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Abstract: As an extension of our prior work, we analyze the resonance contributions for the kaon pair originating
from the intermediate p(770), w(782), and their excited states in the three-body decays B — "’ KK within the per-
turbative quantum chromodynamics approach. The information of subprocesses p(770,1450,1700) — KK and
w(782,1420,1650) — KK are included in the distribution amplitudes for the KK system using the kaon vector time-
like form factors. We calculate the charge-conjugation parity (CP)-averaged branching fractions and direct CP asym-
metries for the relevant quasi-two-body B meson decays. The branching fractions of the virtual contributions for KK
from the Breit-Wigner formula tails of p(770) and w(782) for these decays are found comparable to the correspond-
ing contributions from the resonances p(1450,1700) and w(1420,1650). Consequently, they comprise a significant
component that should be accounted for in the considered three-body decays. All predictions in this work are expec-
ted to be tested by the LHCb and Belle-1I experiments in future.
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I. INTRODUCTION

Three-body hadronic B meson decay processes
provide valuable insights into the various phenomena of
weak and strong interactions. The b-quark weak decay in
related processes is described well by the effective weak
Hamiltonian H.q [1] in the standard model. Owing to the
three-body effects [2, 3], hadronic interactions, and res-
cattering processes [4—7] in their final states, the strong
dynamics in these three-body decays are considerably
complex to be captured by a simple expression. Con-
sequently, the relativistic Breit-Wigner (BW) formula [§]
becomes a practical approach for theorists to describe the
scalar, vector, and tensor resonance contributions associ-
ated with the quasi-two-body subprocesses involved in
the three-body decays based on the experimental re-
search with the isobar formalism [9—11] and Dalitz plot
technique [12]. The quasi-two-body framework based on
the perturbative quantum chromodynamics (PQCD) ap-
proach [13—16] has been discussed in detail in [17] and
has been employed in Refs. [18—34] for the quasi-two-
body B meson decays in recent years.

In Ref. [23], the virtual contribution [19, 35—-37] for
the K*K~ pair from the BW tail of resonance p(770)°,
which has been neglected in the experimental measure-
ment by LHCb collaboration [38], was comparable to the
contribution of the subprocess p(1450)° - K*K~ in the
three-body decays B* — 7*K*K~. Following the work of
[23], the virtual contributions for kaon pair originating
from resonances p(770) and w(782) in the three-body
B meson decays have been recently studied in Refs.
[24—26, 39, 40]. At first sight, the natural modes of
p(770) and w(782) decay into kaon pair are blocked be-
cause of the pole masses for p(770) and w(782), which
are apparently below the threshold of the two kaons.
However, in the processes e*e™ — K*K~ [41-49], ete™ —
K2K? [50-55], pp —» K*K n° [56, 57], np —» K K*n and
mtn— K K*p [58, 59], the virtual contributions from the
BW tail effect of intermediate state p(770) were found in-
dispensable for explanations of the experimental data.
Besides, the resonance p(770) is an important intermedi-
ate state for hadronic 7 decays with a kaon pair [60—63]
and B or D meson decays with a wr pair [28, 64—66] in
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the final states.

The resonance contributions for the kaon pair origin-
ating from the intermediate p(770), w(782) and their ex-
cited states for the decays B — 7KK and B — KKK have
been systematically studied [25] within the PQCD ap-
proach. However, the contributions of the subprocesses
0(770,1450,1700) — KK and w(782,1420,1650) — KK re-
main missing for the three-body decays B — n’KK. In
this study, we assemble the blocks completely. The
schematic view for the cascade decays B — n"”p/w —
7KK, where p/w represents the intermediate states
(770, 1450,1700) or w(782,1420,1650) that will decay in-
to the kaon pair in this work, is shown in Fig. 1. The in-
termediate states in relevant cascade decays are gener-
ated in the hadronization of the quark-antiquark pair ¢g,
where ¢ represents a u- or d-quark. The subprocesses of
p— KK and w— KK which cannot be calculated in
PQCD will be introduced into decay amplitudes via the
kaon vector timelike form factors. The kaon vector time-
like form factors are related to its electromagnetic form
factors [67], which have been extensively studied in Refs.
[63, 68—71] on the theoretical side and measured in the
reactions ete” — K"K~ [43, 44, 49] and e*e” — K*K (y)
[46]. A detailed discussion for the kaon vector timelike
form factors as well as their coefficients are provided in
Ref. [25]. The analyses for relevant three-body B meson
decays within the symmetries one are referred to Refs.
[72—-80]; related papers within QCD factorization can be
found in Refs. [67, 68, 81-97].

This remainder of this paper is organized as follows.
In Sec. II, we briefly describe the theoretical framework
for the concerned quasi-two-body B meson decays with-
in the PQCD approach and provide an expression for the
differential branching fraction. In Sec. III, we present our
numerical results for the CP averaged branching frac-
tions and corresponding CP asymmetries for relevant
quasi-two-body decay processes as well as some neces-
sary discussions. A summary and conclusions of this
work are provided in Sec. IV. The wave functions for the
initial and final states and the factorization formulas for
the related decay amplitudes are collected in Appendix A.

II. FRAMEWORK

For the B — "p/w — n” KK decays, the weak effect-
ive Hamiltonian can be specified as [1]

Ge
V2

Vi Vi {zw: Ci(;z)O,-(;l)} } +Hec., (1)
i=3

Hog = {vubv;d@ [C101 () + Co()Ox(u)]

where Gp represents the Fermi coupling constant and
Vibugig (@ =d,s) represent the CKM matrix elements.

Fig. 1.
B—n"p/w—n"KK, where p/w represents the intermediate
states p(770,1450,1700) or w(782,1420,1650) that will decay in-
to the kaon pair.

(color online) Schematic of the cascade decays

C;(u) are Wilson coefficients at the renormalization scale
. In this study, we employ the renormalization group
evolution of the Wilson coefficients from higher scale to
lower scale as specified in Ref. [15], wherein the values
of the Wilson coefficients at the m;,, scale are

C, =-0.27034, C,=1.11879, C;=0.01261,
C, =-0.02695, Cs=0.00847, 2)

Ce =—-0.03260, C7;=0.00109,
Cs =0.00040, Cy=-0.00895, C;=0.00216. 3)

For the local four-quark operators O;, one has [1]

(1) Current-current operators

O = (Gattg)v-aliigha)v-a, O = (Gotta)v-a(iigbg)y-a; (4)

(2) QCD penguin operators
03 = (gaba)v-a Z(%%)V—A )
"
O4 = (Gobp)v-a Z(%q(’,)V—A )
7
Os = (Gobo)v-a Z(%q[';)vm ,
7

Os = (Gabp)v-a Z(C_]qu(’z)vm ; (5)

q

(3) Electroweak penguin operators

3 ’ 7
0; = E(Z]aba)V—A zq;eq/(q/;%)vm ,

3

Og = E(C?zybﬁ)V—A ;eq’(%%)vm ,

3 ’ 7
Oy = E(éaba)V—A zq;eq/(%%)V—A ,

3 ’ ’
O = E(qabﬁ)v—A;eq’(‘?ﬁqa)V*A : (6)
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The subscripts «, 8 are the color indices and the nota-
tions (q'q’)v.a represent q'y,(1+vys)g’ with the index
q =u,d,s.

