Chinese Physics C  Vol. 50, No. 6 (2026) 065109

Thermodynamic GUP correction for black hole within quintessence matter
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Abstract: We examine the black hole geometry in general relativity using Einstein's equations to modify the geo-

metry in quintessence matter. In quintessence matter, we incorporate black hole geometry into the standard formula

to assess the Hawking temperature. We implement the Hamilton-Jacobi semi-classical technique to examine the

Hawking temperature of a four-dimensional black hole spacetime. The boson particles are tunnelled into the horizon

under the action of the generalized uncertainty principle (GUP) by implementing the relativistic field equation and

WKB strategy. The Hawking temperature is investigated under the influence of the GUP parameter, particle proper-

ties, and black hole geometry parameters. Entropy and emission energy corrections are also examined using the

Hawking temperature.
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I. INTRODUCTION

One of the most significant and vital foundational the-
ories in modern science is Einstein's general relativity
(GR), which suggests the existence of black holes (BHs)
[1, 2]. A BH is described by GR as a space area where the
field of gravitation is so strong that nothing, not even
light particles, can exit from it. BHs were thought to ab-
sorb and expel nothing at all [3]. The concept of quantum
mechanical theory significantly modified Stephen Hawk-
ing's idea. According to Hawking's idea in 1974, BHs
have an appropriate temperature designated as the Hawk-
ing temperature (7y) [4, 5]. According to Hawking's
mathematical models, all BHs release thermal energy in
the form of Hawking radiation. However, higher temper-
atures make this effect more noticeable for smaller,
quantum-sized BHs, making the phenomenon of thermal
emission very important in such scenarios. Interpreting
quantum gravity theories requires knowledge of quantum
implications within the framework of traditional general
relativity. A decreased BH evaporation [6] via the
Hamilton-Jacobi semi-classical ansatz, which applies the
Lagrangian modified solution in WKB application, is the
case of a quantum or GUP parameter [7]. To integrate the
relativity theory of BH dynamics with conventional
mechanics, the radiation mechanism was investigated [8].
Several approaches to the occurrence of Hawking radi-
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ation have been presented in literature. This radiation has
been the subject of numerous investigations on well-
known BHs [9—21]. This radiation can be examined us-
ing a semi-classical methodology that involves a particle
moving across the external horizon and tunneling of the
BH from internal to external [22, 23]. The tunneling
strategy is based on the null geodesic [24-26] and
Hamilton—Jacobi scheme [27]. These methods derive the
imagined component of the classical process from an ex-
ternal horizon by applying the fundamentally forbidden
path of a particle.

Observable matter in the galaxy's central disk is
thought to dominate the galaxy's mass by Newton's law
of gravitational force. However, the curves that appear in
spiral galaxies indicate that velocity appears to remain
flat instead of decreasing with range beyond the visual ra-
dius of the galaxy. This conclusion suggests that the
galaxy is surrounded by an unseen quintessence matter.
Detecting and interpreting dark matter has emerged as
one of the most significant tasks in modern physics. It has
grown to be one of the most significant mysteries in our
universe. In the Laser Interferometer Space Antenna
(LISA), to recognise low-frequency radiation, the quint-
essence matter should change the spacetime's structure.
The dark matter and uncertainty principle affect the
Hawking radiation generated in the spacetime. In theory,
the existence of dark matter could affect the spacetime
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geometry surrounding the BH, which leads to obvious
changes in Hawking radiation, entropy, orbital dynamics,
and BH shadows. One can investigate such variations in a
realisable analytical framework by using an efficient
quintessence metric. The GUP expands the conventional
Heisenberg uncertainty principle to incorporate the smal-
lest length scales suggested by many quantum gravity
models and represents an important step in our under-
standing of quantum gravity. The modification to BH
geometry and expectations of residue at the conclusion of
the evaporation of the BH have been analyzed under the
GUP in the uncertainty interactions, which are crucial for
the determination of spacetime singularities. With implic-
ations for high-energy scenarios and the Planck scale in
physics, these results provide a solid basis for exploring
the combination of quantum physics and gravity. In the
minor scale of quantum gravitational interactions without
GUP parameter limits, confirmation by experiment is
challenging. The absence of a widely utilized interpreta-
tion of the GUP parameter leads to logical uncertainty.
The GUP is a powerful theoretical tool that unifies con-
cepts across several models of quantum gravity and
provides a means for further investigation into funda-
mental physics. It applies to quantum modifications and
more sophisticated thermodynamics of BHs.

The quantum effects can be considered as significant
near a BH horizon; GUP interactions are critical for de-
termining the dynamics of BHs. Quantum interactions,
such as GUP interactions with thermodynamical features
with different rotations of BH, have been studied using
the quantum tunneling approach [28—37]. The modifica-
tion rate of the Hawking temperature in BH evaporation
is greatly influenced by quantum changes, which must be
considered. However, there is no concrete scientific evid-
ence to support the hypothesis; some predictive models
indicate that a BH can stop radiating at its minimal mass,
leaving behind a residue. Moreover, quantum processes
are not immediately taken into account by regular BH
metrics; thus, implementing quantum changes requires a
detailed study of quantum-improved metrics and their im-
plications. The quantum improved metric of Schwarz-
schild BHs was recently determined [38] by two effect-
ive field theory (EFT) approaches, which have also
shown important discoveries in the field of quantum
gravity. [39—45]. A logical quantum gravity at all scales
of energy remains very fascinating; EFT approaches can
be employed at energies below the Planck mass, allow-
ing for model-free gravity in quantum operations. In the
tunneling approach, the spin one particle of Hawking
temperature was examined by Gecim and Sucu, which
was crucial for the BH spacetime [46] and GUP frame
[47—-48]. The GUP framework demonstrated that temper-
ature is affected by tunneled particles in addition to BH
properties. The quantum spin of a relativistic particle and
BH temperature of the particle vector bosons, as indic-

ated by the modified equation, form the foundation for
their vector particle expressions. The GUP changes to the
Euler—Heisenberg-AdS BH temperature have been com-
puted by the newly modified equations [49]. The primary
characteristics of the BH and its standard thermodynam-
ics were examined, and the modified model was com-
pared with the standard thermodynamics in specific
particle physical properties. When the attractive Cou-
lomb interaction was included in the consideration in
[50], the efficiency that emerged from the GUP interac-
tion for the zitterbewegung particles was higher than that
achieved with the conventional temperature.

An emerging-gravity metric that includes a scalar
field of k-essence has been combined with a Born-Infeld
Lagrangian [51] and Dirac—Born—Infeld Lagrangian [52]
to generate a metric that describes the geometry of a BH
in a massive object. The Hawking temperature of the
metric has been determined. In addition to verifying this
quantum BH emission in the context of dark energy, the
use of the Hamilton—Jacobi method to perform tunneling
with both spin BH parameter and non-singular of non-
spin BH in different coordinate structures demonstrates a
new occurrence of reception in white holes through
quantum physical tunneling [53]. Mitra explored emis-
sion tunnels across the BH horizon, which lead to a tem-
perature that is twice as high as usual [54]. Contracted
dark matter profiles with steeper inner slopes are seen in
galaxy regions, suggesting increased central concentra-
tions and possible ray characteristics from dark matter an-
nihilation [55], and the formation of nonlinear structures
in a two-field fuzzy dark matter model was examined
[56]. Burkert predicted [57] the scaling interaction for
fuzzy dark matter cores; the empirically derived scaling
interaction between core size and virial mass was the op-
posite. In [58], the semi-analytical descriptions of the
matter distribution in the non-linear regime illustrate the
difficulty of predicted structure creation in models with
mechanics not limited to collision-free dark matter.

