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Critical investigation of y-heating rates in stellar matter
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Abstract: The simulation of the observed properties of type I X-ray bursts, also known as superbursts, poses chal-
lenges once Cooper pair neutrino emission from the crust of the neutron star are included. Further, additional heat-
ing of the accumulating fuel layer is required. The emission of y-rays caused by electron captures to excited states in
astrophysical environments is a major source of heat loss competing with that carried away by weak-interaction
neutrinos. y-heating significantly affect the presupernova evolution of massive stars and the calculation of the
thermal structure in the crust and core of superbursts. This energy deposition enhances entropy production and pro-
motes convection at this stage of stellar evolution. Effective y-heating rates reduce the ignition depth of superbursts.
A recent investigation ranked the leading electron capturing nuclei as the cause for significant changes in the lepton-
to-baryon fraction (Y, ) of the stellar matter after silicon core burning. We investigate y-heating rates from the ex-
cited states of the top 100 electron capture and positron decay nuclei identified in recently published ranking lists.
Each nucleus was analyzed using four different empirical pairing gaps and three distinct sets of nuclear deformation
parameters to assess the effect of y-heating rates. We report our calculations for the temperature range of 1-10 GK
and density range of 10°—10'! g/em3. The calculated y-heating rates changes up to a factor 26 (16) with changing
deformation values (pairing gaps). Our findings may contribute to more realistic simulations of post-silicon burning
phases of massive stars and superbursting neutron stars.
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I. INTRODUCTION

The mechanism of energy generation within stars [1],
nucleosynthesis [2], and dynamics of supernova explo-
sions [3] continue to be active areas of research in astro-
physics. A complete understanding of these phenomena is
essential for reliably modeling the evolution of the uni-
verse. An earlier study [4] concluded that inefficient core
and crust neutrino emissions along with poor crust
thermal conductivity are prerequisites for a superbursting
neutron star, commonly referred to as superbursts. Super-
burst ignition column depths were too large because of
neutrino cooling attributed to the Cooper pairing of neut-
rons in the crust. Further, an extra heating mechanism
was required in superburst models for simulating ob-
served data. The earliest cooling phases of a neutron star
are dominated by neutrino emissions while subsequent
cooling is attributed to thermal radiation from the surface.
Neutrino cooling reduces the interior temperature of neut-
ron stars to > 10° K. For temperatures beyond 10'° K, the
dominant neutrino emission processes are the modified
Urca process and neutrino pair bremsstrahlung in nucle-
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on-nucleon collisions. Flowers et al. [5] calculated neut-
rino emissions in the temperature range of 10°-10!° K
for a neutron fluid that has transitioned to the superfluid
state. At any nonzero temperature 7 < T, (critical temper-
ature), the neutron fluid has two components: a superflu-
id condensate and quasiparticle excitations. The quasi-
particle excitations are induced by broken "Cooper pairs."
The authors calculated neutrino pair emissivity because
of the recombination of broken pairs that join the con-
densate, which results in the emission of neutrino-anti-
neutrino pairs. The authors concluded that, in the temper-
ature range of 10°—10'° K, recombination emissivity can
dominate all other cooling mechanisms. Superbursts,
thought to be a thermonuclear runaway initially caused
by carbon unstable burning, possess ignition depths deep-
er than that of the H/He ignition. Both neutron stars and
X-ray bursts are affected by neutrino cooling mechan-
isms. Superbursts are affected by neutrino losses at a rel-
atively deeper layer inside neutron stars compared to
those of usual X-ray bursts [4, 6]. The effects of neutrino
cooling on the recurrence time of superbursts depends
strongly on thermal neutrino losses (e.g., [6]) for nucleon-
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pair bremsstrahlung and crust Cooper pair breaking and
formation process. Gupta et al. [6] performed a self-con-
sistent calculation of the thermal structure of superbursts.
The authors demonstrated that enabling electron captures
to proceed through excited nuclear states led to a signific-
ant increase in the thermal energy released within the out-
er crust of accreting neutron stars. This process offsets
the fraction of reaction energy carried away by neutrinos.
Although neutrinos freely escape and remove substantial
energy from the transparent core at such densities, y-rays
become trapped inside and deposit energy, heating the
stellar material. The interplay between neutrino cooling
and p-heating contributes to oxygen deflagration and
helps trigger convective motion in the core. Further, they
emphasized that the resulting crustal heating is highly
sensitive to the initial nuclear composition formed during
the burning of lighter elements in the envelope of the
neutron star. This sensitivity can be attributed to the
strong shell and subshell effects in neutron-rich nuclei,
triggering notable changes in nuclear shape, single-
particle structure, and electron-capture strength distribu-
tions even for nuclei with comparable proton and mass
numbers. Gupta et al. computed y-heating rates that were
bigger by a factor of 10 at densities < 10'! g/cm® than
that estimated previously. These higher yp-heating rates
shortened the ignition column depths counteracting the
effect of reduction in temperature from the Cooper pair-
ing of neutrons in the crust. The higher calculated y-heat-
ing rates supported the reduction in the discrepancy
between temperatures required for unstable 2C ignition
on timescales consistent with the observations. Crustal
heating calculations were very sensitive to the underly-
ing nuclear physics. The authors stressed on a reliable
calculation of the nuclear structure and f-decay proper-
ties of very neutron-rich nuclei up to a mass number of
106. Such a calculation can constrain the lowest lying
electron capture strength, which in turn determines the y-
heating rates.