The theoretical analyses of B meson decays are per-
formed in the B meson rest frame [98—103]. This is be-
cause working in this frame provides a clear physical pic-
ture in which final-state particles move fast in different
directions and eliminates the effects of the intrinsic mo-
mentum of the B-meson in the calculations of decay amp-
litudes and integrals of phase space. Meanwhile, it is con-
venient to define the momenta for the initial and final
states in the light-cone coordinates for B meson decays in
the PQCD approach [13—16]. Subsequently, the mo-
mentum of B*, B, or BY for the decays considered in this
work with mass mjy can be written as

P = "’—é(l,l,oT) %)

in the B meson rest frame. In return, one has the momenta

ps= %(1 ~£,0,0¢), ®)
p= %({, 1,0r) ©)

for the bachelor state 7 and KK system originating from
resonances p, w, or their excited states, respectively. For

the spectator quarks in the B meson, 1, and the interme-
m
diate states, one has their momenta kp = (TI;xB,O’kBT),

m m
ky = (*;(1 —{)x3,0,k31), and k =(0, %ZJCT) accordingly.

In addition, one needs to write down a longitudinal polar-
ization vector

o = %(— V2 1/ /Z.00) (10)

for the resonances involved, which satisfies the relation
€.+ p =0. The fractions xz, z, and x; in the momenta will
run from zero to one in the numerical calculation of this
work. It is easy to check that the variable ¢ = s/m%, when
one defines the invariant mass square s = my, = p*.

For subprocesses p(770,1450,1700) — KK and w(782,
1420,1650) — KK, the corresponding electromagnetic
form factors with the components of p,w and ¢ reson-

ances and their excited states are written as [69]

1 1
Fie(s) =+ > c[KBWt(s)+6 > EBW(s)

1=p,0’,...

1
+ §K:¢Z¢f KBW,(s), (11)

S=w,W’ ...

FKo(s)z—% Z cLKBWL(s)+é Z cEBW(s)

=p,p’,... S=w,W ...
1
3 > cEBW.(s), (12)
k=@’ ..
which are defined by [69]
(K*(p0)K™(p2)lj"10) = (p1 = p2)u Fi+(s), 13)
(K(p)K’(p2))j¢"10) = (p1 = pa)u Fro(s), (14)

where p’,w’ stand for p(1450),w(1420), and the electro-
magnetic current J;" = gﬁyyu - %Czﬁd - 557’,45 carried by
the light quarks u,d and s [104]. The state ¢ and its ex-
cited states are embodied in components for the form
factors Fg+(s) and Fxo(s); however, we are not con-
cerned about the subprocess ¢(1020) — KK in this work
because this decay is a natural decay mode compared to
the p(770) and w(782) decay into KK.

The electromagnetic form factors Fg+ and Fxo can be
separated into the isospin =0 and I =1 components as
Fgeo = FEL + FI9 ) with the FiE°=F5° and Fi'=
—-Fi5', and one has (K*(p))K°(py)lity,d|0) = (pi—p2),
2FF1(s) [69, 105]. Considering only the contribution for
K*K~ and K°K° from the resonant states :=p(770,
1450,1700) and ¢ = w(782,1420,1650), we have [67]

1
Fiee-(8) =Fjogo(s) = +5 ZC‘KBW‘(S)

+ % Zg: KBW,(s), (15)

1
Fieex-(8) =Fogo(8) = =3 lechwm

+ % Zchwg(s). (16)

For the K*K® and K°K~ pairs in the final states of the
concerned decays in this work which will have no contri-
bution from the neutral resonances w(782,1420,1650),
one has [63, 68, 69]

Fysgo(s) = Fyog-() = Fie(s) = Fyo(s) = Y cKBW,(s),
‘ (17)
where ¢ represents the only component of the p family

resonances.
The coefficient cf in Fg-o(s) is proportional to the
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coupling constant gzxz, where R represents a resonance
0(770,1450,1700) or w(782,1420,1650) in this work. The
values for the related coefficients have been discussed in
detail in Ref. [25]. In the numerical calculation of this
work, we adopt the values

K0y = 1.247£0.019,

K s = 1.113£0.019,

K 1450 = =0.156£0.015,
K 10 = =0.117£0.013,

K 1700 = —0.083£0.019,
K 1650 = —0.083 £0.019, (18)

as they are in [25] for the coefficients in the form factors
FK+(S) al’ld FKO(S).
The BW formula in Fg-o(s) has the form [106—107]
2

me

BW; = (19)

m%— s —imgl'r(s)’

where R represents the corresponding intermediate state,
and the s-dependent width is given by

me [4]

il

Ta(s) = Tx X (‘7} rgw) . (20)

The Blatt-Weisskopf barrier factor [108] is given by

142}
X@= —2 21
(@) T+
with the barrier radius rfy, =4.0 GeV' as in Refs.
[107, 109—112]. The magnitude of the momentum

‘—)

1
q‘ =17 [s—mg +mp)?] [s—(mx —mp)?],  (22)
and the ‘%‘ is ‘71)‘ at s = ma.
For the CP averaged differential branching fraction

(8B) of the concerned quasi-two-body decays, we have the
formula [23, 86, 113]

dB ‘7‘ ‘%} _
_ 2 (23)
i~ oy, M

with 7 representing the mean lifetime of B meson. The
factorization formula for the decay amplitude A for the

quasi-two-body decays B — 7”[p/w —]KK is written as
[114-115]

A= @H "¢, (24)

in the PQCD approach. The hard kernel H contains only
one hard gluon exchange at the leading order in the
strong coupling «, according to Fig. A1 in Appendix A.
The symbol ® indicates convolutions in parton momenta.
Distribution amplitudes ¢z, ¢, and ¢}>*° and their in-
put parameters as well as Lorentz invariant decay amp-
litudes for decays B — n”[p/w —]KK are provided in
Appendix A. The magnitude of the momentum [g;| for the
meson i =7" in the rest frame of the resonance is writ-
ten as

1
Eﬂ=;ﬁ [, — (Vs +m?] [m3—(Ns—miY], (25)

where m;, represents the mass for the bachelor meson 7.
When we face the meson pairs K*K~ and K°K° in the fi-
nal states, Eq. (22) has a simpler form

‘7}‘: %\/s—4m%(. (26)

The direct CP asymmetry Acp for the decays in this work
is defined as

_BB- -8B )

A2 . 27)
BB NH+BB— f)

CP

III. NUMERICAL RESULTS AND DISCUSSIONS

In the numerical calculation in this study, we adopt
the values f3=0.190 GeV and fz =0.230 GeV for the
decay constants of the B*° and B° mesons [113], respect-
ively. For these B mesons, their mean lifetimes are
Tp- = 1.638 X107 s, 7 = 1.517x 107"* s and 7 = 1.520%
107!2 s [113]. The other inputs for the numerical results
are presented in Table 1.

Utilizing the decay amplitudes reported in Appendix
A and the differential branching fractions in Eq. (23), it is
trivial to obtain the CP averaged branching fractions and
direct CP asymmetries for the concerned quasi-two-body
decay processes B — n”p(770,1450,1700) — KK and
B — n"w(782,1420,1650) - 7KK, as shown in Tables
2, 3, and 4. Owing to the small mass difference between
K* and K°, the branching fractions or direct CP asym-
metries for the specific quasi-two-body decays B —
7R — n”"K°K® and B — "R — 5" K*K~ are very close,
where the intermediate state R is in these resonances

053112-4



Contributions of the subprocesses p(770, 1450, 1700) — KK and w(782, 1420, 1650) — KK for ...