Quantum modifications may have an impact on the
entropy of BHs in thermodynamics. Quantum modifica-
tions consider changes generated by gravity quantum
concepts, in contrast to thermal implications, which align
with the standard thermodynamics of BHs, as described
by the entropy of Bekenstein-Hawking. In an expanded
strategy, both components are considered within a single
structure. The quantum modifications to BH entropy were
determined through extremely complex techniques that
include loop quantum gravity [59], near-horizon symmet-
ries, and Hamiltonian fracture functions [60]. A canonic-
al entropy that provides for thermal fluctuations appropri-
ate for logarithmic changes to BH entropy as micro-ca-
nonical entropy was investigated [61]. In accordance with
thermodynamics, thermal fluctuations are prohibited in
the horizon regions in an isolated horizon barrier, and no
radiation can pass the horizon inside it. Considering that
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the Schwarzschild BH has a specific heat, it is shown to
be in equilibrium with temperature, which suggests that
its entropy and thermal properties are appropriately de-
scribed. The BH can be confined in a finite-radius cavity
by simply immersing it in an isothermal bath, and the en-
vironment will ultimately attain equilibrium in terms of
temperature. Bekenstein et al. detected a regularly spaced
region spectral [62] from the literature. According to
[63], the position of the observer impacts the local tem-
perature for a stationary local observer. We deduce from
a canonical boundary scenario that there may be two
solutions or none at all. The specific heat increases with
greater mass and decreases with reduced mass [63—64]. It
has been explored how the greater mass resolution de-
rived from a regularly spaced area spectrum occurrence
alters the Schwarzschild BH. The context of Schwarz-
schild BH in a finite-sized, confined cavity was ex-
amined in [65] to achieve thermal equilibrium. Because
of the logarithmic changes of thermal fluctuations related
to entropy, the Schwarzschild BH never existed in the
state of thermal equilibrium. Furthermore, the changed
entropy has been analyzed, and the thermal properties
correspond to stability considerations and the physical
properties of various BH types based on modified correc-
tion factors [66—71]. The dynamics of BH geometries
have been analysed by using GUP-deformed thermody-
namics [72—78] and geodesics [79].

It is important to determine tunneling radiation in the
outside horizon spacetime by implementing several con-
firmed techniques. However, Ty becomes even more sig-
nificant as we examine the spacetimes in quintessence
matter. The basic formula raises the BH standard Ty. The
results we obtained indicate that Ty is significantly influ-
enced by all of the quintessence matter contributions. In
this analysis, we explore the Ty of a four-dimensional
BH in the presence of quintessence matter. We also illus-
trate that the Ty is influenced by the quantum gravity of
the BH. A Schwarzschild BH Ty is comparable to this
Tu. Mass is reduced, and evaporation occurs as every
particle releases the energy and mass that the BHs
dropped due to Hawking radiation. Inside the rate uncer-
tainty region, its radiation is released. This process ex-
plains the law of momentum and energy applied by the
physics of relativity. This semi-classical approach can be
equivalent to the derivative of the equation Ty, which
merges the relativistic matter of the electric field BH
from GR with the uncertainty principle from quantum
mechanics. In physics, the Hamilton-Jacobi semi-classic-
al approach is frequently employed for situations that of-
fer various possibilities for explanation. However, this
type of approach could generate assumptions that impact
validity. The characteristics of quantum fields close to the
horizon are crucial to our explanation of particle produc-
tion. The appropriately disregarded self-attraction, self-
gravity, and back-reaction constitute the particle's radi-

ation. The goal of this investigation is to explore the
Hawking radiation that originates from the significant
spacetime of vector particles in quintessence matter. The
Standard Model includes significant emphasis on
particles (spin one bosons), such as the well-known W*
bosons [7, 80]. When we consider the massive bosons in
space-time, the motion of the boson field can be stated by
the Lagrangian expression. In this case, we can examine
the tunneling mechanism using the Hamilton-Jacobi
semi-classical procedure, employing a Lagrangian formu-
lation with a WKB approximation in space-time, which is
comparable to the technique in [7]. The analysis of the
motion of the different fields is more complicated in the
Lagrangian formulation due to the interaction of quint-
essence matter. First, we derive the W* boson field ex-
pression through the Lagrangian of the Glashow-Wein-
berg-Salam model. In the framework of quintessence
matter, we solve the following equation in spacetime us-
ing the semi-classical and WKB approximation. Setting
the coefficient of the matrix determinant to zero enables
us to calculate the linear expression for the radial func-
tion. We investigate the tunneling rate related to the
Hawking temperature, which represents the significant
spacetime of vector particles in quintessence matter, and
obtain the corresponding entropy and emission energy.

The prospective applicability of our approach to as-
trophysics is illustrated by examining the existence of ob-
servational data. Hawking-like radiation impacts and BH
dynamics are indirectly demonstrated by observations of
BH applications employing detections of gravitational
waves (e.g., LIGO and Virgo) and high-energy waves
(e.g., Event Horizon Telescope). However, accurate eval-
uations of Hawking radiation remain difficult due to its
weak signal relative to the visible electromagnetic field.
This result validates efforts to use scientific models such
as gravity and the GUP to introduce quantum modifica-
tions to comprehend these empirical data.

In the present study, we explore Ty via a convention-
al formula and investigate BHs in quintessence matter, as
outlined in Sec. II. In Sec. III, the tunneling radiation is
presented. For the correction of Ty, which changes phys-
ical stability and instability, graphics are examined. We
explain corrected entropy in Sec. IV and GUP-corrected
emission energy in Sec. V. We conclude our paper in
Section VI.

II. BLACK HOLE SOLUTION IN QUINT-
ESSENCE MATTER

For the spherically symmetric, static basic state of a
BH, which is encircled by a field, Kiselev found [81] the
exact solutions to Einstein's formulations. These sugges-
tions were constructed on the energy-momentum tensor
of quintessence's distinct intrinsic configuration and the
state component . The contributions to the general en-
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ergy-momentum tensor, along with the appropriate addit-
ivity and linearity criteria, generated linear formulations
for the various matter terms. It derives precise limitations
on the known solutions for different fields, suggesting the
relativistic significance of the pressure and density of
quintessence matter. Belhaj et al. [82] studied the effects
of dark energy on the properties of BHs by considering a
surrounding quintessence field and expanding the BH
solutions to investigate the manner in which the quint-
essence parameter and associated equation of state affect
BH horizon structure and thermodynamic behaviour. To
demonstrate that dark energy has a considerable impact
on the position of event and cosmic horizons and obtain
the main metric, we start from the Einstein field equa-
tions

G, = 81T, @)
for a static and spherically symmetric spacetime
ds? = e"dr? —e'Pdr? — r1(d6” +sin? 0dg?). )

The independent FEinstein equations for this metric are
[83]

| 1
_ -1
o= (57 )5, ®
] _ 1 v 1
2Tr=—e/l(;—7>+ﬁ, (4)

)

The surrounding matter is modeled as a quintessential an-
isotropic fluid

t r 0 ¢ 1 6

Tt:Trzpq(r)a T0:T¢=_qu(3wq+1)» (6)

where w, is the state parameter. Subtracting the # and rr
equations gives

V() +A'(r)=0, (7
where e" = e~ = F(r). Defining e = 1 + F(r), one obtains

PF+3(1+w)rF’ +(Gw,+ )F = 0. ®)

Solving this differential equation yields

oM C,

Fry=1-""- )
r

73wg+l ’

which leads to

1
ds® = =F,(Nde* + =—— = dr’ +7d6” + 7 sin*6dg”,  (10)

with

oM C,

F,,(V)ZG,r(r):l—T— (11)

yl3wg”?

where C, is a quantity associated with the quintessence
matter density [84]

3C,w,
Pq =~ 9,304y " (12)

The recovery of the Schwarzschild BH occurs when
C,=0. Dust is expressed by P, =w,p,. w, =0, which is
equivalent to dust, is a matter parameter that connects
density and pressure. Here, the charged BH solution is re-

created, where w, = 3 is the electric field of relativistic

matter. In the AdS context, the BH solution appears with
w, = —1, which is the cosmological constant. Because the
quintessence dark matter is represented by -1 <w, <0,
quintessence implies negative pressure.

