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Abstract: In this study, we investigate the dynamics of test particles in the spacetime of a static, spherically sym-
metric black hole (BH) illustrated within nonlocal gravity models. After presenting the BH geometries and horizon
structures, we examine the motion of particles by analyzing the effective potential, innermost stable circular orbits,
and corresponding effective force. We then extend the study to small perturbations of circular orbits, exploring har-
monic oscillations characterized by frequencies measured by both local and distant observers, as well as the peri-
astron precession effects. Particular attention is given to the interplay between the nonlocal gravity corrections and
the stability properties of geodesics. We analyze the center-of-mass energy of colliding particles near the event hori-
zon and show the influence of BH parameters on energy extraction processes. The results show the mechanism of in-
flunece of nonlocal modifications of gravity on the standard predictions of the BH structure, orbital stability, and
high-energy particle dynamics, with possible implications for astrophysical observations and theoretical models of
strong gravity. This study examines the differences between the inverse electrodynamics of BHs and the Schwarz-
schild BH configuration, demonstrating the influnece of additional parameters on the dynamics and stability of test
particles.
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I. INTRODUCTION

In 2019, the Event Horizon Telescope (EHT) collab-
oration [1—6] achieved a groundbreaking milestone in as-
tronomy by presenting the first direct image of a black
hole (BH), almost exactly a century after the famous
1919 solar eclipse experiment that confirmed Einstein’s
prediction of light deflection. This discovery provided
compelling observational evidence for one of the most in-
triguing features of general relativity (GR): photons trav-
eling in the extreme curvature of spacetime near a BH
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can experience enormous deflections, and in some cases
may even orbit the BH on unstable circular-photon tra-
jectories. Because no light escapes from within the hori-
zon, such behavior produces a striking observational sig-
nature, namely, a dark central region surrounded by a lu-
minous ring of radiation emitted by infalling matter
known as the BH shadow. The concept that this shadow
could actually be resolved was first put forward by Fal-
cke et al. [7] and developed further by Melia and Falcke
[8], who used numerical simulations to argue that very
long baseline interferometry (VLBI) at millimeter
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wavelengths could achieve sufficient angular resolution
to detect the shadow of the supermassive BH at our
galactic center, Sagittarius A* [9—17]. Their calculations
predicted an angular size of approximately 30u, with
later refinements of mass and distance measurements up-
dated to approximately 54y, precisely within the resolv-
ing power of a coordinated Earth-sized VLBI array. Real-
istic modeling based on general-relativistic magneto-
hydrodynamics [18—22] explored the influence of accre-
tion physics, magnetic fields, and radiative processes on
the appearance of Sagittarius A* and similar objects. Al-
though Sagittarius A* remained a prime target, the EHT
first succeeded in imaging a supermassive BH in galaxy
MS87 owing to its immense mass and greater brightness at
millimeter wavelengths. The success of this effort de-
pended not only on extraordinary technological innova-
tions, combining radio telescopes worldwide to create an
effective Earth-sized aperture but also on advanced com-
putational algorithms capable of reconstructing coherent
images from sparse interferometric data. The resulting
image [23—29] revealed the expected bright ring that en-
closes a dark interior, a clear manifestation of the pre-
dicted shadow. Beyond being a historic achievement, this
result began a new era in BH astrophysics [30—44]. Oth-
er shadow studies now aim to extract information regard-
ing the mass, spin, and orientation of BHs and probe the
role of plasma dynamics, accretion physics, jet launching,
and even possible deviations from Einstein’s theory of
gravity [45—64]. The observational realization of BH
shadows has established a transformative tool for invest-
igating gravity in its most extreme regime, deepening our
understanding of the very fabric of spacetime itself
[23-29].

The nonlocal gravity framework [65—66] illustrates a
significant development in modern gravitational physics,
proposing modifications to GR in which the behavior of
spacetime is not illustrated solely by local curvature
(a #0) but instead influenced by these nonlocal contribu-
tions across the manifold [67—68]. This broader perspect-
ive gives new information for reconciling long-standing
challenges in cosmology and astrophysics, and presents
new explanations that extend beyond the limits of classic-
al Einstein gravity [69-70]. Nonlocal gravity has been
identified as a promising approach to resolve issues such
as BH singularities, the inflationary phase of the early
universe, the enigmatic nature of dark energy, and the dy-
namics of large-scale structure formation [71-72]. By
abandoning the strict principle of locality, these models
bypass the typical instabilities associated with higher-de-
rivative operators in ultraviolet corrections of Einstein’s
theory, producing effective Lagrangians that are renor-
malizable and consistent with the kind of nonlocal contri-
butions expected from quantum loop effects, making
them attractive as potential steps toward a viable descrip-
tion of quantum gravity [73—75]. One of the most influ-

ential formulations in this context is the Deser—Woodard
(DW) model [76], originally designed to explain the late-
time acceleration of the universe without invoking a
finely tuned cosmological constant. Despite its elegant
foundation, the first version of the DW model proved to
be unsatisfactory on small scales because it lacked an ef-
fective screening mechanism that could ensure consist-
ency with observations from the solar system [77]. To
overcome this, the same authors developed a revised ver-
sion [78], which has since been applied successfully in
areas such as cosmological evolution [79—83] and the
analysis of quasi-normal modes of BHs [84]. The case of
exact astrophysical solutions within nonlocal theories re-
mains highly challenging, given the inherent complexity
of their equations, often necessitating the use of perturb-
ative or numerical techniques. Static and spherically sym-
metric spacetimes were also studied under massive in-
frared modifications of GR in [85], the behavior of linear
perturbations in weakly nonlocal quantum-stable theories
was tested and shown in [86], and a perturbative New-
man—Janis algorithm was used in [87] to investigate
slowly rotating BH models in this framework. More re-
cently, a detailed overview of BH-like geometries emer-
ging from nonlocal theories with quadratic curvature
terms has been provided in [88], further demonstrating
the vitality of this research direction. The revised DW
model becomes especially significant, as it not only al-
lows new classes of BH solutions but also shows that, de-
pending on the chosen ansatz for the metric functions,
one can either recover the classical Schwarzschild geo-
metry or obtain genuinely novel configurations. When the
condition A(r) = B(r)™' is imposed [89], any correction
terms vanish under asymptotic flatness, reverting to the
Schwarzschild limit. If A(r) is fixed as the Schwarzschild
time component while perturbing B(r), regularity require-
ments enforce a return to GR. However, introducing an
inverse power-law correction A(r)=1-2/r—a/r* [89]
leads to the first genuine departures from GR, yielding
metrics parametrized by n>1 and a small coupling o,
which modify key quantities such as the horizon radius,
photon sphere, shadow radius, and innermost stable circu-
lar orbits (ISCOs) while preserving asymptotic flatness
and eliminating unphysical singularities beyond the event
horizon. Explicit solutions for n=2,3,4 [89] demon-
strate finite and well-behaved auxiliary fields, as well as
consistent nonlocal distortion functions, with corrections
that vanish in the @ — 0 limit [89], thereby ensuring com-
patibility with GR at large scales. In this context, the non-
local theory of gravity, and in particular its DW refine-
ment, provides a unified scheme in which the familiar
Schwarzschild BH arises as a limiting case, while non-
trivial deviations emerge in a controlled perturbative re-
gime, marking a concrete step toward embedding BH
physics into a broader nonlocal quantum gravity perspect-
ive [89].