During the final life cycle stages of a massive star,
weak-interaction processes are significantly influenced by
charge-exchange mechanisms, which are also referred to
as Gamow-Teller (GT) transitions [7]. These reactions,
governed by the weak force, subsequently affect y-heat-
ing and neutrino cooling rates. Key processes in stellar
core collapse, including magnetorotational instabilities
[8], electron capture (EC) on nuclei, and resulting y-heat-
ing are highly temperature-dependent. As the collapse
proceeds, the stellar core is compressed to nuclear densit-
ies, after which it rebounds against stiff nuclear matter.
This rebound drives the ejection of parts of the heavy-ele-
ment core along with outer shells into the interstellar me-
dium [9]. At this stage, y-heating may assist in re-energiz-
ing the stalled shock, supporting explosive burning and
driving convection. In the late evolutionary stages of
massive stars, weak interaction processes play a decisive

role in regulating the energy balance of the core.

Nuclear shapes and pairing gaps are two crucial para-
meters used to investigate various nuclear structure prop-
erties including those possessing astrophysical signific-
ance. Experimental studies of atomic nuclei have re-
vealed that they can adopt various spherical or ellipsoidal
shapes. In many cases, the ellipsoidal configurations ex-
hibit significant deviations from the ideal spherical con-
figuration referred to as deformations. Such nuclear de-
formations are prominent in nuclei far from magic num-
bers associated with enhanced stability. As nuclei moves
away from the stability line, weaker nucleon binding and
greater imbalance between protons and neutrons result in
substantial alterations to the nuclear potential. The
spin—isospin component of the nucleon—nucleon interac-
tion influences these effects by modifying single-particle
energy levels. The growing importance of many-body
correlations amplify these effects, which results in the
breakdown of conventional shell closures and emergence
of new ones. The evolution of nuclear shapes across dif-
ferent regions of the nuclear chart remains an active area
of research, investigated through a wide range of experi-
mental [10, 11] and theoretical approaches [12—14].
Meanwhile, a better understanding of the nucleon pairing
effect in nuclear matter is pivotal for interpreting a spec-
trum of astrophysical phenomena associated with com-
pact stellar objects. These include the thermal evolution
of nascent neutron stars [15], post-outburst relaxation dy-
namics in X-ray bursts [16], and pulsar glitch dynamics
[17,18].

A robust theoretical characterization of pairing correl-
ations necessitates incorporating precise bare nucleon-
nucleon interactions. However, the magnitude and beha-
vior of pairing gaps within nuclear matter remain con-
strained [19], posing a significant challenge to predictive
modeling efforts.

Several theoretical studies have investigated the ef-
fect of temperature on nuclear properties (e.g., [20—32].
The pairing of nucleons was neglected in the calculations
for hot giant dipole resonance (GDR) because it was be-
lieved that the gap vanishes at 7= T, < 1 MeV according
to the BCS theory. Subsequently, it was discovered that
thermal fluctuations smear out the superfluid-normal
phase transition in finite systems so that the pairing gap
survives up to 7> 1 MeV [28]. The effect of thermal
pairing causes a smaller GDR width at T < 2 MeV com-
pared to the one obtained by neglecting pairing [24]. Oth-
er approaches support the argument that pairing correla-
tions do not abruptly disappear at 7 # 0 [29-31]. Ref.
[33] suggests that the decrease in the pairing gap with in-
creasing temperature, which is also caused by particle-
particle and hole-hole configurations at low temperatures,
can slow down the increase in GDR width. An investiga-
tion conducted to study the temperature dependence of
the pairing gap beyond the BCS approximation led to no-
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ticeably higher values of the critical temperature [26].
The equation of motion for the two-fermion two-time
correlation function in the pairing channel was con-
sidered at finite temperature for ®Ni, “Ca, and *°Ca. It
was concluded that, in the pure BCS case, the pairing gap
decreased quickly with the increase in temperature and
disappeared around 7= 1.2 MeV. However, in the BCS +
particle-vibration coupling calculation, the gap values
were still significant around 7= 1 MeV. The pairing gap
retained its peaked character in the BCS + particle-vibra-
tion coupling calculation even when its average value de-
creased with a rise in temperature. Authors explored the
nuclear shell structure of nickel isotopes in a finite-tem-
perature relativistic framework [27]. In these calculations,
pairing correlations were considered up to temperatures
of 1 MeV.