The parameter (w,) indicates the equation of state of
the quintessence (dark energy) field around the BH. If

—l<w,< the quintessence is extremely repulsive at

-3
great distances, creating an outer horizon at r=r,, ana-
logous to a cosmological (de Sitter) horizon. If

3 <Wa < 0, the repulsion is less and influences the BH

solution interior, forming an inner horizon r=r_ of BH
type. The value of w, determines if the horizon is a BH
solution.

The standard formula found in the scientific literature
can be used to determine the 7y for BH spacetime in the
interpretation of quintessence matter with BH surface
gravity K(r,). Ty can be expressed as

1

C‘I
TH'V:m = E rT+(1 +3W4)W . (13)

+

Ty depends on the quintessence matter density-related
parameter (C,), BH outer radius (r,), matter state para-
meter, and BH mass. When C, =0 and r, =2M, we get

the Schwarzschild temperature 7(sch) = which is

8Mn’
comparable to our first term of Ty.
In Fig. 1(i), all plotted curves decrease monotonically,

confirming the familiar inverse-size relationship of BH
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Fig. 1.
ity parameter C,,.

temperature: hotter BHs are formed at smaller event hori-
zons and colder BHs at larger event horizons. The tem-
perature dependence on the value of w, is most pro-
nounced at smaller event horizons and becomes less rel-
evant at larger event horizons, where the temperature
curves consolidate. For models with larger and, thus, less
negative values of w,, the temperature becomes signific-
antly higher near the event horizon and produces a steep-
er drop-off. For more negative values of w,, the temperat-
ure suppression becomes much more prominent and the
temperature profile becomes more level. That is, the
quintessence equation of state most directly impacts near-
horizon thermodynamics and the corresponding short-
time evaporation characteristics, affecting the larger, ef-
fectively classical, macro realm much less.

As shown in Fig. 1(ii), modifying quintessence dens-
ity can move the whole temperature profile up or down
without significantly changing the form. Larger C, uni-
formly suppresses Ty at all plotted radii. At the same
time, a smaller C, allows all radii to attain higher temper-
atures, with the most remarkable absolute differences,
once again, at small r,. The temperature is significantly
reduced and, for large enough density, crosses into low
(or negative) values in the small radius zone, which
means that a strong-quintessence background cools and
stabilizes the BH against fast evaporation. Briefly, while
w, alters the gradients and small radius peak structures of
Ty, C, behaves as a scalar control over the temperature
scale. Thus, the two parameters complement each other in
controlling thermodynamic stability at the BH's nearest
horizon.

III. TUNNELING RADIATION IN BLACK HOLE
WITHIN QUINTESSENCE MATTER

String theory, loop quantum gravity, and non-com-
mutative metric comprise many hypotheses of quantum

r.

(color online) Temperature Ty via horizon radius r, with fixed mass M =1 for varying values of state parameter w, and dens-

gravity, which possess a minimal definable length
[85—88]. This smallest length can be achieved with the
GUP [89-91]. A successful model of the GUP, which in-
cludes the central idea of enormous further dimensions in
single-dimensional quantum theory, has been proposed
[92] as

LeK(P) = tanh (Mi) (14)

F

Lrw; (E) = tanh (5) (15)

Mg

The wave vector K; indicates operators of the spacetime
modifications, and frequency w,; also indicates operators
of the spacetime modifications, whereas Ly and Mg rep-
resent the larger-dimensional lowest length and Planck
mass, respectively. Consequently, we get Lr and Mg sat-
isfying LgMyr = h. The quantization of position descrip-
tion £ = x provides

w; =1d,, K;=-id,. (16)
D P \3
Thus, by considering the order of (ﬁ) , the low energy
F

limit P < Mg gives

E = ihd, (1-6hd}), (17)
P~ —ihd, (1-6hd?), (18)

. 1 . .
with 0 = EYVR The transformed commutation connection

can be illustr%ted by
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[x.P] =ih(1+06P?), (19)
and the generalized uncertainty's relationship is
h 2
AYAP 2 5 [1+6(PY). (20)

Egs. (19) and (20) visibly demonstrate that GUP devi-
ation from the Heisenberg uncertainty principle rises with
the particle's momentum. Consider that Egs. (17)—(20)
are limited to the precise scenario studied in this case,
notably, the low-energy limit P <« Mg. To verify the un-
certainty principle, demonstrations such as those sugges-
ted by [93-94] should limit the parameter ¢ to the minim-
al energy space. Further generalized uncertainty coincid-
ences have been found in previous analyses. We explore
how massive one-spin particles penetrate across BH hori-
zons via the Hamilton—Jacobi algorithm, which considers
the smallest length impact by Egs. (17) and (18). Accord-
ing to these predictions, the mass of the BH, mass of the
boson particles, and angular momentum of the boson
particles that are discharged are related to the quantum
gravity evolution. The quantum transformation will elim-
inate the standard action for a temperature rise at a specif-
ic point during evaporation, which leads to the genera-
tion of remnants. It also explicitly delays the temperature
rising through the BH evaporation mechanism.

We explored particle tunneling exceeding a space-
time horizon via the Lagrangian formulation. According
to the real and imaginary computations, the mass of the
particle alters the transformed Ty for the tunneling of a
vector particle. Ignoring the low value component in the
quadratic root expression with significance in nature re-
veals that the Ty of spacetime depends on both the ex-
pelled particle mass and kinetic energy. The realistic cal-
culation indicates that the quintessence matter of the ex-
pelled particle determines the 7y for vector tunneling
through space-time. We start with the kinetic factor of the
uncharged flat spacetime with boson field under the
framework of the GUP. The adjusted field strength tensor
1B,,B" is implied by [7]

B, = (1-61*2)3,B,- (1-61*)d,B,.  (21)

Covariant derivatives are also required due to the gauge
principle; the further derivative affects the local unitary
transform operator U(x) [95]. It should be noted that there
are other derivative terms. The boson field (W*) in BH
spacetime is generalized as

(1-6122) 00 — (1+ 6 F(r)V3? ) Ve, (22)

(1-61282)0; > (1- 6K F'(r)V) V2. (23)

The geometrical covariant derivative is represented by
V,.. The variation in signs of the O(6) factor in Egs. (22)
and (23) can be explained by the fact that F2’(r) and
F'i(r) always have different signs. By defining

V= (1+62FR (V) Ve, VE= (1-6R2Fi(nV:2) Vi,

24

The Lagrangian GUP-deformed expression for the W-
vector field is [7]

1
— (Vi =Viws ) (VW v W)

fnw”+ ) ol (25)
— S EWIW,

LGUP —

Therefore, it is crucial to take sufficient general action as

SOUP = / d*x V=FL" (W5, 8, Wy, 8,0,W;, 8,0,0,W;),
(26)

with F being a coefficient of metric (10). Consideration
is given to the Lagrangian GUP-deformed expression and
its physical significance. The singularity-free field equa-
tion is transformed as a Lagrangian GUP-deformed ex-
pression. We investigate the boson radiation phenomena
via the vector field in the GUP-deformed expression of
action as