065104-2



Analytical study of fundamental oscillation frequencies around black holes...

Chin. Phys. C 50, 065104 (2026)

Quasi-periodic oscillations (QPOs) [90-93] are
among the most important observational tools in high-en-
ergy astrophysics, appearing as narrow peaks in the X-ray
spectra of accreting neutron stars and BH models
[94-95]. Their detection across a wide range of frequen-
cies also provides direct access to the physics of accre-
tion flows in regions where relativistic effects are domin-
ant [96-97]. Although low-frequency modes can often be
linked to disk precession, magnetic coupling, or global
instabilities, high-frequency signals, typically in the hec-
tohertz to kilohertz range, are regarded as direct tracers of
orbital and epicyclic motion in curved spacetime
[98—105]. Particularly compelling are twin-peak QPOs
detected in microquasars such as GRO J1655-40 [106],
XTE J1550-564 [107], GRS 1915+105 [108], and
H1743-322, where the peaks consistently follow a 3:2 ra-
tio [109]. This strongly supports the idea that they origin-
ate from nonlinear resonances between radial and vertic-
al epicyclic frequencies [15], a mechanism naturally al-
lowed by GR due to the splitting of fundamental frequen-
cies at small radii [108, 110—111]. The resonance model
not only explains the ratio but also reproduces the ob-
served inverse mass scaling v o« 1/M, enabling QPOs to
serve as precise diagnostics of the mass and spin of com-
pact objects [112], with fits indicating rapidly rotating
BHs with a~0.8-0.96 [113]. Alternative mechanisms
such as g-modes, c-modes, or overtone models [114—115]
have been proposed but none reproduced the observation-
al patterns as successfully. Similar oscillatory behavior
has been identified in neutron stars and even in white
dwarfs. However, only BHs exhibit the paired high-fre-
quency resonances, confirming that strong-gravity ef-
fects are crucial [116—117]. QPOs provide a rare oppor-
tunity to test GR in the strong-field regime and constrain
the fundamental parameters of compact objects
[118-119]. Upcoming X-ray missions are expected to ex-
tend their study to ultraluminous X-ray sources and act-
ive galactic nuclei, thus unifying the phenomenology
across mass scales [120—122].

QPOs arising from the innermost regions of accretion
disks around BHs have been extensively tested in differ-
ent models [15, 114, 123—128]. Studies of QPOs within
braneworld gravity have also been conducted, including
several of our previous works [129—132]. The orbital res-
onance model of QPOs in rotating braneworld Kerr geo-
metries has been discussed in detail [133-134], and
ISCOs and test particle motion near charged BHs have
been investigated in [135-136]. A comprehensive analys-
is of the ISCO structure in braneworld scenarios can be
found in [137]. The gravitational effects associated with
rotating braneworld BHs were analyzed in [138]. On the
observational side, X-ray radiation produced by matter
accreting close to the horizon provides a crucial tool for
testing the strong-field regime of gravity and inferring
QPO frequencies. Within GR, these oscillations are often

interpreted using relativistic precession models or
through the analysis of epicyclic motions. The develop-
ment of quantum-corrected BH (QC-BH) spacetimes has
motivated extensions of such analyses, revealing signa-
tures of quantum corrections that depart from the stand-
ard GR predictions. In particular, models incorporating
the generalized uncertainty principle show that quantum
effects shift the location of ISCOs, leading to modifica-
tions in high-frequency QPOs [139—141]. Another im-
portant result has been obtained in the framework of loop
quantum gravity, where geometric corrections alter the
oscillatory spectrum [142—145]. Likewise, noncommutat-
ive geometry-based BH models demonstrate that QPO
frequencies are strongly influenced by the underlying
quantum parameters [146—148]. Systematic studies of
QPOs around QC-BHs also provide a promising avenue
for testing different approaches to quantum gravity
against astrophysical observations, motivating further in-
vestigation into their physical origin and observable im-
prints.

The analysis of test particle motion and associated os-
cillation frequencies in the present nonlocal BH space-
time is of direct physical relevance, because these quant-
ities constitute invariant diagnostics of the spacetime
structure beyond classical GR. The behavior of time-like
and null geodesics explicitly reflects how the modified
metric functions A(r) and f(r) reshape the effective po-
tential, determine the existence and stability of circular
trajectories, and govern the dynamical response to small
radial and angular perturbations. Epicyclic frequencies
characterize linearized deviations around equilibrium or-
bits and provide a quantitative measure of strong-field ef-
fects induced by the nonlocal parameters a and £, particu-
larly in the vicinity of the horizon. Such frequencies con-
trol characteristic timescales of orbital motion, preces-
sion, and resonant behavior, and are directly connected to
observable phenomena, including quasi-periodic oscilla-
tions in accretion flows. A systematic examination of
particle dynamics permits a clear separation between
genuine nonlocal gravitational modifications and stand-
ard relativistic effects while ensuring that the classical
Schwarzschild limit is consistently recovered as a — 0.
The study of oscillation frequencies and geodesic stabil-
ity provides a robust framework for assessing the physic-
al implications and phenomenological viability of nonloc-
al gravity corrections. Our study explores the motion of
test particles around static, spherically symmetric BHs
within the framework of nonlocal gravity to show the inf-
lunece of such modifications to Einstein’s theory on the
dynamical properties of strong gravitational fields. Al-
though a large number of works already exist in the liter-
ature that analyze geodesic structure, orbital stability, and
particle collisions within classical GR and various modi-
fied gravity theories, the case of nonlocal gravity re-
mains comparatively underexplored despite its growing
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importance as a promising theoretical framework that ad-
dresses ultraviolet divergences, avoids ghost instabilities,
and offers a pathway toward reconciling gravitational the-
ory with quantum corrections. The novelty and necessity
of our work arise from filling this gap. By examining the
geometry and horizons of nonlocal BH solutions and ana-
lyzing the corresponding geodesic motion, we provide a
systematic account of how nonlocal contributions alter
the stability conditions of particle orbits and modify the
effective potential governing motion. Special emphasis is
placed on ISCOs, which are key observables linked to the
efficiency of accretion disks and astrophysical phenom-
ena such as QPOs in X-ray binaries and active galactic
nuclei, because their radius and associated dynamical
parameters directly influence the energy extraction pro-
cesses around compact objects. We aim to investigate not
only the general influence of these nonlocal BH models
but also the explicit role of BH parameters on stability,
oscillation frequencies, and energetic processes, clarify-
ing how changes in the underlying geometry leave direct
imprints on physical observables. Beyond stable circular
orbits, we extend the analysis to perturbed motion and de-
rive the characteristic frequencies of small oscillations,
both locally and as observed from infinity, to explicitly
show how nonlocal corrections modify precession effects
and oscillatory dynamics, which are central to models of
QPOs used in interpreting observational data. We further
enrich the study by considering high-energy processes
through the computation of the center-of-mass energy
(CME) of colliding particles near the horizon, demon-
strating that nonlocal gravity alters the maximum effi-
ciency of particle acceleration and the energetics of near-
horizon collisions, thereby affecting processes related to
jet formation and ultra-high-energy emissions. This com-
prehensive investigation shows that nonlocal gravity pro-
duces significant deviations from the predictions of Ein-
stein’s GR by reshaping the global structure of BHs, the
stability of geodesics, and the energetic efficiency of col-
lisions while providing potential observational signatures
that could be tested in astrophysical environments. This
study goes beyond existing work by systematically integ-
rating analyses of orbital stability, oscillatory dynamics,
and energetic collisions in a nonlocal gravity background,
offering both theoretical insights into the nature of
strong-field gravity and the practical relevance of con-
necting modified gravity predictions with astrophysical
observations. These justify the importance of the present
study despite the abundance of earlier works in the field.
The paper is organized as follows. Section I presents
the motivation, theoretical background, and objectives of
this study. In Section II, we illustrate BH models, geo-
metries, and horizons in nonlocal gravity, where the met-
ric structure, event horizons, and relevant spacetime prop-
erties are discussed in detail. Section III tests particle dy-
namics around BHs in nonlocal gravity, beginning with