Chin. Phys. C 50, 053112 (2026)

Table 1.

Inputs from [113]: Masses for the relevant

particles, full widths for p(770, 1450, 1700) and w(782,1420,
1650) (in units of GeV), and the Wolfenstein parameters.

mps =5.279 Mgo = 5.280
Migs = 0.140 mo =0.135
myo = 0.498 my = 0.548

mg =5.367
mygs = 0.494
m, =0.958

my70) = 0.775
Me7g2) = 0.783
My(1as0) = 1.465+0.025
Me(1420) = 1.410 £0.060
my(700) = 1.720+0.020
Me1650) = 1.670£0.030

Tp770) = 0.147
Tu7s2) = 0.00868
[p(1450) = 0.400 +0.060
TCow(1420) = 0.290+0.190
Lp1700) = 0.250 £0.100
To(1650) = 0.315+0.035

A1=0.22501 +0.00068
p =0.1591+0.0094

— 0.016
A=0.826*001

P 0.0073
77=0.3523%) 100

Table 2.

0p(770,1450,1700)° and w(782,1420,1650). Consequently,
we omit the corresponding results for those quasi-two-
body decays with the subprocesses p(770,1450,1700)° —
K°K° and w(782,1420,1650) — K°K® in Tables 2, 3, and
4. We need to stress here that, the K°K° in the final states
of the decays considered in this study with the P-wave
resonant origin cannot produce KKj or K{K} pairs.

For these predicted results, the first error is induced
from the uncertainties of the shape parameter wp=
0.40+0.04 and wp =0.50+0.05 for the B*® and B’
meson. The second error comes from the uncertainties of
the Gegenbauer moments a% =0.25+0.10, a% =—0.50+
0.20, and a} =0.75+0.25 for the distribution amplitudes
of the intermediate states in Eqs. (A10)—(A12), respect-
ively. The n—7" mixing angle ¢ = (40.0 2.0y, +0.64)°
contributes the third error. The fourth and fifth errors ori-
ginate from the coefficient ¢& of Fx+o(s) in Eq. (18) and

PQCD predictions of the CP averaged branching fractions and direct CP asymmetries for the quasi-two-body

B — n"p(770) — KK and B — nw(782) — n” KK decays. The decays with the subprocess p(770)° — K°K? or w(782) — K°K° have the
same results as their corresponding decay modes with p(770)° — K*K~ or w(782) — K*K~.

Decay modes

B

Acp

B* — n[p(770)* -]1K*K°
B* — i/ [p(770)* -]K*K°

+1.69+1.75+0.47+0.25+0.40+0.19 -8
8'03—2.3l—2.09—0.47—0.24—0.35—0.10 x 10

+1.07+0.99+0.41+0.15+0.24+0.02 -8
5017 1.46-1.28-0.41-0.15-0.22-0.07 10

0 00+0.00+0.01+0.01+0.00+0.00+0.OO
*+-0.00-0.02-0.01-0.00-0.00-0.00

0.23+0.00+0.04+0.01+0.00+0.00+0.32
*=~-0.01-0.03+0.01+0.00+0.00+0.32

BY — n[p(770)° =]K* K~
B® — i/ [p(770)° -]1K*K~
BY - n[w(782) 1K+ K~
B® - /' [w(782) »1K*K~

+0.26+0.95+0.09+0.05+0.07+0.17 -9
151 2034-1.47-0.09-0.05-0.06-0.21 10

+0.18+0.34+0.08+0.04+0.05+0.11 -9
1‘03—0.24—().90—0.07—0.03—0,()4—().12 x10

+0.22+0.30+0.08+0.05+0.07+0.19 -9
141 —0.28-0.42-0.08-0.05-0.06-0.34 x10

+1.57+3.39+1.03+0.32+0.46+1.14 5, 1)~10
9-367 7371 83-0.38-032-0.43-2.00 X 10

0 O4+0A01 +0.04+0.02+0.00+0.00+0.06
*7-0.02-0.03-0.02-0.00-0.00-0.06

0.64+0-00+0.39+0.02+0.00+0.00+0.43
*27-0.00-0.03-0.02—0.00-0.00-0.47

0.43 +0.00+0.27+0.01+0.00+0.01+0.59
© 7~ =0.00-0.20-0.01-0.00-0.01-0.60

0.1 1+04Ol+0.15+0,Ol+0.00+0.00+0415
** 7 -0.00-0.37-0.01-0.00-0.00-0.15

BY = nlp(770)° —>]K* K~
BY — 1/'[p(770)° —]K* K~
B? — n[w(782) »]1K* K~
B? — 1/ [w(782) —»]1K* K~

+0.92+0.24+0.33+0.10+0.13+0.28 —-10
3'16—1443—0,16—031—0.10—0‘ 12-0.47 % 10

+2.15+0.74+0.31+0.27+0.37+0.89 —10
8'76—34 17-0.73-0.29-0.27-0.35-1.34 x 10

+0.90+0.22+0.32+0.11+0.13+0.28 -10
3'08—1.37—017—0‘30—0. 10-0.12-0.46 10

+2.08+0.71+0.29+0.29+0.36+0.86 —10
8'46—307—0,71—029—0.28—0‘33—1.29 x 10

-0 24+O,0 1+0.04+0.02+0.00+0.00+0.33
*<7-0.02-0.04-0.02-0.00-0.00-0.33

0 12+04Ol+0.02+0,OO+0.00+O.00+0416
*77-0.01-0.02-0.00-0.00-0.00-0.16

~0.25 +0.01+0.04+0.02+0.00+0.00+0.34
+©~-0.02-0.04-0.02-0.00-0.00-0.34

0 12+0A01+0.02+0A00+0.OO+0A00+0.16
*~~-0.01-0.02-0.00-0.00-0.00-0.16

Table 3.

PQCD predictions of the CP averaged branching fractions and direct CP asymmetries for the quasi-two-body

B — "p(1450) » KK and B — n”w(1420) - KK decays. Those decays with the subprocess p(1450)° — K°K? or w(1420) — K°K?
have the same results as their corresponding decay modes with p(1450)° — K*K~ or w(1420) — K*K~.

