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Abstract: We investigated the steady, axisymmetric, force-free magnetosphere of the Kerr—Sen black hole (BH)

within the framework of the Einstein—-Maxwell-dilaton—axion (EMDA) theory. By perturbatively solving the nonlin-

ear Grad—Shafranov (GS) equation, we determined the magnetic field configuration and quantified the influence of

the dilaton parameter , on the energy extraction rate and radiative efficiency. Our results show that both the energy

extraction power and radiative efficiency increase with r,, exceeding the values of the standard Kerr BH; meanwhile,

the extraction efficiency remains consistent with the Kerr case. In addition, we performed y* statistical analysis us-
ing observational data from six binary BH systems. The results indicate that the Kerr BH currently provides a better

fit for bulk Lorentz factors I' = 2 and 5.
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I. INTRODUCTION

Accretion disks surrounding black holes (BHs) are
ubiquitous in the universe. These systems often emit re-
lativistic jets that carry a substantial portion of the accre-
tion energy. In BH binaries, two principal types of jets
have been identified [1]: steady jets, which appear across
a wide range of luminosities in the hard state, and transi-
ent jets, which emerge during transitions between spec-
tral states. Evidence also suggests that transient jets can
occur during the return from the soft to the hard state at
low accretion rates, preceding a quiescent phase [2]. Des-
pite extensive observations, the physical mechanism driv-
ing jet formation remains uncertain. Within the frame-
work of force-free electrodynamics, Blandford and Zna-
jek (1977) proposed that the rotational energy of spin-
ning BHs can be extracted via electromagnetic fields pen-
etrating the event horizon, producing Poynting flux dom-
inated outflow [3, 4]. Hence, the Blandford-Znajek (BZ)
mechanism provides a robust theoretical explanation for
the phenomenon of jets in astronomy.

Analytical and numerical investigations have extens-
ively examined the structure of magnetic fields around
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BHs. A self-consistent description of the highly magnet-
ized plasma in rotating BHs requires solving the nonlin-
ear Grad-Shafranov (GS) equation. The GS equation
serves as the master equation governing the equilibrium
structure of a stationary, axisymmetric, and force-free
magnetosphere surrounding BH. It determines the distri-
bution of 4, by coupling the magnetic field geometry
with the conserved quantities of the system. In curved
spacetime, the GS equation possesses three regular singu-
lar surfaces: the event horizon and the inner and outer
light surfaces, the latter marking the locations where the
rotational velocity of magnetic field lines approaches the
speed of light. To maintain the global smoothness of the
magnetic field in non-extremal configurations, appropri-
ate boundary conditions must be imposed at each surface.
Nevertheless, a rigorous mathematical proof for the exist-
ence of C' solutions remains an open challenge. This
provides a strong motivation for adopting the perturba-
tion method [5-9]. BZ first employed perturbation tech-
niques to analytically solve the GS equation and obtained
a solution for split monopole magnetic field. However,
owing to the intricate nature of the nonlinear GS equa-
tion, perturbation techniques have not been further ad-
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vanced to date. Furthermore, simulations in general re-
lativistic magnetohydrodynamics (GRMHD) and mag-
netodynamics (GRMD) provide an opportunity to ex-
plore the BZ mechanism. GRMHD simulations [10, 11]
show that, in the polar region, the monopole perturbation
solution provides a good description of the magnetic field
configuration as well as the angular distribution of the en-
ergy flow. Additionally, GRMD simulations reported in
Ref. [12, 13] demonstrate that the analytical monopole
solution is consistent with numerical simulations, espe-
cially for slowly rotating BHs. Since then, the BZ mech-
anism has been employed as one of the most crucial mod-
els in astrophysics to elucidate the phenomenon of jets.

While General Relativity (GR) remains the standard
framework for BHs, jet phenomena are increasingly in-
vestigated within alternative gravity to address the
inherent limitations of GR [14]. Theoretically, the existence
of singularities and the resulting loss of predictability
[15—17] suggest that GR is an incomplete description,
necessitating modifications that incorporate quantum
gravity effects [18]. Observationally, GR faces signific-
ant challenges in accounting for dark matter and dark
energy phenomena essential for explaining galactic rota-
tion curves and the accelerated expansion of the universe
[19-23].

In the realm of alternative theories, the Einstein-Max-
well-dilaton-axion (EMDA) model has attracted consider-
able attention [24, 25]. This model integrates the dilation
field and the pseudoscalar axion, intricately linked to the
metric and Maxwell field. The origins of the dilaton and
axion fields trace back to string compactifications, result-
ing in significant implications for inflationary cosmology
and the late time acceleration of the universe [26, 27].
Futhermore, exploring the role of such a theory in astro-
physical observations holds substantial value. Within
these string-inspired low-energy effective theories, under-
standing the constrained parameter range bg:comes pivo-

tal. For example, a preferred value of r, = U= 0.2M was

determined based on the optical continuum spectrum of
quasars [28]. Additionally, recent investigations have es-
tablished observational constraints on the dilaton para-
meter (0.1M < r, $0.4M) by analyzing the shadow dia-
meters of M87* and Sgr A* [29]. These result highlight
the credibility of the EMDA model in the field of astro-
physics. Moreover, the model could reveal the feasibility
of high-energy string theory to make physical predictions.

