, +v,, (1)

where the initial-state muon g~ is bound to a nuclear po-
tential, final-state electron ¢~ is unbound, and the final-
state electron antineutrino v, and muon neutrino v, can
be regarded as free massless particles. Instead of treating
the reaction as a conventional three-body decay, it is re-
formulated as an equivalent two-to-two scattering pro-
cess:

1 +ve (py) = e +vu(py,), 2)

where the outgoing electron antineutrino v,, character-
ized by an asymptotic four-momentum p;,,is reinter-
preted as an incoming neutrino with opposite four-mo-
mentum p,, = —py,. In Eq. (2), p,, is an asymptotic four-
momentum of the muonic neutrino v,, and its definition
stays unchanged compared to Eq. (1). This formulation
facilitates the application of standard quantum-field-the-
ory techniques.

Within the framework of the Fermi effective theory,
the lepton-neutrino interaction operator governing the
process described in Eq. (2) takes the following form:

V2=t (7 - )
<[y (1-) ] D[y (1-¥)]@. @)

where the indices (1) and (2) label the particles on which
the operator acts, Gr is the Fermi constant, y* are the Dir-
ac gamma matrices, and the summation over the repeated
Lorentz indices is implied. The tree-level amplitude of
the process is given by

A= <6V#|VF|/,W€> , “4)

where the particle indices on which the interaction oper-
ator V¥(1,2) acts are implicitly fixed by the bra-ket states
and suppressed for brevity, and the integration over the
spatial and spin coordinates of the particles involved is
implied.

In our theoretical framework, the nuclear potential is
treated as spherically symmetric, representing a good ini-
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tial approximation for the systems under study. Effects
that intrinsically break this symmetry, such as nuclear de-
formation, are incorporated through effective spherical
potentials below. To obtain the electron spectrum, one
has to integrate over the quantum numbers of neutrinos,
not observed in the experiment, accounting for all their
possible configurations consistent with the energy-con-
servation law, E, +E, = E,+E,, . The operator in Eq. (3)
ensures that only neutrino states with the appropriate heli-
city contribute to the transition amplitude. Consequently,
the integration domain over the neutrino variables in Eq.
(4) can be extended without altering the outcome. By em-
ploying different representations of the neutrino states in
Eq. (4), two different but equivalent approaches for eval-
uating the electron spectrum emerge. These alternatives
lead to different final expressions, the equivalence of
which can be demonstrated explicitly. For completeness,
both approaches are presented and discussed in detail in
this study.

The first method is a general, brute-force approach in
which all particles are represented in the spherical-wave
basis. For each particle, the basis functions are described
by a set of relativistic central-field quantum numbers:
{=(E,x,u), where E denotes the energy (or an equival-
ent quantum number), » is relativistic angular quantum
number, and u is projection of the total angular mo-
mentum j = |%|—1/2. For the bound muon, the principal
quantum number 7 is used instead of energy E. The dif-
ferential decay rate in this approach is given by

AW (£.,4,)

iE. =2n/6(—Ee—EV” +E,+E,,)

4z, dg,., (5

XA (er Lol i)

where it is assumed that all unbound states are normal-
ized to the delta function in energy. This formulation will
be referred to as the two-particle approach and labeled
with "2p".

The second approach represents only the muon and
electron states in the spherical-wave basis, while the neut-
rinos are described using the plane-wave basis, character-
ized by a set of quantum numbers & = (7,m,), where j is
the three-momentum and m; is the spin projection onto .
The latter wave functions are normalized to the delta

function in momentum space. Here, the partial-wave elec-
tron spectrum can be expressed as

dw' (£.,4,)

aE, =2n / §(-E.—E, +E,+E,)

X |A (L& lnés, )| Ay, A, (6)

This mixed representation effectively reduces the two-
particle problem to a one-particle problem. Such a reduc-
tion is justified as the electromagnetic field of the nucle-
us, responsible for binding the muon, does not interact
with the neutrinos. Accordingly, this method will be re-
ferred to as the effective one-particle approach and
labeled as "1p".

In this study, we focus on the electron spectrum in the
unpolarized case. Therefore, the final step in both ap-
proaches involves summing over all angular quantum
numbers of the final-state electron and averaging over
projections of the initial-state muon's total angular mo-
mentum. The resulting expression for the electron spec-
trum is given by

dwir2p (Ee,n#%ﬂ) _ Lz ZZ dw!'e2p (§e,§,4) 0
dE, 12 dE,

u Hu  Xelle

where I, is defined by Eq. (A3).

The two-particle approach is based on the multipole
expansion of the two-particle interaction operator given
in Eq. (3). The corresponding multipole expansion, de-
tailed in Appendix A, takes the form

G
VF(1,2) = 7‘;2 Vi(1,2)-vy(1,2)], ®)
1

where V;(1,2) and V' (1,2) are the scalar and vector mul-
tipole components of the interaction, defined in Eqs. (A7)
and (A9), respectively. Appendix B provides the deriva-
tion of the matrix elements of the operator in Eq. (8)
within the central-field approximation, while the summa-
tion over the total angular-momentum projections is
presented in Appendix C. The resulting expression for the
electron spectrum is given by

2

dw? (Ee,n#%#) G2 AL 2 E,~E, g L=I+1 m
d—Ee - 167 . HX; . (Hlj"ﬂ ClOJi%CIOjVi %) /0 dEvy R (evy,ﬂve> + P E%RL[ (evﬂaﬂve) s 9
Zamav =[—

where the integration is performed over the energy of v,,
E, is the energy of the muon including its rest mass, and

[
the energy of v, is determined by the relation E, =E, -
(E.—E.). The other notations used in Eq. (9) are as fol-
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lows: Cg.,; are the Clebsch-Gordan coefficients and the
two-particle radial integrals R;(cd,ab) and Rj,(cd,ab) are
defined in Egs. (B6) and (B12), respectively.

The effective one-particle approach is based on a sep-
aration of lepton and neutrino degrees of freedom in the
squared amplitude |A]*. This separation can be accom-
plished by employing the explicit form of the massless
neutrino wave functions, applying standard techniques to
deal with the traces of y matrices, and introducing an ef-
fective lepton current defined as:

I (ewk) = (eb*y" (1=7)e ). (10)

The details of the corresponding derivation are given in
Appendix D. The multipole expansion of the matrix ele-
ments of the effective current J* (eﬂ;/?> within the cent-
ral-field approximation is presented in Appendix E. The
integration over the polar and azimuthal angles of k is
presented in Appendix F. The resulting expression for the
electron spectrum in the effective one-particle approach
is:

aw' (E,, Gt 1 TR . :
(Eemy) _ Gt > (m.chi,) /0 dkkz{szT(ey;k)—Zk(Eﬂ—Ee)Re > (e; k)

dE, 121 n*’;i”

el

+ [(E,, ~E,)’ —kz] R (eps k) + KR (e,u;k)}, (11)

where the effective one-particle radial integrals R; (ep;k)
correspond to the scalar-scalar (ss), scalar-vector (sv),
vector-vector diagonal (vv,1), and vector-vector non-di-
agonal (vv,2) contributions. These are defined by Egs.
(F2), (F3), (F4), and (F5), respectively.

