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Abstract: Proton  radioactivity,  a  rare  decay  mode  occurring  in  proton-rich  nuclei  beyond  the  proton  drip  line,
provides valuable insights into nuclear structure, nuclear stability, and the limits of nuclear existence. Building upon
the Geiger-Nuttall (GN) law and recent developments in one- and two-proton radioactivity systematics, this paper re-
ports an improved GN law that explicitly separates the effects of daughter-nucleus charge   and orbital angular mo-
mentum l. Existing empirical formulas typically couple or add these two contributions, despite their fundamentally
different physical origins—the long-range Coulomb interaction and relatively shorter-range centrifugal potential. By
introducing an additional parameter to independently scale the l-dependent contribution, we quantify their separate
contributions to the decay half-life. Using experimental data from 44 proton emitters and available two-proton emit-
ters,  we  determine  the  optimal  parameter  sets  for  both  one-  and  two-proton  radioactivity.  The  improved  GN  law
yields a smaller standard deviation σ = 0.357 for one-proton emission and reproduces experimental two-proton radio-
active half-lives within one order of magnitude. The resulting law provides enhanced predictive power and a physic-
ally transparent interpretation of Coulomb and centrifugal contributions, offering reliable theoretical support for fu-
ture studies and experimental searches for exotic proton-rich nuclei.
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I.  INTRODUCTION
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Due to the rapid development of radioactive beam fa-
cilities, studies on nuclei around the proton drip line have
attracted increasing attention in modern nuclear research.
In this region with extremely proton-rich nuclei, one- and
two-proton radioactivity provide unique insights into nuc-
lear  structure,  single-particle configurations,  pairing  cor-
relations, and the limits of nuclear binding. Proton radio-
activity was first observed in 1970 in the isomeric state of

 [1, 2], and since then, more than forty proton emit-
ters  have  been  identified  between    and 
[3−9]. Similar to α decay [10, 11], proton emission is also
described as  a  quantum tunneling  process,  where  an  un-
bound proton penetrates the composite barrier formed by
the  Coulomb  and  centrifugal  potentials,  resulting  in  a
strong  sensitivity  of  the  decay  half-life    to  both  the
decay energy   and orbital angular momentum l carried
by the emitted proton.

There are many microscopic descriptions based on the
semiclassical  Wentzel-Kramers-Brillouin (WKB)   ap-
proach  that  provide  valuable  insights  into  the  decay
mechanism  of  proton  radioactivity,  such  as  the  single-
particle  Schrödinger  equation  with  a  Woods-Saxon  po-
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tential [12−14] or Jeukenne, Lejeune, and Mahaux (JLM)
potential  [15],  the  single-folding  model  (SFM)  [5],
Gamow-like model (GLM) [16, 17], unified fission mod-
el  (UFM)  [18,  19],  Coulomb  and  proximity  potential
model  (CPPM) [8, 20−22],  relativistic  mean-filed theory
[23−30],  and  density-dependent  cluster  model  (DDCM)
[31−34]. These approaches usually require detailed nucle-
ar-structure inputs, such as explicit interactions. As a res-
ult,  empirical  formulas  inspired  by  the  classical
Geiger–Nuttall (GN) law can be an essential tool for de-
scribing  proton  radioactivity  in  a  simple  but  physically
meaningful manner. Early GN-type extensions for proton
radioactivity  also  emphasized  the  correlation  between

 and  , but  modified  by  the  Coulomb para-
meter  or  angular-momentum hindrance.  Delion et  al.  [4]
introduced  an  empirical  linear  relation  for  reduced  half-
lives of  proton radioactivity,  while Brown-type formulas
were  adapted  to  incorporate  the  influence  of  daughter
charge number  ,  yielding a dependence on  . Based
on these  formulas,  subsequent  improvements  further   ex-
plicitly introduced the dependence on orbital angular mo-
mentum l. For example, Budaca et al. [35] divided the ex-
perimental  data  by  angular-momentum quantum   num-
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bers  l  into  different  groups  with  dependence  on    or
, while Sreeja et al. [36] unified the l-dependence in-

to their formula with dependence on  . Both empirical
relations  successfully  reproduced  the  decay  half-lives  of
known proton  emitters  with  reasonable  accuracy.   Re-
cently, a new GN (NGN) law was further formulated for
proton  radioactivity  [37],  where  the  two-parameter  ex-
pression 

log10 T1/2 = a(Z0.8
d + l)Q−1/2

p +b, (1)

σ = 0.397

captures the combined effects of Coulomb repulsion and
angular-momentum hindrance in a compact form. Fitting
experimental data from 44 proton emitters, they obtained
a  standard  deviation  of  ,  outperforming  earlier
GN-type relations as well as several microscopic models,
including  the  modified  Gamow-like model  and   Cou-
lomb–proximity potential model.