One of the noticeable works related to the finite tem-
perature investigation of nuclear properties was reported
by Ravli¢ et al. [32]. The authors presented the mapping
of nuclear drip lines at temperatures up to 7 =20 GK us-
ing the relativistic energy density functional theory, in-
cluding the treatment of the thermal scattering of nucle-
ons in the continuum. The authors did not incorporate ap-
proaches beyond the mean field nor account for statistic-
al (thermal) fluctuations in their calculations. These find-
ings stated that the pairing gaps and deformation proper-
ties were present at least up to 7= 10 GK (~ 1 MeV).
They commented that for temperatures beyond 1 MeV,
these two nuclear structure properties may still exist
provided thermal fluctuations are considered. Further-
more, the authors reported that, for 7 < 12 GK, the inter-
play between the properties of nuclear effective interac-
tion, pairing, and temperature effects determine the nucle-
ar binding. At higher temperatures, the pairing correla-
tions disappear, shell effects vanish, and a transition oc-
curs from the superfluid to the normal state. The authors
commented that nuclear deformation decreased with tem-
perature, which leads to a transition from the deformed to
the spherical state. At 7= 1 MeV, the authors found a
significant number of nuclei exhibiting deformation ef-
fects. It may be safely concluded from the above argu-
ments that pairing and deformation effects exist at least
up to 7= 10 GK. Consequently, we present our calcula-
tions on the effects of pairing gaps and nuclear deforma-
tion on y-heating rates only up to 7= 10 GK (~ 1 MeV).

We used the proton-neutron quasiparticle random
phase approximation (pn-QRPA) model [34] to calculate
y-heating rates in stellar environment. Our nuclear model
did not consider the smearing of the Fermi surface be-
cause of heating effects. However, we consider the
smearing of the nuclear Fermi-surface because of pairing
correlation in our current calculation. There are studies
based on quasiparticle randomphase approximation
(QRPA) formalism that include the effect of finite tem-
perature in the calculation of nuclear matrix elements

(NMEs) of Fermi and GT transitions. The studies per-
formed by Dzhioev et al. [35] were based on the TQRPA
approach in which temperature is considered within the
thermo-field dynamics formalism using the Woods-Sax-
on potential, BCS pairing interactions, and separable mul-
tipole and spin-multipole particle-hole interactions.
TQRPA enables determining temperature-dependent
spectral functions and treats the ground state and
thermally excited states consistently on the level of 2p-2A
correlations. A self-consistent FTQRPA approach within
relativistic [36] and non-relativistic [37] frameworks,
based on nuclear energy density functionals for evaluat-
ing nuclear weak interaction rates, is available at finite
temperature. The evolution of the GT, spectrum with
temperature was investigated using the finite-temperat-
ure proton-neutron relativistic time blocking approxima-
tion and finite-temperature proton-neutron relativistic
random phase approximation models [38]. The calcula-
tions showed only minor changes in the GT. distribu-
tions for the nuclei around "®Ni when the temperature in-
creased from 0 to around 1 MeV [38]. The relativistic and
nonrelativistic finite temperature proton-neutron quasi-
particle random phase approximation methods were de-
veloped to study the interplay of the pairing and temper-
ature effects on the GT excitations in open-shell nuclei
[39]. The findings showed that pairing effects are crucial
for a proper description of the spin-isospin excitations,
especially at temperatures below 1 MeV and further con-
cluded that the thermal evolution of the GT_spectrum for
#2Ca, “Ti, and !"®Sn displayed small changes up to tem-
peratures of 1 MeV. Our model has an advantage which
makes our calculation of reduced transition probabilities
more reliable than other nuclear models. Our model is
perhaps one of the very few models that calculate GT
strength distributions from the parent ground and low-ly-
ing excited states (up to 10 MeV) in a microscopic fash-
ion. Other models (e.g., [40—45]) calculate the GT distri-
butions from the ground state (and perhaps a few low-ly-
ing states up to 1-2 MeV) and the remaining parent
levels assume the Brink-Axel hypothesis [46, 47]. The
Brink-Axel hypothesis is not a good approximation for
estimating excited state GT distribution functions [48].
Based on a simulation study of presupernova evolu-
tion, Nabi et al. [49] identified a suite of crucial electron
capture nuclei whose reaction rates most significantly in-
fluenced the dynamics of stellar core collapse. The au-
thors selected an ensemble consisting of 728 nuclei with a
mass range of 4 = 1-100 and adopted a novel recipe for
computing nuclear partition functions. The capture rates
on these nuclei directly govern the lepton fraction rate of
the core (Y,) and entropy, which plays a fundamental role
in the initial collapse dynamics and subsequent super-
nova mechanism. The authors published an updated list
of electron capturing nuclei, which had the largest effect
on Y, for conditions after silicon core burning. We selec-
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ted the top 100 electron capturing nuclei for the current
investigation of y-heating rates.

The y-heating rates for the top 100 EC nuclei were
calculated using four different pairing-gap prescriptions:
(1) Lipkin—Nogami (A™V) [50], (ii) Madland-Nix (AMY)
[51], (iii) four-point (A®) [52], and five-point (A®) [52]
empirical pairing models. In addition, three sets of nucle-
ar deformation parameters, which correspond to 3, val-
ues from the FRLDM (1981) [53], FRDM (1992) [54],
and FRDM (2012) [55] models, were employed as input
parameters in our nuclear model for investigating their ef-
fects on computed y-heating rates.