This article is organized as follows. In Section II,
we briefly review the EMDA model and the Kerr-Sen
BH. In Section III, we derive second-order perturbation
solutions for the GS equation based on the assumption of
force-free and convergence condition. Subsequently, we
analyze various physically observable quantities, includ-
ing BH energy extraction rate, extraction efficiency, BH
radiative efficiency, and ergosphere, within the frame-

work of the Novikov-Thorne model. Furthermore, we
compare the differences between Kerr and Kerr-Sen BHs.
In Section IV, we examine a dataset consisting of six bin-
ary BHs, with a specific focus on radiative efficiency and
energy extraction rate. Additionally, we use the chi-
square distribution to calculate the optimal parameter r,
for Kerr-Sen BH. A summary and discussion are
provided in Section V. For convenience, we use geomet-
rical units ¢ =G =1 and signature convention (—,+,+,+)
for spacetime metric throughout the article.

II. KERR-SEN BLACK HOLE IN EINSTEIN-MAX-
WELL-DILATON-AXION GRAVITY

The EMDA model arises as the low-energy effective
description of heterotic string theory, offering a compel-
ling theoretical framework to explore the intricate interac-
tions among gravitational, electromagnetic, and scalar
fields. Within this theory, the primary dynamical fields
include the spacetime metric g,,, which encodes the geo-
metry of the background manifold; the gauge vector field
a, , which describes the electromagnetic interaction; the
dilaton field y, which is a scalar field that modulates the
effective coupling between matter and gravity; and the
axion field & which is a pseudo-scalar field emerging
from string compactification that changes sign under par-
ity transformation and couples to the electromagnetic
dual tensor, thereby introducing parity-violating effects
[24, 25, 30].

The action of EMDA model can be systematically de-
rived by combining the bosonic sector of supergravity
with the gauge sector of super—Yang—Mills theory, lead-
ing to an effective action:

1 1
S =1 / V=gd*x|R=20,x0) — 5¢¥0,£0'¢
T

b P 8. (1)

where R represents the Ricci scalar and f,, denotes the
second-order antisymmetric Maxwell field strength
tensor, defined as f,, = V,a,—V,a,. The term f'” corres-
ponds to the dual of the field strength tensor, encapsulat-
ing the magnetic components of the electromagnetic
field. These quantities together describe the coupling
between the electromagnetic and gravitational sectors, as
well as their interaction with the dilaton and axion fields
in the EMDA framework.

By varying the action with respect to the metric,
dilaton, axion, and electromagnetic fields, one obtains the
following equations of motion:
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Oy — %e4XVu§V“§+ %e‘zXﬁNﬂ” =0,

0O& + 4V, EVHE - e’4Xf;,Vf‘” =0,

V" =0,

V(e 2 1 4 £ 1) = 0,

Gy = X fipf¥ = 8 f*) = 82V, Vix + %e‘”‘ V. EVHE)
+V.xVox + e4XVy§VV§.

2

It can be seen that the dilaton, axion, electromagnetic,
and gravitational fields are inherently coupled within the
EMDA framework. It should be emphasized that
V,.f*" = 0 merely expresses the Bianchi identity. It corres-
ponds to the constraint equation in Maxwell equation and
does not represent any independent dynamical degrees of
freedom. Furthermore, the explicit solutions for the ax-
ion, dilaton, and U(1) gauge field can be found in Refs.
[25, 30, 31]:

¢ q* acosf
Mr2+a?cos?6’
2, 2.2
er: r°+a-cos 6 , (3)
r(r+ry)+a%cos?

A=T (-dr+asin’0dg).

It follows from Eq. (3) that all three fields vanish in
the asymptotic limit r — oo and, in this region, they ex-
hibit properties analogous to those of GR. Moreover, Eq.
(3) also shows that the coupling between the
axion—dilaton sector and the Maxwell field is essential,
because in its absence, the associated field strengths
would vanish identically. Therefore, although the BH car-
ries electric charge, this charge originates from the
axion—photon coupling rather than from infalling charged
matter. Further analytical manipulations lead to the
axisymmetric solution in Kerr—Schild coordinates. This
solution, known as the Kerr—Sen BH, represents [32]

oM oM
ds2=—(1— ~r> dt2+<1+ f) ar?
5 s

aM - 4aMrsin® @
+ i’dxdrﬁuzdez—%dm

+ sin? Gdgb2 (A + ZMF(F(FT r)+a’) )

—2a<1+2]£4r
5

) sin’ 0drde, 4)

with

®)

L = r(r+nr)+d*cos’6,
A=r(r+nr)-2Mr+a?,

where M denotes the BH mass parameter, while the

dilaton parameter is defined as 7> = e which is directly

related to the electric charge 0. When the rotation para-
meter a is set to zero, Eq. (4) reduces to a static, spheric-
ally symmetric dilaton BH characterized solely by its
mass, charge, and asymptotic behavior [31]. In the limit-
ing case where the dilaton parameter r, vanishes, the
Kerr—Sen geometry continuously reduces to Kerr BH.