the analysis of the effective potential (Section II1.A), fol-
lowed by the characterization of ISCOs (Section II1.B),
and concluding with the formulation of the effective force
governing the motion of the test particles (Section II1.C).
This study compares the inverse electrodynamics BH
with the Schwarzschild BH, emphasizing the effects of
additional parameters on particle motion and stability
(Section II1.D). Section IV is devoted to harmonic oscil-
lations as perturbations of circular orbits, where oscillat-
ory motion is studied through three subsections: frequen-
cies as measured by local observers (Section IV.A), fre-
quencies as observed at infinity (Section IV.B), and the
phenomenon of periastron precession (Section. IV.C).
Section V analyzes the CME of colliding particles near
the BH, illustrating its astrophysical significance. Finally,
Section VI presents the conclusions, explains our results,
and suggests future work and measurement.

II. BLACK HOLE MODELS, GEOMETRIES, AND
HORIZONS IN NONLOCAL GRAVITY

The static, spherically symmetric spacetime corres-
ponding to a nonrotating BH within the framework of
nonlocal gravity can be expressed as [89]

ds? = —h(r)d* + f(r)dr* + dMG,,, (1)

where the radial functions take the form

h(r):l—z—gk, )
r r
2 a

F0r=1= 2+ (55 ) 7 ®

and
dM5,, = r*(d6” +sin’0dg’), 4)

F = 347 [k(r—3)(r—2) +4r—9]
—3[Q2r=3)(r-2)]#. (5)

In these BH models, the dimensionless constant o is as-
sumed to be small (0 <@ < 1) and £ is a real parameter
greater than unity. The position of the BH horizon is ob-
tained from these conditions A(r) =0 and f(r) = 0, which
yields

a

}’H=2+F.

(6)
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The effect of the parameters o and & on the function A(r)
is shown in Fig. 1. The value of A(r) increased as a or k
increased, illustrating that both parameters contribute
positively to the growth of the lapse function.

The static, spherically symmetric spacetime associ-
ated with a nonrotating BH in the framework of nonlocal
gravity introduces important modifications to the classic-
al Schwarzschild geometry through the radial functions
h(r) and f(r), which incorporate corrections controlled by
the parameters o and k. The lapse function A(r) contains
the standard Schwarzschild term —2/r together with an
additional contribution —a/r*, and the radial component
f(r) carries a more intricate correction involving the
function ¥, which reflects the nonlocal character of the
theory. The parameter a, assumed to be small and posit-
ive (0 <@ < 1), determines the general strength of these
deviations, and the exponent k > 1 dictates the fall-off be-
havior of the correction with radial distance. In the limit
a — 0, one naturally recovers the Schwarzschild BH,
confirming that the nonlocal model smoothly reduced to
general relativity in the absence of the new interaction.
For large r, the influence of the corrections fades away
because the additional terms scale as inverse powers of 7.
The position of the event horizon, determined by solving
h(r)=0 or f(r)=0, slightly shifted from the classical
value r =2 to ry = 2+a/2%", indicating that the radius of
the horizon expands with increasing o, and the influence
of k appears as a modulation factor in this displacement.
The analysis of the lapse function shows that both a and &
act to increase its magnitude, which can be interpreted as
a weakening of the gravitational redshift relative to the
Schwarzschild case. For small values of £ (just above
unity), the correction term decays slowly with », making
the nonlocal effect more significant at larger distances,

-0.02

-0.
Fig. 1.

whereas higher & leads to faster decay and more local-
ized deviations near the horizon. Thus, the combined in-
fluence of a and & provides a tunable modification to the
classical geometry: a controls the amplitude of the devi-
ation, and k governs its radial profile. This nonlocal BH
metric reveals how small corrections can alter the near-
horizon structure, shift the location of the event horizon,
and influence the redshift behavior while preserving the
classical Schwarzschild form as a limiting case.

III. PARTICLE DYNAMICS AROUND BH IN
NONLOCAL GRAVITY

The motion of a neutral particle is described by the
Hamiltonian [149—159]:

1 1
H==g""p:p,+ =%, 7
28 PPyt SH (7

where u stands for the particle mass.

The relation p¢ = uu¢ gives the four-momentum, with
u¢ = dxf/dr being the four-velocity and 7 the proper time.
From this Hamiltonian, the equations of motion follow
[149-160]:

e _ =91 dey _ OH
ds axn’

u'= ’
a op,

()

where ¢ = 7/u illustrates the role of the affine parameter.
Owing to BH symmetry, two conserved quantities ap-
pear: the particle’s specific energy £ and angular mo-
mentum L, expressed as

a=0.1 k
Izo
0 — i |
1.8
-1+ q -
-2r 1 16
h(r) [
-3k ]
14
—4L | 1
=50 10 12
N < 3 S S S I SR J
0 1 2 3 4
1.0

(color online) Radial behavior of the lapse function i(r) for a static, spherically symmetric BH in nonlocal gravity. (i) Left

panel: () versus the radial coordinate » for fixed (k=1.1) and varying nonlocal parameter (@ = 0,0.02,0.04,0.06,0.08,0.10). (ii) Right
panel: i(r) for fixed (@ =0.1) and different values of (k=1.0,1.2,1.4,1.6,1.8,2.0). Increasing () or k enhances the metric function and

shifts the event horizon outward relative to the Schwarzschild case.
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2
P2 24, ©)
m r r

d
Po_2Gn299 _ o (10)
m dr

where &= E/m and L = L/m denote the particle’s energy
and angular momentum per unit mass, respectively. The
corresponding equations that govern motion determine
the temporal «', angular «?, and radial " components of
the four-velocity u®.

=y (b
E=n
rkoor
L
- r2sin’ 6’ (12)
) -£2 @ 2 2
ro+ E+m _ﬁ_;+l 28, (13)

where € =1 corresponds to time-like particles and € =0
to light-like particles. The dot indicates differentiation
with respect to 7. Using the normalization condition
P*pe = —1, the effective potential takes the form

2
Ver(r,0) = <1+£—2cs020> (1_2_%)_ (14)
r r

r

Hence, the angular term £2/ (r*sin®6) can be equival-
ently written as £?csc?6/r?, which preserves the mathem-
atical form of the effective potential while making expli-
cit the centrifugal divergence near 6 — (0, 7).