This paper is organized as follows: Section II out-
lines the theoretical framework for the calculation of y-
ray heating energy rates. Section III presents and dis-
cusses calculated results in depth and presents a compar-
ison with the available measured data. Finally, Section IV
provides a concise summary of the main conclusions and
implications of the present investigation.

II. FORMALISM

This study aims to investigate the effects of nuclear
shape and nucleon pairing gaps on the computed y-heat-
ing rates. The charge-changing transitions were calcu-
lated using the pn-QRPA model with a simple pairing
plus quadrupole Hamiltonian with the incorporation of
particle-particle (pp) and particle-hole (ph) GT forces of
the separable form. We began with a spherical single-
particle basis (Sjm, sjm) and introduced an axially sym-
metric deformation that generated the corresponding ca-
nonical (Nilsson) basis (D}, D).

D}, =Y Tush, 1)

J

where m represents the projection of angular momentum
onto the symmetry axis, while a represents additional
quantum numbers to determine the states completely. The
transformation matrix 7 includes Nilsson eigenfunctions
within the NilssontBCS model. The quasiparticle (Q)
basis was defined using yet another transformation, ex-
pressed as

Q}t’“y = Upa Dj;m — Ve Dﬁm» (2)

Q;tmy = Upa Djha +Via D, (m>0), (3)

where m represents the time reversed state of m. The oc-
cupation amplitude satisfies the condition w2, =v2,, = 1.

We employed the BCS theory to determine the values of
u and v. The pn-QRPA phonons creation operators ®

were expressed as

DL = X5 w005 - Y5 0,05 , )

pn

The indices n and p distinguished between the single
quasi-particle states of the neutron and proton, and they
represent m,a, and m,a,, respectively. The sum fulfilled
the conditions x = m,—m, = 0,1 and n,.7w, = 1 for the
neutrons and protons pairs. The term ¥ represents the en-
ergy eigenvalues, while forward- and backward-amp-
litudes (X) and (Y) are the eigenfunctions of the RPA
equation for proton-neutron quasiparticle pair states

X
Y

X
Y

=y (5)

M N
-N -M

The RPA equations were solved separately for each val-
ues of x. The details of the elements of submatrices M
and N have been reported in Ref. [56].

A. Extension to odd-odd and odd-A mass nuclei

The RPA framework was initially employed to calcu-
late excitation states from the ground state of even—even
nuclei. Subsequently, the authors in Ref. [56] extended
the model to odd—odd and odd-A4 systems. For odd-4 nuc-
lei, two types of transitions are possible. The first corres-
ponds to a phonon excitation in which the odd particle
does not take part in the interaction, while the second
type involves transition between one-quasiparticle states.
Phonon correlations were incorporated in one-quasi-
particle configurations using the first-order perturbation
theory

Peorr) = Qp1=)+ Y _ QIDL ()1
n,¥

X (-[Q} DL (] Hy1 QF|-) X E,(n, %), (6)

Meorr) = Qf=)+ Y QFDY(~p0)l-)

p¥

X (I~ H31 Ql|-) X E,(p, W), (7)

Ei(ja\P): ] 5 (i,]':P,n)’ (8)

€—¢€—¥

where e represents quasi-particle energies. The quasi-
particle-phonon coupled Hamiltonian term H;; in Egs. (6)
and (7) was defined using
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Hy = Z Vpn,ﬁ’n’(up“nvp’un' —VpVully Vyr)
x(Q}0} Q;/ Oy +h.c.)
+ Z Vpn,p/n"(VanVp/ Uy — Uty V)

X(Q) 0105 0y +h.c.), )

where the Hermitian conjugate (4.c) terms ensure the
proper symmetry of the operators. V represents the two-
body interaction matrix elements. The explicit form of

for a separable and schematic interaction as well as
charge-changing transition amplitudes between correl-
ated one-quasiparticle states have been reported in Ref.
[56]. The idea of quasiparticle transitions with first-order
phonon correlations can be extended to an odd-odd par-
ent nucleus. The ground state is assumed to be a
proton—neutron quasiparticle pair state of the smallest en-
ergy. The GT transitions of the quasiparticle lead to two-
proton or two-neutron quasiparticle states in the daughter
nucleus. The two-quasiparticle states were constructed
with phonon correlations and given by

T 1 T T AT T P AT T ;7
Pheor >= QL01=>+5 > | 0} 0 Bh(-pl=> x < =I1Q}; O}, DY) H3n Q) Q)1= > Ep(p' p5.¥)

Py Y

1 - i T AT T ’
t5 D, 0 0u b= > x < -0} 0}, ®h()] Hu Q) 0}1= > Ep(mins. ).