The expressions in Egs. (9) and (11) are mathematic-
ally equivalent, which was verified numerically by com-
paring the results obtained based on these two formulas.
While Eq. (9) possesses a more transparent analytical
structure, Eq. (11) is better suited for numerical evalu-
ation. An additional advantage of Eq. (9) lies in its expli-
cit inclusion of the neutrino wave functions, making it
particularly useful for extending the analysis to scenarios
which involve hypothetical interactions beyond the
Standard Model. A comparison between Egs. (9) and (11)
allows one to derive a definite-integral relation involving
the spherical Bessel functions. The derivation of this rela-
tion, along with a discussion of several special cases, is
provided in Appendix G.

III. CALCULATION DETAILS

The calculations are performed for the bound muon
occupying the ground state characterized by n, =1 and
%, = —1. We consider three nuclear isotopes which are of
experimental relevance: '3C, 1]Al, and $3Si.

The radial wave functions for the bound muon and the
unbound electron are obtained by numerically solving the
radial Dirac equation on a discrete grid using the pack-
age RADIAL [32]. The value of the electron rest mass is
taken from Ref. [33]. The radial integrals are evaluated
employing a standard Gauss-Legendre quadrature
scheme, adapted to the spatial region in which the muon
radial wave function remains numerically significant. The
integration over the energy is performed using the same

quadrature method.

In addition to the central Coulomb potential, several
atomic and quantum electrodynamical (QED) corrections
are incorporated for both the muon and the electron.
These include the finite-nuclear-size (FNS), nuclear-de-
formation (ND), vacuum-polarization (VP), and electron-
screening (SCR) effects. Each correction is taken into ac-
count by means of an appropriate local potential inserted
directly into the radial Dirac equation, thereby influen-
cing both the wave functions and the muon binding en-
ergy. We also consider two distinct recoil (REC) correc-
tions.

The FNS effect is treated using the Fermi nuclear-
charge distribution model, with the parameters adopted
from Ref. [34]. The ND effect is incorporated following
the approach of Ref. [35], where the ND potential is con-
structed numerically by averaging a modified Fermi nuc-
lear potential over angular coordinates. The latter treat-
ment employs the standard f-parametrization of ND. The
ND parameters S,y for the even-even nuclei '2C and Si
are taken from Ref. [36]. For the odd-proton even-neut-
ron nucleus #Al, the ND effect is not included. The
present treatment of the ND effect does not break the ad-
opted spherical symmetry of the Dirac equation because
the ND correction is described by the effective central po-
tential. Notably, however, for a genuinely non-spherical
potential, the angular structure of the muon and electron
wave functions would also be modified.

For the VP effect, we consider two contributions: the
leading-order one due to the Uehling (Ue) potential and a
correction due to the Wichmann-Kroll (WK) potential.
These local VP potentials are generated using the QED-
MOD package [37, 38], which implements methods for
the Ue potential described in Ref. [39] and the approxim-
ate formulas for the WK potential derived in Ref. [40].
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The interaction between bound atomic electrons and
the muon as well as the final-state unbound electron is
modeled by a local electron-screening (SCR) potential.
To evaluate the SCR correction, we consider three
screening potentials from the Xa-family choosing
Xa =0, 2/3, and 1; for details see e.g., Ref. [41]. To par-
tially take into account the reconfiguration of the elec-
tron shells induced by the presence of the muon, the so-
called Z -1 approximation [42] is used. Specifically, the
screening potentials are generated for Z = 5 with the elec-
tronic configuration 1s22s? in the case of carbon, and for
Z =12 and Z = 13 with the configuration 15?25*2p°®3s” in
case of aluminum and silicon, respectively. The correc-
tion to the muon binding energy due to the electron-
screening effects is taken as the average of the results ob-
tained for various X potentials. The corresponding un-
certainties are estimated conservatively as standard devi-
ations of these values.

The first REC correction accounts for the shift in the
binding energy of the initial muon induced by the nucle-
ar recoil. The leading-order-recoil contribution to this ef-
fect can be included using the non-relativistic mass-shift
(MS) operator, 52/(2M,), where M, is the nuclear mass.
This correction is evaluated as the expectation value of
the MS operator with the FNS wave function. According
to Ref. [43], the deviation between this non-relativistic
approach and a full QED treatment of the recoil correc-
tion does not exceed 2.5% for the ground state of muonic
hydrogen-like ions with 10 < Z < 20.

The second REC correction accounts for the recoil ef-
fect on the kinematics of the final-state electron follow-
ing the procedure outlined in Ref. [27]; see also Refs. [20,
24] for related discussions. This correction is incorpor-
ated by replacing E, — E,— E?/(2M,) in the expression
for the electron spectrum, Eq. (11) as well as in Eq. (13).
This approximation is valid near the endpoint of the elec-
tron spectrum, where the momentum transfer to the neut-
rinos is minimal and the electron can be treated as a
highly relativistic and effectively massless particle. With-
in this approximation, the atomic mass is also replaced
with the nuclear mass M,,. Nuclear masses are taken from
the compilation in Ref. [44].

IV. RESULTS AND DISCUSSION

In this section, we conduct a study of the atomic ef-
fects on the bound-muon-decay process. The results for
the muon binding energies and the electron spectrum are
discussed in Subsec. IV.A and Subsec. IV.B, respect-
ively.