l0.25
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For two-proton radioactivity, a wide variety of theor-
etical  approaches  have  been  developed,  including  three-
body  decay  [38−42],  diproton  models  [43],  Gamow-like
model [20, 44], and macroscopic descriptions such as the
effective liquid drop model (ELDM) [45, 46] and gener-
alized  liquid-drop  model  (GLDM)  [47].  Meanwhile,  the
empirical  extensions  of  the  GN  law  have  also  proven
highly  effective.  Sreeja et  al.  [48]  proposed  a  four-para-
meter  empirical  formula  based  on  ELDM  systematics,
while the GLDM was further applied to the study of two-
proton radioactivity [47]. Based on the concept of Eq. (1)
for  one-proton radioactivity,  the  NGN law is  further  ex-
tended  for  two-proton  emissions  [49]  with  the  angular-
momentum  term  determined  as    through  minimum-
standard-deviation  fitting.  Their  unified  two-parameter
law  reproduces  the  measured  half-lives  of  experimental
two-proton emitters, such as  ,  ,  ,  ,  ,
and provides predictions consistent with ELDM, GLDM,
and the four-parameter formula.
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In previous  studies,  such  as  those  on  the  NGN   for-
mula  given  in  Eq.  (1)  for  both  one-proton  and  two-pro-
ton radioactivity,  the  Coulomb  and  centrifugal   contribu-
tions  were  usually  treated  as  a  single  additive  quantity,

,  implicitly  assuming  similar  scaling  behavior  for
the two potentials. In reality, these two components have
distinct physical origins and radial dependencies. In Fig. 1,
a sketch is given to explicitly demonstrate the difference
between the  Coulomb  and  centrifugal  potentials  by   tak-
ing  one-proton  emitter    and  two-proton  candidate

 as  examples.  The Coulomb potential   arises
from the long-range electrostatic  repulsion dependent  on
daughter-nucleus  charge  number  .  It  varies  smoothly
with  the  relative  distance R  and  dominates  in  the  outer
tunneling  region.  In  contrast,  the  centrifugal  potential

  is  a  relatively  shorter-range quantum effect   de-
pendent on the orbital  angular momentum  l.  It  decreases

Z0.8
d + l

sharply with  the  relative  distance  and provides  contribu-
tions  mainly  in  the  inner  barrier  region.  Although  there
exist differences between these two potentials, the above
single  additive  quantity    is  usually  employed  to
evaluate  their  common  contributions  to  the  decay  half-
lives within the GN law. Hence, it is of particular interest
to separate this additive term to quantify the distinct con-
tributions of each component to the decay half-lives.

Motivated  by  the  recent  successful  concept  from the
NGN law in Eq. (1), we propose an improved GN law in
which  the  Coulomb  and  centrifugal  terms  are  explicitly
separated with  an  independent  separation  factor   intro-
duced for the angular-momentum term. This approach al-
lows the long-range Coulomb and relatively shorter-range
centrifugal  contributions  to  be  optimized  independently
and  evaluated  quantitatively.  By  fitting  the  experimental
data for one- and two-proton emitters, we extract optimal
parameters, analyze the  relative  contribution of  each po-
tential  component,  and  demonstrate  that  the  improved
formulation yields reduced standard deviations and more
physically transparent systematics. The resulting empiric-
al relation offers a simple yet powerful tool for studying
and predicting one- and two-proton radioactivity near the
limits of nuclear stability. The remainder of this paper is
organized as follows. In Section II, we give the details of
the improved GN law framework. The corresponding res-
ults  for  both  one-  and  two-proton radioactivity  and   dis-
cussion  are  given  in  Section  III.  A  summary  is  given  in
Section IV. 

II.  FRAMEWORK

In this section, we present the formulation of the im-
proved GN  law  and  describe  the  procedure  used  to   de-
termine  its  parameters  for  both  one-  and  two-proton  ra-
dioactivity.  The goal is  to construct  a compact empirical
expression in which the Coulomb and centrifugal contri-
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Fig.  1.      (color online) Sketch  of  the  Coulomb  and   centrifu-
gal potentials by taking one-proton emitter   and two-pro-
ton candidate   as examples.
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butions  are  separated  as  independent  physical  terms  so
that we can study their different effects on the decay half-
lives within GN-type formulas.

Motivated by the classical GN law and recent empir-
ical  extensions,  we  introduce  the  following  improved
form to study the decay half-lives for both one- and two-
proton radioactivity: 

log10 T1/2 = a(Zαd +blβ)Q−1/2+ c, (2)

Zd

Qp Q2p

Qp Q2p

lβ

Zαd

where   is the charge number of the daughter nucleus, l
is  the  orbital  angular  momentum  carried  by  the  emitted
proton(s), Q represents the one- or two-proton decay en-
ergy   or  ,  respectively,  and a, b, c, α, β  are para-
meters to  be  determined  by  the  least  square  fitting   pro-
cess.  The  decay  energies    and    are  calculated  by
the mass excesses of the mother nucleus, daughter nucle-
us,  and  emitted  proton(s),  which  are  taken  from  the
AME2016  and  NUBASE2016  evaluations,  respectively
[50−52]. The key feature in the above formula is  the  in-
troduction of the independent coefficient b, which allows
the  centrifugal  contribution,  ,  to  scale  separately  from
the Coulomb term,  . This improved formulation there-
fore  enables  quantitative  separations  between  the  long-
range  Coulomb  potential  and  relatively  shorter-range
centrifugal potential.