’ o
n ,nz,‘l’

< PiPronl = O, OF |- >+ >, 05,0, DL (wl- > x < —[[0}, 0L DL H31 0F, O |- > E, (P, ),
pn,

<mnonl = 0, 0L1=>+ 50 O, 05 OY(—)l- > x < =10}, 0h DY~ H31 Q) O} |- > o, (P'1 ).,
p.n,

where

1
(€+e)—(e.+e+¥P)

Eup(cd,¥) = (13)

These two-quasiparticle states were expressed in terms of
one-quasiparticle transition amplitudes using

< plchz)rr|Tt0—u|pncorr >
= 6(]’1,]7) < pZCarrlTj:‘Tylncorr >

(14)

_5(P27 p) < plcorrlTi(T’ulnmrr >,

“
T

(10)
an
(12)
< n1n2mrr|Tto——y|pnmrr >
= 6(}’12,71) < nlmrrlTio-—;l'pmrr >
_6(’1],”) < n2corr|7i0-—,u|pcorr > . (15)

When a nucleus contains an odd nucleon, the low-lying
excited states are generated by promoting the quasi-
particle from the lowest-energy orbital to higher-lying or-
bitals. For odd-proton even-neutron nuclei, these excited
states can be described as three-proton configurations or
as one-proton—two-neutron configurations, correspond-
ing to the excitations of a proton or a neutron, respect-
ively,

e 1 ‘s
PiD2p3con =0}, 0, Q1)+ 5 D Q)0 0L DY)

pp.oyn ¥

X (-1}, Oy, O DY () Ha1 0}, O}, 05 [V E py s (P P51 )

(16)

e 1 o ~u . b
P = 0,0, Q10+ 5 Y 005 0 ®L(-pI=) x (-I1Q}; 0, 0, Dy (-1 H31 0}, 0}, 01, 1-)

p.pyn ¥

054109-5



Musarat Abbas, Jameel-Un Nabi, Arslan Mehmood

Chin. Phys. C 50, 054109 (2026)

1 o - s
XE (PP )+ 2 D 0101 0 BY(l=) x(-1Q, O}, O, OY (] H3n 0, ), Q1 1y (i, ¥) . (17)

;o
n],nz,nS,‘I’

with the energy denominators of the first order perturba-
tion

1

Eacd ’\P = .
pe(defF) (e, +€+e.—€—€.—€, =)

(18)

The transition amplitudes between three—quasiparticle
states were reduced to effective amplitudes for correlated
one—quasiparticle states

’ 7!

(P1P2 corr T2 | D1P2P3corr)
= 0(p}, P2)(Ph, P3N oy T2 Picorr)
= (P PSPy, P3N oy I T2l P2corr)
+0(p1, PP P2 o [T D3corr) » (19)

(PLPI core Tl P11
= 6(n}, n)[6(P}, PO Pocor T2 ul1cor)
= 0(p3: PSP conlTeTult1corr)]
= 0(n}, n)O(P}, POPacord T2 T ulM2corr)
= 6(P% PP cor T2 0 ul20r) ] (20)

<l’l/1 n/ancorrlTiO—#l |Pl n n2corr>
= 0(n, n1)0(y, M) oy, [Tl Prcorr)
- 6(’1’1 >,y )6(713 ) n2)<n’2mrr|7—i gy |plcorr>

+ 6(’1’1 s 1 )6(”12, n2)<n’3mrr|7—io-—y |plcorr> ) (2 1)

and for parent nuclei with an odd neutron

’ !

<pl n n2corr|Ti0-;1|nl n2n3mrr>
= 0(n},m2)0(1y, 13 )P o [Tl 1c0rr)
- 6(11,1 1 )6(’1,2’ n3)<p,lcurr|T‘—"0—/J |n2wrr>

+ 6(’1’1 RO )6(]’1/2, n2)<p,1wrr|‘rio—y |n3corr> 5 (22)

(DI Wy | T2 D1 P2 o)
= 0(p}, P8, 11 )Mo | TLO P 1corr)
=61, 1 1) 1, [T Tl P1core)]
= 6(p1, pOL6(, 1) M, 1T20 | Pacorr)
= 6(r, n 1 o [Tl P2cors)] (23)

(PLPAPiscor | T2T DI P2 R corr)
= 8(ph PSP P2 cors T ulM1corr)
=6(p1, PSP P2 Prcore T Tl 1c0rr)
+6(p1, POOPY P2 Phcore TeTulM1cor) - (24)

In odd—odd nuclei, low-lying excited states can be de-
scribed within the quasiparticle framework as either pro-
ton—neutron pair configurations or as four—quasiparticle
states formed by adding two protons or two neutrons. Al-
though transitions from two—quasiparticle states are
treated separately, phonon-correlated four—quasiparticle
states can be constructed in an analogous way to two—
and three—quasiparticle configurations

AV

< PPN Ry T | PLP2 D3I Corr >
= 8(n,n)[6(P}, P2)S(P2s P3) < Moy 1T20lPr1corr >
= 8(p1, P1I(PS, P3) < Moy IT2OuD2corr >
+6(p1, P1)O(PS, P2) < Mo [T20ul P3corr >]
= 6(n},n)[6(P p2)O(Prs P3) < Moo, [T | Prcorr >
= 0(py, PO(P3, P3) < Moy T2l Pacorr >

+ 6(p,1’p1 )6(1)/2’ pZ) < n’zcorr|TiO—7/J|p3corr >] ’
(25)

’ ’ ’

< PLDAPPacorTeT U P1D2P3 N corr >

= —0(P5 p1S(P5, PPy P3) < Plcore T ulM1conr >
+0(p1, PO(PS, PPy P3) < Prcor T2 T ulM1cor >
= 6(p1, P15, PSP P3) < Do [T M1 corr >