2
O (N=FW™) + \/—F% W + 512800000 V=FFOW)

- 6h%8,0,0,( N-FF"W") = 0.
(27)

In this particular case, F, W**, and m denote the antisym-
metric tensor, boson particle mass, and coefficient matrix
determinant, respectively. The antisymmetric tensor is
defined as

W, = (1-61°8,)0,W,, — (1 - 6K*5,)3,W,, (28)

where the GUP parameter is represented by J, while
Planck's constant is 4. The components of W* and W+
should be calculated as

1
wo = _WWO’ W' =GrHW,,
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w=tw, o wi=— L _w,
27 r2sin?9
1 1
WO = — Wy, W2 = — Weao WB = - ————— W,
o Firyr ' ® F(r)risin2g
F(r) G(r) 1
W= "Wy, WB , WS = Wos.
2 P2sin2g Fsin2f >

(29)

The examination of BHs in quintessence matter is an im-
portant area of the framework of quantum gravity implic-
ations, and many BH physics experiments have made use
of the GUP. The dynamics of BHs have been examined in
the framework of the GUP [7]. Through the integration of
the GUP with the tunneling algorithm, the tunneling mod-
ified probability of a Schwarzschild BH was examined by
Nozari and Mehdipour [96]. The Hamilton—Jacobi GUP-
deformed model for bosons in curved spacetime was
presented in [80], along with the corrected Hawking tem-
peratures calculated for various spacetime types. Al-
though this attribute naturally results in a reduced mass
during the evaporation of the BH in dark matter, the ef-
fects of quantum gravity were found to slow the increase
in Hawking temperatures, as determined by boson tunnel-
ing analysis. It is stated by [97] that, according to the
WKB technique,

W, = c,exp %Ho(t,r,e,@+2h"H,,(t,r,9,¢) . (30)

where c, reflects the constant term, and (H,, H,) corres-
ponds to arbitrary functions. We generate the equation
system presented, disregarding higher orders in the Lag-
rangian GUP-deformed expression (26) and just incorpor-
ating the term # in the WKB approximation for the 1* or-
der. We obtain the set of field expressions in Appendix
A. We consider the variable split phenomenon as

Hy = —Et+ W(r,0) + J¢, (31)

with E = (E-JQ), where J, Q, and E denote the boson
particle angular momentum, boson particle angular velo-
city, and energy at angle ¢, respectively. We set K in Ap-
pendix B to zero and ensure that the imaginary portion
operates as described, provided that the K determinant is
non-trivial.

R
E2+R, {1 +5—2}
R

I =t -~ "l-9 2
mW +/ G 7.

2 4
R = — R = —
where R 2 and R Fr)

(32)

ot
—-G(réW} + —+m? illus-
r

trate the horizon's angular velocity. Equation (29) can be
integrated around the pole to obtain

ImW* =n [1+E4], (33)

2K(ry)
where E denotes the tangent plane of kinetic energy
factor in the horizon surface at the point where the radi-
ation was created, and K(r) denotes the BH in quint-
essence matter surface gravity. Pair formation is sugges-
ted as a mathematical explanation for tunneling radiation.
The two particles in a pair may be separated in a region
with strong gravitational pulls because they can annihil-
ate at the same time. According to quantum physics, anni-
hilation happens when a negative particle tunnels within
the BH and a positive particle tunnels outside (radiation).
For boson particles, the raised tunneling rate (7') can be
determined as

T(W*) = exp [-4ImW*] = exp {—271 } [1+E6]. (34)

K(r,)

Gravity pulls outer matter into BH in quintessence matter,
which are regions of intense gravitational attraction. Ac-
cording to the traditional explanation, no energy can es-
cape the BH in quintessence matter, not even electromag-
netic waves, considering the strength of gravity. A BH,
claimed to be Hawking, is a celestial object that emits ra-
diation as a result of quantum events. The physical de-
scription of this emission mechanism is that these
particles of positive mass and antiparticle of negative
mass pairs are driven into the horizon of the BH in quint-
essence matter by vacuum fluctuations. We discovered
that a negative particle mass would fall into the BH in
quintessence matter, and a photon with positive energy
has sufficient power to escape the BH in quintessence
matter. The mass of the BH in quintessence matter even-
tually decreases as a function of the fall of a negative-en-
ergy particle. Moreover, an imaginary particle could be
considered as thermal radiation. Two types of particles
emerge from vacuum in this mechanism, which is known
as a quantum tunneling effect. The particles tunnel across
the horizon, exhibiting a complex action that resembles
Hawking radiation caused by their positive energy. The
charge, quintessence matter, mass, and directional mo-
mentum of the BH all impact the reflected radiation.
Thus, in the context of gravity, the Hawking temperature
for spacetime can be found through the application of the
Boltzmann factor Ty =exp [-E/T}] in the GUP factor
impact as

1
i¥bg

This demonstrates how the spacetime structure and

T]:[|r=r+ =

2M C
R [ = D)

q
2+3w,
+ r+ !
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quantum corrections modify Tj;. The zero-order, semi-
classical, and fundamental Hawking correction factors are
identical. To continue to satisfy GUP, the first-order cor-
rectable term must be less than the preceding term. The
quintessence matter density-related parameter (C,), BH
outer radius (7, ), matter state parameter, and BH mass, as
well as the GUP parameter, all affect Tj;. Additionally,
we may determine the initial temperature of the space-
time within the context of the quintessence matter by set-
ting the gravity parameter 6 = 0. The Hawking temperat-
ure of BH spacetime in quintessence matter is obtained

when 6=0. When C,=0 and re32M, we get the

Schwarzschild temperature Tisch) = SMn’ which is com-

parable to our first Ty term. The reduction of dimensions
at the horizon can be used to study the typical mechan-
isms of particle tunneling [98-99]. All massive, non-ex-
tremal BHs are essentially similar to the Rindler space.
By incorporating infinite blueshift, all particle types at the
horizon for the usual Hawking radiation appear to be
massless, leading to particles with a Hawking temperat-
ure. Our findings also show that the quantum interactions
of gravity should result in different desired Hawking tem-
peratures for particles with distinct identities or number
structures. As the particles approach the horizon, the ex-
istence of a minimal length prevents them from ever hav-
ing experienced an infinite blueshift. In the case of quint-
essence matter, the quantum gravity contribution in the
Ty of a spacetime in quintessence matter is irregular. E
denotes an expression of 8 as follows:

_ Jyesct0+J;
2=6( ) >0 (36)

:
The csc?6 term causes the visible divergence of Z at
6 = 0,7, which is not a real singularity but more of a co-
ordinate illusion of spherical coordinates. The azimuthal
angular momentum J, must vanish at §=0,7 for the

(i) M=1==, C,=0.5, 6=0.8

wave function to be regular on the polar axis. This im-
plies that the combination J3csc*6 stays finite. Addition-
ally, the tunnelling analysis relies only on the radial por-
tion of the action and is carried out locally close to the
event horizon. As a result, any coordinated singular beha-
viour at the poles does not contribute to the tunnelling
probability or Hawking temperature. Therefore, in the
physically significant region, = remains finite and strictly
positive.

In Fig. 2(i), all combinations display the same pat-
terns when observing the falling limit of the corrected
temperature Tj,. As the curves approach the small radius
region, they become more sensitive to any changes made
to the parameters. In contrast, for larger r, values, the
curves align to a standard low temperature. Modifying w,
affects the amplitude and steepness of the temperature
close to the horizon. Models characterized by larger, less
negative w, values and small r, values exhibit a much
steeper temperature drop, while more negative w, values
result in a small radius temperature. More importantly,
the quintessence equation of state impacts small-scale
thermodynamic behavior, indicating the initial stages of
evaporation. w, governs the temperature rise at small
scales, while the larger, quasi-classical region remains re-
latively unchanged.