The orbital angular momentum l carried by the emit-
ted proton(s) is obtained from spin–parity selection rules.
Proton emission must satisfy 

Jm = Jd + J p, πm = πdπp(−1)l. (3)

Jm Jd J p

πm πd πp

Here,  ,  , and   are the spins of the mother nucleus,
daughter  nucleus,  and  emitted  proton(s),  respectively,
while  ,  , and   are their corresponding parities. Fol-
lowing the  standard  selection  rules,  the  minimum   al-
lowed angular momentum is obtained by 

lmin =



∆ j for even ∆ j and πp = πd,

∆ j+1 for even ∆ j and πp , πd,

∆ j for odd ∆ j and πp , πd,

∆ j+1 for odd ∆ j and πp = πd,

(4)

∆ j = |Jm− Jd − Jp|

lmin

with . For proton emitters with uncertain
spin–parity  assignments,  we  adopt  the  lowest  allowed
value   consistent with known systematics.

To determine the optimal values of a, b, c, α, and β in
Eq.  (2),  we  perform a  least-squares fitting  using  the   ex-
perimental data from 44 proton emitters commonly adop-
ted  in  recent  studies.  The  standard  root-mean-square
(rms) deviation σ between the calculated and experiment-

al decay half-lives is calculated by 

σ =

Ã
1
N

N∑
i=1

Ä
log10 T calc,i

1/2 − log10 T expt,i
1/2

ä2
, (5)

where N is the number of involved data points. The above
parameters  are  adjusted  to  minimize σ,  and the  resulting
optimal  parameter  set  is  presented  in  the  next  section
alongside a detailed discussion.

By  separating  the  Coulomb  and  centrifugal  terms  in
Eq. (2), we can quantify the relative contribution of each
component through the following ratios: 

RC =
aZαd

a(Zαd +blβ)
, Rl =

ablβ

a(Zαd +blβ)
. (6)

These two quantities provide a physically meaningful
measure of how the long-range Coulomb potential and re-
latively  shorter-range  centrifugal  potential  contribute  to
the decay half-lives, allowing direct comparison with mi-
croscopic expectations. 

III.  RESULTS AND DISCUSSION

In this section, we present the fitted parameters of the
improved  GN  laws  for  both  one-  and  two-proton  radio-
activity,  where  the  descriptive  abilities  for  these  two
types of proton radioactivity are also evaluated.  The dif-
ferent contributions of the Coulomb and centrifugal terms
are also analyzed. 

A.    Fitting for one-proton radioactivity

117La 140,141Ho 144Tm 150,151Lu 159Re 159Rem

164Ir

For  one-proton radioactivity,  44 sets  of  experimental
data were used to determine the parameters in Eq. (2), in-
cluding the ground and isomer states of I, Cs, La, Pr, Eu,
Tb, Ho,  Tm, Lu,  Ta,  Re,  Ir,  Au,  Tl,  and Bi.  The experi-
mental  data  for  the  one-proton radioactivity,  such as  de-
cay half-lives,  spins,  and parities,  were taken from Refs.
[6,  16,  17].  The  mass  excesses  of  mother  and  daughter
nuclei were mainly taken from Refs. [50, 51], while those
for  ,  ,  ,  ,  ,  ,  and

 were taken from Ref. [6].

a = 1.106 b = 0.375 c = −27.307
α = 0.71 β = 1.41

Zd

0.6 ∼ 0.85

b = 0.375

With these experimental data, the optimal parameters
for  one-proton  radioactivity  within  the  present  improved
GN law correspond to  ,  ,  ,

, and  , where the α value for the depend-
ence on the charge number   is consistent with previous
calculations of  , indicating the dominant contri-
bution from the Coulomb potential to the decay half-life.
Besides, the value of the parameter   is less than
unity, corresponding to less contribution from the centri-
fugal potential, which can be used to quantitatively evalu-
ate the difference of the Coulomb and centrifugal poten-
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tials.

Qp

σp = 0.357

0.397−0.357
0.397 = 10.07

In Table 1, the first four columns provide the one-pro-
ton  emitters,  decay  energies  ,  angular  momentum  l,
and  corresponding  experimental  decay  half-lives.  The
next  four  columns  list  the  one-proton  radioactive  half-
lives calculated by other popular models: the Gamow-like
model, CPPM, UDLP, and NGN law. The calculated de-
cay  half-lives  in  the  present  work  are  given  in  the  last
column, which are generally consistent with previous cal-
culations. In the last row of Table 1, we list the rms devi-
ations  for  different  approaches,  where the  present   im-
proved GN law achieves the smallest value of  .
Compared to  the  original  NGN  law,  the  present   im-
proved  GN  law  is  further  improved  by

%. This improvement in the standard rms
deviation confirms  the  reasonable  separation  of  the  con-
tributions from the Coulomb potential and centrifugal po-
tential in one-proton radioactivity.

r =
∑

(xi− x)(yi− y)√∑
(xi− x)2

√∑
(yi− y)2

r = 0.9785

In Fig. 2, we plot the experimental one-proton radio-
active  half-lives  and  those  calculated  within  the  present
improved GN law. It  can be seen that all  the data points
cluster closely around the red diagonal line. By calculat-
ing  the  Pearson  correlation  coefficient  with

,  we  obtain  a  strong  Pear-

son correlation coefficient  of  ,  indicating good
agreement between the experimental data and present cal-
culations. 