Decay modes

B8

Acp

B* - n[p(1450)* —»1K*K°
B — 1/ [p(1450)* —1K*K°

+LI8+1.1340.3241.0040.26+0.27 <, (-8
54976 13450351 11-024-016 X 10

+0.77+0.66+0.29+0.02+0.16+0.16 -8
3477 1.03-0.85-0.28-0.03-0.15-0.10 ¥ 10

0.01 +0.00+0.01+0.01+0.00+0.00+0.01
*7-0.00-0.01-0.01-0.00-0.00-0.01

0.23 +0.01+0.05+0.01+0.00+0.00+0.02
*“~-0.01-0.03-0.01-0.00-0.00-0.10

BY — 5[p(1450)° -1K*K~
B® — 1/ [p(1450)° —>1K* K~
B® - nlw(1420) -1K* K~
B® - i/ [w(1420) -»]1K* K~

+0.32+1.01+0.10+0.37+0.08+0.22 -9
1‘81—0,40—1495—0,1 1-0.37-0.07-0.15 X 10

+0.25+0.46+0.10+0.24+0.06+0.13 -9
1 ‘35—0,30— 1.49-0.09-0.28—0.05-0.12 % 10

+0.83+1.24+0.33+1.21+0.27+0.83 —10
6.00% 1.05-1.74-0.34-1.37-0.26-2.03 x 10

+0.64+1.15+0.30+0.84+0.20+0.57 —10
4'00—0.84—0,88—0.29—0.94—0.19—1.38 x10

0 00+0.0 1+0.02+0.02+0.00+0.00+0.00
*-0.00-0.02-0.02-0.00-0.00-0.00

0.65 +0.00+0.45+0.02+0.00+0.00+0.04
*~~-0.00-0.03-0.02-0.00-0.00-0.06

0 45+().Ol+0.27+0.01+O.()0+0.01+().1 1
* 7~ -0.00-0.20-0.01-0.00-0.01-0.09

0 13+OA01+0.28+0,O1+0AOO+O.OO+0A05
* 7 -0.00-0.36-0.01-0.00-0.01-0.02

B? — n[p(1450)° -]K*K~
B? — 17/ [p(1450)° —1K*K~
B — nlw(1420) 1K+ K~
B? — 1/ [w(1420) 1K+ K~

+1.34+0.39+0.49+0.83+0.54+0.39 —10
4'54—2.09—0.30—0.45—0.92—0.60—0.68 x 10

+0.30+0.09+0.04+0.22+0.05+0.12 -9
1 ‘22—0,45—0409—0,04—025—0.05—OA 17 % 10

+0.47+0.12+0.16+0.33+0.07+0.14 -10
1 '59—0.72—0.1 1-0.16-0.37-0.06-0.24 ¥ 10

+1.0240.2940.15+0.85+0.174039 o, 10)~10
4.047 1457028 0.14-0.95-0.16-058 X 10

-0 24+0.02+0.05+0.03+0.00+0.00+0.05
*=7-0.02-0.05-0.03-0.00-0.00-0.06

0 14+OA01+0.02+0,OO+0A00+0.00+0A02
*77-0.01-0.02-0.00-0.00-0.00-0.02

—(.24+0.01+0.05+0.03+0.00+0.00+0.05
*©7-0.02-0.04-0.03-0.00-0.00-0.06

0 15+O.OI+0.02+0.00+0.00+0.OO+0.02
* =~ -0.01-0.02-0.00-0.00-0.00-0.02
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Table 4.

PQCD predictions of the CP averaged branching fractions and direct CP asymmetries for the quasi-two-body

B — nVp(1700) » 1" KK and B — n”w(1650) —» KK decays. Those decays with the subprocess p(1700)° — K%K or w(1650) — K°K?
have the same results as their corresponding decay modes with p(1700)° — K*K~ or w(1650) — K*K~.

Decay modes B

Acp

B* - n[p(1700)* —»1K*K°
B* — 1/ [p(1700)* -»]1K*K°

+1.28+1.3740.3642.43+0.28+0.38 <, (-8
6.007 757 627035 5.06-0.27-0225 X 10

+0.81+0.77+0.32+1.53+0.18+0.21 -8
3'78—1.11—11)1—0.31—1,93—0. 17-0.14 % 10

0 00+0.00+0.01 +0.01+0.00+0.00+0.00
*+-0.00-0.02-0.01-0.00-0.00-0.00

0 24+0A0 1+0.05+0.01+0.00+0.00+0.02
*=7-0.01-0.03-0.01-0.00-0.00-0.02

BY = 5[p(1700)° -1K*K~
B® - 1/ [p(1700)° —>]1K* K~
B® - nlw(1650) -]1K* K~
B® - 7/ [w(1650) —»]K* K~

+0.38+1.40+0.12+0.85+0.09+0.30 -9
2'11—()A45—2.21—().13—1.08—0.09—027 x 10

+1.44+2.55+0.57+3.20+0.34+0.83 —10
7‘89—1.81—7A12—0.56—4,01—0.32—0,81 x10

+1.04+1.4440.3942.7640.324 112 y, 1= 10
6.817 5005 1 038 549-030-2.66 X 10

+0.88+1.68+0.35+1.96+0.24+0.83 —10
4‘82—0.98—096—0.35—2A45—0.23—1,96 x10

-0 02+0.01 +0.07+0.02+0.00+0.00+0.01
*¥%-0.01-0.05-0.02-0.00-0.00-0.01

0.65 +0.00+0.44+0.02+0.00+0.00+0.03
*~~-0.00-0.03-0.02-0.00-0.00-0.06

0 55+().0 14+0.29+0.01+0.00+0.01+0.07
*~~-0.00-0.20-0.01-0.00-0.01-0.07

0 19+0A00+0.2 1+0.01+0.00+0.01+0.06
*~7-0.00-0.38-0.01-0.00-0.01-0.04

B2 A1T00f KK SO 1070

+0.33+0.05+0.04+0.53+0.06+0.12 -9
13 l—0,48—0405—0.04—01)7—0.05—OA18 x10

+0.47+0.16+0.17+0.78+0.06+0.13 -10
1 '54—0,73—0.13—0.I6—0.62—0.06—0.20 x10

+1.10+0.37+0.15+1.79+0.19+0.41 -10
4176 035 0,15 225 0.17-0.61 X 10

B? — 17/ [p(1700)° —1K*K~
B — nlw(1650) 1K+ K~
B? — 1/ [w(1650) 1K+ K~

-0 27+0.O3 +0.05+0.03+0.00+0.00+0.07
*“7-0.03-0.05-0.03-0.00-0.00-0.07

0 12+OAOl+0.02+O,OO+04OO+O.OO+0A02
*72-0.01-0.02-0.00-0.00-0.00-0.02

—(.28+0.02+0.05+0.02+0.00+0.00+0.07
*©7-0.02-0.05-0.04-0.00-0.00-0.08

0.1 2+0.01+0.02+0.00+0.00+0.00+0.02
*~“-0.01-0.02-0.00-0.00-0.00-0.02

the Wolfenstein parameters in Table 1, respectively. The
last error arises from the hard scale ¢ with the range of
0.75¢ to 1.25¢ and the QCD scale Aqcp = 0.25+0.05 GeV
with reference to [116]. There are other errors for the res-
ults in this work, which can be attributed to the uncertain-
ties of the masses and the decay constants of the initial
and final states, and the chiral scale parameters of the
bachelor mesons, etc., are small and neglected.

The branching fraction and direct CP asymmetry for
the two-body decay B — np(770)* were averaged in
[113] with B=(7.0£2.9)x10° and Acp=0.11%0.11
from the original results 8=(9.9+1.2+0.8)x107% and
Acp =0.13+0.11+£0.02 and B=(4.1"14+0.4)x10™° and
Acp = —0.047033 £0.01 presented by the B4ABAR and Belle
collaborations in [117] and [118], respectively. To illus-
trate the capabilities of the method adopted in this study,
we calculate the branching fraction and direct CP asym-
metry for the quasi-two-body decay B* — np(770)* —
nntn° with the results

B=(634773)x 107, (28)

Acp = —0.006170%, (29)

where individual errors have been added in quadrature.
Apparently, our predictions are consistent with the cor-
responding data in [113] for the two-body decay
B* — np(770)* in view of B(p(770)* — n*7%) ~100% [113].