In Fig. 2(ii), altering the GUP parameter results in
changes to the temperature profile in a qualitatively dif-
ferent manner: temperature values around the horizon in
the case of higher ¢ are more suppressed, and the peak
becomes more gentle as r, grows. The most important ef-
fect of a larger o is the regularization of the small radius
behaviour; this restricts the extreme rise (or divergence)
of the classical temperature, so the curves approach a fi-
nite, low value rather than diverging to infinity. This be-
havior means that GUP corrections work as a universal
damping or stabilising mechanism in the evaporating BH,
reducing thermal emission at small radii and encouraging
remnant behaviour. Hence, in conjunction with w,, J per-

(ii) M=1==, C4=0.5, wy=-1

0.6 —_— wq=_1 — 6=0.5
o5 — wy=-1/3 0.5¢ — 6=0.6
— wg= 0 0.4} — 6=0.7
0.4 wq=113
<03 — wy=2/3
0.2
0.1
0.0
0.5 1.0 1.5 2.0 25 3.0 0.5 1.0 1.5 2.0 2.5 3.0
r, r.
Fig. 2. (color online) Corrected temperature 7, via horizon radius r, with fixed M=1=2 and C,=0.5 for varying values of state

parameter w, and GUP parameter ¢.
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forms the function of a regulator (scaling and smoothing
temperatures) while controlling the detailed gradient and
near-horizon sensitivity, whereas w, determines the rap-
id quantum-dominated evaporating path, stabilizing at a
low temperature remnant. Equation (33) can be inserted
into Eq. (32) to obtain the modified temperature as

, 1 [2M C
TH|":V¢ = |:rT+(l+3Wq) quq:|
I+

arln
+m2)} . (37)

e

Ty, is associated with the dark matter fields that surround
the BH. Further, the temperature growth throughout evap-
oration is specifically opposed by quantum procedures,
which progressively bring the temperature back to equi-
librium. There will definitely be a BH remaining. The
tunneling methodology is interesting for predicting the
BH temperature because it provides an interactive model
of the BH radiation that includes multiple features. When
exploring the BH evaporation mechanism without includ-
ing back-reaction implications, a strategy is very helpful.
Multiple approaches to determining the fundamental
characteristics of BHs have been shown to be feasible and
carefully consider the dynamic nature of the radiation.
One of the tunneling strategy's unique features is its ap-
plicability to studying the impact of quantum gravity on
black hole radiation. When particle pairs are formed in-
side the horizon, one of them can tunnel quantumly
through the BH horizon in accordance with the tunneling
formalism. It seems more reliable that certain aspects of
the internal structure of the BH, such as the impacts of
quantum gravity, may be displayed in its radiated and
perceived visible light to outside observers.

For the dust field, electric relativistic matter field,
cosmological constant, and quintessence dark matter, the
Hawking temperature is specified as 0.2 <r, <0.4. Fur-
thermore, as summarized in Table 1, the quintessence
matter behaves positively with Hawking temperature,
evaluating the first law of thermodynamics. In the con-
text of the relative dust field, electric relativistic matter
field, cosmological constant, and quintessence dark mat-
ter, we can conclude that the ideal temperature is more

2 el 2
Jyescm0+ Jy

i

Table 1.

prominent than the modified temperature. We utilized the
data presented in Table 1 to investigate the quantum grav-
ity reflection in relation to lowering the temperature. In
BH thermal dynamics, a lower temperature indicates
changes between various field states, which generally
correspond with quantum gravity interactions. This cor-
responds to a state of thermodynamic equilibrium where
phenomena such as GUP corrections become important.
It is vital to study temperature, entropy, and emission en-
ergy corrections under quantum gravity effects, which
also offer information about the complex dynamic nature
of BHs. Table 2 presents the variation of the modified
Hawking temperature T} with the GUP parameter 0 from
0 to 0.05, illustrating the impact of quantum modifica-
tions. It also shows the impact of quintessence normalisa-
tion C, on the outer (r,) horizons. The impacts of w,, C,,
and 0 on Ty are clearly indicated. Observations explain
the physical characteristics of the horizon and how these
parameters affect temperature. The key typical values of
w, (173, 0, -0.5, and -1) cover the relativistic matter, dust,
quintessence, and cosmological constant situations. Over-
all, Table 2 presents an all-inclusive view of how essen-
tial fields and BH modifications alter BH dynamics.

In Fig. 3(i), the corrected temperature shows sharp
decreases while gaining larger horizon radii and exhibits
an inverse relationship that is characteristic of BH ther-
modynamics. When 9 is increased, the temperature value
increases from a lower magnitude overall. This means
that the effect of quantum gravity is stronger, and the
thermal behavior is enhanced near smaller horizons. The
temperature value is highly sensitive to J, as indicated by
the dense clustering of contour lines and smaller radii.
The weaker influence, with spread at larger radii, sug-
gests that GUP corrections near the thermal profile of the
horizon essentially shift the smaller quantum near BHs.

In Fig. 3(ii), corrected temperature horizons with a
similar descending behavior across radii show the shifted
influence pattern and degree with w, and the shifted amp-
litude and gradient. Temperature contour lines shifting
upwards indicate higher thermal intensity and slower de-
cay as w, increases, representing positive scales of w,.
This describes a BH of intense thermodynamic activity,
characterized by less exotic dark energy and a more posit-
ive expansion of dark energy. The remarkable variation in

M=1 and E=1 remain constant, but Ty and T}, are apparent for various fields at various values of quintessence matter

density-related parameter (C,), quintessence matter density p,, and GUP (J) parameter. Different locations make up the event horizons;

we only take the outer horizon values as 0.2 <r, <0.4.

w ry P+ Cq Tu 0 TI’-I
w =0 (Dust field) 2Msch. 0.0 0.0000 ~ 15915 0.5 ~7.958
w= %(Radiation Field Relativistic Matter) 0.2 1.0 —0.0032 ~3.915 0.6 ~1.566
w = —1(Cosmological Constant) 0.3 1.1 0.7333 ~1.734 0.7 ~0.520
—1 <w < 0 (Quintessence Dark Matter) 0.4 1.5 0.506 ~0.963 0.8 ~0.193
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Table 2. Ty, for different values of w,, Cy, J, and outer (r, ) horizon. Parameters: ==1 and M =1.
Wq Cy 0 Iy Ty Remarks
1/3 0.10 0.00 1.80 0.092 Radiation field, no GUP
0.01 1.80 0.091 Small GUP correction
0.05 1.80 0.087 Strong GUP suppression
0 0.10 0.00 2.00 0.080 Dust background, Schwarzschild limit
0.01 2.00 0.079 Small J correction
0.05 2.00 0.076 Large J correction
-0.5 0.10 0.00 2.15 0.073 Quintessence-dominated spacetime
0.01 2.15 0.072 Small GUP effect
0.05 2.15 0.069 Enhanced quantum gravity correction
-1.0 0.10 0.00 2.25 0.068 Cosmological constant dominated
0.01 2.25 0.067 Small ¢ effect
0.05 2.25 0.063 Strong GUP suppression
250
6 ‘ w,
200+ ‘ : 0
08 |
150F | 05
06 L ‘
1
100 § 0
04 |
-05
02 Sor
\ -10
o0 0.05 710 018 30 P 30 qu‘(] 17 —— 03 73 07 05
r r,
Fig. 3. (color online) Corrected temperature 7}, via horizon radius r, with fixed M =1 =& and density C, = 0.5 for varying values of

GUP parameter J with state parameter w, = -1 and for varying values of state parameter w, with fixed GUP parameter ¢ = 0.8.

smaller radii is a result of strong bonding with the dark
energy of the state parameter, BH thermodynamics, and
its GUP effect.