Additionally, the event horizons r. of the Kerr—Sen
BH are determined by setting A = 0:

n
re=M-—-+

2 2

I r 2
=M-Zoy (M-2) - 6
r > y) ¢ (6)

From Eq. (6), the condition for the presence of two
n

2
distinct horizons leads to the inequality @ < (M - 5) .

This relation confines the parameters to the range

0<2<2(1-2
M M
always remain smaller than or equal to the BH mass M,

the resulting physically viable interval for the dilaton

) . Given that the spin parameter ¢ must

parameter is restricted to 0 < LA/ZI <2

Figure 1 shows that the shaded domain marks the
range of parameters producing regular BHs (r, > r_),
whereas the unshaded region corresponds to cases where
the horizons either coincide or vanish, giving rise to a na-
ked singularity.

1.0

No Black Hole

0.5

=
S 00
-0.5
No Black Hole
- 1 0 L L L ]
0.0 0.5 1.0 1.5 2.0
r2/M
Fig. 1.  (color online) The horizontal axis represents the

dilaton parameter r,, while the vertical axis denotes the BH
spin a. The red region corresponds to the parameter space
where two distinct event horizons exist, whereas the white
region indicates the domain in which a naked singularity ap-
pears.
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III. STATIONARY AXISYMMETRIC FORCE-
FREE FIELDS AROUND KERR-SEN BH

In this section, we briefly review the fundamental
equation governing stationary axisymmetric force-free
fields around Kerr-Sen BHs. Given the magnetic domin-
ance of the magnetosphere of the BH, we employ the
force-free approximation, ensuring the dominance of the
clectromagnetic fieldovermatter,expressedas 7, ~ Tiv" =

1
FiF,.— Zg,qu *¥F .. The force-free condition (F W =0)

implies the vanishing of the electric field in the local rest-
frame of the current, leading to F,,F*” =0 [3, 33]. Then,
one can readily demonstrate that A,gA,, = A pA,,, signi-
fying that A, is a function of A,. The angular velocity of
the magnetic field Q(r,6) can be defined as follows [33]:

o= W _Aw_ A @)
dA,  Age Ay,

This definition is strictly derived from the ideal MHD
or force-free condition, which requires the electromagnet-
ic field tensor F,, to satisfy F,,u" =0, where u =0, +Q0d,
is the symmetry vector representing the rotation. Physic-
ally, this implies the existence of a reference frame rotat-
ing at angular velocity Q in which the electric field van-
ishes, meaning that the magnetic field lines are 'frozen'
into and co-rotate with the plasma. Mathematically, ex-
panding the » and 6 components of this condition leads
directly to Q =—-A,,/As, =—A,4/Asp, an identity that en-
sures that A, is a functional of the A, (A, = A,(A,)). Con-
sequently, Q is constant along any given magnetic field
line, representing rigid rotation angular velocity.

For simplicity, we consider a stationary and axisym-
metric model, implying that F,, = 0 and that the non-van-
ishing components of the antisymmetric Faraday tensor
F,, are

Fr¢ = _F¢r = A¢,raFH¢ = _F¢0 = Ad),f/’
Ftr = _Frt = QAW,Fm = —Fez = QA¢,H, (8)
FrH = _FHr = \/__gB¢

The aforementioned five non-zero components of
F,, can be expressed in terms of three free functions:
Q(r,0), Ayr,0), and B,(r,0). According to the definition
of the energy-momentum tensor, we can further deduce
that 7/ = -QT; and T = -QT;. Utilizing these two rela-
tions, the equations V, 7/ =0 and V,Tj; =0 for energy
conservation and angular momentum conservation can be
reformulated as Q,A,=QyA,, and (V=8F"), Agso=
(V=8F") ,As,. These two equations indicate that Q and
\—gF" are functions of A; (Q=Q(A,) and —gF" =
I(A,), where Q and [ are the angular velocity of the mag-
netic field and the poloidal electric current) [34]. Substi-

tuting Eq. (8) and the relation F” = 14,)
| =

into the equation

F' =g%g"F,,, we obtain

5 IE+(2MQr—a)sin6A,, ©)
ASsin%0 ’

This relation links the toroidal magnetic field B¢ with
functions A,(r,0), Q(A,), and I(A,). The remaining con-
servation equations in the » and @ directions, denoted as
v, T# =0 and V,T; =0, can be expressed as

-0 [(v=gF"), + (V=8F") ] + [(v=gF"),

dI(Ay)
+(\/:gF¢0)ﬁ] +F, dA: =

0, (10)

where the three functions A,(r,6), Q(A,), and I(A,) are
interrelated by a nonlinear equation, which is also widely
recognized as the GS equation [7, 35]. To further elucid-
ate this equation, we examine two specific cases.