A. Muon binding-energy: atomic effects

One of our primary goals is the evaluation of the cor-
rections to the muon binding energy, E;", arising from
various atomic and nuclear effects discussed above. The

Table 1.
the muon, Ef™ = £, —myc?, in selected muonic hydrogen-like

Contributions to the ground-state binding energy of

ions, in a.u.. The energy equivalent of the muon rest-mass is
my,c* =105.6583755 MeV [33]. The first row, EP", shows the
Dirac energy of the muon, bound by the Coulomb potential of
a point-like nucleus, with the rest mass subtracted. The second
row, 6EPNS, presents the correction to the Dirac energy result-
ing from the inclusion of finite-nuclear-size (FNS) effect. The
uncertainties in the parentheses show the errors associated
with the uncertainties of the root-mean-square radii. Sub-
sequent rows list corrections to EP™¢ +§EFNS due to the nucle-
ar-deformation (ND), mass-shift (MS), Uehling (Ue), Wich-
mann-Kroll (WK), and electron-screening (SCR) effects. The
uncertainties of the MS corrections account for the omitted
QED contributions, while the SCR uncertainties arise from an
analysis based on using different screening potentials. The fi-
nal row provides the total energy of the muon, E,, including
its rest mass.

ic Al s
[Dirac -3723.61 -17511.4 —20316.4
SEFNS 15.03(3) 430.0(8) 586.2(8)
SEND 0.01 —04
SEMS 34.90(5) 69.6(9) 77.1(1.2)
SEVe -14.81 -98.7 -117.1
SEVK 0.002 0.04 0.05
SESCR 8(3) 33(9) 35(7)
Epind -3681(3) —-17078(9) —-19736(7)

Epnd /MeV —0.10015(8) —0.4647(2) -0.5370(2)

E,/MeV 105.55822(8) 105.1937(2) 105.1213(2)

computed corrections for each isotope are summarized in
Table 1, with the uncertainties given in parentheses. The
uncertainties of the FNS values are due to the uncertain-
ties of tabulated root-mean-square nuclear-charge radii of
the isotopes.

For Z=6, the dominant contribution to the muon
binding energy E™ arises from the MS correction, 6EMS,
while the FNS correction, SE™S, and the Ue correction,
OEVe, are more than two times smaller and almost cancel
each other out, having the opposite signs. However, for
Z =13 and Z = 14, the FNS correction considerably over-
weights the Ue and MS ones. The uncertainty associated
with the MS correction is estimated based on omitted
QED contributions to the nuclear recoil effect using the
tabulated values from Ref. [43]. Notably, the Ue and MS
corrections have the opposite signs and partly cancel each
other.

The electron-screening correction to the muon bind-
ing energy is found to be significant: approximately 8(3)
a.u. for Z=6, 33(9) a.u. for Z=13, and 35(7) a.u. for
Z = 14. Including additional electrons in the configura-
tions to determine the screening potentials yields the SCR
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corrections that are within the estimated uncertainties. By
contrast, both WK and ND corrections to the ground-state
energy are found to be small for all the considered values
of Z. Nevertheless, as demonstrated subsequently, the
total correction to the muon binding energy solely does
not fully determine the behavior of the electron spectrum
near its endpoint. The influence of the corrections to the
wave functions must also be accounted to achieve a com-
plete description.

We compare our calculated muon ground-state ener-
gies with available literature data to validate the numeric-
al approach. The energy levels of muonic atoms and ions
were studied theoretically in Refs. [42, 45, 46] (see also
Refs. [47, 48] and references therein). For aluminum, the
energy including the FNS effect, E™NS = EPirc 4 GEFNS | s
—0.46481(2) MeV which is in reasonable agreement with
the one reported in Ref. [27], E™ = -0.464 MeV. Our
computed Ue correction to the muon binding energy for
H1Al, SEV° = —-98.7 a.u., is consistent with the value from
[29], 6EY® = —99 a.u.. Furthermore, the correction due to
the electron screening for Z =13, SESR =33(9) a.u.,
aligns with the estimate given in Ref. [27], 6ESR =40
a.u.. These comparisons demonstrate good overall agree-
ment with previously published results and provide addi-
tional confidence in the reliability of the employed nu-
merical framework.

B. Electron spectrum: atomic effects

We now investigate the impact of the FNS, ND, Ue,
WK, and SCR corrections on the electron spectrum near
the endpoint. Our analysis focuses on the isotopes '*C
and #Si. Since the nuclear charge of silicon differs from
that of aluminum by only one unit, qualitative differ-
ences in the electron spectrum of these two systems are
hardly observed. Furthermore, the kinematic REC correc-
tion to the final-state electron is consistently included. To
ensure consistency of our results, the electron spectrum
from Ref. [27] for Z =13 and the spectra from Ref. [26]
for various Z are reproduced here.

We present our results for the electron spectrum in the
bound-muon decay process, normalized to the total de-
cay rate of a free muon, W, as

1 dW(E,) Gym,
N(E)= — , = , 12
(E) W, dE, o= 192 (12)

with m, being the muon mass. The structure of the ex-
pression for the electron spectrum reveals two principal
sources of dependence on the details of treatment of the
muon and electron states. The first one arises from the
muon energy, which appears both in the upper integra-
tion limit and in the integrand. The second one stems
from the muon and electron wave functions, which enter
the radial integrals.

To isolate the effect of a specific correction to the

muon binding energy on the electron spectrum near its
endpoint, we define the corresponding relative change as

6001‘1‘ (Ee) -

enrg

E,+0E"—E,\’
(”7”) -1, (13)

E,-E,

where 6E;*" denotes the energy correction under consid-
eration. The characteristic power-law behavior of the
spectrum near the endpoint can be derived by taking the
limit E, - E, in, e.g., Eq. (11); see Refs. [24, 27] for a
detailed discussion.

To assess the sensitivity of the spectrum to a correc-
tion affecting the wave functions, we introduce the relat-
ive deviation defined by

N (E, +6ES™) - N (E,)
N(E.) ’

Our (Eo) = (14)

where N (E, +6E™) is the spectrum computed using
the corrected wave functions and for the electron energy
shifted by the corresponding correction to the muon bind-
ing energy, 6E;". Note that E, and E, enter into the
computational formulas in the combination E,-E,,
therefore the argument shift in Eq. (14) serves to neutral-
ize the correction to E,. Finally, the total relative devi-
ation of the spectrum due to a given correction is defined
as

' N (E,)-N(E,
é‘corr(Ee) — % (15)

1. Finite-nuclear-size effect

We begin by examining the influence of the FNS ef-
fects on the electron spectrum. The electron spectra
presented below are computed on a discrete energy grid.
To accurately capture the rapidly varying electron-spec-
trum shape near the endpoint, we employed a non-uni-
form grid. A fine step size of 0.01 MeV was employed in
the critical region close to the endpoint (approximately
104 < E, < 105 MeV), where atomic corrections are anti-
cipated to induce significant changes in the spectral
shape. In regions where the energy dependence of the
spectrum is smoother (100 < £, < 104 MeV), a coarser
step of 0.1 MeV was considered. To ensure numerical
stability and accuracy of the presented results, we per-
formed a convergence test by calculating the spectra us-
ing coarser grids. The difference between the results ob-
tained using a coarser grid and the one finalized to plot
the spectra is negligible. For visual clarity, only a repres-
entative subset of these underlying calculated points is
displayed as markers.