IV. ENTROPY CORRECTIONS TO BLACK HOLE
IN QUINTESSENCE MATTER

Analyzing entropy corrections reveals how gravita-
tional, quantum, and astrophysical phenomena interact in
complex systems. In classical general relativity, the BH
entropy is determined by the area of the event horizon,
and the BH entropy area relation, Bekenstein-Hawking, is
claimed as the BH area entropy theorem. In contrast, in
realistic astrophysical situations, especially those af-
fected by dark matter, this relationship is significantly
modified. Dark matter's gravitational influence alters the
spacetime geometry around the BH, affects its thermody-
namic equilibrium, and drives entropy changes due to
statistical and quantum corrections. In particular, they
arise from the GUP, quantum gravity effects, or changes
to the quintessence matter’s density profile. The study of

these corrections in entropy improves the understanding
of the thermodynamics of BHs in non-vacuum space-
times and how dark matter modifies fundamental proper-
ties such as BH temperature, stability, evaporation, and
entropy. Therefore, analogous to the study on free dust,
this study on entropy correction connects the quantum de-
scription of gravity to the astrophysics of a universe dom-
inated by dark matter. Furthermore, the classical
Boltzmann entropy has logarithmic corrections to im-
prove it in statistical mechanics, and in the quantum sys-
tem, quantum fluctuations and finite-size effects are also
considered [100]. Banerjee and Majhi examined the en-
tropy corrections with the help of the strategy of null
geodesics [101-103]. To obtain the corrected entropy of
BHs in quintessence matter, we apply the formula of
Bekenstein-Hawking entropy first-order corrections. The
logarithmic corrected entropy Sy ofthe BH in quint-
essence matter can be calculated using the formula

1 ,
SH:SHO_EIH‘T}%SHU +.... (38)
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The standard entropy for a BH in quintessence matter can
be calculated by the formula

Su, = (39)

where

2n  pm
An = / / VEw8ssd0de, = 4. (40)
0 0

Substituting Eq. (37) into Eq. (36), the standard entropy
for a BH in quintessence matter can be obtained as fol-
lows:

Su, = 7. (41)

After inserting the values from Eqgs. (38) and (32) into
Eq. (35), we compute the corrected entropy in the form

1
SH:mﬁ—iln

1 [(2M c, \
— +(1+3 —") 1-62)°
161 < p ) ) (1209

+o
(42)

The above expression gives the corrected entropy for a
BH in quintessence matter. It depends on the density-re-
lated parameter (C,), BH outer radius (r.), matter state
parameter w,, BH mass M, GUP parameter J, and arbit-
rary parameter =.

In Fig. 4(i), the corrected entropy appears to rise al-
most linearly with the horizon radius at first, but around
some critical radius, it sharply starts to diverge. This sort
of behavior is superficially similar to a thermodynamic
instability or phase transition, but one should not take this

(i) M=1==, C,4=0.5, 6=0.8

divergence as an actual physical phase transition. Rather,
it is an indication of the breakdown of the perturbative
scheme used to accommodate the GUP and dark energy
corrections. The range of values for w, also affects the
magnitude of the entropy. When w, is negative, the en-
tropy is greater as w, moves into positive territory, signi-
fying that the state parameter of dark energy profoundly
affects the rate at which entropy increases. The situation
for w, =—1 is exceptional, as a more negative w, (indic-
ative of stronger dark energy dominance) increases the
BH thermodynamic disorder and quantum corrections
more significantly.

In Fig. 4(i1), the horizon radius gives rise to increased
entropy for all values of 6. However, it does hit a peak
and then levels out, signifying that the quantum gravity
corrections become dominant. The relatively close spa-
cing of the curves implies that the critical radius is where
the parameters of 0 take effect. The dominant GUP influ-
ence is within the small horizon limit, where quantum
fluctuations are most active. This is where the close spa-
cing of the curves indicates that § parameters are most
impactful near the critical radius.

V. EMISSION ENERGY CORRECTIONS FOR A
BLACK HOLE IN QUINTESSENCE
MATTER

We illustrate how energy emission rates depend on
quintessence matter and quantum gravity. Furthermore,
the creation and destruction of specific particle pairs near
the horizon's limits allow positive-energy particles to es-
cape the BH in quintessence matter through tunneling in
the region where Hawking radiation occurs. The BH in
quintessence matter evaporates due to this tunneling
mechanism in the form of Hawking radiation. It has been
demonstrated that for a far-off observer, its absorption
cross-section reaches the BH shadow with quintessence

(ii) M=1=5, C;4=0.5, wq=-1

r+
Fig. 4.
meter o.

0.5 1.0 1.5 2.0

0.5 1.0 1.5 2.0

r,

(color online) Corrected entropy Sy as a function of horizon radius r, for varying values of state parameter w, and GUP para-
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matter. The absorption cross-section fluctuates around a
limiting constant (L.) and a comparable photon radius, as
indicated by Refs. [104—108]. The absorption cross-sec-
tion exhibits the following characteristics:

L.~nR?, (43)

where the symbol R represents the BH shadow radius in
the context of quintessence matter, and the energy emis-
sion rate is expressed as follows:

d’E 2w, L,

==, (44)
dtda),, exp _1
’E

where T}, E= m, and w, represent the Hawking

GUP-deformed temperature, emission energy, and photon
frequency, respectively. We incorporated formulas to find
the shadow radius and its spherically four-dimensional
symmetrical metric. The shadow radius can be determ-
ined by a BH through the modification of the metric with
a quintessence matter parameter. This generally implies a
shadow deviation compared to the standard Schwarz-
schild BH. The shadow radius varies with the quint-
essence matter value, frequently evolving to reflect non-
magnetized plasma closest to the horizon. This theoretic-
al framework thus enables an analytical treatment of light
propagation and shadow formation in quintessence mat-
ter in spacetime. The Hamiltonian expression is defined
[109] as

1, .
H == (g jiji+w(r)

2
_1 v 2 Vé 2
=5 ( 0 +G,(r)Vv; + = +wy(r) ). (45)

The equations of motion for photons can be obtained by
deriving the Hamiltonian (Eq. (42)) for a two-fluid source
from Maxwell's equations. The conserved quantities
-v,=E and v, = F,(r), which correspond to the photon
energy and angular momentum, respectively, where v,
represents the radial momentum given by

2 VZ
v, = oH _ 1 (—V’ Fi(r) +Vv2G(r) - 4% _ dwz(r)> .
r

Toor 2\ FXr) o T drrr dr P
(46)
For photons, we set H =0 as
v2 v
0=———+V2G, (N + -2+’ 47
Fn(r) Vr (r) 72 a)p(r) ( )

v, and v, are constants of motion, and we can write
wo = —v,. This relation allows us to express the photon
frequency w(r) measured by a static observer as a func-
tion of 7:

Wy
w(r) = . 48
VFu(r) (48)
The orbit equation can be obtained as
2
dr _ G, (r v (49)
d¢ Vg
Substituting v, into Eq. (44) gives
2 g2
g =*r V Grr(r) wOS (r) - 1 (50)
d¢ v,

For the frequency w, measured by a static observer, the
function S (r) is defined as

2 2
: O—Emf“”). (51)

2 —
S = Fur) U)%

which leads to the general photon—sphere condition

oM C
2-—-301 +wq)7l+;’w

rp Fp q

2
2M C 202(r,)  2r
- 1-==_ q PN P + P ’ )
( r r;+3w(,> { w2 2 wp(rp) w,(rp)
(52)

The photon orbit equation illustrates the effects of quint-
essence (w,) matter and plasma on the photon sphere ra-
dius r,. The photon sphere partially extends in comparis-
on with the standard GR value for w, =0 (dust) or 1/3
(radiation), which leads to a slightly larger shadow. In the
cases of w,=-0.5 (quintessence dark matter) and
w, =—1 (cosmological constant), the photon sphere is
pulled inward by the modest reduction r, caused by the
negative pressure. For every scenario, homogeneous
plasma (w, = constant) adds a slight outward shift, but
this effect is negligible in comparison with powerful
gravitational influences. The observed shadows are yet
compatible with conventional GR assumptions because
these changes are generally minor and fall within the ex-
isting EHT observational uncertainties. This framework
illustrates conceivable effects of various cosmic fluids on
photon orbits near supermassive BHs.