+5(17/1’[)1)5(17’2,172)5([7’37173) < p:lmrr"rto—/_z'nlmrr >,
(26)

AV

< PPy, TLou pininans.,,, >

= 6(p}, p)I6(n},n2)6(ny,n3) < Pl T2 M1 corr >
= 0(ny,n)0(n5,n3) < iy, [Te0 200 >
+06(n7,11)0(15,12) < oo, IT20ulM3c0r >]
= 8(ph, pOIS(N],12)0(15, 13) < P'opy | ToT M1 corr >
=6(n},n)0(n,n3) < Py 1T uM2cor >

+6(n7,11)0(15, 1) < Pleor T30 >1,
(27)
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< PGS oy [T L Mo >

= +0(n5, n1)0(ny,12)6(n, 13) < Yoy, T2yl Prcorr >
= 6(n,n1)6(ny,n2)6(ny,13) < Moy |TL0 | Prcorr >
+0(n},11)0(n3,12)6(1, 13) < Ny T2l Prcorr >
= 6(n},n1)6(n5,m2)0(15,13) < My 1Tl Prcorr >

(28)

The anti-symmetrization of quasi-particles was con-
sidered for each of these amplitudes.

’ ’ ’ .7 ’ ’ ’.
Py > P3 > Py > P13y > N3 > 15 > 1y

P4 > P3 > Pr> Py > N3 >Ny >Ny,

The GT transitions were considered for the excited
state of each phonon. The quasiparticle in the parent nuc-
leus was assumed to be occupy the same orbit as the ex-
cited phonon. Further details of the formalism may be
seen from Ref. [56].

The f decay partial half lives to daughter states ¥
were calculated using

K
" S(ZE,A)Br(P) +(gv/84) 2 fa(Z, E, A)Br(¥)’

(29)

Iy

where E = (Q - V), ga/gv =-1.254 [57], and K = 6143 s
[58]. fu(Z,A,E) and fy(Z,A,E) are the integrals of the
available phase space for axial vector and vector trans-
itions, respectively. The phase space integrals were com-
puted as per the recipe provided in Ref. [59]. The re-
duced transition probabilities for GT and Fermi trans-
itions are denoted by Bgy and Bp, respectively. The de-
tails of the calculation of nuclear matrix elements have
been reported in Ref. [60]. The total § decay half-lives
were computed by including all transition probabilities to
the daughter states within the Q0 window and summing
the partial half-lives in the inverse relation

-1
Ty = ( > (S)) : (30)

o<v<g ¥

The y-heating rates, in stellar matter, were computed
using

A=Y PEA;, (31)
ij

where P; represents the occupation probability of the i

parent state, E; represent the daughter energy levels, and
A;; represents the sum of electron capture (EC) and

positron decay (PD) rates for transitions from the parent
state i to daughter level j

2
=l ) s+ () en)|. o

The first parenthesis on the right side of Eq. 32 are the
phase-space integrals dependent on stellar temperature,
density, and electron Fermi energy. These were com-
puted using (in natural units)

1

Wi

= / VP 1 (¥, - W) F(-Z¥)(1-D.)d¥,
1

(33)

fEC = TV (¥, +¥Y’F(ZY)D_d¥,  (34)

J
¥

where ¥ represents the electron or positron energy, ¥, is
the available total f-decay energy, and ¥, represents the
capture threshold energy. F(xZ,¥) are the Fermi func-
tions and D, represent the lepton distribution functions.
For further details, refer to Ref. [61].

III. RESULTS AND DISCUSSION

This study investigates the effect of nuclear shape and
pairing gaps on calculated y-heating rates in the astro-
physical environment. Our ensemble includes top 100 EC
nuclei, which cover the range of 4 = 48-87 and Z =
21-36, and are based on the recent rankings published by
Nabi et al. [49]. We employed four distinct pairing gaps:
AD, A® AT and AMN) and three nuclear deformation
parameter sets derived from the 8, [FRLDM (1981)], B,
[FRDM (1992)], and B8, [FRDM (2012)].

Figure 1 presents the calculated ground-state
Gamow-Teller (GT) strength functions for >!Cr, °Ni,
37Co, and *Cu examined using the pn-QRPA framework
by employing the selected sets of nuclear deformation
and pairing gap values. The GT strength distributions cal-
culated using our model are compared with the available
experimental data [62]. The comparison provides an op-
portunity to gauge the performance of our selected nucle-
ar model. Figure 1 reflects the sensitivity of transition
strengths to both pairing correlations and quadrupole de-
formations. The abscissa shows daughter excitation ener-
gies up to the O-values. The experimental data [62] were
reported up to 0.75240, 2.13290, 0.83232, and 1.67460
MeV for 3!Cr, 3°Ni, ¥Co, and *Cu, respectively.