In Fig. 1, we present the relative FNS-induced correc-
tions to the electron spectrum near the endpoint: the en-
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Fig. 1. (color online) Relative finite-nuclear-size correc-

tions to the electron spectrum near the endpoint in the ground-
state bound-muon decay process for '2C and 23Si nuclei. Dot-
ted, dash-dotted, and solid lines correspond to the wave-func-
tion, energy, and total corrections, respectively.

ergy correction S.y° (E,), the wave-function correction
oS (E,), and the total correction 6™ (E,) defined in Egs.
(13), (14), and (15), respectively. For Z = 6, the FNS ef-
fects is almost completely due to the wave-function cor-
rection and is approximately of —44% close to the end-
point. In the case of Z = 14, this correction is even more
pronounced, constituting —68%. Notably, for Z =6,
oS (E,) outweighs the corresponding energy correction
by several orders of magnitude. In the previous study
[26], the point-like nucleus was assumed for '$O.
However, our results indicate that even for lower values
of Z, the FNS effects can significantly alter the spectrum
near the endpoint. For Z = 14, while the energy correc-
tion becomes more substantial than the wave-function
one, the total correction to the spectrum still remains gov-
erned by the latter; even near the very spectrum endpoint,
the sign of the total FNS correction coincides with the
sign for the wave-function one. This is due to the approx-
imate nature of the separation 6™°(E,)~ 60y (E.)+
oS (E,), which becomes less accurate as higher-order
FNS effects grow with increasing Z. For both isotopes,
o' (E,) exhibits a common linear decrease with increas-
ing E, near the endpoint. We conclude that the FNS ef-
fect must be treated self-consistently by incorporating its
influence on the wave functions.

To determine whether the FNS effect are relevant
only for the muon or also for the unbound electron, we
analyze the relative wave-function correction to the
spectrum under different nuclear potentials for the final-
state electron. Specifically, we consider two scenarios:
(1) the electron is subjected to the pure Coulomb poten-
tial of a point-like nucleus and (ii) the electron is sub-

jected to the Fermi-distributed nuclear potential. The

-0.3

T T T T
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--o-- FNS muon, Coulomb electron --o-- FNS muon, Coulomb electron
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Relative wave-function FNS correction
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709 L L L L L L
102 102.5 103 103.5 104 104.5 105
Ee, MeV
Fig. 2.  (color online) Relative wave-function correction

due to finite-nuclear-size (FNS) effects on the electron spec-
trum near the endpoint in the bound-muon decay process
for 12C and 2Si nuclei. The dotted lines represent the case
where the emitted electron is subjected to the Coulomb
potential of a point-like nucleus, while the solid lines corres-
pond to the case where the FNS effect is included in the nucle-
ar potential.

corresponding results are shown in Fig. 2. We observe
that the difference in 6t} (E,) between cases (i) and (ii) is
approximately —15% for both Z =6 and Z = 14. This not-
able discrepancy demonstrates that, even for low-Z nuc-
lei, the FNS effects on the electron must be treated self-
consistently to ensure accurate predictions for the spec-
trum. Due to the evident importance of the FNS effects,
we include them in all subsequent analyses.

2. Nuclear-deformation effect

We now focus on the ND effects. Since ND correc-
tions represent a small perturbation to the standard Fermi
nuclear charge distribution model, we expect their influ-
ence on the spectrum to exhibit a similar pattern to that
observed for the FNS corrections. This expectation is
confirmed by the results presented in Fig. 3, which show
the relative ND corrections to the spectrum. Near the end-
point, for both isotopes, the ND correction is entirely
governed by the modified wave functions, while the cor-
responding energy correction to the muon ground state is
several orders of magnitude smaller and thus negligible.
For Z = 6, the wave-function correction is small, approx-
imately —0.02%, whereas for Z = 14, it not only changes
the sign but also becomes significantly larger, reaching
approximately 0.4%. These findings indicate that ND ef-
fect must be incorporated directly into the wave func-
tions. Simply accounting for the ND correction to the
muon binding energy is insufficient to account for the ND
correction on the electron spectrum.
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Fig. 3.  (color online) Relative nuclear-deformation correc-

tions to the electron spectrum near the endpoint in the ground-
state bound-muon decay process for '2C and 23Si nuclei. Dot-
ted, dash-dotted, and solid lines correspond to the wave-func-
tion, energy, and total corrections, respectively.

3. Vacuum-polarization effects

In Fig. 4, we present the relative Uehling corrections
to the electron spectrum near the endpoint in the bound-
muon decay process, including energy correction
5ggg (E.), wave-function correction 6%¢ (E,), and total cor-
rection 6% (E,). Although the Ue correction to the muon
binding energy for Z = 14 is approximately ten times that
for Z=6, the corresponding wave-function correction
0% (E,) exhibits minimal dependence on the electron en-

ergy and remains nearly constant at about 2.2% for both
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Fig. 4. (color online) Relative Uehling corrections to the

electron spectrum near the endpoint in the ground-state
bound-muon decay process for '2C and 23Si nuclei. Dotted,
dash-dotted, and solid lines correspond to the wave-function,
energy, and total corrections, respectively.

nuclei. By contrast, the energy correction 6S§rg (E,) be-
comes significant only in the vicinity of the endpoint. Our
calculated values for the relative Ue corrections to the
spectrum, 6% (E,), 6Energ (E.), and 6U¢(E,), in the case of
27Al are consistent with the findings reported in Ref. [29].

The WK corrections, shown in Fig. 5, display a dif-
ferent behavior compared to the Ue case. Notably, the
wave-function correction 6VX (E,) is no longer similar for
Z =06 and Z = 14. The corresponding wave-function cor-
rection 6"X (E,) is about four times larger for Z = 14 than
for Z = 6. Nevertheless, the absolute magnitude of this
correction remains negligible, approximately 0.0002% for
Z =6, which is four orders of magnitude smaller than the
Ue correction 6% (E,), and approximately 0.005% for
Z = 14. Therefore, the WK contribution to the spectrum
can be safely neglected in practical calculations.