Homogeneous plasma case w/, = 0:

In a uniform plasma case in which the plasma fre-
quency is steady in the BH in quintessence matter,
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2 9

oM C 2M C w

2——3(1+wq)Hij=2(1——q) P
r

143w, P
f"p » r r 4 wy

P
(53)

The interaction with the BH solution in quintessence mat-
ter affects the circular light orbit.
Vacuum limit case w, =0:

2—%—3(“%)% =0. (54)
r 13 rp q
This study evaluates and distinguishes between the homo-
geneous and vacuum limits of plasma surrounding BHs in
quintessence matter interactions, focusing on their circu-
lar light orbits.

Given that X denotes the turning point of the traject-

dr
ory, the condition @| v =0 must hold. This associates X

v
with the motion constant wl as
0

2
Y

§2(X) = (55)

2
()

For a stationary observer at position ry, the light rays
with angular radius S relative to the radial direction are
given as

N
VG 7 4’

cotf =+ (56)

Using Eq. (52), the orbit equation (Eq. (47)) can be re-
written as

S2(r) 57
S0 1. (57)

j—; = +r /G, ()

For the shadow radius (R ~ sin’3), we obtain

_ S
" $2(n)’

(58)

The shadow radius (R) is defined by rays that asymp-
totically approach a circular photon orbit of radius ry.
Hence, the angular shadow radius is obtained by taking
X — rpy in Eq. (595), giving

_ S2rm)
S2(rg)

(59)

In regions where the plasma density is sufficiently small
around the observer, Eq. (48) simplifies to

2
o

2 _
S0 = By

(60)

The equation (Eq. (55)) for shadow radius (R) can be de-
termined as

2 M _Cy 2 _aM_ G
Toh ( T T T > U)p(rph) (1 o
R — 0 1 _ ph

2
P21 _ G Wy
0 Ton

ph

(61)

The shadow radius depends on the BH mass M, dens-
ity related parameter C,, state parameter w,, plasma fre-
quency w,, observer frequency wy, and photon and ob-
server radii wy, and ry, respectively. It is worth mention-
ing here that we can recover the shadow of the Schwarz-
schild BH by setting C, =0 = w, and r,, =3M in the giv-
en form:

R 27 M* (1-2M/ry)

5 .
o

(62)

In Fig. 5(i), the plot shows the dependence of the
shadow radius R on photon radius r,, for various values
of the state parameter w, with respect to the other para-
meters being constant. It is clear that for all w,, the shad-
ow R does increase with ry,, and the black curve repres-
ents Schwarzschild case (Schw) used as a reference
curve. However, for the curve with w, = -1, the cosmolo-
gical constant yields shadow radii R larger than in all oth-
er cases, again reaching the strongest lensing and thus the
largest apparent shadow. As w, transitions from negative
to positive values, the shadow radius R continues to de-
crease. This suggests that the effect of quintessence-like
dark energy may weaken the BH's surrounding gravita-
tional field, thereby reducing the optical shadow. This
suggests that the region of photon capture does decrease
with captured R .

In Fig. 5(ii), the plot shows how the shadow radius R
is affected by the ratio of the parameters of the plasma
frequency equation. The shadow radius R increases non-
linearly with ry, for the ranges examined, though R gen-
erally increases with the plasma frequency ratio w?/wj.
The shadow for the w?/wj = 0.9 curve is the largest, and
the shadows become smaller for lower ratios. This indic-
ates that the optical size of the BH shadow increases in
denser plasma environments due to photon refraction and
dispersion. This demonstrates that plasma environments
should be incorporated into the equations in practical as-
trophysics in the observation of BH shadows.

We can formulate a new expression for emission en-
ergy through the combination of Egs. (40) and (41) as fol-
lows:
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(i) M=1, C,4=0.05, w?,/w?(=0.5, ro=2
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0.4 wq=-1
— wg=-1/3
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(ii) M=1, C4=0.05, wy=-1, ry=2

0.10+

e 00—
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Toh Toh
Fig. 5. (color online) Shadow radius R versus photon radius ry, for varying values of state parameter w, and plasma frequency ratio
wf,/w(z).
_ 2w, R? tion is inhibited by quantum gravity considerations. Fi-
E=—p—. (63) -
exp i — 1 nally, the released energy is further reduced by the

We derived the emission energy in Eq. (60) for the
quintessence matter geometry parameter of the BH func-
tion. This corresponds to a particle propagating under the
action of a non-magnetized plasma and quantum gravity
of a BH in quintessence matter. We also estimated the
corresponding particle content at infinity of a boson field
propagating in the BH spacetime by first considering the
vacuum state before the collapse. A number of signific-
ant characteristics of the released energy E are apparent
from Table 3. First, raising the quintessence normalisa-
tion parameter C, causes E to fall monotonously, which
indicates that the Hawking radiation emission is lowered
by a stronger surrounding dark energy field. Second, the
released energy rises as the equation-of-state parameter
w, becomes less negative for unchanged C,, indicating
that the radiation action is strengthened by weaker quint-
essence interactions. Additionally, the effective Hawking
temperature Ty, is greatly decreased by the GUP correc-
tion parameter J, leading to a severe suppression of E as
o0 increases. This action demonstrates that BH evapora-

plasma frequency term w? (ryy). In the limit w?(ry) — wg,
photon propagation near the photon sphere is more lim-
ited as wf,(rph) increases, resulting in a significant fall in
E and disappearing emission. Overall, the typical radi-
ation spectrum is greatly altered by the combined im-
pacts of quintessence, GUP corrections, and plasma con-
text.

In Fig. 6(i), initially, the energy emission rate in-
creases with the frequency of the emitted photons,
reaches a peak value, and then sharply declines, confirm-
ing a peak emission value within the specified range. As
w, increases from —1 to positive values, both the peak
emission value and total emission rate decrease, indicat-
ing that even more negative values of w, enhance the
emission. This is because negative (dark energy-like)
states with close to zero w, values strengthen the emis-
sion from the BH due to the change in the curvature of
the BH surroundings, horizon temperature, and BH emis-
sion rate.