The measured data for *'Cr exhibit two low-lying GT
transitions at the ground state and at E, = 0.32 MeV, in-
dicating a simple single-particle configuration consistent
with the odd-proton character of >'Cr in the lower-fp

054109-7



Musarat Abbas, Jameel-Un Nabi, Arslan Mehmood

Chin. Phys. C 50, 054109 (2026)

107 [B, FRLDM (1981) | [B, FRDM (1992) | [B, FRDM (2012) |
10" 10"
107 2 2
SlCr 10 10
10° 10° 10°
0 T 10 = T T T 0% = T T T
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
1
10 . 10° 107
~~ 3
— 10~ — ) )
1 57C0 -
> 10% - .
L 2] 10* — 10
E 10 T T T T T T T T I T T T T
‘-_T_ 0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
o~
g
-1 -1 -1
E 10 10 10
107 S 107 S 107 S
56Ni
107 107 107
10° T T T 10° T T T 10* T T T
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
10" 10" 10"
Sl ol |1 i
10° = T T T 10° = T T 10° = T T T
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
Daughter Excitation Energy (MeV)
Fig. 1. (color online) Comparison of ground-state GT strength distributions for 3'Cr, Ni, 3’Co, and %Cu using three distinct nuclear

deformation values and four different pairing gap schemes with experimental data [62].

shell. The pn-QRPA calculations successfully repro-
duced the two GT transitions. The A™ model provided
the best agreement with experimental values, with
B(GT) = 1.633x 102 MeV~" and 5.52x 1073 MeV™". The
improved correspondence results from the Lipkin—No-
gami particle-number projection [50], which stabilizes
pairing correlations and reduces artificial level fluctu-
ations. The A™Y prescription enhanced the overall trans-
ition strength (B(GT) =2.68 x 1072 MeV~" and 7.27x 1073
MeV™'), which is consistent with the stronger mass-
scaled pairing field introduced by Madland and Nix [51].
The FRDM (1992) deformation resulted in a higher mag-
nitude of GT strengths. The FRDM (2012) deformation,
which incorporates updated microscopic corrections, pro-
duced the most balanced results. Experimentally,
%Ni exhibits a prominent GT transition centered at
E.~172MeV with a strength of B(GT)=1.5177x
10-' MeV~'. This strong, low-lying transition reflects a
doubly magic, closed-shell configuration (Z =N =28).
The overall fragmentation pattern is minimal, consistent
with the low collectivity expected for a near spherical
nucleus. Our model reproduced the strong single GT
transition reasonably well; however, small quantitative

differences appear because of the sensitivity of closed-
shell nuclei to the choice of pairing and deformation para-
meters. 'Co exhibits two low-lying GT transitions
around E,~0.14MeV and 0.71 MeV, with correspond-
ing B(GT) strengths of 1.35x107 MeV~' and
7.606x 107> MeV~!, respectively. These weak transitions
are consistent with the odd-proton configuration of 3’Co.
The pn-QRPA results were comparable with the meas-
ured data. The odd-odd nucleus *Cu displays two domin-
ant GT transitions: ground state and at E, ~ 1.35 MeV.
The significant ground-state component and moderately
strong excited transition indicate a mixture of single-
particle and weakly collective GT configurations, consist-
ent with the odd-odd nature of ®*Cu. The pn-QRPA res-
ults reproduce these two transitions fairly well for all in-
put parameters. The combination of FRDM (2012) de-
formation values and A™Y pairing gaps provided the
closest agreement with measured data for the four selec-
ted nuclei.

The main feature of the current study is a compre-
hensive analysis of y-heating rates attributed to the elec-
tron capture processes in astrophysical environments.
Figs. 2—7 examine the sensitivity of these rates to nuclear
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pairing gaps and ground-state deformations. Our calcula-
tions span the temperature range of 1—10 GK and density
range of 10°—10'" g/cm?. We compare our calculated res-
ults with available shell model (SM) y-ray heating rates
[63], as presented in Figs. 2—7. The authors of Ref. [63]
highlighted the critical issue of electron chemical poten-
tial and Q-values in the electron-capture transitions of
fp-shell nuclei, and they incorporated electron screening
effects in their calculations of electron-capture rates.
Screening increases the electron fraction while simultan-
eously lowering the capture rates. In Ref. [63], the au-
thors adopted the electron-capture rates for fp-shell nuc-
lei from Honma et al. [64], while for other nuclei, they
employed the rates reported in Refs. [41, 65, 66].

The empirical pairing gaps A® and A® predict com-
parable y-heating rates (within a factor of 2-3), with A®
resulting in slightly enhanced rates at 7 > 10 GK. This
similarity reflects their common theoretical foundation in
finite-difference approximations of the pairing gap, with
the A® method providing a modest improvement through
reduced sensitivity to single-level fluctuations. In con-
trast, the AT approach demonstrates markedly different
behavior. The AV predicted y-heating rates are around
an order of magnitude smaller than those predicted by the
empirical pairing gaps. This suppression can be attrib-

pY, = 10" g/em?

104 @

107" 4

10 e g 4
*xﬁnokm g Q
pY,=10° g/em®

107 4+

A . (MeV s

10° 4
107 4
el
1078 4
107

1074

pY,=10° g/em?