The coupling constants g,usopqrr~ and guaasopx+ k-
can be achieved by

2
6715 1450)L p(1450) Bp(1450)0 i (30)
8p(1450)0+h- = 7 )

1
where £ is a pion or kaon, and ¢ = 5V M’ 14s0) = 45 Ac-

1
cording to the relationship &pa4s00k+k- = 580014505 5~ [69]
one has the ratio [23]

B(p(1450)° — K*K")
B(p(1450)° = 1)

2 2 A2 )32
- 81450k k- My(1aso) = 4Mi)

=~

Ro1as0) =

2 2 —A2032
80(1450)0n+ 7 (m1as0) —4mz)Y

=0.107. 31)

Since the pole mass of p(770) is smaller than that of the
kaon pair, it is not appropriate to calculate the ratio R,7
through a similar formula. Considering the smaller phase
space available in p(770) — KK relative to p(770) — nr,
along with the ratio R,4s0), it is easy to understand the
branching fraction in Table 2 for the quasi-two-body de-
cay process B* — n[p(770)* —]K*K°, which is two or-
ders smaller than the data in [113] for the two-body de-
cay B* — np(770)*.

From the branching fractions in Tables 2 and 3, the
virtual contributions for the kaon pair from the BW tails of
the resonances p(770) and w(782) are on the order of or
larger than the corresponding contributions from p(1450)
and w(1420). However, owing to the relatively smaller
value for the cf ., than that for ¢/ s, adopted in this
study, the ratio of the branching fractions for a concerned
quasi-two-body decay with the subprocesses w(1420)—
KK and w(782) — KK is obviously smaller than the ratio
of that with the p(1450) — KK and p(770) — KK. While
the branching fractions in Table 4 with the subprocesses
p(1700) —» KK and w(1650) — KK are comparable to their
corresponding branching fractions in Table 3, which can
be attributed to the contribution of the resonances p(1450)
and w(1420) for the kaon pair.

In Fig. 2, we show the differential branching frac-
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tions for the decays B* — n[p(770)" -]K*K° and
B* — n[p(770)* —]n*x°. To provide a good contrast, we
magnify the value of each point of the solid line for
B* — nlp(770)* —=]K*K° by a factor of 10 in the diagram.
The inset in Fig. 2 shows that the differential branching
fraction for B* — n[p(770)* —]1K*K°, which is related to
the virtual contribution, does not appear as a typical BW
curve for the normal quasi-two-body decay process like
B* — nlp(770)* =In*x°. A broad bump is found for the
process B* — n[p(770)* —]K*K° with its peak at about
v/s =1.35 GeV. This bump does not represent the mass
for a new resonance; it is generated from the BW tail of
p(770)* along with a strong suppression factor ‘ﬁ in

Eq. (23). Further, we find that the curve for the differen-
tial branching fraction with the virtual contribution in-
volved is not significantly affected by the decay width of
the related intermediate state, which is surprising. In fact,
the imaginary part of the denominator in the BW formula
for p(770) (or w(782)), which holds the energy depend-
ent width of the intermediate state, is expected to become
unimportant when the invariant mass square for kaon pair
is sufficiently large. Then, the BW expression is charged
only by the coefficient ¢k in the time-like form factors for
kaons in this study as well as by the gap between the s
and squared mass m% for the intermediate state. The
threshold for the kaon pair is not far from the pole masse
of p(770) (or w(782)); therefore, because of the strong
suppression from the factor G| in Eq. (23), the differen-

tial branching fraction with the subprocess p(770)* —
K*K° reaches its peak at about 1.35 GeV as shown in
Fig. 2.

40—
35 E B+—’np (770) +_'T]TC+TCO b B -np (770) "-nK'K’ E E

— T
4

30F

25F

20 I

15F

dB/dv/s(10°GeV 1)

Vs
Fig. 2. (color online) Differential branching fractions for the
decays B* — n[p(770)* —]K*K® and B* — jlp(770)* =]+ a0.
The inset is provided for comparison between the differential
branching fractions of B* — n[p(770)" »]K*K® and B* —
nlp(770)* —1x*7°, in which the solid line for B* — 5[p(770)* —]
K*KY is magnified by a factor of 10.

In principle, the perturbative QCD calculations are
applicable when the energy release is sufficiently large.
Therefore, testing the reliability of the PQCD framework
in the high-mass range is essential. Fortunately, the evol-
ution of the time-like form factor Fgz(s) in the decay
amplitude A and phase space factor [g;| in the differen-
tial branching fraction of Eq. (23) naturally suppresses
the resonant contribution from the region where the in-
variant mass of the kaon pair is considerably higher than
the pole mass of the resonance. Considering B* —
n[p(770)* =1K*K° as an example, the main portion of its
branching ratio is found to lie in the mass region around
1.35 GeV, as shown in Fig. 2. Numerically, the central
values of its branching ratio are calculated as 5.69x 1078
and 6.78 x 10~® when the K*K° invariant mass upper lim-
it is set to 2.0 GeV and 2.5 GeV, respectively; this
amounts to 70.86% and 84.43% of the value 8.03x 1078,
as indicated in Table 2. The similar ratios become
84.88% and 93.81% for B* — n[p(1450)* -]K*K°, and
84.17% and 95.00% for B* — n[p(1700)* —]1K*K°. These
results indicate that these considered resonance contribu-
tions primarily originate from the low invariant mass re-
gion. Meanwhile, compared to the contribution for a full
resonance, the high invariant mass region has a more sig-
nificant impact on the contribution for the off-shell state.
On the whole, it validates the reliability of the PQCD pre-
dictions for the processes in this study.

IV. SUMMARY

In this study, we investigated the contributions of the
subprocesses p(770,1450,1700) — KK and w(782,1420,
1650) — KK in the three-body decays B — n”KK by em-
ploying the perturbative QCD approach. The kaon vector
time like form factors for the subprocesses of p — KK
and w— KK, which are related to its electromagnetic
form factors, were introduced into the distribution amp-
litudes for KK system. The CP averaged branching frac-
tions for the considered decays were predicted to be on
the order of 107'° to 1078, The contributions for the kaon
pair from the BW tails of the resonances p(770) and
w(782) were found to be on the order of or larger than the
corresponding contributions from p(1450,1700) and
w(1420,1650). This indicates that those virtual contribu-
tions cannot be ignored in the KK system. Further, we
found that the curve for the differential branching frac-
tion with the virtual contribution involved is not signific-
antly affected by the decay width of the related intermedi-
ate state p(770) (or w(782)). This is because the imagin-
ary part of the denominator in the BW formula becomes
unimportant when the invariant mass square for kaon pair
is considerably larger that the pole mass of the resonance.
The well-determined relative phase angles between the
states of the p or @ family in the KK form factor are cur-
rently lacking, along with the experimental measurement
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for the decays considered in this study. Therefore, the
total branching fractions and CP asymmetries accounting
for all resonant contributions and their interference ef-
fects in the concerned decays will be considered in future
studies. All PQCD predictions in this study are expected
to be measured in the future high-statistics experiments
conducted by Belle II and LHCb.