(a): In the Schwarzschild case with 1 =Q =a =0, the
GS equation is simplified to

(1 0 ( ZM) 0
LA¢=<sin96r ! r r

1 a( 1 )6) B
256 \sing) ag) A = (1

Its Green's function G(r,6;ry,0,) can be found from
LG(r,0;10,080) = 6(r —r9)6(0—6,) [36]. It is crucial to em-
phasize that the solution satisfies the specified boundary
condition, with G(r,0;ry,6y) being finite at r = 2M and ap-
proaching zero at infinity.

(b): In the Kerr BH, there is no exact analytical solu-
tion for the GS equation. However, the equation can be
apProached using perturbation techniques (A =Ao+

%Az) [37]. Subsequently, the GS equation takes the fol-
lowing perturbed form:

LAO=O,
1 /M M 12
LA, = -2sinfcosf— (—+—). (12)
r2\2r r?

The zero and second solution are provided in Ref.
[38]. Notably, for the zeroth-order equation, there are two
distinct types of solutions: the monopole solution
A02 =—cosf and the collimated uniform solution A=

r . . . .
7 sin*6. The magnetic field lines described by these two
solutions exhibit radial distribution and collimated cyl-
indrical shape. The various forms of solutions can be em-

ployed to model different physical scenarios.
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A. Second-order perturbation solution in Kerr-Sen
BH

The non-linearity of the GS equation makes finding
exact analytical solutions extremely difficult. To address
this, Blandford and Znajek [37] initially developed a
monopole perturbation method to the order of O(a?). This
approach is valid when the deformation of the poloidal
field, induced by 'spinning up' a non-rotating configura-
tion, remains small. By imposing the horizon regularity
condition [38] and the convergence constraint at infinity
[34, 37], we solved the perturbed GS equation specific-
ally for the Kerr-Sen BH.

The perturbation expression can be represented as

2

a
A¢ = A0¢ + WAM + 0(614),

a
Q= —w, +o(d),

m (13)
B¢ = WB? +0(a3),
VEEF" = 1= i+ o(@),

where Ag, and A,, represent the zero-order and second-
order terms of the function A4, while w, and B‘f corres-
pond to the first-order corrections. The function =
\—gF", defined in the previous subsection as the poloid-
al electric current, physically represents the total net cur-
rent flowing through the area enclosed within the (r,6)
plane of the magnetosphere. To ensure the physical self-
consistency of the force-free solution, we impose strict
smoothness and regularity requirements: all these physic-
al quantities must remain finite and non-divergent at both
the event horizon and at spatial infinity.

The zeroth-order solution can be easily derived in the
Kerr-Sen BH, where a =0. Namely, the corresponding
equation is

- 1 0 2M \ 0
LAy = (—— (1 - ) —
04 sin@ dr r+ry,/ or

1 0 1 0
+r<r+rm(sm>%>f‘°¢—°’ (14)

and the solution of this equation is Ay, = —cos6, which
corresponds to the split monopole solution. We observed
an interesting phenomenon: the uniform magnetic field
solution cannot exist for the GS equation in the Kerr-Sen
BH. To obtain a perturbation solution for the toroidal
magnetic field and poloidal electric current, we substitute
Eq. (13) into Eq. (9), resulting in

o Lr(r+rn)+QMrw,—M*)sin’0
L 1) (r(r+ 1) = 2Mr)sin@

(15)

In the Kerr-Sen BH event horizon with a = 0 given by

r. =2M-r,, a continuity requirement for the toroidal
magnetic field constrains the numerator in Eq. (15) to be
zero. Consequently, the first-order electric current and
magnetic field are expressed as

sin® 0 (M? - 2Mw,(2M - 1))
MM —1) .
M?2r(r, = 2M)w; + Mr +2M?)
B 212(2M = 1,)(ry + 1)

il =
(16)
B! =

By expanding the GS equation in terms of the spin
parameter a, we derive the o(a®) perturbation solution

LAy = S(r.0). (17
where the source term S (r,6) is

sin®0 (4M? +2Mr+ 72 + 11y W)
2Mr(r+r)2M —r)
sinfcosO(M —2(2M —ry) w;)?
- 2M?(2M —1,)?
MQM +r) (AM?* + ry(r=2M) +1?)
r2(r+n)*Q2M-r)?
2w? 40Q2M + r)w,

S(r,0) =

+sinfdcosé (—

(18)

where ’ represents the derivative with respect to 6. Ac-
cording to the convergence condition proposed by BZ,
the restriction needs to be imposed on the source [3]:

0 Vg S ’0
/ dr / d0| (.0 — convergence. (19)
2M-r) 0 r

It can be demonstrated that to satisfy Eq. (19), the fol-
lowing constraint must be applied:

sinfcosO((8M —4r)w; —M)  sin’fw; 0. Q)
2M(2M —r,)? 2MQM—r))
and consequently, we have
_ M

T daM =y
. Msin’ 6 .
131 Zm Z(UISIHZG, (21)
B MP(4M +7)

C4PQM =) (ra 1)

Additionally, the second-order component of A, can be
obtained through
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2M?sinfcosé

r2(ry +r)?

