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Abstract: As an extension of our prior work, we analyze the resonance contributions for the kaon pair originating
from the intermediate  ,  , and their excited states in the three-body decays   within the per-
turbative  quantum  chromodynamics  approach.  The  information  of  subprocesses    and

 are included in the distribution amplitudes for the   system using the kaon vector time-
like form factors. We calculate the charge-conjugation parity (CP)-averaged branching fractions and direct CP asym-
metries for the relevant quasi-two-body B meson decays. The branching fractions of the virtual contributions for 
from the Breit-Wigner formula tails of   and   for these decays are found comparable to the correspond-
ing contributions from the resonances   and  . Consequently, they comprise a significant
component that should be accounted for in the considered three-body decays. All predictions in this work are expec-
ted to be tested by the LHCb and Belle-II experiments in future.
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I.  INTRODUCTION

Heff

Three-body  hadronic  B  meson  decay  processes
provide  valuable  insights  into  the  various  phenomena  of
weak and strong interactions. The b-quark weak decay in
related processes is described well by the effective weak
Hamiltonian   [1] in the standard model. Owing to the
three-body  effects  [2,  3], hadronic  interactions,  and   res-
cattering  processes  [4−7]  in  their  final  states,  the  strong
dynamics  in  these  three-body  decays  are  considerably
complex to  be  captured  by  a  simple  expression.   Con-
sequently, the relativistic Breit-Wigner (BW) formula [8]
becomes a practical approach for theorists to describe the
scalar, vector, and tensor resonance contributions associ-
ated  with  the  quasi-two-body  subprocesses  involved  in
the  three-body decays  based  on  the  experimental   re-
search  with  the  isobar  formalism [9−11]  and  Dalitz  plot
technique [12]. The quasi-two-body framework based on
the perturbative  quantum  chromodynamics  (PQCD)   ap-
proach  [13−16]  has  been  discussed  in  detail  in  [17]  and
has  been  employed  in  Refs.  [18−34]  for  the  quasi-two-
body B meson decays in recent years.
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In  Ref.  [23],  the  virtual  contribution  [19, 35−37]  for
the    pair  from  the  BW  tail  of  resonance  ,
which has  been  neglected  in  the  experimental  measure-
ment by LHCb collaboration [38], was comparable to the
contribution  of  the  subprocess    in  the
three-body decays  .  Following the work of
[23],  the  virtual  contributions  for  kaon  pair  originating
from  resonances    and    in  the  three-body
B  meson  decays  have  been  recently  studied  in  Refs.
[24−26,  39,  40].  At  first  sight,  the  natural  modes  of

  and   decay into  kaon  pair  are  blocked  be-
cause  of  the  pole  masses  for    and  ,  which
are  apparently  below  the  threshold  of  the  two  kaons.
However, in the processes   [41−49], 

 [50−55],   [56, 57],   and
 [58, 59], the virtual contributions from the

BW tail effect of intermediate state   were found in-
dispensable  for  explanations  of  the  experimental  data.
Besides,  the resonance    is an important  intermedi-
ate  state  for  hadronic τ decays  with  a  kaon pair  [60−63]
and B or D meson decays with a   pair [28, 64−66] in
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the final states.
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The resonance contributions for the kaon pair origin-
ating  from the  intermediate  ,    and their  ex-
cited states for the decays   and   have
been  systematically  studied  [25] within  the  PQCD   ap-
proach.  However,  the  contributions  of  the  subprocesses

 and   re-
main  missing  for  the  three-body  decays  .  In
this  study,  we  assemble  the  blocks  completely.  The
schematic  view  for  the  cascade  decays 

,  where    represents  the  intermediate  states
 or   that will decay in-

to the kaon pair in this work, is shown in Fig. 1. The in-
termediate states  in  relevant  cascade  decays  are   gener-
ated in the hadronization of the quark-antiquark pair  ,
where   represents a u- or d-quark. The subprocesses of

  and    which  cannot  be  calculated  in
PQCD will  be  introduced  into  decay  amplitudes  via  the
kaon vector timelike form factors. The kaon vector time-
like  form  factors  are  related  to  its  electromagnetic  form
factors [67], which have been extensively studied in Refs.
[63,  68−71]  on  the  theoretical  side  and  measured  in  the
reactions   [43, 44, 49] and 
[46].  A  detailed  discussion  for  the  kaon  vector  timelike
form factors  as  well  as  their  coefficients  are  provided in
Ref.  [25].  The analyses for  relevant  three-body B meson
decays  within  the  symmetries  one  are  referred  to  Refs.
[72−80]; related papers within QCD factorization can be
found in Refs. [67, 68, 81−97].

This remainder of this paper is  organized as follows.
In  Sec.  II,  we briefly  describe  the  theoretical  framework
for the concerned quasi-two-body B meson decays with-
in the PQCD approach and provide an expression for the
differential branching fraction. In Sec. III, we present our
numerical results  for  the  CP  averaged  branching   frac-
tions  and  corresponding  CP  asymmetries  for  relevant
quasi-two-body decay  processes  as  well  as  some   neces-
sary  discussions.  A  summary  and  conclusions  of  this
work are provided in Sec. IV. The wave functions for the
initial  and  final  states  and  the  factorization  formulas  for
the related decay amplitudes are collected in Appendix A. 

II.  FRAMEWORK

B→ η(′)ρ/ω→ η(′)KK̄For the   decays, the weak effect-
ive Hamiltonian can be specified as [1] 

Heff =
GF√

2

ß
VubV∗ud(s)

î
C1(µ)O1(µ)+C2(µ)O2(µ)

ó
−VtbV∗td(s)

ï 10∑
i=3

Ci(µ)Oi(µ)
ò™
+H.c., (1)

GF

Vub,uq,tb,tq (q = d, s)
where    represents  the  Fermi  coupling  constant  and

    represent  the  CKM  matrix  elements.

Ci(µ)

mb

 are Wilson coefficients at the renormalization scale
μ.  In  this  study,  we  employ  the  renormalization  group
evolution of the Wilson coefficients from higher scale to
lower scale  as  specified in  Ref.  [15],  wherein the values
of the Wilson coefficients at the   scale are 

C1 = −0.27034, C2 = 1.11879, C3 = 0.01261,

C4 = −0.02695, C5 = 0.00847, (2)

 

C6 = −0.03260, C7 = 0.00109,

C8 = 0.00040, C9 = −0.00895, C10 = 0.00216. (3)

OiFor the local four-quark operators  , one has [1]
 

(1) Current-current operators 

O1 = (q̄αuβ)V−A(ūβbα)V−A, O2 = (q̄αuα)V−A(ūβbβ)V−A; (4)

(2) QCD penguin operators 

O3 = (q̄αbα)V−A

∑
q′

(q̄′βq
′
β)V−A ,

O4 = (q̄αbβ)V−A

∑
q′

(q̄′βq
′
α)V−A ,

O5 = (q̄αbα)V−A

∑
q′

(q̄′βq
′
β)V+A ,

O6 = (q̄αbβ)V−A

∑
q′

(q̄′βq
′
α)V+A ; (5)

(3) Electroweak penguin operators 

O7 =
3
2

(q̄αbα)V−A

∑
q′

eq′ (q̄′βq
′
β)V+A ,

O8 =
3
2

(q̄αbβ)V−A

∑
q′

eq′ (q̄′βq
′
α)V+A ,

O9 =
3
2

(q̄αbα)V−A

∑
q′

eq′ (q̄′βq
′
β)V−A ,

O10 =
3
2

(q̄αbβ)V−A

∑
q′

eq′ (q̄′βq
′
α)V−A . (6)

 

B→ η(′)ρ/ω→ η(′)KK̄ ρ/ω

ρ(770,1450,1700) ω(782,1420,1650)

Fig.  1.      (color  online)  Schematic  of  the  cascade  decays
,  where    represents  the  intermediate

states   or   that will decay in-
to the kaon pair.
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α, β

(q̄′q′)V±A q̄′γµ(1±γ5)q′

q′ = u, d, s

The  subscripts    are the  color  indices  and  the   nota-
tions    represent    with  the  index

.