Ve (r,0) = (1+r28‘§;(9)) (—%—%+1>. (15)

e Caseof @ — 0:

In this limit, the results illustrate the Schwarzschild
BH models (M =1)

Ve (r,0) = (“;%ﬁ(a)) (—%+1>. (16)

A. Effective potential in nonlocal gravity

The concept of effective potential V.4(r,6) plays a
central role in examining the dynamics of the test
particles because it provides a way to illustrate their mo-
tion without the need to directly integrate the entire set of
equations of motion. The V. parameters illustrate the

location of unstable and stable circular orbits. In Fig. (2),
we show how the effective potential changes with the ra-
dial distance ». The minima of the curves correspond to
stable circular orbits, while the maxima identify the posi-
tions of unstable ones. The first column of the figure il-
lustrates the variation of V.4 for different choices of the
BH parameter &, while the second column demonstrates
the effect of the BH parameter a. As k or o increases, the
minima of the effective potential move closer to the BH
horizon, and the overall magnitude of Vs increase. For
circular equatorial orbits, the following requirements
must be satisfied [149—-160]:

dVeff(r) _

Ver(r) = E,
w(r) P

0. (17)

Solving Eq. (17) leads to the expression for circular or-
bits in the geometry of a BH in nonlocal gravity, yielding
the angular momentum

/ 2
rafakr*+ =
.

L= — (18)
\/— (atk+2)r*) - =+2
r

together with the corresponding specific energy

pok=t (rkJrl —2rk— ar)

&=

] (19)
\/—Ea(k+2)r‘k -3+1

e Figure 3 illustrates how the angular momentum £
behaves for equatorial circular orbits around a nonrotat-
ing BH in the framework of nonlocal gravity. Figure 3
clearly shows that £ increases as the BH parameter o in-
creases. When the BH parameter & takes higher values,
the angular momentum becomes smaller. The figure also
shows that £ increases steadily as the radial distance » in-
creases.

e Figure 4 presents the variation of the energy & cor-
responding to circular equatorial orbits in the same back-
ground. The plot indicates that for circular orbits, the en-
ergy initially increases when the BH parameter o in-
creases; however, after a certain stage it starts to decline
for larger a. A comparable trend is observed when the
parameter is changed to k. The figure also shows that the
energy & of the particles increases as the orbital radius r»
increases.

B. ISCOs in nonlocal gravity

The positions of stable and unstable circular trajector-
ies are identified through the minimum and maximum of
the effective potential, respectively. In the framework of
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k
L=4,a=01

———— ———————— 2.0

0.98f : I
-1.8

0.96 il §
0.94f 1 16

Veff : 7

0.921 sl !
4 14

0.901 4
0.881 ] -1.2

| | | | L] i

4 6 8 10 12 14

1.0

Fig. 2.

L=4Kk=1.1 a
10 Io.1o
[ -0.08
0.9+ i
I -0.06
Vet 0.81 E
L -0.04
0.7F i
I -0.02
oLk v v
2 4 6 8 10 I
0.

(color online) Effective potential V.4(r) of neutral test particles moving in the equatorial plane of a nonrotating BH in nonloc-

al gravity. The angular momentum is fixed at £=4. (i) Left panel: Variation of V.t with » for fixed @ =0.1 and different values of
k=1.0,1.2,1.4,1.6,1.8,2.0. (ii) Right panel: V.4 for fixed k= 1.1 and varying @ = 0,0.02,0.04,0.06,0.08,0.10. The minima and maxima cor-

respond to stable and unstable circular orbits, respectively.

k=0.1 a
Io.m
441 1
0.08
420 1
-0.06
£ 40F 1
a8l 1 -0.04
36F 10002
3 4 5 6 7 8 9 10 Io

Fig. 3.

a=0.1 K
R A I [2.0
441 10
1.8
42t 1
1 16
- [
40t i
1 14
38f 4
36" i l1-2
3 4 5 6 7 8 9 10
1.0

(color online) Angular momentum £ of equatorial circular orbits as a function of the radial coordinate » in nonlocal gravity.

(i) Left panel: £(r) for fixed & = 1.1 and varying a = 0,0.02,0.04,0.06,0.08,0.10. (ii) Right panel: £(r) for fixed @ = 0.1 and different val-
ues of k=1.0,1.2,1.4,1.6,1.8,2.0. The angular momentum increases with 7 and a, and decreases as £ increases.

Newtonian mechanics, the effective potential always de-
velops a minimum for any given angular momentum and
an ISCO does not exist. The situation becomes different
when the potential explicitly depends both on the angular
momentum of the particle and additional parameters.
Within GR, for instance, test particles moving near a
Schwarzschild BH experience an effective potential that
generally has two turning points for each angular mo-
mentum. When these two extrema merge into one, the

ISCO is formed, located at r=3r,, with r, being the
Schwarzschild radius. To determine the ISCO, the fol-
lowing conditions are imposed [149—160].

dVarlr) _, PVerlr) _

_ o2
Veﬁ(r)_a > d}’ il dr2

0. (20)

For a nonrotating BH influenced by non-local gravity, the
ISCOs radii are given by

r ot (2a (K - 6k — 1) ** = alk - 2)kr**? — 1277 + 277" - Pk(k +2)r)

(Zrk” —6rf—a(k+ 2)r) \/a/kr*k + % \/— (a(k+ 2)r*k) - g +2

’ 1)
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(color online) Specific energy & of neutral test particles on equatorial circular orbits in the nonlocal gravity BH spacetime. (i)

Left panel: &(r) for fixed & = 1.1 and varying a = 0,0.02,0.04,0.06,0.08,0.10. (ii) Right panel: &(r) for fixed a = 0.1 and different values
of k=1.0,1.2,1.4,1.6,1.8,2.0. The energy increases with radial distance and shows a nonmonotonic dependence on nonlocal parameters.

e Figure 5 shows the equatorial ISCOs around a stat-
ic BH in nonlocal gravity. The left panel illustrates the
dependence of ISCOs on the BH parameter ¢, and the
right panel demonstrates their variation with the paramet-
er k. The ISCO radius increases with higher values of a,
and decreases as k becomes stronger.

The exact equations for the angular momentum and
specific energy are obtained directly from the condition
for circular orbits of the effective potential.

Vig(r) = 0. (22)

This condition corresponds to the vanishing of the radial
force, which provides the necessary criterion for a stable
circular orbit in the BH spacetime considered. The algeb-
raic complexity observed in these expressions originates
from nonlocal gravity corrections, which introduce addi-
tional terms proportional to r~*. These terms modify the
standard general relativistic behavior and are responsible
for the more intricate functional form of the angular mo-
mentum and energy.
To determine the ISCOs, we simultaneously impose

Ver(risco) =0, Vi(risco) =0, (23)
which identifies the minimal radius at which a stable cir-
cular orbit can exist. Although the derivatives involved
are algebraically extensive, they are fully compatible with
the expressions for angular momentum and energy,
demonstrating how these quantities satisfy the ISCO con-
ditions. This provides complete algebraic transparency
and verifies that the results are consistent within the
framework of nonlocal gravity.