4. Electron-screening effects

We turn to the final correction affecting wave func-
tions: the electron-screening (SCR) effect. The corres-
ponding results are shown in Fig. 6. In contrast to the
FNS and ND corrections, the SCR effect exhibits a com-
pletely opposite trend. Specifically, the correction is fully
determined by the energy shift, while the wave-function
contribution is negligible: less than —0.01% for both '2C
and #§Si. Additionally, the wave-function corrections
from the SCR effects show practically negligible depend-
ence on the choice of the screening potential. This indic-
ates that, for all considered systems, the SCR effect near
the endpoint does not require a self-consistent treatment
for the wave functions. Instead, it is sufficient to account
for the SCR effect solely through a correction to the end-
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eeees ‘Wave-function correction ~ ------- ‘Wave-function correction |
5x 107° © —._ Energy correction —-— Energy correction | b

—— Total correction
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Relative Wichmann-Kroll correction

Fig. 5.
to the electron spectrum near the endpoint in the ground-state
bound-muon decay process for 12C and 28Si nuclei. Dotted,
dash-dotted, and solid lines correspond to the wave-function,
energy, and total corrections, respectively.
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Fig. 6. (color online) Relative electron-screening correc-

tions to the electron spectrum near the endpoint in the ground-
state bound-muon decay process for 12C and 3Si nuclei. The
dash-dotted lines represents the energy correction, while the
dotted lines show the wave-function correction, magnified by
a factor of 100 for visibility. The solid lines correspond to the
total corrections which closely coincides with the energy cor-
rections.

point energy.

5. All effects combined

In Fig. 7, we present the total corrections to the elec-
tron spectra for 2C, 2JAl, and 28Si nuclei near the end-

0.06 . : :
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Fig. 7. (color online) Total relative corrections to the elec-
tron spectra near the endpoints in the bound-muon decay pro-
cess for 12C, 37Al, and 28Si nuclei. The corrections incorpor-
ate simultaneously Uehling, Wichmann—Kroll, nuclear de-
formation (ND), nuclear recoil, and electron-screening effects
and are determined relative to the spectra, which are evalu-
ated with only the FNS effects included. The ND correction is

not applied for aluminum.

points relative to the corresponding spectra calculated in-
cluding only the FNS effects. For carbon, the total correc-
tion reaches approximately 2.5% in the energy range
100 < E, £ 102.5 MeV, where the wave-function correc-
tions dominate. The total correction then rapidly in-
creases up to approximately 4% near E, ~ 104.5 MeV,
where the energy corrections become more significant. In
the case of silicon, the total relative correction is slightly
larger, about 2.8%, and remains nearly constant up to
E, ~ 104 MeV, after which it gradually decreases to 2%
as the energy corrections begin to dominate. Aluminum
exhibits a distinct behavior: the total relative correction
remains nearly constant at approximately 2.5% level un-
til the very endpoint of the spectrum, a behavior anticip-
ated at the beginning of our analysis. From Table 1, one
can notice that the various corrections to the muon
ground-state energy nearly cancel each other out, leading
to a total energy correction of only 3(9) a.u.. As a result,
for Z = 13, the total correction is almost entirely determ-
ined by the wave-function modifications.

Finally, in Fig. 8, we present the electron spectra for
12C, 2]Al, and 23Si, including the FNS, Ue, WK, ND, NR,
and SCR effects.

In summary, our analysis shows that the combined
corrections to the electron spectrum due to the nuclear de-
formation, vacuum polarization, and electron screening
may reach approximately 2.5%—5%, depending on the
nuclear charge number Z and energy value (see Fig. 7).
The magnitudes of some effects, such as nuclear deform-
ation, were a priori unknown, with no previous theoretic-
al estimates available. In the high-energy tail (100 <
E, <105 MeV), the relative corrections become signific-
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Fig. 8. (color online) Electron spectra near the endpoints in

the bound-muon decay process for the '2C, 2]Al, and 8Si nuc-
lei, calculated with the inclusion of the finite-nuclear-size,
Uehling, Wichmann—Kroll, nuclear-deformation (ND), nucle-
ar-recoil, and electron-screening corrections. The ND correc-

tion is not applied for aluminum.
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ant, but the transition rate itself decreases by about eight
orders of magnitude (see Fig. 8). Nevertheless, the non-
trivial energy dependence of the atomic corrections near
the endpoint of the spectrum might be of practical import-
ance for experimental searches for rare CLFV signals.

To separate the CLFV signal of the coherent muon-
to-electron conversion in the field of a nucleus, u~ — e,
from the background in an experiment, one needs statist-
ical modeling. While some backgrounds (e.g., from radi-
ative muon capture or cosmic rays) can be measured, ana-
lyzed, and controlled by the experiment, the bound-muon
decay, u~ — e +7, +v,, represents an irreducible physic-
al background, which cannot be mitigated by experiment-
al means. For the interpretation of experimental data, it is
therefore highly desirable to possess a reliable theoretical
prediction for the background channel. Moreover, should
a CLFV signal be observed, a precision theoretical de-
scription of this background will be indispensable for its
quantitative analysis.

V. CONCLUSION

In this study on the bound-muon decay process, we
investigated, within the framework of the Fermi effective
theory, the influence of various atomic effects on the
electron spectrum near its endpoint. We derived two equi-
valent fully-relativistic expressions for the electron spec-
trum, corresponding to an arbitrary initial bound-muon
state and demonstrated the connection between them,
which led to the definite-integral relation involving
products of the spherical Bessel functions.

We systematically analyzed the influence of the fi-
nite-nuclear-size (FNS), nuclear-deformation, electron-
screening (SCR), and vacuum-polarization effects. These
corrections were treated self-consistently by incorporat-
ing them into both the bound muon and unbound elec-
tron wave functions, as well as to the muon binding en-
ergy. The nuclear-recoil corrections were also included:
for the initial-state muon via the perturbative approach
using the non-relativistic mass-shift operator and for the
final-state electron via the kinematic approach. The nuc-
lear-deformation correction was implemented following
the method of Ref. [35], and the SCR effect was modeled
using local, spherically symmetric screening potentials.
Notably, no prior comprehensive and self-contained de-
scriptions for the latter two corrections is available. In
principle, the developed framework can be also straight-
forwardly employed to study the influence of the relativ-
istic effects on the bound-muon-decay electron spectrum
as well as on the total transition rate of the process. This
can be achieved by restoring the parameter ¢ in the ob-
tained expressions (in the units employed, ¢ = 1) and con-
sidering the non-relativistic limit (¢ — o). A study of the
influence of the relativistic effects on the total decay rate
for the muon being in the ground state is reported in Ref.

[49].