B+,B0 B0
s

mB

The  theoretical  analyses  of B meson decays  are  per-
formed  in  the B meson  rest  frame  [98−103]. This  is  be-
cause working in this frame provides a clear physical pic-
ture  in  which  final-state  particles  move  fast  in  different
directions and  eliminates  the  effects  of  the  intrinsic  mo-
mentum of the B-meson in the calculations of decay amp-
litudes and integrals of phase space. Meanwhile, it is con-
venient  to  define  the  momenta  for  the  initial  and  final
states in the light-cone coordinates for B meson decays in
the  PQCD  approach  [13−16]. Subsequently,  the   mo-
mentum of  , or   for the decays considered in this
work with mass   can be written as 

pB =
mB√

2
(1,1,0T) (7)

in the B meson rest frame. In return, one has the momenta 

p3 =
mB√

2
(1− ζ,0,0T), (8)

 

p =
mB√

2
(ζ,1,0T) (9)

η(′) KK̄

η(′)

kB = (
mB√

2
xB,0,kBT)

k3 = (
mB√

2
(1− ζ)x3,0,k3T) k = (0,

mB√
2

z,kT)

for the bachelor state   and   system originating from
resonances ρ, ω, or their excited states,  respectively. For
the spectator quarks in the B meson,  , and the interme-
diate  states,  one  has  their  momenta  ,

, and   accordingly.
In addition, one needs to write down a longitudinal polar-
ization vector 

ϵL =
1√
2

(−
√
ζ,1/

√
ζ,0T) (10)

ϵL · p = 0 xB x3

ζ = s/m2
B

s = m2
KK̄ ≡ p2

for  the  resonances  involved,  which  satisfies  the  relation
. The fractions  , z, and   in the momenta will

run from zero to one in the numerical calculation of this
work. It is easy to check that the variable  , when
one defines the invariant mass square  .

ρ(770,1450,1700)→ KK̄ ω(782,
1420,1650)→ KK̄

ρ,ω

For subprocesses   and 
,  the  corresponding  electromagnetic

form  factors  with  the  components  of    and  ϕ  reson-
ances and their excited states are written as [69] 

FK+ (s) =+
1
2

∑
ι=ρ,ρ′ ,...

cK
ι BWι(s)+

1
6

∑
ς=ω,ω′ ,...

cK
ς BWς(s)

+
1
3

∑
κ=ϕ,ϕ′ ,..

cK
κ BWκ(s), (11)

 

FK0 (s) =− 1
2

∑
ι=ρ,ρ′ ,...

cK
ι BWι(s)+

1
6

∑
ς=ω,ω′ ,...

cK
ς BWς(s)

+
1
3

∑
κ=ϕ,ϕ′ ,..

cK
κ BWκ(s), (12)

which are defined by [69] 

⟨K+(p1)K−(p2)| jem
µ |0⟩ = (p1− p2)µ FK+ (s), (13)

 

⟨K0(p1)K̄0(p2)| jem
µ |0⟩ = (p1− p2)µ FK0 (s), (14)

ρ′,ω′ ρ(1450),ω(1420)

jem
µ =

2
3

ūγµu−
1
3

d̄γµd−
1
3

s̄γµs

u,d

FK+ (s) FK0 (s)
ϕ(1020)→ KK̄

ρ(770) ω(782) KK̄

where    stand  for  , and  the   electro-
magnetic  current    carried  by
the  light  quarks   and s  [104].  The  state ϕ  and its  ex-
cited  states  are  embodied  in  components  for  the  form
factors    and  ; however,  we  are  not   con-
cerned  about  the  subprocess    in  this  work
because this  decay is  a  natural  decay mode compared to
the   and   decay into  .

FK+ FK0

I = 0 I = 1
FK+(0) = F I=1

K+(0) +F I=0
K+(0) F I=0

K+ = F I=0
K0 F I=1

K+ =

−F I=1
K0 ⟨K+(p1)K̄0(p2)|ūγµd|0⟩ = (p1− p2)µ

2F I=1
K+ (s)

K+K− K0K̄0 ι = ρ(770,
1450,1700) ς = ω(782,1420,1650)

The electromagnetic form factors   and   can be
separated into the isospin   and   components  as

,  with  the    and 
,  and  one  has 
 [69, 105].  Considering only the contribution for

  and    from  the  resonant  states 
 and  , we have [67] 

Fu
K+K− (s) =Fd

K0 K̄0 (s) = +
1
2

∑
ι

cK
ι BWι(s)

+
1
2

∑
ς

cK
ς BWς(s), (15)

 

Fd
K+K− (s) =Fu

K0 K̄0 (s) = −1
2

∑
ι

cK
ι BWι(s)

+
1
2

∑
ς

cK
ς BWς(s). (16)

K+K̄0 K0K−

ω(782,1420,1650)

For  the    and    pairs  in  the  final  states  of  the
concerned decays in this work which will have no contri-
bution  from  the  neutral  resonances  ,
one has [63, 68, 69] 

FK+ K̄0 (s) = FK0K− (s) = FK+ (s)−FK0 (s) =
∑
ι

cK
ι BWι(s),

(17)

ιwhere    represents  the  only  component  of  the  ρ  family
resonances.

cK
R FK+,0 (s)The  coefficient    in    is  proportional  to  the
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gRKK̄

ρ(770,1450,1700) ω(782,1420,1650)
coupling  constant  ,  where R  represents  a  resonance

 or   in this work. The
values for the related coefficients have been discussed in
detail  in  Ref.  [25].  In  the  numerical  calculation  of  this
work, we adopt the values 

cK
ρ(770) = 1.247±0.019,

cK
ω(782) = 1.113±0.019,

cK
ρ(1450) = −0.156±0.015,

cK
ω(1420) = −0.117±0.013,

cK
ρ(1700) = −0.083±0.019,

cK
ω(1650) = −0.083±0.019, (18)

FK+ (s) FK0 (s)
as they are in [25] for the coefficients in the form factors

 and  .
FK+,0 (s)The BW formula in   has the form [106–107] 

BWR =
m2

R

m2
R− s− imRΓR(s)

, (19)

where R  represents  the  corresponding intermediate  state,
and the s-dependent width is given by 

ΓR(s) = ΓR
mR√

s

∣∣∣−→q ∣∣∣3∣∣∣−→q0

∣∣∣3 X2
(∣∣∣−→q ∣∣∣rR

BW

)
. (20)

The Blatt-Weisskopf barrier factor [108] is given by 

X(z) =

 
1+ z2

0

1+ z2
, (21)

rR
BW = 4.0with  the  barrier  radius    GeV–1  as  in  Refs.

[107, 109−112]. The magnitude of the momentum 

∣∣∣−→q ∣∣∣ = 1
2
√

s

»[
s− (mK +mK̄)2

][
s− (mK −mK̄)2

]
, (22)

∣∣∣−→q0

∣∣∣ ∣∣∣−→q ∣∣∣ s = m2
Rand the   is   at  .

B
For  the  CP  averaged  differential  branching  fraction

( ) of the concerned quasi-two-body decays, we have the
formula [23, 86, 113] 

dB
dζ
= τB

∣∣∣−→q ∣∣∣3 ∣∣∣−→qh

∣∣∣3
12π3m5

B
|A|2 , (23)

τB

A
with    representing the  mean lifetime of B meson.  The
factorization  formula  for  the  decay  amplitude    for  the

B→ η(′)[ρ/ω→]KK̄quasi-two-body  decays    is  written  as
[114–115] 

A = ϕB⊗H ⊗ϕP-wave
KK̄ ⊗ϕh (24)

H

αs

⊗
ϕB ϕh ϕP-wave

KK̄

B→ η(′)[ρ/ω→]KK̄
|−→qh|

h = η(′)

in the PQCD approach. The hard kernel   contains only
one  hard  gluon  exchange  at  the  leading  order  in  the
strong coupling   according to Fig.  A1 in Appendix A.
The symbol   indicates convolutions in parton momenta.
Distribution  amplitudes  ,  ,  and    and their   in-
put parameters  as  well  as  Lorentz  invariant  decay   amp-
litudes  for  decays    are  provided  in
Appendix A. The magnitude of the momentum   for the
meson    in the rest  frame of  the resonance is  writ-
ten as 

∣∣∣−→qh

∣∣∣ = 1
2
√

s

»[
m2

B− (
√

s+mh)2
][

m2
B− (
√

s−mh)2
]
, (25)

mh η(′)

K+K− K0K̄0
where   represents the mass for the bachelor meson  .
When we face the meson pairs   and   in the fi-
nal states, Eq. (22) has a simpler form 

∣∣∣−→q ∣∣∣ = 1
2

»
s−4m2

K . (26)

ACPThe direct CP asymmetry   for the decays in this work
is defined as 

ACP =
B(B̄→ f̄ )−B(B→ f )
B(B̄→ f̄ )+B(B→ f )

. (27)

 

III.  NUMERICAL RESULTS AND DISCUSSIONS

fB = 0.190 fBs = 0.230
B±,0 B0

s

τB± = 1.638×10−12 τB0 = 1.517×10−12 τB0
s
= 1.520×

10−12

In  the  numerical  calculation  in  this  study,  we  adopt
the  values    GeV  and    GeV  for  the
decay constants of the   and   mesons [113], respect-
ively.  For  these  B  mesons,  their  mean  lifetimes  are

 s,   s and 
  s  [113].  The  other  inputs  for  the  numerical  results

are presented in Table 1.