B.    Fitting for two-proton radioactivity

19Mg 45Fe 48Ni 54Zn 67Kr
l = 0 10N 28Cl 32K

52Cu 57Ga 60As 62As
l = 1 l = 2

l = 4

a = 3.112 b = 0.680
c = −28.565 α = 0.69 β = 0.23

For  two-proton  radioactivity,  available  experimental
data are very limited. To determine the parameters in GN
laws,  both experimental  data and theoretical  calculations
are usually  employed,  including  ten  experiments  of   ob-
served two-proton emitters ( ,  ,  ,  ,  )
with    and  seven  predicted  results  ( ,  ,  ,

,  ,  ,  )  calculated  by  Goncalves  et  al.
[46]  (one  case  with  ,  four  cases  with  ,  and  two
cases with  ). By fitting these benchmark data, the op-
timal  parameters  of  the  present  improved  GN  law  for
two-proton  radioactivity  are  ,  ,

,  , and  . Similarly, the α value
for two-proton emission is consistent with previous calcu-
lations, while the b value is also less than unity,  indicat-
ing reasonable separation of the Coulomb and centrifugal
potentials.

Q2p

log10 T expt
1/2

In Table 2, we list the involved data of two-proton ra-
dioactivity for the fitting process of the present improved
GN  law.  In  the  first  four  columns  are  the  two-proton
emitters,  decay  energies  ,  angular  momentum  l  car-
ried by  the  emitted  protons,  and  corresponding   logar-
ithmic  benchmark decay half-lives  ( ).  The next
five  columns  are  the  theoretical  predicted  half-lives  by
the GLDM [47], ELDM [46, 54], four-parameter empiric-

∆ = log10 T expt
1/2 − log10 T calc

1/2

σ2p = 0.6728

19Mg 45Fe 48Ni 54Zn 67Kr Qp ≤ 0
Q2p > 0

45Fe Q2p = 1.154 48Ni
Q2p = 1.290 ∆ = 0.061

∆ = 0.103

al formula [48], NGN law [49], and the present improved
GN law.  The  last  column  gives  the  logarithmic   differ-
ence between the experimental half-lives and those calcu-
lated  using  the  present  improved  GN  law,  which  is
defined  as  .  In  the  last  row,  we
also show the rms deviations σ between these theoretical
calculations and  the  experimental  data.  The  present   im-
proved  GN  law  yields  an  rms  deviation  with

, which is consistent with previous empirical
descriptions  of  two-proton  radioactivity.  From  the  last
column, we can see that  for the true two-proton emitters
( ,  ,  ,  ,  ,  characterized  by  ,

),  most  values  of  the  difference  ∆  lie  between  -1
and 1, indicating that the present formula reproduces the
corresponding  half-lives  within  one  order  of  magnitude.
In  particular,  for    with    MeV  and 
with   MeV, the differences are   and

, respectively,  demonstrating  very  good   agree-
ment with the experimental data.

6Be 12O 16Ne Qp > 0 Q2p ≥ 0

6Be
16Ne

12O

We also  check  the  application  of  the  present   im-
proved two-proton GN law for short-lived light two-pro-
ton emitters, such as  ,  ,   with  ,  ,
as listed in the lower part of Table 2. It is shown that the
differences ∆ are generally larger, especially for   and

, reflecting the additional complexity of these exotic
decay modes and possible uncertainties in the benchmark
half-lives. The cases of   exhibit relatively small differ-
ences,  suggesting that  the present  improved GN law can
also be applied to short-lived light two-proton emitters to
a certain  extent  when  accurate  reference  data  are   avail-
able.  In  contrast,  the  present  differences  between  the
benchmark  values  and  those  calculated  with  GLDM,
ELDM,  and  the  four-parameter  formula  can  all  exceed
three  orders  of  magnitude  for  some two-proton  emitters,
indicating  that  further  experimental  refinement  of  these
half-lives would be valuable.

We  also  check  the  global  quality  of  the  present  GN

 

Fig.  2.      (color online)  Correlation between the experimental
one-proton radioactive half-lives and those calculated with the
present improved GN law.
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Table 1.    Comparison of calculated half-lives of one-proton emitters with different theoretical approaches, namely, the Gamow-like
model [20], UDLP model [53], CPPM model [20], NGN law [37], and our present formula. The symbol "(m)" for the mother nucleus
indicates an isomeric state. The last row gives the standard rms deviations σ for different theoretical calculations with respect to the ex-
perimental one-proton radioactive half-lives.

Nucleus Qp/MeV l
log10 T1/2/s

Expt. Gamow-like CPPM UDLP NGN This work

109I 0.830 2 −3.987+0.021
−0.022 −3.491 −3.507 −3.684 −3.906 −3.491

112Cs 0.830 2 −3.310+0.026
−0.027 −2.850 −2.844 −3.062 −3.128 −2.851

113Cs 0.981 2 −4.752+0.010
−0.010 −4.811 −4.796 −4.899 −5.302 −4.812

117La 0.823 [6] 2 [6] −1.623+0.038
−0.038  [6]

−2.110 −2.072 −2.350 −2.368 −2.111

121Pr 0.901 2 −1.921+0.151
−0.234 −2.622 −2.552 −2.811 −2.894 −2.623

130Eu 1.043 2 [6] −3.000+0.146
−0.222 −3.258 −3.121 −3.398 −3.494 −3.259

131Eu 0.963 2 −1.699+0.044
−0.049 −2.279 −2.141 −2.458 −2.477 −2.280

135Tb 1.193 3 −2.996+0.106
−0.141 −3.532 −3.380 −3.712 −3.912 −3.533

140Ho 1.106 [6] 3 [6] −2.222+0.176
−0.301  [6]