APPENDIX A. DISTRIBUTION AMPLITUDES

In three-body decays B — 5" KK, the mixing between
nn and " are considered. The physical states 7 and 7’ are
made from 7, = (uit+dd)/ V2 and n,=s5 at the quark
level in early studies [119-120] with

i
@;(p3,x3) = W)’S [
c

n sing  cos¢ s
where the mixing angle ¢ =39.3°+1.0°, and the decay
constants  f, = (1.07+0.02)f; and f, =(1.34+0.06)f;
[119-120]. In this study, the recent measurement of the

(40.0 £ 2.0 +0.64y5)° conducted by the BESIII
collaboration [121] is adopted for the numerical calcula-

angle ¢ =

tion.
The light cone wave functions for the states k=1,
and i =7, are written as [122—123]

P2 (x3) + mosy (x3) + mos(dy — Dy (x3)] (A2)

where myg; represents the corresponding meson chiral mass. The distribution amplitudes ¢f,‘;<f’,T for ) are givenas [122—123]

Jaw
2 V2N,
Jats)
22N
Jas)
22N,

¢ (0 =
¢5q(A) (X) =

~Mws3 —

(1—2x)[1 +6(5m3 -

By (V) =
with the Gegenbauer moments [123]

1 ']
alq(A) — O, q(s)

and parameters p, =2m,/m,, for n, and p, =2ms/my. The chiral masses mo; =mj for n, and mo;

defined as [124]

5 9
{1 +(30m; — Epg DGP2x-1)-3 pws +

=0.115, a} =-0.015,

19 _6x(1 - x) [1 +d!C*2x - 1) +dIC)*(2x - 1) +d1CY* (2x - 1)},

Op,“)(l +6a )} xCy*(2x— 1)},

7 3
3P ™ pnqmaz)(l 10x+10x2)}, (A3)

n = 0015, w3 = —3.0, (A4)

=m{ for n, are

m? 1 2
mé = z—n’z = o, m; cos® ¢ +m, sin” ¢ — ‘/];fs (m;, —m;)cos ¢sing | , (A5)
2
my = ;nn: = . {m,zl cos’ ¢+ m,zz sin® ¢ — \/gfs ;) cos ¢ sin 4 . (A6)

The Gegenbauer polynomials Ci(r) (n=1,2,4 and
v =1/2,3/2) above have been reported in Ref. [116].

The B meson light-cone matrix element in Eq. (24) is
decomposed as [116, 125]

Oy = By +mp)ysPp(kp), (A7)

1
V2N,

where the distribution amplitude ¢ is of the form

(xgmp)?* 1
ZBwf) _E(wBbB)z
B

(A8)

¢p(xp,bg) = Npxp(1 — xp)’exp {—

where Np represents the normalization factor, wp=
0.40+0.04 GeV for B and wg, = 0.50+0.05 for BY, re-
spectively.
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For the KK system along with subprocesses p — KK and w — KK, the distribution amplitudes are organized into

[25, 126]
. -1
Pk (3 5) = e [ V54100, )+ 41 (6.)+ V36 ()] (A9)
with to ensure the proper normalizations for the kaon time-like
form factors. The Gegenbauer moments have been
& (x, 5) = 3CxFk(s) x(1 =) [1+a3CY2(1 - 2x)]. catered to the data in Ref. ['17] for the quasi-two-body de-
2N, cays B — Kp — Knn. Within flavour symmetry, we ad-
(A10) opt the same Gegenbauer moments for the P-wave KK
3CLFL(s) system originating from the intermediate states w and p in
¢'(x,5) = XiKS(] -2x)?[1+d, ca -2x)], this study. The vector time-like form factors F* and F
242N, k=2 X X
c for the twist-3 distribution amplitudes are deduced from
(A1D) the relations  Fg'(s)~ (f]/f,)Fx(s) and Fg'(s)~
. 3CyFi(s) . R (f5/fu)Fk(s) [17]. The relationship f]/f, ~ fI/f., [127]
¢ (x,5) = (1-2x) [1+a (1-10x+10x7) ], is employed because of the lack of a lattice QCD determ-

22N,
(A12)

where Fy represents the abbreviation of the vector time-
like form factors in Eqgs. (15)—(17). Moreover, we factor
out the normalisation constant

Cp=C,= V2,

C=1. (A13)

G C C
AB* - n,0%) =7F {v;,,vud Kcl + —2) Fib+ (—1 +C,

3 3

C 7C; 5C
Vit (0= )it (55

2

ination for f!, and the result f/f, = 0.687 is adopt at the
scale u =2 GeV [128].

With the subprocesses p* — K*K°, p~ —» K"K°, p° —
K*K~, p° > K°K°, w — K*K~, and w — K°K°, where p is
0(770),0(1450), or p(1700) and w is w(782),w(1420), or
w(1650), the Lorentz invariant decay amplitudes for the
quasi-two-body decays B — n”p — n”KK and B— 5"
w — n" KK are given as

) i+ i+ iy + ottt 4 Co (M3 + bt ML)

1 C 1 C
+ g(Cg—Clo)) F%If+ (2 <C5 + ?6) ) <C7 + ?))

Cs Cy

C 1/C Cy C
X Fs + (J+C(,—f (J+C8)>F§§+ (C3+2C4——9+ﬁ>M§I§+ (—+C4+—+C10>

3 2\3

C C
x(Fle,+F#,+Ff‘ﬁ)+(—5+C6+—7+C8

3 3

c
+(Cs + Cr)(MEF + MER + MER) + <2C6 + —8) Mih

C

F

3

NG 3

G 1 C
AB* > np*)=—2 { ViV KCg + - 5 (Cg + 2

2 2 3 3

)37 4 FSE+ FS5 + (Cove CoMLL+ M5+ MED)

b

(Al14)

Co 1(. . C
) rie (e 3e3(0+3))

(A15)

C C
it (-Gt (-5 ) oz}

AB* - np*) = AB" - nyp*)cosp—AB" — np")sing,

AB" - 1'p") = AB" — nyp")sing+ AB" — np*)cosd,
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Ge |.. c .
At g == O {vubvm, Kc. . ?2) (FE-— FE— FEL L) Cy(ME: — M — M _Mg,e)} ViV

C7 LR 7C3 5C4 1 LL Cé l CS LR
|:(C5_7>MT’D+<T+T+§(C9_Cm) FTp_ 2 C5+? +5 C7+? FTP

C 1/C C, C c
+(?5+C6—§(?7+C8))(F§5—F§£)+<C3+2C —79+7'°>MLL—(——3—C4

5C 3 C C 1/cC
+Tg+cw) (Flg+ i)+ <c7+ ?8> (FER + FER) (—?5 ~Co+ (?7 +cg))

c Cy 3C
i E+ (2000 8 )t (0w 2250 ) -t mat - it

2 22
- (—C5 + %) X (M + My + My3) — %(Miﬁ +M3[+M;p) - (—% —Cy+
%wm) F;;_% (c7+%)F¢I;H, (AL8)
ony=- G e (e - 0 ) e (- e )
' (c4— %) M+ (c(,_ %) M;ﬂ} , (A19)
AB" = np") = AB" > nyp°)cos ¢ = AB’ — n,p")sing . (A20)
AB® = 1p") = AB" > nyp")sing + AB" — 1,p°)cos ¢, (A21)

G c 3 C
AB = ") = v v, | (€or 2 ) (18 Pl + ottt e mi | —viva |3 (00 0 ) et pi)