B→ η(′)ρ(770,1450,1700)→ η(′)KK̄
B→ η(′)ω(782,1420,1650)→η(′)KK̄

K± K0 CP
B→

η(′)R→ η(′)K0K̄0 B→ η(′)R→η(′)K+K−

Utilizing  the  decay  amplitudes  reported  in  Appendix
A and the differential branching fractions in Eq. (23), it is
trivial to obtain the CP averaged branching fractions and
direct CP asymmetries for the concerned quasi-two-body
decay  processes    and

,  as  shown  in  Tables
2, 3, and 4. Owing to the small mass difference between

  and  ,  the  branching  fractions  or  direct    asym-
metries  for  the  specific  quasi-two-body  decays 

 and   are very close,
where  the  intermediate  state  R  is  in  these  resonances
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ρ(770,1450,1700)0 ω(782,1420,1650)

ρ(770,1450,1700)0→
K0K̄0 ω(782,1420,1650)→ K0K̄0

K0K̄0

K0
S K0

S K0
LK0

L

 and  .  Consequently,
we  omit  the  corresponding  results  for  those  quasi-two-
body decays with the subprocesses 

 and    in Tables 2, 3,  and
4. We need to stress here that, the   in the final states
of  the  decays  considered  in  this  study  with  the P-wave
resonant origin cannot produce   or   pairs.

ωB =

0.40±0.04 ωBs = 0.50±0.05 B+,0 B0
s

a0
R = 0.25±0.10 at

R = −0.50±
0.20 as

R = 0.75±0.25

η−η′ ϕ = (40.0±2.0stat±0.6syst)◦

cK
R FK+,0 (s)

For  these  predicted  results,  the  first  error  is  induced
from  the  uncertainties  of  the  shape  parameter 

  and    for  the    and 
meson. The second error comes from the uncertainties of
the  Gegenbauer  moments  , 

,  and    for  the  distribution  amplitudes
of  the  intermediate  states  in  Eqs.  (A10)−(A12),  respect-
ively.  The   mixing  angle 
contributes the third error. The fourth and fifth errors ori-
ginate from the coefficient   of   in Eq. (18) and

 

ρ ω(782,1420,
1650)

Table  1.      Inputs  from  [113]:  Masses  for  the  relevant
particles,  full  widths  for  (770,  1450,  1700)  and 

 (in units of GeV), and the Wolfenstein parameters.

mB± = 5.279 mB0 = 5.280 mB0
s
= 5.367

mπ± = 0.140 mπ0 = 0.135 mK± = 0.494

mK0 = 0.498 mη = 0.548 mη′ = 0.958

mρ(770) = 0.775 Γρ(770) = 0.147

mω(782) = 0.783 Γω(782) = 0.00868

mρ(1450) = 1.465±0.025 Γρ(1450) = 0.400±0.060

mω(1420) = 1.410±0.060 Γω(1420) = 0.290±0.190

mρ(1700) = 1.720±0.020 Γρ(1700) = 0.250±0.100

mω(1650) = 1.670±0.030 Γω(1650) = 0.315±0.035

λ = 0.22501±0.00068 A = 0.826+0.016
−0.015

ρ̄ = 0.1591±0.0094 η̄ = 0.3523+0.0073
−0.0071

 

CP CP
B→ η(′)ρ(770)→ η(′)KK̄ B→ η(′)ω(782)→ η(′)KK̄ ρ(770)0→ K0K̄0 ω(782)→ K0K̄0

ρ(770)0→ K+K− ω(782)→ K+K−

Table  2.      PQCD  predictions  of  the    averaged  branching  fractions  and  direct    asymmetries  for  the  quasi-two-body
 and   decays. The decays with the subprocess   or   have the

same results as their corresponding decay modes with   or  .

Decay modes B ACP

B+→ η[ρ(770)+→]K+K̄0 8.03+1.69+1.75+0.47+0.25+0.40+0.19
−2.31−2.09−0.47−0.24−0.35−0.10 ×10−8 0.00+0.00+0.01+0.01+0.00+0.00+0.00

−0.00−0.02−0.01−0.00−0.00−0.00

B+→ η′[ρ(770)+→]K+K̄0 5.01+1.07+0.99+0.41+0.15+0.24+0.02
−1.46−1.28−0.41−0.15−0.22−0.07 ×10−8 0.23+0.00+0.04+0.01+0.00+0.00+0.32

−0.01−0.03+0.01+0.00+0.00+0.32

B0→ η[ρ(770)0→]K+K− 1.51+0.26+0.95+0.09+0.05+0.07+0.17
−0.34−1.47−0.09−0.05−0.06−0.21 ×10−9 0.04+0.01+0.04+0.02+0.00+0.00+0.06

−0.02−0.03−0.02−0.00−0.00−0.06

B0→ η′[ρ(770)0→]K+K− 1.03+0.18+0.34+0.08+0.04+0.05+0.11
−0.24−0.90−0.07−0.03−0.04−0.12 ×10−9 0.64+0.00+0.39+0.02+0.00+0.00+0.43

−0.00−0.03−0.02−0.00−0.00−0.47

B0→ η[ω(782)→]K+K− 1.41+0.22+0.30+0.08+0.05+0.07+0.19
−0.28−0.42−0.08−0.05−0.06−0.34 ×10−9 0.43+0.00+0.27+0.01+0.00+0.01+0.59

−0.00−0.20−0.01−0.00−0.01−0.60

B0→ η′[ω(782)→]K+K− 9.36+1.57+3.39+1.03+0.32+0.46+1.14
−2.13−1.83−0.38−0.32−0.43−2.09 ×10−10 0.11+0.01+0.15+0.01+0.00+0.00+0.15

−0.00−0.37−0.01−0.00−0.00−0.15

B0
s → η[ρ(770)0→]K+K− 3.16+0.92+0.24+0.33+0.10+0.13+0.28

−1.43−0.16−0.31−0.10−0.12−0.47 ×10−10 −0.24+0.01+0.04+0.02+0.00+0.00+0.33
−0.02−0.04−0.02−0.00−0.00−0.33

B0
s → η′[ρ(770)0→]K+K− 8.76+2.15+0.74+0.31+0.27+0.37+0.89

−3.17−0.73−0.29−0.27−0.35−1.34 ×10−10 0.12+0.01+0.02+0.00+0.00+0.00+0.16
−0.01−0.02−0.00−0.00−0.00−0.16

B0
s → η[ω(782)→]K+K− 3.08+0.90+0.22+0.32+0.11+0.13+0.28

−1.37−0.17−0.30−0.10−0.12−0.46 ×10−10 −0.25+0.01+0.04+0.02+0.00+0.00+0.34
−0.02−0.04−0.02−0.00−0.00−0.34

B0
s → η′[ω(782)→]K+K− 8.46+2.08+0.71+0.29+0.29+0.36+0.86

−3.07−0.71−0.29−0.28−0.33−1.29 ×10−10 0.12+0.01+0.02+0.00+0.00+0.00+0.16
−0.01−0.02−0.00−0.00−0.00−0.16

 

CP CP
B→ η(′)ρ(1450)→ η(′)KK̄ B→ η(′)ω(1420)→ η(′)KK̄ ρ(1450)0→ K0K̄0 ω(1420)→ K0K̄0

ρ(1450)0→ K+K− ω(1420)→ K+K−

Table  3.      PQCD  predictions  of  the    averaged  branching  fractions  and  direct    asymmetries  for  the  quasi-two-body
 and   decays.  Those  decays  with  the  subprocess    or 

have the same results as their corresponding decay modes with   or  .