2M?sinfcosé
T RQM=ry)(r 1)

We can demonstrate that as the parameter r, ap-
proaches 0, the result returns to the Kerr BH. Although
the second-order electromagnetic potential A,, itself does
not alter certain fundamental physical quantities directly,
its derivation is essential for a rigorous and high-preci-
sion analysis of the BZ process in Kerr-Sen BH for the
following reasons. First, the primary motivation is to
achieve a higher-order consistent calculation of the en-
ergy extraction rate and extraction efficiency. In strong-
field regimes or for BHs with significant spin, first-order
approximations are insufficient to capture the subtle en-
ergy flux corrections, and second-order terms are re-
quired to provide the precision necessary for potential as-
trophysical comparisons. Second, obtaining the second-
order solution allows us to accurately characterize the
distribution of magnetic field lines. Specifically, it en-
ables us to manifest how the dilaton charge influences the
magnetospheric geometry and the deformation of the
field lines beyond the standard Kerr metric. By including
these higher-order effects, we can better understand the
coupling between the dilaton field and the electromagnet-
ic structure. Therefore, the second-order electromagnetic
potential solution in Eq. (22) is obtained in Appendix A
by employing the Green’s function method. From the
structure of the solution, it is evident that the presence of
the dilaton charge modifies the surrounding magnetic
field configuration, giving rise to an additional contribu-
tion compared with the Kerr case.

LAz = (22)

B. Energy extraction rate, radiative efficiency, and er-
goregion

With the first-order analytical expressions for Q and

I, we now examine physically observable quantities, spe-

cifically the energy extraction rate and efficiency.
The energy extraction rate is defined by

Pej/kerr—Sen/Pej/kerr

y:

0.0 0.5 1.0 1.5 2.0

X=r2/M

Fig. 2.

Poz =21 / dov=gT", (23)
0

where 77 is the radial component of the Poynting vector,
and the integral is evaluated at surface r = const. Equa-
tion (23) remains independent of the chosen radial co-
ordinate for integration and the configuration of the mag-
netic field. By utilizing the expression for the energy-mo-
mentum tensor of the electromagnetic field, we can calcu-
late the energy extraction rate:

Pyy =21 / I(Ap)Q(A,)dA,
0

2na® 7 na’ 2
~ hw dAg= ————— = QW2 (24
M /0 Ao = oM =~ 3 s (%)

ol — a
where S = oM 1)
It is obvious that this result converges to the Kerr BH
when the dilation parameter tends to zero. Furthermore, it

is noteworthy that in the context of first-order perturba-

Q
tion, the expression €= 7H approximately aligns with

the behavior exhibited by the Kerr BH. Subsequently, we
plotted the ratio of two BH extraction rates. The top-left
panel in Fig. 2 shows the radio of Pg; from different BHs
as a function of r,. Note that within the theoretical range,
as the dilaton parameter r, increases, the Kerr-Sen BH
extracts several times more energy than the Kerr BH. In
the top-right panel of Fig. 2, the ratio of angular velocit-
ies between the two BHs is presented. Note that the angu-
lar velocity is sensitive to the dilaton parameter, specific-
ally showing an upward trend as r, increases for a given
spin a.

Additionally, the energy extraction efficiency can be
expressed as [3]

is one-order angular velocity.

_ J1QdA,
e=2—— % ~05. (25)
[19,d4A,
55k Kerr ]
< —-—1;=01M
M
& r,=0.3M
% 2.0f rp=05M g
dJ
9 r,=07M
< |
<
G

y=

x=a/M

(color online) The left plot illustrates the ratio of energy extraction rate for two BHs as a function of dilaton parameter r,. The

right plot depicts the ratio of angular velocity for a fixed r, as a function of spin a.
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It is evident that the energy extraction efficiency of
the Kerr-Sen BH remains consistent with the Kerr BH.
Hence, we cannot differentiate between these two types
of BHs based on the extraction efficiency. The resolution
to this issue may potentially emerge from a higher-order
approximate solution.

Furthermore, the radiative efficiency is also a crucial
observational parameter in astrophysics. In the context of
BH accretion, it serves as a direct probe of the spacetime
geometry near the event horizon and the underlying ac-
cretion physics. Higher radiative efficiencies typically in-
dicate that the inner edge of the accretion disk extends
closer to the BH, which is strongly influenced by the spin
and accretion mode of the BH. In previous studies of
ours, we analyzed the radiative efficiency of the Kerr-Sen
BH within the framework of the Novikov-Thorne model
[39—-40]. The Kerr-Sen BH exhibits a markedly higher ra-
diative efficiency than its Kerr counterpart. This enhance-
ment implies that, in principle, observational measure-
ments of the radiative output from accretion disks could
serve as an effective diagnostic tool for distinguishing
between these two classes of BHs.