242 3 3
3 C 3C 3C
+3 (c7 + ?8) (FiR+ Fify + TS(Mf,; +M3))+ 210 (MEE: + Mﬁ,ﬁ)} } , (A22)

G c 3C 3 C

AB® - n,0°) =7F {V;,,VM KCI + f) FI + czM#,} ViV, {78M§’; +3 (C7 + ?8) FIR
3 C 3C

3 (CoeGe) rte 5unt] | (A23)
AB) - np°) = AB) — 1yp°) cos ¢ — ABY — n,0°)sin , (A24)
A(B] — 1 p°) = AB] — n,p")sing + AB] — n,p°)cos ¢, (A25)

G C
AW = ) = ViV | (€1 ) CBEL + Pl AL+ Fi + oM+ M+ ML + 3|

N 3
7 2
-ViVia K§C3+ §C4+ =) —@) (FFE+ FEEy + (2C5+ 26,6, G

s FLR FLR
373 3 2 6>(T“’+ 7)

C ¢ C G C
+<?5+C6—€7—78)(F§5+F§§ <C3+2C4—79+710)><(M%+M%1L>)
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C C 7C; 5C4 Cy C
(o)t o] (o 3 Jiteaips (3050-53-%)

2C¢ C; C C c; C
><(F§5+F§§,)+<2CS+—6+—7+—8>(F§§;+F§§)+<—5+C6——7——8>(Fjj+F§;§)

3 7276 3 6 2
. (c3 +20,- 2+ %) (MEE + MEL) + (c5 - %) (MR 4 M) + (2C(, . %) < (MEP Mjg)]} (A26)

G C, Co C Cs C; C c
AB® - nyw) =— — ViV Kc3+—4——9——1°>F;5+(c5+—6——7——8> F;$+<c ——‘0>M;5

2 3 2 6 32 6 2
C

w(co- D) me] (A27)
AB° - nw) = AB® — n,w)cosp— AB° — nw)sing, (A28)
AB’ - n'w) = AB° - n,w)sing + AB’ — nw)cos ¢, (A29)

0 Gr * G LL LL LL LL ¥ Cio

AB; = ngw) = ——= 1V, Vus [\ C1 + = | (Fyg+ Fip) + Co(My, + M) | =V, Vi || 2C4 + —

22 3 2

2 2
X (MAE + MA5) + (2C3+ 26,0, @) (FAE+ L) + <2C5+ 2 G, §>
37276 3726
C

it P+ (2004 S ) aait o] (A30)

G c 2C, Co C
AB? - nw) = 7F {V;me Kcl + ?2) FH 4 CZM%,} A qu + 74 + 79 + %) FH

2
+ (2c5 426 G, §> FIR 4 (204 + @> ML+ <2C6 + ﬁ) M?f;} } , (A31)
37276 2 2

A(B] - nw) = ABY — n,w)cos ¢ — A(B) — n,w)sing , (A32)
AB° - nw) = ﬂ(BS — 1,w)sing +AB® - nyw)cose, (A33)

where Gr represents the Fermi coupling constant. V;; body decays in the Eqs. (A14)—(A33) are deduced ac-
terms represent the CKM matrix elements. cording to Fig. Al. For the emission diagrams the Fig.

The general amplitudes for the concerned quasi-two- Al(a), one has

F%ﬁ(w) = 8nCemiy fi({ — 1)/dedZ/debBbdb¢B(xB,b3){ [(1 +2)¢° + \/Z(l -22)x(¢* +¢f)]

X Eqi2(ta)ha1 (xp.2,bg, b) + [£¢° +2 \/Z¢S]E1112(ta2) X hay(xp, 2, b, b)} ) (A34)
Frw = ~Frow - (A35)
F3k., =16nCemiyrf; / dxgdz / bsdbgbdbs(xs,bp){ [({(2z2=1)+ D¢’ + \/L(2+2)¢° = 2¢")] Earatar)

X hal(xB3Z’ bB’b) + [x3¢0 +2 \/Z(é’_ Xp+ 1)¢A:| X Ea12(ta2)ha2(xB’Z9bB9b)} s (A36)
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Mih ., = 32nCemy/ \/2N({~ 1) / dxpdzdx; / bpdbybsdbsgp(xp, br)d* { [(1- )X (1 - x3) — x5 — 20)¢"
— @ ~ )] Easatas)has(X, 2 X3, b, bs) + (63 = D+ x5 = 26° + 2 /2@ + )] (A37)
X Eq34(tas)has(Xp.2. X3, bp. b3) |

M8, = 32nCprmy/ /2N, / dxpdzdx; / bydbybsdbsdp(xp, bp){ [(1-x3)(1 =) — xp)(@" +¢")

X (¢ + /L@ =) = /{2d" =)/~ ¢ = ¢") X Eunaltus)has(xp, 2, X3, b, b3)
+ [ V@ + (LD = ¢* =) + (xp = x3(1 = O)(@” = ¢’ + /L (8° —¢"))]

X Eq34(tas)has(Xp.2. X3, b, b3) |

(A38)
M3}, =32rCemiy/ /2N~ 1) / dxpdzdaxs / bpdbgbydbsds(xp, bp)d™ { [(1=0)(xs — 1) + x5 — 2)¢"

+ \/LU$’ + )| Ea3a(ta3)haz (xp,2, X3, b, b3) + [(x3(1 = ) — x5 — 20)¢p° - 2 V(g - o]

X Ea34(la4)ha4(XB,Z,Xs,bB,b3)} ) (A39)

where the color factor Cr =4/3 and the ratio r = m//mg. able diagrams in Fig. A1, we name their expressions with

The symbols LL, LR, and S P are employed to denote the F. For the other nonfactorizable diagrams, we name their
amplitudes from the (V-A)V-A), (V-A)V+A), and expressions with M. The annihilation-type diagrams Fig.
(S — P)(S + P) operators, respectively. For the factoriz- Al(b) give us

Fik., = 8nCrmyyfy / dzduxs / bdbbsdbs { [(1- (1 =2)¢"¢° +2r /L™ (2= 2)¢" — 20")] Epia(ty1 s (2, %3, b, b3)

+ [[(1=x3)¢ + (23 = D = 3310 0° + 2 /ZI(1 = x3)¢ + x3)(8" +67) + (8" —47)10']
X Eppa(ti2)hi(z. X3, b,b3) }

(A40)
F ﬁf(w) =-F /Lxﬁ(w > (A41)
FiF,, = 16mCrmyfy / dzdx; / bdbbsdbs { [2r(1 +(z— DO 9" — /L1 - (1 —2) x ¢*(¢" +¢')]

X Epia(tp)hp1 (2. %3, b, b3) + [r (x3(1 = )(@" = ¢7) = 2287 ) ¢° + 2 /I x ({ = 1 ¢']

X Epip(tio)hi (2, X3,b,b3) } (A42)

(b) (©) (d)
(color online) Typical Feynman diagrams for processes B — n45R — 14 KK, where R represents the resonances p and w and
their excited states. The dots on the quarks connecting the weak vertex ® are the switchable vertices for the hard gluons.

Fig. Al.