Decay modes B ACP

B+→ η[ρ(1450)+→]K+K̄0 5.49+1.18+1.13+0.32+1.00+0.26+0.27
−1.62−1.34−0.33−1.11−0.24−0.16 ×10−8 0.01+0.00+0.01+0.01+0.00+0.00+0.01

−0.00−0.01−0.01−0.00−0.00−0.01

B+→ η′[ρ(1450)+→]K+K̄0 3.47+0.77+0.66+0.29+0.02+0.16+0.16
−1.03−0.85−0.28−0.03−0.15−0.10 ×10−8 0.23+0.01+0.05+0.01+0.00+0.00+0.02

−0.01−0.03−0.01−0.00−0.00−0.10

B0→ η[ρ(1450)0→]K+K− 1.81+0.32+1.01+0.10+0.37+0.08+0.22
−0.40−1.95−0.11−0.37−0.07−0.19 ×10−9 0.00+0.01+0.02+0.02+0.00+0.00+0.00

−0.00−0.02−0.02−0.00−0.00−0.00

B0→ η′[ρ(1450)0→]K+K− 1.35+0.25+0.46+0.10+0.24+0.06+0.13
−0.30−1.49−0.09−0.28−0.05−0.12 ×10−9 0.65+0.00+0.45+0.02+0.00+0.00+0.04

−0.00−0.03−0.02−0.00−0.00−0.06

B0→ η[ω(1420)→]K+K− 6.00+0.83+1.24+0.33+1.21+0.27+0.83
−1.05−1.74−0.34−1.37−0.26−2.03 ×10−10 0.45+0.01+0.27+0.01+0.00+0.01+0.11

−0.00−0.20−0.01−0.00−0.01−0.09

B0→ η′[ω(1420)→]K+K− 4.00+0.64+1.15+0.30+0.84+0.20+0.57
−0.84−0.88−0.29−0.94−0.19−1.38 ×10−10 0.13+0.01+0.28+0.01+0.00+0.00+0.05

−0.00−0.36−0.01−0.00−0.01−0.02

B0
s → η[ρ(1450)0→]K+K− 4.54+1.34+0.39+0.49+0.83+0.54+0.39

−2.09−0.30−0.45−0.92−0.60−0.68 ×10−10 −0.24+0.02+0.05+0.03+0.00+0.00+0.05
−0.02−0.05−0.03−0.00−0.00−0.06

B0
s → η′[ρ(1450)0→]K+K− 1.22+0.30+0.09+0.04+0.22+0.05+0.12

−0.45−0.09−0.04−0.25−0.05−0.17 ×10−9 0.14+0.01+0.02+0.00+0.00+0.00+0.02
−0.01−0.02−0.00−0.00−0.00−0.02

B0
s → η[ω(1420)→]K+K− 1.59+0.47+0.12+0.16+0.33+0.07+0.14

−0.72−0.11−0.16−0.37−0.06−0.24 ×10−10 −0.24+0.01+0.05+0.03+0.00+0.00+0.05
−0.02−0.04−0.03−0.00−0.00−0.06

B0
s → η′[ω(1420)→]K+K− 4.04+1.02+0.29+0.15+0.85+0.17+0.39

−1.49−0.28−0.14−0.95−0.16−0.58 ×10−10 0.15+0.01+0.02+0.00+0.00+0.00+0.02
−0.01−0.02−0.00−0.00−0.00−0.02

Contributions of the subprocesses ρ(770, 1450, 1700) → KK and ω(782, 1420, 1650) → KK for ... Chin. Phys. C 50, 053112 (2026)
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0.75t 1.25t ΛQCD = 0.25±0.05

the Wolfenstein parameters in Table 1, respectively. The
last  error  arises  from  the  hard  scale  t  with  the  range  of

 to   and the QCD scale   GeV
with reference to [116]. There are other errors for the res-
ults in this work, which can be attributed to the uncertain-
ties  of  the  masses  and  the  decay  constants  of  the  initial
and  final  states,  and  the  chiral  scale  parameters  of  the
bachelor mesons, etc., are small and neglected.

B+→ ηρ(770)+

B = (7.0±2.9)×10−6 ACP = 0.11±0.11
B = (9.9±1.2±0.8)×10−6

ACP = 0.13±0.11±0.02 B = (4.1+1.4
−1.3±0.4)×10−6

ACP = −0.04+0.34
−0.32±0.01

B+→ ηρ(770)+→
ηπ+π0

The branching  fraction  and  direct  CP asymmetry  for
the  two-body  decay    were  averaged  in
[113]  with    and 
from  the  original  results    and

  and    and
 presented by the BABAR and Belle

collaborations  in  [117]  and  [118], respectively.  To   illus-
trate the capabilities of the method adopted in this study,
we calculate  the  branching fraction and direct  CP asym-
metry  for  the  quasi-two-body  decay 

 with the results 

B = (6.34+1.73
−2.20)×10−6, (28)

 

ACP = −0.006+0.006
−0.010, (29)

B+→ ηρ(770)+ B(ρ(770)+→ π+π0) ≈

where  individual  errors  have  been  added  in  quadrature.
Apparently, our  predictions  are  consistent  with  the   cor-
responding  data  in  [113]  for  the  two-body  decay

 in view of  100% [113].
gρ(1450)0π+π− gρ(1450)0K+K−The  coupling  constants    and 

can be achieved by 

gρ(1450)0h+h− =

 
6πm2

ρ(1450)Γρ(1450)Bρ(1450)0→h+h−

q3
, (30)

q =
1
2

»
m2
ρ(1450)−4m2

hwhere h is a pion or kaon, and  . Ac-

gρ(1450)0K+K− ≈
1
2

gρ(1450)0π+π−cording to the relationship   [69]
one has the ratio [23] 

Rρ(1450) =
B(ρ(1450)0→ K+K−)
B(ρ(1450)0→ π+π−)

≈
g2
ρ(1450)0K+K− (m

2
ρ(1450)−4m2

K)3/2

g2
ρ(1450)0π+π− (m

2
ρ(1450)−4m2

π)3/2

= 0.107. (31)

ρ(770)
Rρ(770)

ρ(770)→ KK̄ ρ(770)→ ππ
Rρ(1450)

B+→ η[ρ(770)+→]K+K̄0

B+→ ηρ(770)+

Since the pole mass of    is  smaller than that of the
kaon pair, it is not appropriate to calculate the ratio 
through a similar formula. Considering the smaller phase
space  available  in    relative  to  ,
along  with  the  ratio  ,  it  is  easy  to  understand  the
branching fraction in Table 2 for the quasi-two-body de-
cay  process  , which  is  two   or-
ders  smaller  than  the  data  in  [113]  for  the  two-body de-
cay  .

ρ(770) ω(782)
ρ(1450)

ω(1420)
cK
ω(1420) cK

ρ(1450)

ω(1420)→
KK̄ ω(782)→ KK̄

ρ(1450)→ KK̄ ρ(770)→ KK̄

ρ(1700)→ KK̄ ω(1650)→ KK̄

ρ(1450)
ω(1420)

From  the  branching  fractions  in  Tables  2  and  3,  the
virtual contributions for the kaon pair from the BW tails of
the  resonances    and    are  on  the  order  of  or
larger  than  the  corresponding  contributions  from 
and  .  However,  owing  to  the  relatively  smaller
value  for  the    than  that  for    adopted  in  this
study, the ratio of the branching fractions for a concerned
quasi-two-body  decay  with  the  subprocesses 

 and    is  obviously smaller than the ratio
of  that  with  the    and  .  While
the  branching  fractions  in  Table  4 with  the  subprocesses

 and   are comparable to their
corresponding  branching  fractions  in  Table  3,  which  can
be attributed to the contribution of the resonances 
and   for the kaon pair.

In  Fig.  2, we  show  the  differential  branching   frac-

 

CP CP
B→ η(′)ρ(1700)→ η(′)KK̄ B→ η(′)ω(1650)→ η(′)KK̄ ρ(1700)0→ K0K̄0 ω(1650)→ K0K̄0

ρ(1700)0→ K+K− ω(1650)→ K+K−

Table  4.      PQCD  predictions  of  the    averaged  branching  fractions  and  direct    asymmetries  for  the  quasi-two-body
 and   decays.  Those  decays  with  the  subprocess    or 

have the same results as their corresponding decay modes with   or  .

Decay modes B ACP

B+→ η[ρ(1700)+→]K+K̄0 6.00+1.28+1.37+0.36+2.43+0.28+0.38
−1.72−1.62−0.35−3.06−0.27−0.25 ×10−8 0.00+0.00+0.01+0.01+0.00+0.00+0.00

−0.00−0.02−0.01−0.00−0.00−0.00

B+→ η′[ρ(1700)+→]K+K̄0 3.78+0.81+0.77+0.32+1.53+0.18+0.21
−1.11−1.01−0.31−1.93−0.17−0.14 ×10−8 0.24+0.01+0.05+0.01+0.00+0.00+0.02

−0.01−0.03−0.01−0.00−0.00−0.02

B0→ η[ρ(1700)0→]K+K− 2.11+0.38+1.40+0.12+0.85+0.09+0.30
−0.45−2.21−0.13−1.08−0.09−0.27 ×10−9 −0.02+0.01+0.07+0.02+0.00+0.00+0.01

−0.01−0.05−0.02−0.00−0.00−0.01

B0→ η′[ρ(1700)0→]K+K− 7.89+1.44+2.55+0.57+3.20+0.34+0.83
−1.81−7.12−0.56−4.01−0.32−0.81 ×10−10 0.65+0.00+0.44+0.02+0.00+0.00+0.03