−2.089 −1.902 −2.342 −2.265 −2.090

141Hom 1.264 0 −5.137+0.018
−0.018 −5.452 −5.783 −5.331 −5.769 −5.453

141Ho 1.190 3 [6] −2.387+0.010
−0.011 −2.995 −2.811 −3.220 −3.335 −2.996

144Tm 1.725 [6] 5 [6] −5.638+0.143
−0.216 −5.129 −5.216 −4.691 −5.142 −5.130

145Tm 1.754 5 −5.496+0.024
−0.031 −5.415 −5.401 −4.871 −5.415 −5.314

146Tmm 0.904 0 −0.810+0.054
−0.060 −0.695 −1.272 −0.610 −0.315 −0.889

146Tmm 1.214 5 [6] −1.125+0.039
−0.043 −0.776 −0.695 −0.896 −0.999 −0.871

147Tm 1.072 5 0.573+0.022
−0.023 0.874 1.001 0.614 0.681 0.825

147Tmm 1.133 2 −3.444+0.046
−0.051 −3.051 −2.911 −2.859 −2.455 −2.674

150Lu 1.305 2 [6] −4.398+0.070
−0.084 −4.367 −4.206 −4.734 −3.633 −3.878

150Lu 1.283 [6] 5 [6] −1.194+0.273
−0.903  [6]

−1.044 −0.931 −1.113 −1.199 −1.111

151Lum 1.332 [6] 2 −4.782+0.018
−0.014 −4.582 −4.582 −4.327 −3.899 −4.117

151Lu 1.255 [6] 5 [6] −0.896+0.058
−0.066  [6]

−0.767 −0.699 −0.863 −0.911 −0.821

155Ta 1.466 5 −2.495+0.148
−0.226 −2.267 −2.321 −2.269 −2.397 −2.354

156Tam 1.036 2 −0.826+0.035
−0.035 −0.649 −0.279 −0.624 −0.180 −0.481

156Ta 1.126 5 0.933+0.150
−0.136 1.248 1.479 0.947 1.101 1.165

157Ta 0.956 0 −0.527+0.018
−0.017 −0.305 0.122 −0.188 −0.797 −0.507

159Re 1.816 [6] 5 [6] −4.678+0.076
−0.092  [6]

−4.428 −4.639 −4.268 −4.493 −4.489

159Rem 1.831 [6] 5 [6] −4.695+0.073
−0.088  [6]

−4.524 −4.741 −4.355 −4.586 −4.583

160Re 1.286 2 −3.163+0.010
−0.010 −3.090 −2.915 −2.939 −2.450 −2.756

161Re 1.216 0 −3.357+0.001
−0.001 −3.152 −2.953 −2.895 −3.277 −3.058

161Rem 1.336 5 −0.678+0.028
−0.028 −0.601 −0.579 −0.789 −0.729 −0.704

164Ir 1.844 [6] 5 [6] −3.947+0.190
−0.134  [6]

−4.213 −4.376 −4.114 −4.247 −4.270

165Irm 1.737 5 −3.428+0.042
−0.047 −3.502 −3.685 −3.472 −3.550 −3.572

166Ir 1.177 2 −0.842+0.081
−0.103 −1.294 −1.036 −1.303 −0.801 −1.153

166Irm 1.347 5 −0.090+0.025
−0.026 −0.215 −0.136 −0.475 −0.344 −0.354

167Ir 1.087 0 −1.127+0.009
−0.009 −0.940 −0.631 −0.865 −1.347 −1.148

167Irm 1.262 5 0.787+0.013
−0.014 0.683 0.758 0.348 0.546 0.539

170Au 1.487 2 −3.488+0.070
−0.081 −3.984 −3.927 −3.845 −3.254 −3.604

Continued on next page
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log10 T calc
1/2 log10 T expt/ELDM

1/2law  with    plotted  against    for  all

17 data points in Fig. 3. The data points generally distrib-
r = 0.9960

ute closely around the diagonal line, and a Pearson correl-
ation coefficient of   is obtained, confirming an
excellent linear correlation between the calculated values

Table 1-continued from previous page

Nucleus Qp/MeV l
log10 T1/2/s

Expt. Gamow-like CPPM UDLP NGN This work

170Aum 1.767 5 −2.976+0.034
−0.036 −3.307 −3.442 −3.333 −3.330 −3.376

171Au 1.464 0 −4.652+0.044
−0.049 −4.569 −4.527 −4.298 −4.460 −4.329

171Aum 1.718 5 −2.587+0.038
−0.036 −2.966 −3.144 −3.026 −2.992 −3.037

176Tl 1.278 0 −2.208+0.137
−0.201 −2.133 −1.909 −2.059 −2.361 −2.249

177Tl 1.172 0 −1.177+0.106
−0.142 −0.855 −0.610 −0.863 −1.263 −1.140

177Tlm 1.979 6 −3.459+0.126
−0.176 −3.025 −3.305 −3.045 −3.643 −3.485

185Bim 1.625 0 −4.192+0.028
−0.031 −4.971 −5.017 −4.759 −4.730 −4.675

σ 0.501 0.472 0.427 0.397 0.357

 

Table  2.      Comparison  of  the  experimental  data  for  two-proton  radioactive  nuclei  with  predictions  by  different  theoretical  models,
namely, GLDM [47], ELDM [46, 54], the four-parameter empirical formula [48], the NGN law [49], and our present formula.