Our analysis focused on the nuclear isotopes '2C,
7Al, and #§Si. We found that the FNS, nuclear-deforma-
tion, and vacuum-polarization corrections are mainly de-
termined by self-consistent modifications of the wave
functions. Even for small nuclear-charge numbers, such
as Z=6, the FNS effect must be incorporated into the
Dirac equation for both muon and electron. In particular,
for carbon, the FNS correction to the spectrum near the
endpoint can exceed —40%, highlighting the inadequacy
of the point-like nuclear model even for small Z, though it
was previously used for Z =38 in Ref. [26]. The relative
nuclear-deformation correction to the endpoint of the
spectrum is significant for silicon (0.5%) but negligible
for carbon (—0.02%). By contrast, the SCR correction is
entirely determined by its effect on the muon ground-
state energy, with the wave-function contributions found
to be negligible for all the cases considered.

Taking all the effects into account, the total correc-
tion to the electron spectrum near the endpoint, determ-
ined relative to the spectrum obtained considering only
the FNS effect, is approximately 2.5% for aluminum,
2.8% for silicon, and up to 5% for carbon. Together with
the aforementioned studies, the present work provides a
robust theoretical framework for the forthcoming CLFV
experiments [7—9], ensuring that systematic uncertainties
associated with atomic effects are properly quantified and
effectively controlled.

APPENDIX A: MULTIPOLE EXPANSION OF THE
OPERATOR V*(1,2)
The multipole expansion of the two-particle interac-

tion operator V¥ defined in Eq. (3) can be derived from
the multipole expansion of the delta function & (7 - 7):

§(Fi=m) =Y w(r.rm)Cl(1)Cp (2),

Im

117 6(r1 = r2)

w(rr) =7 (Al)
JT ryr
where
~  Var .
Clm (]) = T Ylm (]) (Az)
)

is the spherical tensor of the rank /, Y, is the spherical
harmonic, r = |#| and

Hll”~[)l = \/2[1 +1... \/2l,, +1. (A3)

Here and hereafter, the sum over / runs from zero to in-
finity and the sum over m runs in the range -/ <m </, if
not specified otherwise.
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Instead of the Dirac y matrices, we employ the o and
¥ matrices, which are o =y%y* and X = o®y’. We con-
sider separately the contributions of the time- and space-
like components of the corresponding operators, (a°,@)
and (EO,Z), and refer to them as the scalar and vector

contributions. We treat the time-like operators as spheric-
al tensors of rank 0 and the vector-like operators as spher-
ical tensors of rank 1. Let us separate the scalar,

V(1,2 =10 S [ =2 (D [an=E61 ) (1) Cin (D),
! (A4)

and the vector,

Vlv(l,2)=u,(r1,r2)z [CY[l —Eﬂ (D[a—-Z,12)C (1) Cin (2),

(A5)

parts of the Lorentz scalar in Eq. (3). In Eq. (AS5), the in-
dex i runs over the set (1,2,3) and subscripts "1" for a and
Y refer to the spherical-tensor rank. Introducing some
auxiliary operators,

0/ (1,2)=> CI'(1)Ci (2),

0;(1,2)=> " [SC1'] (1) Cp (),

m

0;(1.2) =) " Cl'(D[Z6Cin] (),

m

0} (1,2) =Y [ZC}'] (D [ZCin (), (A6)

m

the scalar part of the interaction operator, Eq. (A4), can
be written as

Vi (1,2) =, (r1,12) [0} (1,2)- 03 (1,2) - 0} (1,2) + 0} (1,2)] .
(A7)

Changing the coupling scheme of scalar products in Eq.
(A5) [50] and introducing another set of auxiliary operat-
ors

1+1

0;(1,2) =) (=D ([ C(D)],
L=I-1
a1 (2)@CA2)]),
1+1

00(1,2) =Y (=D (Z (e C(D],

L=[-1

a1 (D)®Ci(D)]L),

I+1
0/(1,2)=> (=D ([ (HCi(D)],
L=I-1
1)@ C2)1),
I+1

0}(1,2) =) (=D (Z(heC(D)],

L=I-1

2120 C(2)]), (A8)

where [A® B];,, denotes the irreducible tensor product of
operators, allows us to rewrite the vector part, Eq. (AS),
as

Vi (1L2) = (r1,) [0 (1,2) - 0 (1,2) - 0] (1,2) + 0% (1,2)] .
(A9)

APPENDIX B: RELATIVISTIC MATRIX ELE-
MENTS OF THE OPERATOR V¥ (1,2) IN THE
CENTRAL-FIELD APPROXIMATION

The relativistic four-component wave function in the
central-field approximation can be represented in the
form [51]

—1 (>
st = (SO )

where 7 is the principal quantum number in the bound-
state case (it should be replaced with energy E in the un-
bound-state case), and the index g = (+1,—1) enumerates
the conventional large, 8= +1, and small, 3=-1, com-
ponents of the wave function. In turn, the large and small
components read as follows:

1-p FB
W, (Ro) =i L(r)/;y Q,0), (B2)

r

where

X+u(Q,0), B=+1,

B3
X, 0), B=-1, B

Xoy(Q,0) = {

and y,, (Q,0) is the Pauli spherical spinor.

Using Egs. (A6) and (A7) and our definition of the
wave function, (B1) — (B3), for the two-particle matrix
elements of the operator V; (1,2) we obtain
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(cd|V} (1,2)]ab) I, g+w+e iseven,
E(g,w,e) = ]
I1; Im . Imy . s 0, g+w+e isodd,
“an > 8" Gttt Jabta) 8" Gty jata) R (cd.ab),  (B4)

0, g+w+e iseven,
O(g,w,e) = ) (B7)
L. I, g+w+e isodd,
where g™ (jiui; jopn) are the relativistic Gaunt coeffi-
cients . . .
’ are introduced. The two-particle radial integrals R}’ (cd,

ab) in Eq. (B4) are given by

g”" i op2) = Gerpa|Crml¥opta) 5 (B5) 1
R} (cd,ab) = / dr [FB, (nF2, (0] 5 F, (nF2, (),
stemmed from the spin-angular integrations, and the radi- ! [P b 0] rr e "
. « 1
al part is RS (cd,ab) = / dr [FR, (nF2, (0] 5 FB (nF, (),
T
Ri(cd,ab) =3 | { |E 1) E 1. 1) R (cd ab) RY%: (cd,ab) = / ar [FB, () PR, ()] S FB (F ),
BiB2 r
~B1520 (L. 1) O (L, L) R (cd ab) R}” (cd,ab) = / dr [FRL, (O F, (0] S5 (OF ().
i [B1O (L1 L) E (L 1y, 1) RS (cd, ab) (B8)
+B,E(1,1.,1,) O, lb,ld)Rg‘ﬁ * (cd, ab)] }, (B6) The matrix elements of the operator V) (1,2) can be
evaluated using the spin-angular matrix elements of the
where the functions operator [0} ® Cy]y with the functions X/,f# Q,0) [51]:
Boeppn| (01 @ Cil Ly |Bxapta) = BE (L, 1, la)gLM (jb/lh;jaﬂa)sf (p324|L) (B9)
Brois [y @ Cilpag | = Btatta) = BO U Lo, 1) 8 (vt jatta) UL (3 %alLL) (B10)