−0.00−0.03−0.02−0.00−0.00−0.06

B0→ η[ω(1650)→]K+K− 6.81+1.04+1.44+0.39+2.76+0.32+1.12
−1.29−2.12−0.38−3.49−0.30−2.66 ×10−10 0.55+0.01+0.29+0.01+0.00+0.01+0.07

−0.00−0.20−0.01−0.00−0.01−0.07

B0→ η′[ω(1650)→]K+K− 4.82+0.88+1.68+0.35+1.96+0.24+0.83
−0.98−0.96−0.35−2.45−0.23−1.96 ×10−10 0.19+0.00+0.21+0.01+0.00+0.01+0.06

−0.00−0.38−0.01−0.00−0.01−0.04

B0
s → η[ρ(1700)0→]K+K− 4.40+1.33+0.50+0.52+1.79+0.19+0.37

−2.10−0.40−0.48−2.25−0.17−0.57 ×10−10 −0.27+0.03+0.05+0.03+0.00+0.00+0.07
−0.03−0.05−0.03−0.00−0.00−0.07

B0
s → η′[ρ(1700)0→]K+K− 1.31+0.33+0.05+0.04+0.53+0.06+0.12

−0.48−0.05−0.04−0.67−0.05−0.18 ×10−9 0.12+0.01+0.02+0.00+0.00+0.00+0.02
−0.01−0.02−0.00−0.00−0.00−0.02

B0
s → η[ω(1650)→]K+K− 1.54+0.47+0.16+0.17+0.78+0.06+0.13

−0.73−0.13−0.16−0.62−0.06−0.20 ×10−10 −0.28+0.02+0.05+0.02+0.00+0.00+0.07
−0.02−0.05−0.04−0.00−0.00−0.08

B0
s → η′[ω(1650)→]K+K− 4.41+1.10+0.37+0.15+1.79+0.19+0.41

−1.62−0.35−0.15−2.25−0.17−0.61 ×10−10 0.12+0.01+0.02+0.00+0.00+0.00+0.02
−0.01−0.02−0.00−0.00−0.00−0.02
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B+→ η[ρ(770)+→]K+K̄0

B+→ η[ρ(770)+→]π+π0

B+→ η[ρ(770)+→]K+K̄0 10

B+→ η[ρ(770)+→] K+K̄0

B+→ η[ρ(770)+→]π+π0

B+→ η[ρ(770)+→]K+K̄0
√

s = 1.35

ρ(770)+
∣∣∣−→qh

∣∣∣3

ρ(770) ω(782)

cK
R

m2
R

ρ(770) ω(782) ∣∣∣−→q ∣∣∣3
ρ(770)+→

K+K̄0 1.35

tions  for  the  decays    and
.  To  provide  a  good  contrast,  we

magnify  the  value  of  each  point  of  the  solid  line  for
 by a factor of   in the diagram.

The  inset  in Fig.  2  shows  that  the  differential  branching
fraction for  ,  which is  related to
the virtual contribution, does not appear as a typical BW
curve  for  the  normal  quasi-two-body  decay  process  like

.  A  broad  bump  is  found  for  the
process    with  its  peak  at  about

 GeV.  This  bump  does  not  represent  the  mass
for a new resonance; it  is generated from the BW tail  of

  along  with  a  strong  suppression  factor    in
Eq. (23). Further, we find that the curve for the differen-
tial branching  fraction  with  the  virtual  contribution   in-
volved is not significantly affected by the decay width of
the related intermediate state, which is surprising. In fact,
the imaginary part of the denominator in the BW formula
for    (or  ), which  holds  the  energy   depend-
ent width of the intermediate state, is expected to become
unimportant when the invariant mass square for kaon pair
is sufficiently large. Then, the BW expression is charged
only by the coefficient   in the time-like form factors for
kaons  in  this  study  as  well  as  by  the  gap  between  the  s
and  squared  mass    for  the  intermediate  state.  The
threshold for the kaon pair is not far from the pole masse
of    (or  );  therefore,  because  of  the  strong
suppression from the factor   in Eq. (23), the differen-
tial  branching  fraction  with  the  subprocess 

  reaches  its  peak  at  about    GeV  as  shown  in
Fig. 2.

FKK̄(s)
A |−→qh|

B+→
η[ρ(770)+→]K+K̄0

1.35
5.69×10−8

6.78×10−8 K+K̄0

2.0 2.5
8.03×10−8

B+→ η[ρ(1450)+→]K+K̄0

B+→ η[ρ(1700)+→]K+K̄0

In  principle,  the  perturbative  QCD  calculations  are
applicable  when  the  energy  release  is  sufficiently  large.
Therefore, testing the reliability of the PQCD framework
in the high-mass range is essential. Fortunately, the evol-
ution  of  the  time-like  form  factor    in  the  decay
amplitude    and  phase  space  factor    in the  differen-
tial  branching  fraction  of  Eq.  (23)  naturally  suppresses
the resonant  contribution  from  the  region  where  the   in-
variant mass of the kaon pair is considerably higher than
the  pole  mass  of  the  resonance.  Considering 

 as an example, the main portion of its
branching ratio is found to lie in the mass region around

 GeV,  as  shown  in  Fig.  2.  Numerically,  the  central
values of its branching ratio are calculated as 
and   when the   invariant mass upper lim-
it  is  set  to    GeV  and    GeV,  respectively;  this
amounts to 70.86% and 84.43% of the value  ,
as  indicated  in  Table  2.  The  similar  ratios  become
84.88%  and  93.81%  for  ,  and
84.17% and 95.00% for  . These
results indicate that these considered resonance contribu-
tions primarily originate from the low invariant mass re-
gion. Meanwhile, compared to the contribution for a full
resonance, the high invariant mass region has a more sig-
nificant impact on the contribution for the off-shell state.
On the whole, it validates the reliability of the PQCD pre-
dictions for the processes in this study. 

IV.  SUMMARY

ρ(770,1450,1700)→ KK̄ ω(782,1420,
1650)→ KK̄ B→ η(′)KK̄

ρ→ KK̄
ω→ KK̄

KK̄

10−10 10−8

ρ(770)
ω(782)

ρ(1450,1700)
ω(1420,1650)

KK̄

ρ(770) ω(782)

KK̄

In this study, we investigated the contributions of the
subprocesses    and 

 in the three-body decays   by em-
ploying the perturbative QCD approach. The kaon vector
time  like  form  factors  for  the  subprocesses  of 
and  ,  which  are  related  to  its  electromagnetic
form factors,  were  introduced  into  the  distribution   amp-
litudes for   system. The CP averaged branching frac-
tions  for  the  considered  decays  were  predicted  to  be  on
the order of   to  . The contributions for the kaon
pair  from  the  BW  tails  of  the  resonances    and

 were found to be on the order of or larger than the
corresponding  contributions  from    and

. This  indicates  that  those  virtual   contribu-
tions  cannot  be  ignored  in  the    system.  Further,  we
found that  the  curve  for  the  differential  branching   frac-
tion with the virtual contribution involved is not signific-
antly affected by the decay width of the related intermedi-
ate  state    (or  ). This  is  because the  imagin-
ary part  of the denominator in the BW formula becomes
unimportant when the invariant mass square for kaon pair
is considerably larger that the pole mass of the resonance.
The  well-determined  relative  phase  angles  between  the
states of the ρ or ω family in the   form factor are cur-
rently lacking, along with the experimental measurement

 

B+→ η[ρ(770)+→]K+K̄0 B+→ η[ρ(770)+→]π+π0

B+→ η[ρ(770)+→]K+K̄0 B+→
η[ρ(770)+→]π+π0 B+→ η[ρ(770)+→]

K+K̄0 10

Fig. 2.    (color online) Differential branching fractions for the
decays    and  .
The inset is provided for comparison between the differential
branching  fractions  of    and 

, in which the solid line for 
 is magnified by a factor of  .
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for  the  decays  considered  in  this  study.  Therefore,  the
total branching fractions and CP asymmetries accounting
for all  resonant  contributions  and  their  interference   ef-
fects in the concerned decays will be considered in future
studies. All PQCD predictions in this study are expected
to  be  measured  in  the  future  high-statistics  experiments
conducted by Belle II and LHCb. 