Moreover, the behavior of Pg; can easily be under-
stood in terms of the size of the ergoregion, which is the
exterior region in which g, >0, and static observers
(time-like and null-like geodesics) are not allowed. The
outer and inner boundaries of the ergoregion are jointly
called the static limit and can be defined by the largest
root of g, = 0, namely

A—a*sin*6 = 0. (26)

The bottom-right panel in Fig. 3 shows the plane
(rsinf,rcosf) of the spacetime. We set a=0.5M,0.7M

a=0.5M

2.0 ry(r2 = 0) T
I (2 = 0.15M) |
ry (rp =0.3M)
Isi(r2 = 0)

rs (r2 =0.15M)
rg (rz = 0.3 M)

rcos (0)

y=

LR o P TR AP SR
0.0 0.5 1.0 1.5 2.0 2.5

X=rsin(6)
Fig. 3.
values of r, in the (rsin6, rcos6) plane.

and plotted the static limit of the Kerr-Sen BH with
r, =0, 0.15M, and 0.3M. Note that both the outer and in-
ner boundaries of the ergoregion extend beyond the cor-
responding event horizons. Furthermore, for the Kerr-Sen
BH, the radii of the inner and outer horizons, as well as
those of the ergoregion boundaries, are systematically
smaller than in the Kerr BH. This configuration ensures
the capability of the BH to extract energy from the er-
goregion region. The presence of the ergoregion is cru-
cial for the utilization of the BZ mechanism to extract en-
ergy. Without this region, even a rotating BH would be
unable to extract energy [13, 41-42].

IV. COMPARISON WITH OBSERVATIONS

As discussed in preceding sections, the radiative effi-
ciency and jet power exhibit sensitivity to the metric.
Consequently, if observational constraints on these quant-
ities are available for certain Kerr-Sen BHs, it provides
an avenue to glean insights into the observationally pre-
ferred value of the dilaton parameter r,. We examined six
binary BH systems, where both the transient jet power
and BH spin were estimated using the continuum-fitting
method. This includes the four objects detailed in Ref.
[43]: GRS1915+105, GROJ1655-40, XTEJ1550-564, and
A0620-00. The fifth source, H1743-322, is discussed in
Ref. [44]. The sixth source, GRS 1124-683, has its jet
power estimate documented in Ref. [44], while the spin
measurement has been recently conducted using the con-
tinuum-fitting method [45]. Moreover, the jets from these
six systems are known to be mildly relativistic. For these
BHs, the bulk Lorentz factor I' is essential for correcting
the relativistic beaming when estimating intrinsic jet
power from radio luminosity. Observational and statistic-
al studies of these sources suggest that their Lorentz

a=0.8M
2.0 r(rz = 0) E
Iy (r2 = 0.15 M)
iy (r2 = 0.3 M)
r5(r2 = 0)
1.5 E
L rg (r2 = 0.15M)
6 + rg (rz = 0.3 M)
w [
Fa) L
g 1.l E
Il L
>‘ -
e.s-\\ E
0.0 .~\j\7\\ [ BT T T R S S B SS
0.0 0.5 1.0 1.5 2.0 2.5
X=rsin(6)

(color online) The bottom panel shows the shape of the ergoregion of the Kerr-Sen BH for a =0.5M and 0.7M with different
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factors typically lie within 2 <T'<5 [1, 46]. Therefore,
we adopt I' = 2 as a conservative lower limit and I'=5 as
a representative upper bound, ensuring that our comparis-
on between the Kerr and Kerr—Sen metrics remains phys-
ically consistent across the observationally supported
range.

To calculate the jet power, we adhered to the method-
ology outlined in Ref. [43]. It was determined by consid-
ering the monochromatic flux density at 5 GHz, which
was then adjusted for the distance of the source, de-boos-
ted based on assumed values for the bulk Lorentz factor
(C'=2 and I'=5), and subsequently normalized by the
BH mass to eliminate any dependency [44]. The emitted
flux density values, denoted as S, are reported in Refs.
[44, 47] and presented in Table 1. For convenience, the
corresponding jet powers are provided in Table 2.

We highlighted that the observed radiative efficiency
and jet power can serve as indicators for discerning the
preferred value of the dilaton parameter from observa-
tional data. To deepen our understanding, we compared
the theoretical radiative efficiency and jet power with the
corresponding observations of six binary BHs (illustrated
in Table 1 and Table 2). This comparison revealed sever-
al consistent patterns: (1) the observed jet power aligns
with nearly the entire permissible range of dilaton para-
meter r; (2) a higher value of r, necessitates a lower
value of a to account for the observed Pj and ¢; (3) the
observational constraint on r, emerges when attempting
to replicate the observed ¢, (4) in most instances, when
r, =0 (representing the GR scenario), the observation-
ally permissible range of a, obtained from Pj, and €
demonstrates an overlap [48].