C. Effective force in nonlocal gravity

The effective force on a test particle describes the
nature of its motion, that is, whether the trajectory is
drawn inward toward the BH or pushed outward. In the
background of a static BH governed by nonlocal gravity,
the dynamics allow for both attractive and repulsive grav-
itational interactions. Using Eq. (17), the effective force
can be expressed as [149—-160]

1dV,g
2 dr’
1

L (2 0 -6 -atkr )

- (211‘ + akr)) ) (24)

e Figure 6 shows the variations of the effective force
with the radial coordinate » for different choices of the
BH parameters o and k. The left column shows how the
force changes with a, and the right column corresponds to
the changes with k. The influence shows that increasing «
strengthens the attractive nature of the force, while in-
creasing k leads to a repulsive effect.

D. Comparison with the Schwarzschild
black hole model

To illustrate the impact of nonlocal gravity correc-
tions on the particle dynamics, the obtained results must
be compared with those of the classical Schwarzschild
BH model, which can be recovered from the present
model by setting @ — 0 and k — 1. The metric function
simplifies to the well-known form
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(color online) Radial profile of the effective force F acting on neutral test particles orbiting a nonrotating BH in nonlocal grav-
(i) Left panel:

Effective force for fixed k=1.1 and varying

a =0,0.02,0.04,0.06,0.08,0.10. (ii) Right panel: Effective force for fixed @ =0.1 and different values of k=1.0,1.2,1.4,1.6,1.8,2.0. In-
creasing o strengthens the attractive force, while larger £ introduces repulsive features.

2
f(r)=1—;, (25)
and the corresponding effective potential reduces to
VEh(r,0) = <1 A ) (1 - g) (26)
eff 2 r2sin® 0 r)’

This expression serves as the information for testing the
influence of the parameters (a,k) that encode the nonloc-
al gravitational corrections.

1. Measurement of effective potential

In the study of the influence of the nonlocal gravity
BH model, the effective potential V.g(r,0) is defined with
additional terms illustrated by a and & parameters, which
test the influence of BH properties. Increasing a deepens
the potential parameters, showing a stronger gravitation-
al attraction near the event horizon, and larger values of &
shift the minima closer to the horizon. The Schwarz-
schild BH model illustrate a single minimum that corres-
ponds to the location of the stable circular orbit. The pres-
ence of (a,k) introduces additional degrees of freedom
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that can either strengthen or weaken the gravitational
confinement depending on their magnitudes.

2. Measurement of angular momentum and energy of

circular orbits properties

In the case of circular trajectories, the specific energy
& and angular momentum £ indicate the modifications
shown by the BH model. When « > 0, the angular mo-
mentum required to maintain circular motion increases
relative to the Schwarzschild case, and higher £ values
lead to a reduction in L. The energy profile exhibits a
more complex behavior: & initially increases with a, then
slightly decreases for large values of a. In the Schwarz-
schild background, & and £ vary monotonically with the
orbital radius, and the relations between them remain
uniquely determined by the metric function model
f(r)=1-2/r. The nonlocal contributions modify the bal-
ance between centrifugal and gravitational forces, lead-
ing to different orbital energy requirements.

3. ISCO comparison

The measurment of ISCO results show another dis-
tinction between the two geometries. For the Schwarz-
schild BH, the ISCO radius is located at rigcos = 6M = 6,
corresponding to the merging of the stable and unstable
points of V.z. However, in the nonlocal gravity scenario,
this location depends on (a,k). An increase in a tends to
push the ISCO outward, implying that stable circular mo-
tion is possible only farther from the BH, while an in-
crease in k produces the opposite effect, reducing riscos-
Thus, the parameters of nonlocality directly control the
extent of the stable orbital region.

4. Effective force

The effective force derived from this relation

dv,
= —ETrﬁ reveals that in the Schwarzschild case, the

interaction is purely attractive and decays monotonically
as r increases. However, in the framework of nonlocal
gravity, the behavior of F(r) becomes richer: for small 7,
the force remains attractive; however, depending on
(a,k), it can exhibit a partial repulsive phase near the ho-
rizon. Increasing o strengthens the inward pull, and high-
er k values can introduce a repulsive contribution at inter-
mediate distances. These deviations suggest that the ef-
fective curvature corrections of nonlocal gravity alter the
local spacetime geometry and nature of the gravitational
field around the compact object.

The Schwarzschild BH model serves as the limiting
configuration of the present model, and nonlocal gravity
introduces two tunable parameters (a,k) that modify the
intensity and structure of the gravitational potential. The
main differences can be illustrated as follows:

e V. in nonlocal gravity shows deeper or shifted
minima compared to the Schwarzschild potential.

e [ increases with a but decreases with &, and &
shows nonmonotonic dependence on a.

o The ISCO radius increases with a and decreases
with k, deviating from the fixed Schwarzschild value
Isco = 6.

e The effective force F' may exhibit repulsive fea-
tures, unlike the purely attractive Schwarzschild case.

Another important result is that the Schwarzschild
spacetime appears as a special and less flexible case of
the more general nonlocal gravity framework in which
the additional parameters offer a mechanism to fine-tune
particle motion and orbital stability around BHs.

IV. HARMONIC OSCILLATIONS AS PERTURBA-
TIONS OF CIRCULAR ORBITS IN NONLOC-
AL GRAVITY BLACK HOLE MODELS

To explore the oscillatory motion of neutral particles,
we slightly disturb the equations of motion around stable
circular paths. When a test particle is shifted slightly from
its equilibrium point in the equatorial plane condition, it
follows an epicyclic path, which can be described as lin-
ear harmonic oscillations [149—160].

A. Frequency measurements by local observer in non-
local gravity black hole models

The frequencies of these harmonic oscillations, as
measured by a local observer, are expressed as [149—160]

) 1 Vea(r,0)

= -7 Vemhb) 2
W= (27
1 8,,(r,0) 8*Vege(r,6)
2 _ —
Wy =353 T (28)
do
= 29
Wy =1 29

where w,, wy, and w, represent the radial, vertical, and
orbital (axial) frequencies of a neutral test particle mov-
ing around in the nonlocal gravity BH model, respect-
ively. They take the following explicit forms:

I
W) = 5 (L@ (K +5k+6) r— 6" +241%)

+77 (4 + ak(k+ Dr)), (30)

065104-10



Analytical study of fundamental oscillation frequencies around black holes...

Chin. Phys. C 50, 065104 (2026)

27k + akr

2 — , 31

“o r? (2rk+1—6rk—a/(k+2)r) G
2k + ak

wi: r* + akr (32)

r2 (Zr"”rl —orfk—a(k+ 2)r) '

B. Frequency measurement properties in the case
of a distant observer in nonlocal gravity
BH models

The locally defined angular frequencies w g are in-
troduced in Egs. (30)—(32). The angular frequencies re-
corded by a static observer far away, denoted as Q, are
expressed as [149—-160]

dr
ng = a)ﬁa, (33)

where the factor dr/dr represents the redshift correction,
given by

dr &
— = 34
dr gu B9
When the frequencies of small oscillations are described
in physical units as observed from infinity, the corres-
ponding frequencies for neutral particles are given by
[149-159]

1 3

=——Q, 35
2nGM (33)

Vi

where v; represents the physical frequencies measured by
a distant observer (Hz), and the index i € r,0,¢ labels the
radial, polar, and azimuthal components, respectively.
Here, Q,, Q4, and Q, denote the dimensionless radial, po-
lar, and azimuthal frequencies measured at infinity, re-
spectively, given by