APPENDIX A. DISTRIBUTION AMPLITUDES

B→ η(′)KK̄
η′ η′

ηq = (uū+dd̄)/
√

2 ηs = ss̄

In three-body decays  , the mixing between
η and   are considered. The physical states η and   are
made  from    and    at  the  quark
level in early studies [119–120] with 

(
η

η′

)
=

(
cosϕ −sinϕ

sinϕ cosϕ

)(
ηq

ηs

)
, (A1)

ϕ = 39.3◦±1.0◦

fηq = (1.07±0.02) fπ fηs = (1.34±0.06) fπ

ϕ = (40.0±2.0stat±0.6syst)◦

where  the  mixing  angle  ,  and  the  decay
constants    and 
[119–120].  In  this  study,  the  recent  measurement  of  the
angle   conducted by the BESIII
collaboration [121] is  adopted for  the numerical  calcula-
tion.

h = ηq

h = ηs

The  light  cone  wave  functions  for  the  states 
and   are written as [122–123]

 

Φh(p3, x3) ≡ i√
2NC
γ5
[
/p3ϕ

A
h (x3)+m03ϕ

P
h (x3)+m03(/n/v−1)ϕT

h (x3)
]
, (A2)

m03 ϕA,P,T
ηq(s) ηq(s)where   represents the corresponding meson chiral mass. The distribution amplitudes   for   are given as [122–123]

 

ϕA
ηq(s)

(x) =
fq(s)

2
√

2Nc
6x(1− x)

ï
1+aη1C

3/2
1 (2x−1)+aη2C

3/2
2 (2x−1)+aη4C

3/2
4 (2x−1)

ò
,

ϕP
ηq(s)

(x) =
fq(s)

2
√

2Nc

ï
1+ (30η3−

5
2
ρ2
ηq(s)

)C1/2
2 (2x−1)−3

ï
η3ω3+

9
20
ρ2
ηq(s)

(1+6aη2)
ò
×C1/2

4 (2x−1)
ò
,

ϕT
ηq(s)

(x) =
fq(s)

2
√

2Nc
(1−2x)

ï
1+6(5η3−

1
2
η3ω3−

7
20
ρ2
ηq(s)
− 3

5
ρ2
ηq(s)

aη2)(1−10x+10x2)
ò
, (A3)

with the Gegenbauer moments [123]
 

aηq(s)
1 = 0, aηq(s)

2 = 0.115, aηq(s)
4 = −0.015, η3 = 0.015, ω3 = −3.0, (A4)

ρηq = 2mq/mqq ηq ρηs = 2ms/mss m03 = mq
0 ηq m03 = ms

0 ηsand  parameters    for    and  .  The  chiral  masses    for    and    for    are
defined as [124]
 

mq
0 ≡

m2
qq

2mq
=

1
2mq

ñ
m2
η cos2ϕ+m2

η′ sin2ϕ−
√

2 fs

fq
(m2
η′ −m2

η)cosϕsinϕ

ô
, (A5)

 

ms
0 ≡

m2
ss

2ms
=

1
2ms

ñ
m2
η′ cos2ϕ+m2

η sin2ϕ− fq√
2 fs

(m2
η′ −m2

η)cosϕsinϕ

ô
. (A6)

Cνn(t) n = 1,2,4
ν = 1/2,3/2
The  Gegenbauer  polynomials    (   and

) above have been reported in Ref. [116].
The B meson light-cone matrix element in Eq. (24) is

decomposed as [116, 125] 

ΦB =
i√
2Nc

(/pB+mB)γ5ϕB(kB), (A7)

ϕBwhere the distribution amplitude   is of the form 

ϕB(xB,bB) = NBx2
B(1− xB)2exp

ï
− (xBmB)2

2ω2
B
− 1

2
(ωBbB)2

ò
,

(A8)

NB ωB =

0.40±0.04 B±,0 ωBs = 0.50±0.05 B0
s

where    represents  the  normalization  factor, 
 GeV for   and   for  , re-

spectively.
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KK̄ ρ→ KK̄ ω→ KK̄For the   system along with subprocesses   and  ,  the  distribution amplitudes are  organized into
[25, 126]
 

ϕP-wave
KK̄ (x, s) =

−1√
2Nc

[√
s/ϵLϕ

0(x, s)+ /ϵL/pϕ
t(x, s)+

√
sϕs(x, s)

]
, (A9)

with 

ϕ0(x, s) =
3CX FK(s)√

2Nc
x(1− x)

[
1+a0

RC3/2
2 (1−2x)

]
,

(A10)

 

ϕt(x, s) =
3CX F t

K(s)
2
√

2Nc
(1−2x)2

[
1+at

RC3/2
2 (1−2x)

]
,

(A11)

 

ϕs(x, s) =
3CX F s

K(s)
2
√

2Nc
(1−2x)

[
1+as

R

(
1−10x+10x2

)]
,

(A12)

FKwhere   represents the abbreviation of the vector time-
like form factors  in  Eqs.  (15)–(17).  Moreover,  we factor
out the normalisation constant 

Cρ0 =Cω =
√

2, Cρ± = 1. (A13)

B→ Kρ→ Kππ
KK̄

F t
K F s

K

F t,s
K (s) ≈ ( f T

ρ / fρ)FK(s) F t,s
K (s) ≈

( f T
ω / fω)FK(s) f T

ρ / fρ ≈ f T
ω / fω

f T
ω f T

ρ / fρ = 0.687
µ = 2

to ensure the proper normalizations for the kaon time-like
form  factors.  The  Gegenbauer  moments  have  been
catered to the data in Ref. [17] for the quasi-two-body de-
cays  . Within  flavour  symmetry,  we   ad-
opt  the  same  Gegenbauer  moments  for  the P-wave 
system originating from the intermediate states ω and ρ in
this  study.  The vector  time-like form factors   and 
for  the  twist-3  distribution  amplitudes  are  deduced  from
the  relations    and 

  [17].  The  relationship    [127]
is employed because of the lack of a lattice QCD determ-
ination for  , and the result   is adopt at the
scale   GeV [128].

ρ+→ K+K̄0 ρ−→ K−K0 ρ0→
K+K− ρ0→ K0K̄0 ω→ K+K− ω→ K0K̄0

ρ(770),ρ(1450) ρ(1700) ω(782),ω(1420)
ω(1650)

B→ η(′)ρ→ η(′)KK̄ B→ η(′)

ω→ η(′)KK̄

With the subprocesses  ,  , 
,  ,  , and  , where ρ is

,  or    and ω  is  ,  or
,  the  Lorentz  invariant  decay  amplitudes  for  the

quasi-two-body  decays    and 
 are given as
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(A14)
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(A15)

 

A(B+→ ηρ+) =A(B+→ ηqρ
+)cosϕ−A(B+→ ηsρ

+) sinϕ , (A16)

 

A(B+→ η′ρ+) =A(B+→ ηqρ
+) sinϕ+A(B+→ ηsρ

+)cosϕ , (A17)
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A(B0→ ηρ0) =A(B0→ ηqρ
0)cosϕ−A(B0→ ηsρ

0) sinϕ , (A20)

 

A(B0→ η′ρ0) =A(B0→ ηqρ
0) sinϕ+A(B0→ ηsρ

0)cosϕ , (A21)
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2
√

2

ß
V∗ubVus

ïÅ
C1+

C2

3

ã(
FLL

Aρ +FLL
AP

)
+C2(MLL

Aρ +MLL
AP)
ò
−V∗tbVts

ï
3
2

Å
C9+

C10

3

ã
(FLL

Aρ +FLL
AP)

+
3
2

Å
C7+

C8

3

ã
(FLR

Aρ +FLR
AP)+

3C8

2
(MS P

Aρ +MS P
AP )+

3C10

2
(MLL

Aρ +MLL
AP)
ò™
, (A22)

 

A(B0
s → ηsρ

0) =
GF

2

ß
V∗ubVus

ïÅ
C1+

C2

3

ã
FLL

T P+C2MLL
T P

ò
−V∗tbVts

ï
3C8

2
MS P

T P +
3
2

Å
C7+

C8

3

ã
FLR

T P

+
3
2

Å
C9+

C10

3

ã
FLL

T P+
3C10

2
MLL

T P

ò™
, (A23)

 

A(B0
s → ηρ0) =A(B0

s → ηqρ
0)cosϕ−A(B0

s → ηsρ
0) sinϕ , (A24)

 

A(B0
s → η′ρ0) =A(B0

s → ηqρ
0) sinϕ+A(B0

s → ηsρ
0)cosϕ , (A25)

 

A(B0→ ηqω) =
GF

2
√

2

ß
V∗ubVud

ïÅ
C1+

C2

3

ã
(FLL

Tω+FLL
T P+FLL

Aω+FLL
AP)+C2(MLL

Tω+MLL
T P+MLL

Aω+MLL
AP)
ò

−V∗tbVtd

ïÅ
7
3

C3+
5
3

C4+
C9

3
− C10

3

ã
(FLL

Tω+FLL
T P)+

Å
2C5+

2C6

3
+

C7

2
+

C8

6

ã
(FLR

Tω+FLR
T P)