Nucleus Q2p/MeV l
log10 T1/2/s

∆
Expt. GLDM ELDM Four-Para NGN This work

19Mg 0.750 [55] 0 −11.398+0.138
−0.204  [55]

−11.790 −11.720 −10.660 −12.030 −10.968 −0.432

45Fe 1.100 [56] 0 −2.398+0.261
−0.260  [56]

−2.230 −1.250 −2.210 −1.982 −0.418

1.140 [57] 0 −2.071+0.244
−0.205  [57]

−2.710 −1.660 −2.640 −2.452 0.382

1.210 [58] 0 −2.425+0.029
−0.031  [58]

−3.500 −2.340 −3.350 −3.219 0.799

1.154 [59] 0 −2.552+0.132
−0.125  [59]

−2.870 −2.430 −1.810 −2.790 −2.611 0.061

48Ni 1.350 [59] 0 −2.076+0.402
−0.778  [59]

−3.240 −2.130 −3.130 −3.206 1.126

1.290 [60] 0 −2.523+0.239
−0.222  [60]

−2.620 −1.610 −2.590 −2.623 0.103

54Zn 1.480 [61] 0 −2.432+0.203
−0.137  [61]

−2.950 −2.520 −1.830 −2.810 −3.075 0.645

1.280 [62] 0 −2.753+0.104
−0.108  [62]

−0.870 −0.100 −1.010 −1.156 −1.604

67Kr 1.690 [63] 0 −1.699+0.238
−0.238  [63]

−1.250 −0.060 0.310 −0.580 −1.292 −0.408

10N 1.300 [46] 1 −17.640 −20.040 −18.590 −18.425

28Cl 1.965 [46] 2 −12.950 −14.520 −12.460 −12.414

32K 2.077 [46] 2 −12.250 −13.460 −11.550 −11.594

57Ga 2.047 [46] 2 −5.300 −5.220 −4.140 −4.626

62As 0.692 [46] 2 14.520 13.830 14.180 14.407

52Cu 0.772 [46] 4 9.360 8.620 8.740 9.165

60As 3.492 [46] 4 −8.680 −10.840 −8.330 −9.206

σ 1.0431 0.7989 0.6728

6Be 1.371 [64] 0 −20.290+0.030
−0.028  [64]

−19.370 −19.970 −21.950 −23.810 −24.278 3.978

12O 1.638 [65] 0 > −20.198 [65] −19.170 −18.270 −18.470 −20.170 −20.195 −0.005

1.820 [66] 0 −20.943+0.426
−0.211  [66]

−20.940 −18.790 −20.520 −20.625 −0.315

1.790 [67] 0 −21.103+0.190
−0.132  [67]

−20.100 −18.740 −20.460 −20.558 0.458

1.800 [68] 0 −20.160+0.079
−0.100  [68]

−20.120 −18.760 −20.480 −20.581 0.461

16Ne 1.330 [66] 0 −20.642+0.301
−0.176  [66]

−16.450 −15.940 −17.530 −17.237 −3.403

1.400 [69] 0 −20.382+0.196
−0.135  [69]

−16.630 −16.600 −16.160 −17.770 −17.524 −2.856
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σ2p

and  adopted  benchmark  dataset.  This  strong  correlation,
together  with  the  relatively  small  rms  deviation  ,  in-
dicates that the present improved GN law provides a reli-
able  and  unified  description  of  both  true  and  short-lived
light  two-proton  emitters.  In  the  future,  more  realistic
two-proton emissions with different angular momenta can
be used to further promote the accuracy of the present im-
proved GN law. 

C.    Coulomb and centrifugal contribution analysis
The explicit  separation of  the Coulomb and centrifu-

RC Rl

Zαd +blβ

gal  terms  in  Eq.  (2)  allows  a  quantitative  evaluation  of
their  respective  roles  in  the  tunneling  process.  For  each
proton emitter, the relative contributions of the two terms
to  the  decay  half-lives  are  assessed  using  the  ratios
defined  in  Eq.  (6).  The  ratios    and    represent  the
fractional weights  of  the  Coulomb  and  centrifugal   com-
ponents  in  the  composite  quantity    and  therefore
provide  a  direct  measure  of  the  importance  of  the  long-
range  Coulomb  potential  and  relatively  shorter-range
centrifugal potential, respectively.

l = 2

RC ≈ 0.95

Rl ≈ 0.05 Rl ≈ 0.15

In Fig. 4, the extracted contribution ratios for all one-
and two-proton emitters are displayed. Several systemat-
ic  trends  can  be  observed.  From  the  left  two  panels  for
one-proton emission cases, we can see that for low angu-
lar  momentum  one-proton  emitters,  such  as  in  the 
case,  the  Coulomb term dominates  with  the  contribution
ratios  around  .  This  is  because  the  centrifugal
potential with low angular momentum is generally much
smaller  than  the  Coulomb  potential.  As  l  increases,  the
centrifugal contribution  grows  rapidly  with  the   centrifu-
gal  contribution  ratios  from    to  .  This
evolution is  consistent  with the radial  dependence of  the
centrifugal  potential.  Besides,  from  the  comparison
between the NGN calculations and present results, we can
see  that  the  present  separation  between  the  long-range
Coulomb potential and the relatively shorter-range centri-
fugal potential leads to generally smaller contributions of
the centrifugal potential to the decay half-lives, reflecting
the fact  that  the  outer  Coulomb  barrier  governs  the   cor-

 

Fig.  3.      (color online)  Comparison  between  the  calculated
two-proton radioactive half-lives and benchmark values from
the experimental data and ELDM results [46].