These characteristics prompt us to assess the chi-
square as a variable dependent on r,, achieved through a
comparison of Pj, and € with their respective observa-
tional counterparts. This corresponds to x? expressed as

2
Opj Oe,;

3, (Pjerj — Ppz,(i, k) (€obs, — €;(i,K))?
k=Y +y :
J J ‘

27)

Table 1.
the inclination angle, and € signifies the radiative efficiency.

where I = LA/ZI and k= %. P ; is the observational value,
Pz, ;(i,k) is the theoretical prediction; op; and o, ; rep-
resent the uncertainties associated with the determination
of jet power and radiative efficiency, respectively, where
j=1,...6 serves as the source index.

For each r,, we systematically varied a within the

permissible range: — (1 - 2%) < % <1- 2%1 (ensuring
the existence of the event horizon), and calculated y? as
described in Eq. (27). The spin parameter yiclded the
minimum y? for the selected r,. In our analysis, the un-
certainty was determined by averaging the upper and

lower bounds of the radiative efficiency error. The error

. _ v
ran%:X of Plj;t v;/as A‘;hen_ 1es‘umated fromPje; = (ﬁ) X
v,0 el el .
( 1% > (kpc) ( M@> and adopted as the uncertainty
in the transient jet power. In the calculations, the error in
the peak 5 GHz radio flux density (S v,o)maX,SGHZ was set to
zero. Iterating this process for all r, values in the range

i
0< Mz <2, we obtained the variation of y* shown in Fig.

4.

Figure 4 illustrates the variation of the logarithm of
the y? computed through the aforementioned procedure
with the dilaton parameter r,. The red and blue dashed
lines represent situations where Pgz is compared with the
observed Pj, corresponding to I'=2 and I' =5, respect-
ively. For bulk Lorentz factors I'=2 and I' = 5, the best-
fit dilaton parameter converges to zero. This outcome
suggests that observations of astrophysical BHs are more
consistent with the Kerr solution, as the optimal dilaton
parameter for Kerr-Sen BHs is found to vanish. Con-
sequently, these systems appear to align more closely
with the predictions of GR.

V. CONCLUSION AND DISCUSSION

We investigated modifications to the BZ mechanism
for BHs in alternative theories of gravity. As a concrete
example, we explored its implications in the Kerr—Sen
BH; a similar analysis could be extended to other non-
Kerr BHs. We present a comprehensive framework for

Observational values of parameters for six binary BHs. D represents the distance from the source to the observer, i° denotes

a

BH Binary o M(Me) D(kpc) i° € (Sy,0)max,s61(JY)
A0620-00 0.12+0.19 6.61£0.25 1.06 £0.12 51.0+0.9 0.06170:097 0.203
H1743-322 0.2+0.3 8 8.5+0.8 75.0+3.0 0.065+0917 0.0346

XTE J1550-564 0.34+0.24 9.10 +0.61 438+0.5 7474338 0.072:991 0.265

GRS 1124-683 0.631518 11.0%3} 4.95+0:69 50.5+6.5 0.09570:0%3 0.45

GRO J1655-40 0.7+0.1 6.30£0.27 32£0.5 70.2+1.9 0.10470:018 2.42

GRS 1915+105 0.975(>0.95) 12417 8.6+29 60.0 5.0 0.224(>0.190) 0.912
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Table 2. Jet power proxy values in units of kpc? GHz Jy M3!.

BH Binary ['=2|Pjy ['=5|Pj
A0620-00 0.13 1.6
H1743-322 7.0 140
XTE J1550-564 11 180
GRS 1124-683 3.9 390
GRO J1655-40 70 1600
GRS 1915+105 42 660
6.5 . T r r
------ r=2
60F ~="--- r=5 /
<
= ;
= 55f S
1
> -
sof T .
450l . . . .
0.0 05 1.0 15 20
x=r/M
Fig. 4. (color online) Variation of x> with the dilaton para-

meter r, for six binary BHs. The red dashed line represents
the situation when Pj corresponding to I' =2 is used to calcu-
late y?, while the blue dashed line is associated with the scen-
ario when Pj,; corresponding to I'=5 is considered for evalu-
ating y?.

deriving perturbative solutions of the Kerr—Sen BH with-
in the BZ mechanism. Under the assumptions of a sta-
tionary, axisymmetric, force-free magnetosphere, the en-
ergy-momentum conservation equations separate into two
constraint functions —the field angular velocity Q(A,)
and poloidal current /(A,)—together with the GS equa-
tion. This equation is a second-order differential equation
requiring two boundary conditions. We imposed the hori-
zon-regularity condition and the convergence condition
as the necessary boundaries. With these, all perturbative
physical quantities—the magnetic field angular velocity
Q, the current /, and the electromagnetic potential
As—were determined.