1
Q= - 3*(r=3)2(=2a (K> — 6k —1) r**!
; X(w’k)[ (r=3)(-2a( )r
+ alk — 2Dk + 127% = 2P 4 &Pk(k +2)r)],
(36)
Q2= ! kr 2 ! 37
g = Ea' r + ﬁ, ( )
Q2= ! kr k2 ! 38
b = E(Y r =+ F, ( )

x(rak) =27 (1! =27 —ar) 21 (a+3")
—2(3a+43") 24344
—18 (@ +3") * + a3k’ — a3"(5k-4)r

Fad k=3, (39)

e Figure 7 illustrates the behavior of the radial vari-
ation of the oscillation frequencies v, for neutral particles
near a static BH in nonlocal gravity. The orbital fre-
quency Q, coincides with the polar frequency €,. The
first panel (top-left) corresponds to the usual Schwarz-
schild case. The increase in the BH parameter o is shown
to shift the radial frequency curves outward, moving them
further from the horizon. Larger values of the parameter &
push the frequency profiles inward, closer to the event
horizon.

C. Testing periastron precession in black hole space-
times of nonlocal gravity

We look at the periastron frequency of a neutral test
particle moving around a nonrotating BH in nonlocal
gravity. The study is conducted by considering small dis-
turbances near the equatorial plane at n/2. To evaluate
the periastron precession, we slightly shift the particle
from its stable orbit, which produces oscillations about
that point with radial frequency Q,. The periastron fre-
quency, written as Qp, is then obtained as the difference
between the orbital frequency Q4 and radial frequency €,
given by [149—-160]

Qr=0,-Q,. (40)

Figure 8 illustrates the behavior of the periastron fre-
quency in the background of such a BH. The first panel
displays the variation of Qp with different values of the
parameter a. The second panel presents the case for dif-
ferent values of k. The increase in k reduces the fre-
quency of the periastron, while the larger values of o im-
prove it. Qp also decreases as the radial distance r in-
creases.

V. INFLUENCE OF CME PROPERTIES IN NON-
LOCAL BLACK HOLE MODELS

In this section, we study the collision of two neutral
test particles, each having the same rest mass u but mov-
ing with different four-velocities while lying on the same
plane. The CME for this system is expressed as
[149-160]

E.
= /1= goputuf, 41
Vo V1=8ap (41)
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Fig. 7. (color online) Radial, vertical, and orbital frequencies (v,,vq,v4) of neutral test particles measured by a distant observer for a

BH of mass M =10,M, in nonlocal gravity. The frequencies are shown as functions of the radial coordinate r/M. (i) Top left panel:
Schwarzschild limit (e = 0). (ii) Top right and middle panels: Fixed £ with increasing values of a. (iii) Bottom panels: Fixed « = 0.05
and varying & = 1.1,1.5,2.0. The orbital and vertical frequencies coincide, while the radial frequency is strongly affected by the nonlocal

parameters.
where
o_ &i L
= = ),—Y,-o,rz L@
-— -+l
rkoor
and
2 2
Y, = ag_<1+£>(-3—7+1), i=1,2.  (43)
r? rkoor

where &; and £; denote the conserved energy and an-
gular momentum of each particle, respectively. The value
of the CME depends both on the motion of the particles
and the background gravitational field near the compact
object. For two colliding particles, it combines their rest
masses with their kinetic contributions. In the case of a
static, nonrotating BH in nonlocal gravity, it takes the
form

Ecm 8182 Y] Y2 .£1£2

= + - - 2 (44)

V2my, h(r)  h(r) r
In this case, we can write this equation

Ecm -

_ E1& gl§2 3 £1-2£2 1, (45)
V2m —art—-—+1 4

r

where the functions ¢; and ¢, are given by

b= 3%-(1:—%“) (—ar‘k—%+l>. (46)

72

and

H= 8%—(%“) (—a/r*"—%+1>, (47)

e Figure 9 shows the behavior of the CME with the
radial distance » for a nonrotating BH in nonlocal gravity.
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(color online) Center-of-mass energy (CME) of two neutral particles colliding near a nonrotating BH in nonlocal gravity as a

function of the radial coordinate r. (i) Left panel: CME for fixed k= 1.1 and varying « = 0,0.02,0.04,0.06,0.08,0.10. (ii) Right panel:
CME for fixed ¢ =0.1 and different values of k=1.0,1.2,1.4,1.6,1.8,2.0. The CME increases near the horizon is enhanced by larger £,

and suppressed by increasing a.

Collisions near the horizon can be seen to generate large
energies. Increasing the parameter k raises the CME, and
larger values of a reduce it. As the distance r increases,
the radial profile of the CME decreases steadily.
Although several recent studies have explored the dy-
namics of test particles and QPOs in modified theories of
gravity, the present work illustrates the formulation and
physical interpretation of nonlocal corrections to BH
spacetimes. Unlike earlier approaches that either treated
nonlocal effects perturbatively or confined the analysis to
qualitative estimates, this study provides a systematic and
self-consistent analytical treatment of geodesic motion,
orbital stability, harmonic oscillations, and energy extrac-
tion processes around static, spherically symmetric non-
local BHs characterized by the parameters (a,k). The

novelty lies in simultaneously integrating these diverse
dynamical aspects (showing the influence of BH paramet-
ers on particle dynamics measurement), effective poten-
tial, ISCOs, epicyclic frequencies, and CMEs of particle
collisions within a single coherent framework of nonloc-
al gravity, allowing for a direct comparative analysis with
the classical Schwarzschild BH model limit. The physic-
al implications of nonlocal parameters are also thor-
oughly tested, showing how small deviations from Ein-
stein’s theory can lead to measurable differences in orbit-
al frequencies and energetic processes near the event ho-
rizon. These analytical derivations of frequency shifts and
force profiles distinguish the present work from previous
investigations that often focused on isolated aspects such
as ISCOs or QPOs alone (we have tested the limit of the
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BH model). Furthermore, by connecting the theoretical
results to observable astrophysical quantities, such as fre-
quency modulations and energy amplification near the
horizon, a bridge between nonlocal field corrections and
high-energy phenomena in accreting BH systems is es-
tabished. Although it builds upon the existing body of lit-
erature, the present study contributes a distinctive and
comprehensive perspective on how nonlocal gravitation-
al effects reshape the dynamics of matter and radiation in
strong-field regimes to enrich both the phenomenology
and theoretical landscape of modified gravity.

e The BH parameters derived from nonlocal gravity,
in particular a and £, significantly influence the CME of
particle collisions in the vicinity of the event horizon. As
particles approach the horizon, the CME exhibits a rapid
increase, which is characteristic of the strong gravitation-
al field. However, the nonlocal corrections systematic-
ally modify this behavior. Higher values of & also lead to
an enhancement of the CME, reflecting an effectively
stronger gravitational interaction that increases the en-
ergy available in particle collisions. By contrast, larger
values of a result in a suppression of the CME, which can
be interpreted as a relative weakening of the gravitational
effect because of nonlocal contributions. These paramet-
ers not only determine the maximum attainable collision
energy but also affect the radial dependence of the CME
near the horizon, demonstrating that even small devi-
ations from the predictions of classical GR can produce
observable effects in high-energy processes. This analys-
is emphasizes that nonlocal gravitational modifications
are essential for understanding particle dynamics in
strong-field regimes and may have measurable con-
sequences for extreme astrophysical phenomena.

e The specific ranges of BH parameters (a,k) and
particle parameters (&, L) were selected to probe quantit-
atively the deviations from the Schwarzschild case while
ensuring the existence of stable circular orbits outside the
event horizon. Within these intervals, variations in ()
and (k) produced systematic modifications in the effect-
ive potential profile, leading to shifts in the ISCOs and
changes in orbital stability criteria. In particular, increas-
ing k generally results in a deeper potential well, thereby
enhancing the CMEs of particle collisions near the hori-
zon, whereas larger values of « tend to flatten the poten-
tial, reducing both CME and the binding energy of orbits.
The chosen parameter ranges allow a controlled investig-
ation of the quantitative influnece of nonlocal corrections
on particle motion, stability thresholds, and energetic pro-
cesses in the vicinity of the BH, providing a physically
consistent framework for assessing deviations from clas-
sical GR.