These expressions may serve as a definition of the function Uf (%p; 2, L) and Sf (%p;7,4L). One can obtain,
v le LM . . LM . . v
(cd\V} (1,2)lab) = =21 > & Gt jabta) 8 Cintts: jaa) Ry (ed. ab), (B11)
LM
where

R (cd,ab) =y { BUBLE (1, 1) E (L 1y, 1) ST Geer D) ST (e 2\ L) R (cd, ab)
BiB2

+ O L1 1) O Ul L) UP Gtesal L) U™ Gt L) R (cd ab) |
+1[B0 (U les L) E (U Ly, L) UP (e, %l L) ST (Gt 241 L) RSP (cd b

~BrE (L1 L) Ol 10) ST Gtesal L) Ui Gty alL) RSP (cdl,ab) | } : (B12)
Finally, the matrix element of the Fermi operator can be written as
Gr 1

(cd|VF(1,2)lab) = i D TG (eptes jutta) 8™ Cintty: jatta) [01i0mnR; (cd. ab) + R}, (cd.ab)] , (B13)

where &, is the Kronecker delta.
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APPENDIX C: SUM OVER THE EXTERNAL
TOTAL ANGULAR-MOMENTUM
PROJECTIONS IN |A]?
The amplitude summed over the total angular-mo-

mentum projections of all particles can be obtained em-
ploying the sum rule for the relativistic Gaunt coeffi-

2

G
37 [edVF(1,2)lab)|* = 32;21721;,2(
[

HalbHcHd

APPENDIX D: SEPARATION OF THE LEPTON
AND NEUTRINO DEGREES OF FREEDOM

We start from rewriting the expression for the amp-
litude in the form

A= Cr dPmM? (e,u, )Mp (vae;?) )

D1
N (D1)

where
M (ba;7) = / dx, 6 (A =7) v, (x)Y°y” (1-9°) W (x1) (D2)

and x=(Ao). Using the explicit form of relativistic

plane waves,
R ] 1ﬁ 7
l//Eﬁmx (r, ) = (2 )3/2 =372 Upm, (0-)

. 1 e P7
W—E—ﬁmf (",0') = ﬁwvﬁm (o),

where E = |E| >0 and the bispinors are normalized ac-
cording to Uy, Usm, =2E and V;mx Vim, = 2E one can eval-
uate the radial integral of the neutrino part

(D3)

x e_i]z'?zﬁﬁmmwu (O—) y0yf’ (1 _75) VﬁVBmWe (O—) :

(D4)

In Eq. (D4), we have introduced a ¢ function and related
with it integration over some auxiliary three-momentum
k. Substituting Eq. (D4) back to Eq. (D1), the amplitude
becomes

cients:

2
Hju (C Jb > ) 6 5
H]z 10ja kYmgq-

> 8" vkt jatta) 8 vt Jubta) =

Haltb
(C1)
Applying Eq. (C1) to Eq. (B13) results in
2
Czjéfazczjéz ) R (cd, ab)+z LRV,(cd ab) (C2)

_Ge L U [ o
= T / dks (k- p, - ..

x Jf (e,u;l?) Zﬁﬁ#m-‘ﬂ (o) yoyp (l - 75) Vg.m, (@), (DS5)

o

where J* (eu, ) is the effective lepton current defined in
Eq. (10). We can now evaluate the absolute value of the
amplitude squared and summed over the spin projections
on the direction of g of undetected neutrinos

- NP
> ap= ;(2) K=, =P Lop (F) 55

Mg Mgy,

where the lepton tensor is

Log (e,u k) =J, (e,u k) Jh (e,u k) (D7)

and the neutrino tensor is

N =8 (=g gy, DY, + 5, P, + 1.5, +16™ Do)
(DS)

To write down the expression for the differential
probability, we form the four-dimensional delta function
over the intermediate four-momentum k and obtain

G2
W (¢enl) =7F@ dkdp,, dp,, dE,6 (E,—E,— k)
L N
Xé‘(k_pvﬂ_pvg) Laﬁ <€/.1,k> 4EV E, .

(D9)

The integration over the three-momenta of neutrinos is
performed using the formula
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S ., 0lk=py, —p, N 4 o o
/dp‘,ﬂdpvu ( 4I§V,Ev ) :?ﬂ-(—g PR+ k)
’ (D10)

Finally, we assemble the expression for the electron spec-
trum within the one-particle effective approach

AW (Ee.mu%,) GE 1 4rm 1 / >
dE, _7(271)5?@;2 dk

p Aele

X Log (eu; l?) (-¢™K +k°K°),  (DI11)

where kK’ = E, - E,.

APPENDIX E: MULTIPOLE EXPANSION AND
RELATIVISTIC MATRIX ELEMENTS OF THE
EFFECTIVE CURRENT IN THE CENTRAL-FIELD
APPROXIMATION

The multipole expansion of the effective current is
based on the following expansion of the exponent

e—ilz-? — mz l_[ll'flj/ (kl’) Clm (?) Y;n (]2) 4 (E])

Im

where 7 = #i/|7|. This leads to

Jp (ba,l_c)) = \/4_71'2 Hll_IY[*m (]%) Jp,lm (bavk)’ (Ez)

Im

where the Im-th partial-wave component of the effective
current is

Joim (bask) = (bl (@, %) ji(kr) Cinla) . (E3)

We emphasize that here p is the Lorentz index but m is
the cyclic index (it indicates the component of the corres-
ponding spherical tensor).