Furthermore, we investigated the energy extraction
rate and energy extraction efficiency for both the Kerr-
Sen and Kerr BHs. Our investigation reveals that as the
dilaton parameter r, increases within the theoretically al-
lowed range, the Kerr-Sen BH exhibits higher energy ex-
traction rate than the Kerr BH. However, the energy ex-
traction efficiency of the Kerr-Sen BH remains consist-
ent with the Kerr BH. Additionally, the event horizon of
the Kerr-Sen BH is smaller than the boundary of ergo-
sphere, which ensures that the BZ mechanism operates
reasonably. Finally, we considered six binary BHs by es-

tablishing chi-square distribution simulations between the
theoretical predictions and observational values of radiat-
ive efficiency and energy extraction rate. We observed
that the Kerr BH is more consistent with astronomical ob-
servation for bulk Lorentz factors =2 and I' =5. This
result can be corroborated through the inclusion of more
extensive observational data or by incorporating addition-
al observations in the electromagnetic spectrum, such as
quasi-periodic oscillations or BH shadows, which will be
detailed in a future paper.

APPENDIX A: GREEN'S FUNCTION FOR SOLV-
ING ELECTROMAGNETIC POTENTIAL

The Green's function is pivotal in addressing non-lin-
ear equations. In this appendix, we follow the approach
proposed by Blandford Znajek and apply it to investigate
Kerr-Sen BHs. To solve Eq. (22), we first consider the
Green function, which is given by

LG = 6(r—rp)6(6 - 6y), (A1)
where G needs to satisfy boundary conditions such that G
be finite at r = 2M —r; and tend to zero as r — oo. Its gen-
eral form solution can be expressed as

=5}

1+3/2
G(Vﬁ;"oﬁo):Z +3/
1=0

22 GingsingyP,
(+ (I +2) oS

X (cos0) P}, (cos )R (1, 7o), (A2)
where Pj(cos) is a Legendre polynomial and ’ repres-
ents differentiation with respect to cosé. The radial func-
tion R(r,rg) is

U,r)V, 2M =1, <1<,
Ri(rry) = 1(NVi(ro) nsSrsn (A3)
VZ(V)UI(I"()),V > ro > 2M — ro,
with
Ui = ey PR (1- 02,
(A4)

(r' +ry)dr
QM -1 —r)UXr')’

Vi) =Ur [~

Here, ry represents a reference point in Kerr-Sen
spacetime, U, (r) and V,(r) denote the two solutions cor-
responding to different boundary conditions, and P{*”
represents a Jacobi polynomial. From Eq. (22), we obtain
the solution to LA,, = S(r,6) that vanishes as r — co and
remains regular at the horizon.
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Any(r,0) = d"o/ d6yG(r,8;r9,60)S (r9,6)
2M—-ry 0
=sin’OcosOf(r,r), (A5)
with
® —2M?
f(rr) = (7
? iy, \T3(rg +12)°
2M?

TR (ro+r) QM- r2)> Ri(rro)dro,
U (r)=23M =2r —-2r)([r +1,)%,

2Liy(1—
+23(0g 1) + 26 Lig(1 — x) — S22 =9

x—1 x—1

where the function Li,(x) is the dilogarithm function, also
known as the Spence's function. It is defined as

Lis(x) = — / ) ln(lt_ D ar (A9)
0

Vi - 12)2(3M = 2r —2ry) (A0)
e 432M5
X(2710 r+r . 64M
gr—2M+r2 3M-2(r+ry)
2M(3M+11(r+r2)))
(r+ry)?
11 1 2x? 2 1 I
A?;”(x)5—+—+x—2x2—ﬂ+ﬂx 08X  TO8%

72 6x 4 3 12 2

Owing to the complexity of the aforementioned integ-
ration, we introduce three dimensionless quantities:
1o r r

X0= 7 and 9= —

o *= o M Notably, g is a small

parameter that satisfies 0 < g < 1, allowing for expansion.

Consequently, we have

Asy(1:0) = AT+ 25 (i () +wa(e) +olq). (A7)
with

~ 3x*(log x)?

2x*1
x“logx )

-1 1794x1 1
—1512xlog <x )+ 94xlog(x) 66 og(x).
X

2 b
330
wi(x) =151 - a2t 144x —36m%x —432x% — 1812 x% + 12072 x> 4+ 36x(—6 + x(20x — 3))Lir (1 — x),
A8)
360x*log” 144x*1 414x° log? -1\ 2052x°1 (
Wy = 20X 1og () | 1d4x log(x) _ 414" log (x)—144x310g(x—1)+432x310g(x )+ x log(x)
x—1 x—1 x—1 X x—1
54x2log? -1\ 3960x%1 108x1og?
a2 Ogl (x)—2916x210g(x—1)+2700x210g(x )— al ;’g(x)+ “’% @ 1512xl0g(x— 1)
X — X X— X—

As g approaches 0, this analytical solution automatic-
ally reverts to the second-order correction of the Kerr
BH. The influence of the dilation parameter only mani-
fests in the correction term.
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