053112-12



Contributions of the subprocesses p(770, 1450, 1700) — KK and w(782, 1420, 1650) — KK for ... Chin. Phys. C 50, 053112 (2026)

Miﬁ(a}) = 327GCmj§/ vV ZNc/dedZdX3 /debBbdb¢B(XB,bB){ [[(X3 —-Z— 1)52 + (1 +z- 2_X3 —_XB){+ X3+ )CB]

¢ 0"+ /28" — 8" )(@* + )+ (1 - x3)(1 =) — xp)(¢" + ¢ )@ — ¢") — 46" ¢"]]
X Epaa (533 (xp. 2, X3, b5, b) + [(1 = 0)* (2= D)X ¢*¢° + 1 /[ (1 = x3) + x5 — xp)
(@° =)@ +¢")+(1=2)(d" + ") — (8° — )] Epzatpa)hpa(xp,2, x3,b5,b) } (A43)

Mi‘/lf(w) = 327TC1:}’”2/ \/ 2NC/dXBdZdX3 /debBbdb¢B(XB,bB){ [r[(2 + §X3 —X3— XB) X (¢P + ¢T)

- fZ(¢P - ¢’T) - 2§¢P]¢0 + \/Z(l -1+ Z)‘f’A(fl’S - ¢t)] Ep34(ty3) X hy3(xp,2, X3, b3, D)

+ [FOs(1=0) = xp)(@" + ") +L2(p” = ") +206"1° ++ \/Z(1 = O)(1 = 2" (¢° — ¢")]

X Epaa(tpa)hpa(xp.2, X3,b5,b) } (A44)
MS", = 327Cem/ /2N, / drpdzds / bydbybdbes(is,by){ [(£ = DI - 1)z + 11680+ 7/

(A== D) +xp)(@" =)@ + ) —2(d" + ") — ¢) + 4" $°]] X Ep3a(tys) o (x5, 2,
x3,bp.b) + [[(L = D(x3(L = 1)+ x5) +£2(1 = D1 ¢ + 1 /T X [(2= 1)@ = ¢")(¢° + &)
+ (&= Dxs + x5 =)(@" +¢" )@ = )] X Epa(toa)hpa(x,2, X3,b5,b) } (A45)

The amplitudes from the emission diagrams the Fig. A1(c) can be written as

F%) = SﬂCFm;FK/dedXS /debBb3db3¢B(stbB){ [(1 =Dl =1) = Dg" +rx2x; - 1)¢"]
= r(1+ ¢ =2x3(1 =)' | Eciate1her (x5, %3, b, b3) + [xp(1 = O X £ = 2r(1 = £ (1 = x5))¢" ]
E.p(t)he(xp,%3,bp,b3) } (A46)

Pl = Fif. 4D

MEL = 32xCemiy/ \/2N. / dxpdzdaxs / bpdbgbdbgp(xp,bg)’{ [(xp+z—1)(1=0)* x¢* + r{{(x5+2)

X(¢"+¢")+x3(1-0)(@" - ¢") - 2§¢T]] E34(t3) X he3(xXp,2, X3, b, b) + [(f‘ Dlxs(d =1
+xp— 200" +r[x3({ = D(@" + ") — (x5 — )L (g — $i)]] X Ecaa(tea)hea(Xp, 2, %3, b, b) } (A48)

M5 = 32nCemiy \/C/ /2N, / dxgdzdas / bydbsbdbds(xp, bg){ [(1 - x5 =) = 1) X (¢° + )"

—rX (1= +@ - ¢N" +¢")—r(1 —x5-2)(@" +¢") x (¢" - ¢’T)] E34(1:3)hes(xp,2, X3,

bp.b)+ [(z—xp)(1 =)@’ — )" +rs(1 =)@’ + )" + ") + r(z— x5)(d° — ) B" —¢")]

X Ec34(tc4)hc4(-x3, 3, X3, st b)} ) (A49)
M5P = 327Cpmiy/ \/2N, / dxpdzdx; / bpdbgbdbgp(xp,bg)d’{ [(L(xs = 1) = x5+ x+2— D)1 =" +rxs

(L= + ") +r{ (x5 +2)(@" = ¢") +2r{¢" | Ecaa(te3) X he3(X5. 2. %3, b5, b) + [(2— xp) X (1 = )°
¢ + L= xp)(@" +¢") = rxs(1 = (@" = ¢7)] X Ecsa(teadhea(x5,2,%3,b5,b) } (A50)
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The formulas for the PQCD functions ¢,k and

The annihilation-type diagrams Fig. A1(d) contribute the following amplitudes.

Fip = 8nCeniy f / dzdx; / bdbbydbs{ [(x3(1 =) = 1) = g°p" +2r /{8 [x3(L = 1) x (9" = ") +2¢"]]
X Eqo(tan)ha1 (2, %3,b,b3) + [2({ = D¢°9" = 2r \/Z[2(8" +¢') + (1 = O(¢° = $)1¢"] Earaltn)
X hd2(Z, X3, b9 b3)} s

LR _ _pLL
Fyp==Fup,

Fip = 16nCpmiyfy / dzdixs / bdbbsdbs { [(£ - D2 \/{¢°¢" +r(1 = x3)¢°¢" 1= [ + x3x (C = 1) + 110" |

X Eqia(ta)ha1 (2, x3,0,b3) + [2/Z( = 1)(@" = $)¢" +2r (2L + — 1$°0"| X Eqia(tar)har (2. x3,b,b3) }

Mjf, = 327rCFmZ/ /2N, /dedzdx3 /debBbdb¢B(xB,bB){ [[(xB +7— 1){2 + (1 -2xp—22){ +xp+72]
X ¢°¢" —r \/L((1 = x3) + x3)(8° — )" + ") + (1 — x5 = 2)(¢" +¢)(@" — ¢") — 4¢°0"1] X Esa(tss)
ha3(xp,2, X3, b5, b) + [(£ = D1 = x3)(1 =) + I X (xp = 2)P° " + 7/ L[(x5 = 2)(@" — )" +¢")
+(1 =3 = 1)(@° + @) " = $")]] X Egza(tas)has(xp,2,X3,b5,b) }

MR = 327nCemiy/ \/2N. / dxpdzdaxs / bydbybdbdp(xp,bp){ [ /L1 - ) (xp+2-2)(@* +¢")¢"

+r¢°[L(xp + 2= 1)@ + @7 + (14 x5 = {x3)(@" = ¢") = 20" 1| Ea3ata3) X B3 (X5, 2, X3,
bs,b)+ [ /L1 =) (x5 = 2)(@° + )" + r¢’[L (x5 — 2)(¢" + )+ (1 =1 = x3)(¢" = ¢")]]
Egsu(tas)has(xp.2,X3,b5,b) }

MSE = 32nCem/ \/2N, / dxpdeds / budbbdbses. b [(C —~ DIxs(C— 1)~ LCxp+ )+ g6

—r /g +z= 1)@ = ¢)@" +¢) +(Lx3 =L~ x:)(@° + (8"~ ¢") + 144°¢" 1]
X Ega(t3) X has(xXp, 2, X3, b, b) + [({ = D* (2 — xp)¢°¢" — 1 /L[(1 = O) (x5 — 1)(¢* — ¢")
X(¢" +¢") +(xp—2)(¢" +¢)(¢" - (f’T)] X Eq34(taa)has(xp, 2, X3, b, b)} .

(A51)

(A52)

(A53)

(A54)

(A55)

(A56)

E 1234, With x € {a,b,c,d} and i €{1,2,3,4}, which appear ted in Appendix B of [20].

in the factorization formulas Eqs. (A34)—(A56) are repor-
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