+

Å
C5

3
+C6−

C7

6
− C8

2

ã
(FS P

Tω+FS P
T P)
Å

C3+2C4−
C9

2
+

C10

2

ã
× (MLL

Tω+MLL
T P)
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+

Å
C5−

C7

2

ã
(MLR

Tω+MLR
T P)
ò
+

Å
2C6+

C8

2

ã
(MS P

Tω+MS P
T P)+

Å
7C3

3
+

5C4

3
− C9

3
− C10

3

ã
× (FLL

Aω+FLL
AP)+

Å
2C5+

2C6

3
+

C7

2
+

C8

6

ã(
FLR

Aω+FLR
AP

)
+

Å
C5

3
+C6−

C7

6
− C8

2

ã
(FS P

Aω +FS P
AP)

+

Å
C3+2C4−

C9

2
+

C10

2

ã
(MLL

Aω+MLL
AP)+

Å
C5−

C7

2

ã
(MLR

Aω+MLR
AP)+

Å
2C6+

C8

2

ã
× (MS P

Aω +MS P
AP )]
™

(A26)

 

A(B0→ ηsω) =− GF

2
V∗tbVtd

ïÅ
C3+

C4

3
− C9

2
− C10

6

ã
FLL

Tω+

Å
C5+

C6

3
− C7

2
− C8

6

ã
FLR

Tω+

Å
C4−

C10

2

ã
MLL

Tω

+

Å
C6−

C8

2

ã
MS P

Tω

ò
, (A27)

 

A(B0→ ηω) =A(B0→ ηqω)cosϕ−A(B0→ ηsω) sinϕ , (A28)

 

A(B0→ η′ω) =A(B0→ ηqω) sinϕ+A(B0→ ηsω)cosϕ , (A29)

 

A(B0
s → ηqω) =

GF

2
√

2

ß
V∗ubVus

ïÅ
C1+

C2

3

ã
(FLL

Aω+FLL
AP)+C2(MLL

Aω+MLL
AP)
ò
−V∗tbVts

ïÅ
2C4+

C10

2

ã
× (MLL

Aω+MLL
AP)+

Å
2C3+

2C4

3
+

C9

2
+

C10

6

ã
(FLL

Aω+FLL
AP)+

Å
2C5+

2C6

3
+

C7

2
+

C8

6

ã
(FLR

Aω+FLR
AP)+

Å
2C6+

C8

2

ã
(MS P

Aω +MS P
AP )
ò™
, (A30)

 

A(B0
s → ηsω) =

GF

2

ß
V∗ubVus

ïÅ
C1+

C2

3

ã
FLL

T P+C2MLL
T P

ò
−V∗tbVts

ïÅ
2C3+

2C4

3
+

C9

2
+

C10

6

ã
FLL

T P

+

Å
2C5+

2C6

3
+

C7

2
+

C8

6

ã
FLR

T P+

Å
2C4+

C10

2

ã
MLL

T P+

Å
2C6+

C8

2

ã
MS P

T P

ò™
, (A31)

 

A(B0
s → ηω) =A(B0

s → ηqω)cosϕ−A(B0
s → ηsω) sinϕ , (A32)

 

A(B0
s → η′ω) =A(B0

s → ηqω) sinϕ+A(B0
s → ηsω)cosϕ , (A33)

GF Vi jwhere    represents  the  Fermi  coupling  constant. 
terms represent the CKM matrix elements.

The general  amplitudes for  the concerned quasi-two-

body  decays  in  the  Eqs.  (A14)−(A33) are  deduced   ac-
cording  to  Fig.  A1.  For  the  emission  diagrams  the  Fig.
A1(a), one has

 

FLL
Tρ(ω) = 8πCFm4

B fh(ζ −1)
∫

dxBdz
∫

bBdbBbdbϕB(xB,bB)
{[

(1+ z)ϕ0+
√
ζ(1−2z)× (ϕs+ϕt)

]
×Ea12(ta1)ha1(xB,z,bB,b)+ [ζϕ0+2

√
ζϕs]Ea12(ta2)×ha2(xB,z,bB,b)

}
, (A34)

 

FLR
Tρ(ω) = −FLL

Tρ(ω) , (A35)

 

FS P
Tρ(ω) =16πCFm4

Br fh

∫
dxBdz

∫
bBdbBbdbϕB(xB,bB)

{[
(ζ(2z−1)+1)ϕ0+

√
ζ((2+ z)ϕs− zϕt)

]
Ea12(ta1)

×ha1(xB,z,bB,b)+
[
xBϕ

0+2
√
ζ(ζ − xB+1)ϕs

]
×Ea12(ta2)ha2(xB,z,bB,b)

}
, (A36)
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MLL
Tρ(ω) = 32πCFm4

B/
√

2Nc(ζ −1)
∫

dxBdzdx3

∫
bBdbBb3db3ϕB(xB,bB)ϕA

{[
((1− ζ)× (1− x3)− xB− zζ)ϕ0

−
√
ζz(ϕs−ϕt)

]
Ea34(ta3)ha3(xB,z, x3,bB,b3)+

[
(x3(ζ −1)+ xB− z)ϕ0+ z

√
ζ(ϕs+ϕt)

]
×Ea34(ta4)ha4(xB,z, x3,bB,b3)

}
,

(A37)

 

MLR
Tρ(ω) = 32πCFrm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBb3db3ϕB(xB,bB)

{[
((1− x3)(1− ζ)− xB)(ϕP+ϕT )

× (ϕ0+
√
ζ(ϕs−ϕt))−

√
ζz(ϕP−ϕT )(

√
ζϕ0−ϕs−ϕt)×Ea34(ta3)ha3(xB,z, x3,bB,b3)

+
[√
ζz(ϕP+ϕT )(

√
ζϕ0−ϕs−ϕt)+ (xB− x3(1− ζ))(ϕP−ϕT )(ϕ0+

√
ζ(ϕs−ϕt))

]
×Ea34(ta4)ha4(xB,z, x3,bB,b3)

}
, (A38)

 

MS P
Tρ(ω) = 32πCFm4

B/
√

2Nc(ζ −1)
∫

dxBdzdx3

∫
bBdbBb3db3ϕB(xB,bB)ϕA

{[
((1− ζ)(x3−1)+ xB− z)ϕ0

+
√
ζz(ϕs+ϕt)

]
Ea34(ta3)ha3(xB,z, x3,bB,b3)+

[
(x3(1− ζ)− xB− zζ)ϕ0− z

√
ζ(ϕs−ϕt)

]
×Ea34(ta4)ha4(xB,z, x3,bB,b3)

}
, (A39)

CF = 4/3 r = mh
0/mB

LL LR S P
(V −A)(V −A) (V −A)(V +A)

(S −P)(S +P)

where  the  color  factor   and the  ratio  .
The symbols  ,  , and   are employed to denote the
amplitudes  from  the  ,  ,  and

  operators, respectively.  For  the   factoriz-

able diagrams in Fig. A1, we name their expressions with
F. For the other nonfactorizable diagrams, we name their
expressions with M.  The annihilation-type diagrams Fig.
A1(b) give us

 

FLL
Aρ(ω) = 8πCFm4

B fB

∫
dzdx3

∫
bdbb3db3

{[
(1− ζ)(1− z)ϕAϕ0+2r

√
ζϕP((z−2)ϕs− zϕt)

]
Eb12(tb1)hb1(z, x3,b,b3)

+
[
[(1− x3)ζ2+ (2x3−1)ζ − x3]ϕAϕ0+2r

√
ζ[((1− x3)ζ + x3)(ϕP+ϕT )+ (ϕP−ϕT )]ϕs

]
×Eb12(tb2)hb2(z, x3,b,b3)

}
, (A40)

 

FLR
Aρ(ω) = −FLL

Aρ(ω) , (A41)

 

FS P
Aρ(ω) = 16πCFm4

B fB

∫
dzdx3

∫
bdbb3db3

{[
2r(1+ (z−1)ζ)ϕPϕ0−

√
ζ(1− ζ)(1− z)×ϕA(ϕs+ϕt)

]
×Eb12(tb1)hb1(z, x3,b,b3)+ [r

(
x3(1− ζ)(ϕP−ϕT )−2ζϕT

)
ϕ0+2

√
ζ × (ζ −1)ϕAϕs]

×Eb12(tb2)hb2(z, x3,b,b3)
}
, (A42)

 

 

B→ ηq(s)R→ ηq(s)KK̄

⊗
Fig. A1.    (color online) Typical Feynman diagrams for processes  , where R represents the resonances ρ and ω and
their excited states. The dots on the quarks connecting the weak vertex   are the switchable vertices for the hard gluons.
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MLL
Aρ(ω) = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[
[(x3− z−1)ζ2+ (1+ z−2x3− xB)ζ + x3+ xB]

ϕAϕ0+ r
√
ζ[z(ϕP−ϕT )(ϕs+ϕt)+ ((1− x3)(1− ζ)− xB)(ϕP+ϕT )(ϕs−ϕt)−4ϕPϕs]