VI. CONCLUSIONS

In this paper, the static, spherically symmetric BH
geometry in nonlocal gravity extends the standard
Schwarzschild solution by introducing additional correc-
tion terms in the metric functions (a(r), f(r)), governed by
the parameters o and k. The function h(r) retains the —2/r
dependence but acquires a new contribution proportional
to —a/r*. The radial function f(r) involves a more intric-
ate modification encoded in ¥, capturing the nonlocal
character of the theory. These corrections remain small
because a is assumed to be positive and much less than
unity, and k> 1 dictates the rate at which the modifica-
tion decays with radial distance. In the limit @ — 0, the
Schwarzschild solution is exactly recovered, ensuring
consistency with GR. The event horizon is no longer
fixed at r =2 as in the classical case but shifts outward to
ry =2+a/2!, showing that the presence of nonlocal
corrections tends to enlarge the horizon. The influence of
the parameters is twofold: a determines the strength of
the deviation from the Schwarzschild geometry, and %
controls how quickly these corrections fade at large dis-
tances. For values of & only slightly greater than one, the
corrections extend further from the BH, whereas the high-
er value k confines them closer to the horizon. The ana-
lysis of the lapse function illustrates that both o and &
contribute to an overall increase in its value, effectively
reducing the gravitational redshift compared to the
Schwarzschild case.

The analysis of particle dynamics around BHs in non-
local gravity illustrates this structure in the motion of
neutral test particles, which shows the influence of the
BH parameters o and k. By taking the Hamiltonian form-
alism and testing the symmetries of the spacetime, the
constants of motion (i.e., the specific energy and angular
momentum) are derived and used to construct the effect-
ive potential and show the influence of BH parameters to
illustrate the orbital behavior. The effective potential pro-
files illustrate that stable circular orbits correspond to
their minima, whereas unstable orbits lie at the maxima,
and the position of these extrema changes significantly
with varying values of a and k. In particular, the effect-
ive potential grows stronger as either a or k increases, and
the location of the stable orbits tends to move closer to
the BH horizon, reflecting how nonlocal gravity correc-
tions alter the usual Schwarzschild dynamics. The condi-
tions for circular motion lead to explicit expressions for
angular momentum and energy, whose graphical behavi-
ors illustrate that angular momentum rises with increas-
ing o but diminishes as & increases and the energy of cir-
cular orbits initially rises with a before decreasing for lar-
ger values, showing a nonmonotonic dependence. Both
quantities exhibit growth with radial distance, consistent
with the general relativistic picture. A particularly strik-
ing outcome arises in the study of ISCOs, where the com-
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bined conditions on the effective potential show that
ISCO radii increase with a, implying that stronger non-
local gravity effects push stable orbits outward, and they
decrease with higher £, suggesting a competing effect that
brings the ISCOs closer to the BH. This dual dependence
shows the influnece of nonlocal gravity on particle dy-
namics, depending on the relation between a and k. The
investigation of the effective force clarifies the nature of
the gravitational interaction. For larger a, the force be-
comes more attractive, deepening the gravitational well.
For larger £, the force tends toward repulsion, counteract-
ing the attraction and modifying orbital stability.

The results of our analysis reveal several important
features of oscillatory motion in nonlocal gravity;
however, they also come with limitations that deserve at-
tention. In the limit where parameters of nonlocal gravity
vanish, i.e., « > 0 and k — 0, our frequency expressions
naturally reduce to the standard Schwarzschild case, re-
producing well-known results for radial, latitudinal, and
orbital frequencies in GR. This limit illustrates the con-
sistency of the framework and shows that the observed
deviations are entirely due to nonlocal modifications of
gravity. In particular, the overlapping behavior of Q, and
Q, persists in the Schwarzschild limit, and the radial fre-
quency approaches the familiar form that determines the
ISCOs at r = 6M. Outside this limit, the presence of para-
meters a and k alters the stability regions significantly.
Although a tends to push stable oscillatory orbits out-
ward, effectively increasing the ISCO radius and enhan-
cing precession effects, & pulls them inward, reducing the
ISCOs and weakening periastron precession. Our treat-
ment also assumes test particles without charge, spin, or
self-gravity, restricting the analysis to neutral, spinless
probes, which may not fully capture the behavior of real-
istic astrophysical matter in strong gravity. Additionally,
we focused on equatorial plane perturbations and neg-
lected higher-order nonlinear oscillations, meaning that
our description is valid only for small perturbations
around circular orbits. The nonlocal gravity model is
parameterized phenomenologically through a and k. In
future work, we plan to explore the full parameter space,
including electromagnetic interactions or pressure effects
from accreting matter, and compare the predicted fre-
quency shifts directly with observational data from QPO
measurements.

The study of the CME of colliding neutral test
particles in the background of a nonrotating BH within
nonlocal gravity reveals important insights into the ener-
getic interactions near the horizon. As expressed in
Fig. 9, the CME strongly depends on the BH parameters
(a,k) and radial coordinate ». When the collision occurs
near the event horizon, the CME exhibits a significant en-
hancement, reflecting the well-known Banaddos—Silk—
West type effect in which the BH geometry acts as a nat-
ural particle accelerator. In the present case, nonlocal

gravity modifications alter this behavior: increasing the
parameter k£ enhances the CME, suggesting that stronger
nonlocal contributions amplify the available energy in
collisions, and higher values of a suppress the CME, in-
dicating that the effective nonlocal potential acts as a reg-
ulating factor against unlimited energy growth. The radi-
al behavior shows that as r increases, the CME decreases
monotonically, approaching finite values at spatial infin-
ity, which means that high-energy collisions are essen-
tially confined to the near-horizon region. In the limiting
case r—ry, the (—ar*-2/r+1) and (*) terms in the
CME expression tend to be zero, potentially driving the
CME to diverge under suitable conditions of particle en-
ergies and angular momenta. This divergence is con-
trolled by the interplay of a and &, implying that although
nonlocal gravity allows for high-energy collisions, it im-
poses bounds on the CME that are not present in the
standard general relativistic case. In this context, the res-
ults indicate that nonlocal gravity significantly modifies
the efficiency of BHs as particle properties and shows the
influence of BH parameters.