 

Rc RlFig. 4.    (color online) Coulomb contribution ratios   and centrifugal contribution ratios   to the decay half-lives for both one-pro-
ton (left two panels) and two-proton (right two panels) emissions with different orbital angular momenta.
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responding tunneling process. Hence, the present separa-
tion  can  further  improve  the  prediction  accuracy  with
smaller rms deviation.

Rl

l < 6

l = 6

l = 6

Moreover,  it  can be seen from the left  two panels  of
Fig.  4  that  the  centrifugal  contribution  ratios    calcu-
lated with the NGN law for   cases are systematically
larger than those computed by the present work, except in
the    case.  This  is  because  the  separation  factor b  is
introduced  to  allow  the  relative  change  of  the  Coulomb
and centrifugal  contributions.  In  particular,  the   centrifu-
gal part with low angular momentum l will contribute less
to the decay half-life  than that  of  the NGN law, while it
will contribute more with high angular momentum, as ex-
emplified by the  case  with    in  the  bottom-left  panel
of Fig. 4.

l = 5

l = 1

Rl

l = 0

l > 0

From  the  right  two  panels  of  Fig.  4  for  two-proton
emission  cases,  we  can  see  a  similar  behavior  that  the
Coulomb  contribution  ratios  are  generally  much  larger
than the centrifugal ones. However, with the angular mo-
mentum  l  increasing,  the  centrifugal  contribution  ratios
decrease.  This  is  because  the  two-proton  emitters  with
larger angular momentum   have more than twice the
proton numbers  than  those  with  smaller  angular   mo-
mentum  . As a result, the Coulomb contributions are
improved  much  more  than  the  centrifugal  contributions,
leading to decreasing extracted   values. Hence, the con-
tributions  of  the  Coulomb  and  centrifugal  potentials  are
competitive  with  each  other,  and  the  separation  in  the
present improved GN law provides a more transparent in-
terpretation  of  proton-radioactivity  systematics.  Besides,
because most known two-proton emitters decay with 
transitions employed  in  the  fitting  process,  the   differ-
ences  between  the  present  contribution  ratios  and  those
extracted using the original NGN law are small. In the fu-
ture, more experimental data for two-proton emitters with

 can be used to check the separating effect on the de-
cay half-life. 

D.    Predictions for unmeasured emitters

51 ≤ Z ≤ 91

The predictive capability of the present improved GN
law is examined by applying it to the mother nuclei with
proton  numbers  in  the  range  ,  for  which  the
proton emission is energetically allowed according to the
binding energies  given in Refs.  [50, 51]  but  whose half-
lives remain unmeasured. It should be noted that the nuc-
lear  deformation  effect  is  not  included  in  the  present
work. Considering  the  general  deformations  for  the  pro-
ton emitters, the decay energies and interactions between
the emitted  protons  and  daughter  nuclei  could  be   simul-
taneously affected,  leading  to  crucial  impacts  on  the  de-
cay  half-lives.  In  the  future,  we  can  further  include  the
deformation effect in the present approach to improve the
descriptions for both the measured and unmeasured emit-
ters.  The  predicted  results  for  the  unmeasured  emitters
within the present framework are summarized in Table 3,

where  the  upper  part  is  for  one-proton  radioactivity  and
the  lower  part  is  for  two-proton  radioactivity.  The  first
three  columns  are  the  involved  mother  nuclei,  possible
decay energies, and lowest allowed angular momenta car-
ried by the emitted proton(s).  The other  columns are the
theoretical  logarithmic  decay  half-lives  calculated  with
different approaches, including the present improved GN
law.

117Lum
108I

In the upper part of Table 3 for one-proton radioactiv-
ity,  the  predicted  half-life  for  each  candidate  nucleus  is
compared with  the  results  obtained  from the  UDLP sys-
tematics and  NGN  law.  For  most  cases,  the  three   ap-
proaches  yield  decay  half-lives  with  similar  orders  of
magnitude, demonstrating the stability of the present im-
proved formulation  and  robust  estimations  for   unmeas-
ured  proton  emitters.  Notably,  for  nuclei  such  as 
and  , our results agree very well with the available ex-
perimental  information,  indicating  the  reliability  of  the
present improved GN law for extrapolation.

Q2p

l = 0

The present  improved formalism was also  applied  to
two-proton emission candidates. The lower part of Table
3 lists the predicted half-lives for 14 nuclei with non-neg-
ative   values extracted from Refs. [50, 51]. A compar-
ison  with  GLDM,  ELDM,  the  four-parameter  empirical
formula, and the NGN law shows that the present results
exhibit  good  overall  consistency.  Because  most  of  these
nuclei  decay  with  ,  the  centrifugal  contribution  is
minimal, and the decay systematics are governed primar-
ily  by  the  Coulomb  term.  The  agreement  with  existing
models  indicates  that  the  present  improved  GN law  is  a
reliable  tool  for  extending  two-proton  decay  predictions
beyond experimentally explored regions. 