]
×Eb34(tb3)hb3(xB,z, x3,bB,b)+

[
(1− ζ)2(z−1)×ϕAϕ0+ r

√
ζ[(ζ(1− x3)+ x3− xB)

(ϕP−ϕT )(ϕs+ϕt)+ (1− z)(ϕP+ϕT )− (ϕs−ϕt)]
]
Eb34(tb4)hb4(xB,z, x3,bB,b)

}
, (A43)

 

MLR
Aρ(ω) = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[
r[(2+ ζx3− x3− xB)× (ϕP+ϕT )

− ζz(ϕP−ϕT )−2ζϕP]ϕ0+
√
ζ(1− ζ)(1+ z)ϕA(ϕs−ϕt)

]
Eb34(tb3)×hb3(xB,z, x3,bB,b)

+
[
r[(x3(1− ζ)− xB)(ϕP+ϕT )+ ζz(ϕP−ϕT )+2ζϕT ]ϕ0++

√
ζ(1− ζ)(1− z)ϕA(ϕs−ϕt)

]
×Eb34(tb4)hb4(xB,z, x3,bB,b)

}
, (A44)

 

MS P
Aρ(ω) = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[
(ζ −1)[(ζ −1)z+1]ϕAϕ0+ r

√
ζ

[((1− ζ)(x3−1)+ xB)(ϕP−ϕT )(ϕs+ϕt)− z(ϕP+ϕT )(ϕs−ϕt)+4ϕPϕs]
]
×Eb34(tb3)hb3(xB,z,

x3,bB,b)+
[
[(ζ −1)(x3(ζ −1)+ xB)+ ζz(1− ζ)]ϕAϕ0+ r

√
ζ × [(z−1)(ϕP−ϕT )(ϕs+ϕt)

+ ((ζ −1)x3+ xB− ζ)(ϕP+ϕT )(ϕs−ϕt)]
]
×Eb34(tb4)hb4(xB,z, x3,bB,b)

}
, (A45)

The amplitudes from the emission diagrams the Fig. A1(c) can be written as
 

FLL
T P = 8πCFm4

BFK

∫
dxBdx3

∫
bBdbBb3db3ϕB(xB,bB)

{[
(1− ζ)[(x3(ζ −1)−1)ϕA+ r× (2x3−1)ϕP]

− r(1+ ζ −2x3(1− ζ))ϕT
]
Ec12(tc1)hc1(xB, x3,bB,b3)+ [xB(1− ζ)× ζϕA−2r(1− ζ(1− xB))ϕP]

Ec12(tc2)hc2(xB, x3,bB,b3)
}
, (A46)

 

FLR
T P = FLL

T P, (A47)

 

MLL
T P = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)ϕ0

{[
(xB+ z−1)(1− ζ)2×ϕA+ r[ζ(xB+ z)

× (ϕP+ϕT )+ x3(1− ζ)(ϕP−ϕT )−2ζϕT ]
]
Ec34(tc3)×hc3(xB,z, x3,bB,b)+

[
(ζ −1)[x3(ζ −1)

+ xB− z]ϕA+ r[x3(ζ −1)(ϕP+ϕT )− (xB− z)ζ(ϕP
K −ϕT

K)]
]
×Ec34(tc4)hc4(xB,z, x3,bB,b)

}
, (A48)

 

MLR
T P = 32πCFm4

B

√
ζ/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[
(1− xB− z)(ζ −1)× (ϕs+ϕt)ϕA

− r× (x3(1− ζ)+ ζ)(ϕs−ϕt)(ϕP+ϕT )− r(1− xB− z)(ϕs+ϕt)× (ϕP−ϕT )
]
Ec34(tc3)hc3(xB,z, x3,

bB,b)+
[
(z− xB)(1− ζ)(ϕs−ϕt)ϕA+ rx3(1− ζ)(ϕs+ϕt)(ϕP+ϕT )+ r(z− xB)(ϕs−ϕt)(ϕP−ϕT )

]
×Ec34(tc4)hc4(xB,z, x3,bB,b)

}
, (A49)

 

MS P
T P = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)ϕ0

{[
(ζ(x3−1)− x3+ xB+ z−1)(1− ζ)ϕA+ rx3

(1− ζ)(ϕP+ϕT )+ rζ(xB+ z)(ϕP−ϕT )+2rζϕT
]
Ec34(tc3)×hc3(xB,z, x3,bB,b)+

[
(z− xB)× (1− ζ)2

ϕA+ rζ(z− xB)(ϕP+ϕT )− rx3(1− ζ)(ϕP−ϕT )
]
×Ec34(tc4)hc4(xB,z, x3,bB,b)

}
, (A50)
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The annihilation-type diagrams Fig. A1(d) contribute the following amplitudes.
 

FLL
AP = 8πCFm4

B fB

∫
dzdx3

∫
bdbb3db3

{[
(x3(1− ζ)−1)(ζ −1)ϕ0ϕA+2r

√
ζϕs[x3(ζ −1)× (ϕP−ϕT )+2ϕP]

]
×Ed12(td1)hd1(z, x3,b,b3)+

[
z(ζ −1)ϕ0ϕA−2r

√
ζ[z(ϕs+ϕt)+ (1− ζ)(ϕs−ϕt)]ϕP

]
Ed12(td2)

×hd2(z, x3,b,b3)
}
, (A51)

 

FLR
AP = −FLL

AP , (A52)

 

FS P
AP = 16πCFm4

B fB

∫
dzdx3

∫
bdbb3db3

{[
(ζ −1)[2

√
ζϕsϕA+ r(1− x3)ϕ0ϕP]− r[ζ + x3× (ζ −1)+1]ϕ0ϕT

]
×Ed12(td1)hd1(z, x3,b,b3)+

[
z
√
ζ(ζ −1)(ϕs−ϕt)ϕA+2r(zζ + ζ −1)ϕ0ϕP

]
×Ed12(td2)hd2(z, x3,b,b3)

}
, (A53)

 

MLL
AP = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[
[(xB+ z−1)ζ2+ (1−2xB−2z)ζ + xB+ z]

×ϕ0ϕA− r
√
ζ[(η(1− x3)+ x3)(ϕs−ϕt)(ϕP+ϕT )+ (1− xB− z)(ϕs+ϕt)(ϕP−ϕT )−4ϕsϕP]

]
×Ed34(td3)

hd3(xB,z, x3,bB,b)+
[
(ζ −1)((1− x3)(1− ζ)+ ζ × (xB− z))ϕ0ϕA+ r

√
ζ[(xB− z)(ϕs−ϕt)(ϕP+ϕT )

+ (1− ζ)(x3−1)(ϕs+ϕt)(ϕP−ϕT )]
]
×Ed34(td4)hd4(xB,z, x3,bB,b)

}
, (A54)

 

MLR
AP = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[√
ζ(1− ζ)(xB+ z−2)(ϕs+ϕt)ϕA

+ rϕ0[ζ(xB+ z−1)(ϕP+ϕT )+ (1+ x3− ζx3)(ϕP−ϕT )−2ζϕT ]
]
Ed34(td3)×hd3(xB,z, x3,

bB,b)+
[√
ζ(1− ζ)(xB− z)(ϕs+ϕt)ϕA+ rϕ0[ζ(xB− z)(ϕP+ϕT )+ (1− ζ)(1− x3)(ϕP−ϕT )]

]
Ed34(td4)hd4(xB,z, x3,bB,b)

}
, (A55)

 

MS P
AP = 32πCFm4

B/
√

2Nc

∫
dxBdzdx3

∫
bBdbBbdbϕB(xB,bB)

{[
(ζ −1)[x3(ζ −1)− ζ(xB+ z)+1]ϕ0ϕA

− r
√
ζ[(xB+ z−1)(ϕs−ϕt)(ϕP+ϕT )+ (ζx3− ζ − x3)(ϕs+ϕt)(ϕP−ϕT )+14ϕsϕP]

]
×Ed34(td3)×hd3(xB,z, x3,bB,b)+

[
(ζ −1)2(z− xB)ϕ0ϕA− r

√
ζ[(1− ζ)(x3−1)(ϕs−ϕt)

× (ϕP+ϕT )+ (xB− z)(ϕs+ϕt)(ϕP−ϕT )
]
×Ed34(td4)hd4(xB,z, x3,bB,b)

}
. (A56)

txi,hxi

Ex12,x34 x ∈ {a,b,c,d} i ∈ {1,2,3,4}
The  formulas  for  the  PQCD  functions    and

, with   and  , which appear
in the factorization formulas Eqs. (A34)–(A56) are repor-
ted in Appendix B of [20].
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