The matrix elements of the partial-wave components
of the effective current can be evaluated using the results
of Appendix B. One can obtain for the scalar part, p =0,

Joum (ba k) =g Gioptn’ jubta) [E(zb,la,l) > R¥(ba; j))
B

—i0(Up,las)) Y SR (ba;m} (E4)
B

and for the vector part, p =1, t=1,2,3,

Jum(ba;k) =Y CEt g™ oty jatta)
LM

X [—E(lb,za,b > BST Gty L) RP (bas jp)
B

HO Uy 12 D) Y UF Gty 2| L) R (ba; j])] :
B
(ES)

where the one-particle radial integrals are given by

RPP2 (ba; j,):/ (P )] jitkryF2, (rdr.  (E6)
JO

APPENDIX F: ANGULAR INTEGRATION OF THE
OVER INTERMEDIATE MOMENTUM IN THE
ONE-PARTICLE EFFECTIVE APPROACH

The angular integration in Eq. (D11) can be per-
formed for the spherical components of the vector £ us-
ing the Clebsch-Gordan expansion for products of spher-
ical harmonics and the well-known expression for the in-
tegrals of products of spherical harmonics over the solid
angle. Executing the steps mentioned above, we repres-
ent the resulting integration over the angular coordinates
in the following form

/ dk Log (ba; k) (="K + kRE) =4m >~ ™M (ot jutta) 87 Cnttn’ Jatta) / dkk* {k2R§S (ba; k) — 2k°kReR}" (ba; k)

LM

+ [(K)7 = K] R (bas k) + K2R) (bazk) } (F1)

The scalar-scalar (ss), scalar-vector (sv), and vector-vector diagonal (vv,1), and vector-vector non-diagonal (vv,2) radial

integrals are given by

R} (bask) =1 Z [E (ly, L, L) R (ba; j1) =10 Uy, Lo, L) BRP (bas ji)|
]

; (F2)
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R} (bask) = Z i, Cl

[E (I, L, YR (ba; ji.) +10 (I, 1., L) BRFF (bas ji, )|

B
X | E Upslas D) > BST (e, 4ol LYRP (bas j1) =10 Uy, 10, )Y UY (zb,xaw)R”(ba;j,)] : (F3)
B B
2
Ry (bask) =Y TG | |=E Uy, 1) Y BST Gy 2al L) RY (bat; j1) +10 (U, Ly DY UF (Gt 24l L) RPP (ba;jo} (F4)
1 B B
Ry (bask) =) i7BT0,1,C 0 Clpio
Ll
[E(zb,za,mZﬁS (G4, % LR (bas i) =10 Uy, Las 1) UL (e 2l L) R (ba; m]
B
[E(lb,la,lz)ZﬂS Gt 2al LY R (bas ji,) +10 (U, Lin 1) Y UL Gy 2| L) RPF (ba J,z)]. (F5)
B

Finally, the triple sum over the total angular-momentum projections of particles a and b and the sum over intermedi-
ate angular momentum projections M is evaluated using the sum rules for the relativistic Gaunt coefficients, Eq. (C1).

The result is

Mpppa

APPENDIX G: A RELATION BETWEEN THE
TWO-PARTICLE AND EFFECTIVE ONE-
PARTICLE RADIAL INTEGRALS

We start by equating the right-hand sides of Egs. (9)
and (11) and restrict ourselves with a comparison of
the scalar contribution only. For our purposes, the expli-
cit form of the central-field radial wave functions for a

massless particle, E >0, and antiparticle, E <0, are
needed
1 /E? i1 (Er), =+1,
ng(r):f i rji(Er) B (G1)
ct SeS,rji(Er), B=-

CJa 3

dk Los (baz k) (k> + k°KP) =4xIT>
( ) =4I} d
+ (k) - &2

2 K
) / Ak {ICR} (ba; k) — 2K KRR (ba: )
0

b3 LO

| R (baz k) + KR (bazk) }. (F6)

- 1 1
where S, = sgn(x) and / = ’—% + 2’ —3- It should be noted

that the following relation between the radial compon-
ents of the wave function for a massless particle holds

Fi_ () = SeS.BFL (). (G2)
Without loss of generality, let us fix states a, ¢, and the /-
th term of the multipole sum and consider the case
E(l,1,,1.)=1. We spin off Eq. (9) employing the defini-
tion of the two-particle radial integrals, Eqs. (B8), chan-
ging the order of the radial and energy integration, and
pulling aside everything that depends on states a and c.
After these manipulations, Eq. (9) becomes proportional
to

dw? (E, n,x
(d o W) e / dEdZ(HMC[Jgh) {{E(l l;,,ld)Z( (D) Flis g (1)

%d%p

+io(, zh,zd>Z/3<FﬁW(n>) o Em(n)} [E(l zh,zd)Z( F oy (1)) F gy (72)

+O(, zb,mZ/s( ) Em(m}*}

(G3)
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With the aid of Eq. (G2), we note that Eq. (G3) is invariant under the change » — —x. Therefore, for each |x| one can
sum over the signs of x; this results leads to an additional factor of 4. On the other hand, from Eq. (11) we obtain

dw' (E,,nx 1A . N
(dEe ). o = /0 dkK jy (kry) i (k). (G4)
Let us introduce
Jpg ZY:%) = j, (%) j, (v (2= X)), (G5)

. 1 .
Then, for a,8,y >0 and js =5— 5 we obtain

@ L 2 (2
/ dxx*j,(Bx) j, (yx) =3Z (quC;(”flO / dxx*(a—x)*
0 rq o 0
x {E (1P [Jpg (@.B5%) = jipo1g-1 @B D] [fig (@73 X) = jpo1g-1 (@,7:0)]
+ 0L p.q) [Jpg-1 (@.B50) + jip1g (@B %)] [pg-1 (@73 X) + jipo1g (@75 5)] } - (G6)

The validity of this equation is confirmed numerically. It is possible to further simplify this relation by using properties
of the Clebsch-Gordan coefficients

(o4 3 (o3
/0 dxx“jz(ﬁx)jz(VX):(ZlH)%/o dxx® (@—x)*
x {(p+q—l)(p+q+l+ D (C,0)” [ipg (@850 = jp1g-1 (@85 0] [pg (@730 = jpe1go1 (@3 0)]

-(p—q-D(p—q+1+1) (Céo—lolzo)z [qu—l (@,B;x) +jp—1q(avﬁ;x)] [qu—l (aay;x)+jp—lq(a’7;x)] }
(G7)

Using the expansion of Eq. (G7) as v — 0 and the asymptotic behavior of the spherical Bessel function,

. z—0 Zn
Jn(2) "~ m s (G®)

yields

P+ (@ = x)T!

e (Bx) =3 21— D! /ad
/0 XX (B) ( )%: s @p-Ditg-DN!

X { (P+a=D(p+q+1+1)(C,0)" [ @B 0) = jprg1 (@:2)] Sprgion

2. . X a—X
+(p—q-D(p—q+i+1) (Czl,%opo) []pq—l (@,B;x) +]p—1q(a/»,3§x)] (ZpT + 2q+1) 6p+q,/+l}' (G9)

An additional expansion in S results in relations for sums of the Clebsch-Gordan coefficients:

1@y 2! 29)! 0 2 ) < 1 ) P }
ST @I D 2 Tap- prag- it [0+ () Oz 20 @025 ) (Cm) e
(G10)
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