In this study, the graphical analysis illustrates how the
parameters of nonlocal gravity, that is, the coupling con-
stant o and the fall-off parameter k, affect various physic-
al quantities associated with BH spacetimes and test
particle dynamics. Figure 1 illustrates the behavior of the
lapse function A(r) of a static, spherically symmetric BH
in nonlocal gravity, where the influence of a and & is ex-
amined separately. In the left panel, k= 1.1 is fixed while
a is varied from 0.02 to 0.10. Increasing o enhances the
value of A(r) at any radial distance, effectively shifting
the horizon radius outward and weakening the gravita-
tional redshift relative to the Schwarzschild case. In the
right panel, @ =0.1 is fixed and £ is varied from 1.0 to
2.0. This leads to an increase in the lapse function as & in-
creases, which corresponds to more localized corrections
near the horizon. Figure 2 shows the effective potential
Vew(r) of the test particles, where the angular momentum
is fixed at £ =4 and @ = 0.1 in the left column. Varying k&
in the range 1.0 <k <2.0, it is observed that the minima
of the potential moves closer to the BH as k& increases.
The depth of the potential becomes more pronounced, in-
dicating stronger binding and reduced orbital stability. In
the right column, £=4 and k= 1.1 is fixed and « is var-
ied between 0.02 and 0.10, showing a similar effect. A
higher a increases the depth of the potential and shifts the
stable orbits inward, demonstrating that nonlocal coup-
ling enhances the gravitational pull. In Fig. 3, the angular
momentum £ of circular equatorial orbits is studied, with
the left panel fixed at k =0.1 and varying o. It is shown
that £ increases with a, while the right panel is fixed at
a=0.1 with varying k. The angular momentum de-
creases as k increases in both cases. £ also increases with
the radial distance 7, consistent with the expected centri-
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fugal barrier. Figure 4 examines the specific energy & of
particles in circular motion. In the left panel, k=1.1 is
fixed and a is varied from 0.02 to 0.10; in the right panel,
a=0.1 is fixed and k£ ranges from 1.0 to 2.0. In both
cases, energy initially increased and then decreased for
larger values of a or k, reflecting the nontrivial interplay
between gravitational attraction and nonlocal corrections,
while & increased monotonically with r. Figure 5 shows
the ISCO radius, where the k=1.1 on the left panel is
fixed and a varies, leading to an outward shift of the
ISCOs as a increases. In the right panel, @ = 0.1 is fixed
and increasing k results in a decrease of the ISCO radius.
Thus, the coupling parameter o tends to destabilize orbits
by pushing them outward, while higher & values improve
stability by bringing the ISCOs closer to the horizon. Fig-
ure 6 plots the effective force acting on the test particles.
In the left panel, £=3.5 and k= 1.1 are fixed and a in-
creases from 0.02 to 0.10, showing that the force be-
comes more attractive with higher a. Conversely, in the
right panel with fixed £=3.5 and o =0.1, increasing k
from 1.0 to 2.0 produces a more repulsive force, high-
lighting the opposite roles played by the two parameters.
Figure 7 presents the frequencies of harmonic oscilla-
tions, including radial (v,), latitudinal (v,), and orbital
(v4), measured by a distant observer. The first row (left
panel) corresponds to the Schwarzschild case @ = 0,k ~ 0,
providing a reference. Subsequent panels have fixed &
and varying a, or fixed o and varying k. Evidently, in-
creasing o shifts the frequency profiles outward, making
the oscillations weaker and more extended, and increas-
ing k shifts the profiles inward, compressing the oscilla-
tions closer to the horizon. Figure 8 studies the frequency
of periastron precession Qp, where k= 1.1 is fixed and «
increases from 0.02 to 0.10 in the left panel, showing that
Qp increases with a. In the right panel with fixed a = 0.1,
varying k decreases the frequency of precession. In both
cases, Qp decreases with the radial distance, consistent
with weaker relativistic effects further from the BH. Fig-
ure 9 explores the CME of colliding particles. In the left
panel with fixed k = 1.1, increasing a decreases the CME.
In the right panel with fixed @ =0.1, increasing k en-
hances the CME. In all cases, the CME grows near the
horizon and decreases with radial distance, reflecting the
fact that high-energy collisions are most efficient in the
strong gravity region. These figures demonstrate that the
nonlocal gravity parameters play complementary roles: a
strengthens gravitational attraction, increases ISCO radi-
us, enhances periastron precession, and reduces CME,
while & tends to counteract by making forces more repuls-
ive, reducing ISCOs, decreasing precession, and enhan-
cing CME. Both parameters significantly reshape BH dy-
namics relative to the Schwarzschild case.

In the context of a nonrotating BH model, the logical
and physical interpretation of the adopted nonlocal grav-

ity framework gains particular importance as it allows us
to isolate the influence of nonlocal corrections from rota-
tional or charge-induced effects. This information also il-
lustrates the fundamental structure of spacetime in this
modified theory. From a logical standpoint, considering
the static, spherically symmetric configuration ensures
that the spacetime metric remains diagonal, with metric
components depending solely on the radial coordinate.
This symmetry simplifies the mathematical formulation
and illustrates the essential features of gravitational at-
traction and horizon formation, allowing a direct compar-
ison with the classical Schwarzschild BH solution. In the
physical sense, the nonrotating, nonlocal BH represents a
pure manifestation of how gravitational interactions are
modified when the locality principle of GR is relaxed.
The nonlocal parameters a and k& show the physical mean-
ing: o quantifies the strength of the deviation from local
GR, encoding the amplitude of nonlocal field contribu-
tions, while k illustrates that these corrections diminish
with radial distance, thus controlling the influence of
spacetime interactions (testing the influence of BH para-
meters). As a result, the geometry no longer produces sin-
gularities identical to those of the Schwarzschild case be-
cause the nonlocal coupling acts as an effective regulator,
softening curvature divergences near r=0 and shifting
the event horizon outward to ry =2+ a/2k—1. This res-
ult reveals an intriguing physical mechanism by which
nonlocal effects may preserve causal structure while
modifying the near-horizon regime. In the absence of an-
gular momentum, nonlocal contributions still lead to
measurable differences in gravitational redshift, effective
potential depth, and orbital stability conditions, showing
that the spacetime’s causal and geodesic structure is in-
trinsically richer even without rotation. The logical con-
sistency of this picture lies in the smooth limit & — 0,
where the classical Schwarzschild solution is recovered,
ensuring that nonlocal gravity naturally embeds GR as a
low-energy effective limit. On physical grounds, this
demonstrates that nonlocal gravity does not contradict the
well-tested predictions of GR but rather extends them by
incorporating scale-dependent corrections that manifest
only in strong-field regions. The nonrotating BH in non-
local gravity serves as the most transparent and theoretic-
ally robust laboratory to probe the physical implications
of nonlocality, where one can distinctly trace how space-
time curvature, event horizons, and geodesic motion re-
spond to a nonlocal gravitational field without the added
complexity of frame-dragging or electromagnetic interac-
tions. Such a setting provides not only logical clarity in
the modeling of nonlocal effects but also physical credib-
ility to the claim that the resulting geometry preserves es-
sential GR features while subtly reshaping the strong-
field behavior that could leave imprints on observational
phenomena, such as orbital dynamics, QPOs, and energy
extraction near the horizon.
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