IV.  SUMMARY

σ = 0.357

An improved empirical  GN law is  developed for  the
description of  both  one- and two-proton radioactivity  by
introducing an explicit  separation parameter between the
Coulomb and centrifugal contributions to the decay half-
life. This formulation differs from previous GN-type rela-
tions,  in  which  the  two  contributions  are  usually  treated
as a  single  additive  term.  The  additional  degree  of   free-
dom provided by the independent coefficient of the angu-
lar-momentum term allows the improved GN law to cap-
ture the distinct physical roles of the Coulomb and centri-
fugal potentials. The parameters of the improved GN law
for one-proton radioactivity are determined by fitting the
experimental half-lives of 44 known emitters. The result-
ing  standard  deviation  of    represents  a  notable
improvement over existing empirical relations. The mod-
el  reproduces  the  experimental  data  with  high  accuracy,
which is  also  reflected by the  strong Pearson correlation
coefficient obtained from the comparison between theor-
etical calculations  and  experimental  data.  The  same   for-
mulation  applied  to  established  two-proton  emitters
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m/n lmin

Table 3.      Comparison of predicted decay half-lives for both one-proton (upper part)  and two-proton (lower part)  radioactivity with
different theoretical models. The symbol   associated with the mother nuclei denotes the isomeric state, and   is calculated using
Eq. (4).

Nucleus Qp/MeV lmin

log10 T1/2/s

UDLP NGN This work Expt.

103Sb 1.469 2 −9.515 −9.902 −9.892

104Sb 0.519 2 1.278 1.890 1.993 > 0.827 [51]

105Sb 0.331 2 7.980 9.216 9.382 > 3.049 [51]

108I 0.610 2 −0.024 0.433 0.473 > 0.556 [51]
111Cs 1.820 2 −10.445 −10.751 −10.792

116La 1.091 2 −5.456 −5.373 −5.423

117Lam 0.951 [6] 4 −2.155 −2.191 −1.996 ≈ −1.989 [51]

127Pm 0.922 2 −2.514 −2.209 −2.315

129Pm 0.152 3 33.398 36.533 36.425

137Tb 0.843 5 2.717 2.977 1.997

140Ho 1.103 4 −1.364 −1.069 −1.653

146Tmn 1.144 5 −0.176 −0.204 −0.588

159Re 1.605 0 −6.223 −6.377 −7.480

164Ir 1.576 2 −4.947 −4.387 −5.129

165Ir 1.556 0 −5.455 −5.593 −5.443

169Irm 0.780 5 7.404 8.088 8.113

171Irm 0.402 5 20.396 21.952 22.031

169Au 1.947 0 −7.569 −7.476 −7.382

172Au 0.877 2 3.586 3.991 3.557 > 0.146 [51]
172Aum 0.627 2 9.448 9.692 9.195 > −0.260 [51]

185Bi 1.540 5 −1.019 −0.721 −0.828

185Bin 1.720 6 −1.161 −1.502 −1.356

211Pa 0.751 5 12.545 13.268 12.985

Nucleus Q2p/MeV lmin

log10 T1/2/s

GLDM ELDM Four-Para NGN This work

26S 1.755 0 −14.590 −13.860 −12.710 −14.160 −14.056

34Ca 1.474 0 −10.710 −9.910 −8.650 −9.930 −9.735

36Sc 1.993 0 −11.740 −10.300 −11.660 −11.756

38Ti 2.743 0 −14.270 −13.560 −11.930 −13.350 −13.721

39Ti 0.758 0 −1.340 −0.810 −0.280 −1.190 −0.327

40V 1.842 0 −9.850 −8.460 −9.730 −9.830

42Cr 1.002 0 −2.880 −2.430 −1.780 −2.760 −2.335

47Co 1.042 0 −0.110 0.210 −0.690 −0.471

49Ni 0.492 0 14.460 14.640 12.780 12.430 13.441

56Ga 2.443 0 −8.000 −6.420 −7.610 −8.239

58Ge 3.732 0 −13.100 −11.740 −9.530 −10.850 −11.730

59Ge 2.102 0 −6.970 −5.710 −4.440 −5.540 −6.134

60Ge 0.631 0 13.550 14.620 12.400 12.040 12.376

61As 2.282 0 −6.120 −4.740 −5.850 −6.544
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σ = 0.6728yields a standard deviation of  , which is com-
parable to those of the best available empirical formulas.
The explicit separation of Coulomb and centrifugal com-
ponents enables a clear quantitative analysis of their relat-
ive contributions, revealing systematic behaviors consist-
ent with the expected radial dependence of the two poten-
tials. Its  capability  to  distinguish  and  quantify  the   Cou-
lomb and centrifugal contributions provides a deeper un-
derstanding of charged-particle emission from proton-rich
nuclei.  Furthermore,  the  present  improved  GN  law  has
been used to predict half-lives for potential one- and two-

proton emitters, producing results that are generally con-
sistent  with  those  from  widely  used  empirical  models,
such  as  UDLP,  GLDM,  ELDM,  and  NGN  law.  These
predictions could serve as useful  guidance for  future ex-
perimental investigations  near  the  proton  drip  line.  Des-
pite  the  very  limited  available  data,  especially  for  two-
proton emissions, good accuracy was achieved within the
present datasets. More experimental data can be incorpor-
ated  into  future  dataset  to  further  improve  the  empirical
descriptions of both one- and two-proton radioactivity.
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