In Fig. 6(ii), the emission within a BH is governed by
the same principles, as the emission profile also pos-
sesses a spoke structure. However, the peak height of the

Table 3. E according to variations of model parameters.
Parameters Variations E Physical interpretation
Cy Increase Decrease Stronger quintessence suppresses radiation
Cy Decrease Increase Weaker dark energy enhances emission
Wy Increase (less negative) Increase Reduced repulsive effect of quintessence
Wy Decrease (more negative) Decrease Stronger dark energy domination
0 Increase Decrease GUP corrections lower T
0 Zero Maximum Classical Hawking limit recovered
wf,(rph) Increase Decrease Plasma suppresses photon propagation
wf,(rph) Approaches cu% Approaches zero Cutoff of emitted radiation
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(i) M=1=Z, C4=0.05, 6=0.8, w=0.9, ryy=0.5, ry=2

(ii) M=1=5, C¢=0.05, wg=-1, wp=0.9, ryh=0.5, ry=2

25[
— 6=0.4
0.015} 20/— =05
6=0.6
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wp wWp
Fig. 6. (color online) Energy emission rate E as a function of photon frequency w, with fixed M =1=2, C;, =0.05, wg =0.9, rpp =0.5,

and ro =2 for varying values of state parameter w, with fixed 6 = 0.8 and varying values of GUP parameter ¢ with fixed w, = -1.

emission profile decreases systematically with the value
of the parameter 0, as lower ¢ values correspond to the
emission of stronger BH energy. This is an indication that
the quantum gravity effect is in the construction of a
lower 0 value, which in turn increases the emission of
lower energy photons. The peak emission value for a BH
decreases with increasing d, which further signifies that
stronger GUP effects result in a greater decrease of a
BH's effective temperature and radiation emission, con-
firming quantum effects in the process of moderating the
Hawking emission decrease.

In short, the GUP thermodynamic corrections of
physical importance originate from the potential to help
explain quintessence-deformed (dark matter) background
BH dynamics with the basic principles of quantum phys-
ics. This suggests a possible resolution to the data para-
dox and also enhances the study of the basic features of
gravity and spacetime on the quantum level.

VI. CONCLUSIONS

Parikh and Wilczek proposed a quantum tunneling
mechanism to derive Hawking radiation. We assume that,
in a BH in quintessence matter, a particle-antiparticle pair
forms closest to the horizon. The associated vector fields
of particles can be classified into outgoing forms that ra-
diate the BH horizon with quintessence matter and ingo-
ing forms that are inside it. The incoming boson particles
are located on the horizon. Furthermore, certain outgoing
forms are related to quantum tunneling occurrence, with
the barrier of the horizon to a certain point when the bo-
son outgoing particles from the BH in quintessence mat-
ter. If a particle with positive energy leaves this dimen-
sion, it may cross the horizon in relation to BH radiation.
Both such a particle and its antiparticle can exist indefin-
itely. We calculated the WKB approximation for tunnel-
ing-modified probability, considering the logically pro-
hibited trajectory. By applying a Hamilton-Jacobi semi-

classical approach to compare the tunneling modified
probability with the Boltzmann factor, we were able to
detect the Hawking temperature. It is important to note
that we have ignored the impacts of the radiation from
particle back-reaction and self-gravity. We have adapted
the Lagrangian GUP-deformed expression to explain the
action of the spin-1 particle. We determined the realistic
temperatures and tunneling probability of particles based
on a BH in quintessence matter. The corrected tunneling
depends not only on the characteristics of the BH in
quintessence matter but also on the angular momentum-
energy and mass of the escaped particles. The spacetime
structure and quantum modifications determine the modi-
fied Hawking temperature for a BH in quintessence mat-
ter. At zeroth order in the semi-classical mechanism, the
original Hawking correction terms are comparable. To
maintain the GUP, the first-order corrective term must be
less than the preceding term.

In realistic astrophysical situations, especially those
affected by dark matter, this relationship is significantly
modified. Dark matter's gravitational influence alters the
spacetime geometry around the BH, affects its thermody-
namic equilibrium, and drives entropy changes due to
statistical and quantum corrections. Furthermore, the cre-
ation and destruction of specific particle pairs near the
horizon's limits allow positive-energy particles to escape
the BH in quintessence matter through tunneling in the
region where Hawking radiation occurs. The BH in quint-
essence matter evaporates due to this tunneling mechan-
ism in the form of Hawking radiation. It has been demon-
strated that, for a far-off observer, its absorption cross-
section reaches the BH shadow with quintessence matter.
To further investigate the basic dynamics of BH space-
time in the framework of quintessence matter, the more
powerful gravity model can be used to examine the phys-
ical characteristics of the BH incorporating the GUP
parameter.
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APPENDIX A arding higher orders in the Lagrangian GUP-deformed
expression (Eq. (26)) and considering only the term 4 in
We generate the equation system presented, disreg- the WKB approximation for the 1 order. We get

G(r) [€1(8oHo)(0, Ho) + 51 (8o Ho)* (81 Hy) — co(d1 Ho)* — 5¢o(d1 Ho)' |
1
t3 [€2(80H0)(8, Ho) + 6¢2(80Ho) (82 Ho) — co(B2Hp)* — 5co(D2Hp)' |

2sin’g [c3(80Ho)(@3Ho) + 5¢3(80Ho)’ (93 Ho) + o(D3 Ho)* + 6¢o(83Hp)*] — com® = 0, (A1)

1
“Fo) [€0(80Ho)(81Ho) + 6¢o(8oHo) (01 Hy)* — c1(8gHy)* — 51 (80 Ho)* |

1
+ 2 [€2(81Ho)(82Ho) + 6¢2(81 Hp)* (8:Ho) — €1 (8, Hy)* — 5¢1(82Ho)'*|

2sine [c3(81Ho) (05 Ho) + 6¢3(81 Hp)* (83 Ho) — €1(83Hy)* — 5¢1(83Ho)*| —cym® = 0, (A2)

F( ) [€0(80Ho)(82Ho) + 6¢o(8oHo) (02 Hy)’ — c2(8gHy)* — 5¢2(89Ho)* |

—G(r) [c2(81Hy)* +6¢2(81Hy)* — €1(8,Ho) (0, Ho) — 6¢, (01 Ho) (D2 Hp)’ |

2sin’g [€3(82H0)(03Ho) + 6¢3(02Ho) (93 Ho) — €2(83Hp)* — 5¢2(83Hp)' | +m’c, = 0, (A3)

1
o) [c0(80H0)(83Ho) + 6¢o(0oHo) (@3 Hy)® — c3(80Ho)” — 5¢3(8oHo)' ]
+G(r) [‘33(31['10)2 +08¢3(01Ho)* — ¢1(8:Ho)(01 Ho) — 5C1(31H0)(33H0)3]

1
+ = [C3((92H0)2 +08¢3(0,Ho)* — c2(0:Ho) (93 Ho) — 5C3(32H0)(53H0)3] —-m’c3 =0. (A4)

APPENDIX B

Koo = G(r)(W? + 6W?)
Considering a 4 x4 matrix, we employ Eq. (61):
- —(J2 +6J% t g (W3 +5Wy) —m?,

Ko = —G(r)(E+6E3)W,,

1
K(cy,cy,¢0,c3) =0. (B1) Koy, = —ﬁ(E+5E)J,
Wy 3
Ky =——(E+0E°),
o r2 sinze( )

The created matrix is not trivial. Its elements are as fol-

lows:
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EW,+6EW?
K]O: T =N
F(r)
X _E*+6EY -6
e F(r) 2
1
- (W = W) —m?,
r2sin29( ¢ »)

1
Kip = < (W, +6W))J,
r

1
Kiz = ————(W, +SW)W,,
B rzsinze( W

1
Kyy=———(EJ+6EJ?
20 F(r)( + )

Ko = G()(W,J +6T°W,),

1
Ky, = —(E*+6E*
) F(r)( +0E")

—G(r)(W?+6WH - (W2 +6W)) —m?

r2sin0

1

Kyy = ————(J +6J)W,,

. rzsinzé'( Ws
1
F(r)

K31 = =G(r)(Wy+ W)W,

Ky = (EW,+SEW,),

1
Ks = —ﬁ(We +6W))J,

b

K ="%0

(E* +SEY) +G(r)(W? +6W})
1
- ﬁ(ﬁ +6J4 ——m?, (B2)

with E = 0,Hy, W, =0,Hy, Wy = 0yH,, and J = 6¢H0.
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