107+ T T T T T T T T 7T T

L T T T T T T T 1T T T T T T T 11T
SSRGS ARSSNESS

uted to the treatment of particle-number conservation and
inclusion of higher-order correlations in this method,
which significantly alter the predicted phase space for
electron capture transitions. The AMY model frequently
resulted in intermediate values of y-heating rates, between
the finite-difference methods and Lipkin—Nogami ap-
proach.

For the majority of nuclei, under low-temperature and
low-density conditions (T =1 GK, p =107 g/cm?), the y-
heating rates are negligible (~ 107%-1071 MeV-s~!
). Under these physical conditions, the excited states are
not sufficiently populated, and electron capture proceeds
from the parent ground state, resulting in low-energy
transitions or stable daughter nuclei, yielding slight y-ray
heating.

On the other extreme, for selected high-temperature
and high-density regions (7 =10 GK, p=10" g/cm?),
the electron chemical potentials exceed typical nuclear Q-
values. Under such extreme conditions, the sensitivity of
y-heating rates to pairing gaps diminishes considerably.
The increased phase space for electron capture over-
whelms subtle differences in the nuclear structure, result-
ing in the convergence of predictions across varying pair-
ing gaps. All models converge to similar magnitudes
~(10*~10%) MeV-s~!, suggesting reduced sensitivity to

pY,=10" g/em®

10°

1072 4

107 o

1]

10726

[8, FRLDM (1981)]

1074PY.= 10" g/em?

107"

107

1077 4

0sd

1073 T T T T T T 17T T T T T T T T T 7T T
28 o &N RIS, A o 0K LA
TN TN SRR TSN SO SNRs

Fig. 2. (color online) pn-QRPA calculated y -heating rates (MeV-s~!) for the top 100 EC nuclei at 7= 1 GK calculated using four dif-
ferent pairing gaps and B, [FRLDM (1981)] as input parameters. The shell model rates with and without screening effects are also

shown [63].
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(color online) Same as Fig. 2, at 7= 10 GK.

Fig. 3.
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(color online) Same as Fig. 2 (=1 GK), using 8, [FRDM (1992)] as input parameter in the pn-QRPA rates.

Fig. 4.
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(color online) Same as Fig. 4, at 7= 10 GK.

Fig. 5.

[B, FRDM (2012)]

(color online) Same as Fig. 2 (7= 1 GK), using 5, [FRDM (2012)] as the input parameter in the pn-QRPA rates.

Fig. 6.
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Fig. 7. (color online) Same as Fig. 6, at 7= 10 GK.

pairing treatment under extreme conditions where
thermal effects dominate.

The progression from B, [FRLDM (1981)] to B,
[FRDM (1992)], and finally to 8, [FRDM (2012)] af-
fects y-ray heating rate predictions because of substantial
theoretical improvements in the treatment of nuclear de-
formations for neutron-rich nuclei and those with soft po-
tential energy surfaces. The FRDM (2012) model incor-
porates a more sophisticated description of deformation
energy surfaces and includes a density-symmetry coeffi-
cient L set to zero. These improvements affect nuclei with
soft potential energy surfaces, where small changes in the
deformation energy landscape can alter the predicted
ground-state deformations. For a realistic simulation of
superbursts and post-silicon burning phases of stars, the
FRDM (2012) deformation parameters should be em-
ployed with A™ pairing gaps because they can provide
the best prediction power to our nuclear model.

Tables 1-2 list the ratio of pn-QRPA calculated mean
y-heating rates to those obtained from SM calculations
[63]. The ratios are presented for pn-QRPA rates using
different choices of pairing gaps and nuclear deforma-
tions. Table 1 lists the computed ratio with SM calcula-
tions excluding screening effects. At high temperatures,
the pn-QRPA rates are larger than the SM rates by an or-
der of magnitude. At T=(1-3) GK and pY, = 10
g/cm’, the pn-QRPA rates are larger than the SM rates by

a factor of 4-5. Table 2 indicates that the screening ef-
fects in the SM calculation are the highest at low temper-
ature (T = 1 GK) and low density (pY, = 10° g/cm®),
where the SM rates reduce up to a factor of 2.6. Under
such physical conditions, the pn-QRPA rates are larger
than the corresponding SM rates by up to a factor of 25.
The comparison at higher density (oY, = 10" g/cm?) is
similar to that exhibited in Table 1.

We wanted to identify the maximum change in the
calculated y-heating rates as a result of changing pairing
gaps and nuclear deformation values. For computed y-
heating rates bearing negative exponents, orders of mag-
nitude changes can be attributed to a small variation in
model input parameters; however, they are not of any sig-
nificance in simulation studies because of their almost
zero impact. Fig. 8 shows computed y-heating rates at a
density of 10°g/cm?® and T = 1 GK. These conditions cor-
respond to the physical environment of superbursts in ac-
creting neutron stars [4]. The spread in y-heating rates is
obtained by varying the nuclear deformation parameter 3,
and different prescriptions for pairing gaps, which high-
lights the sensitivity of weak-interaction rates to nuclear
structure inputs. From a physical perspective, nuclear de-
formation modifies single-particle level densities and
transition strengths, while pairing correlations alter the
availability of quasiparticle states. These effects directly
affect the electron-capture chains and associated y-emis-
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Table 1. Comparison of the reported pn-QRPA calculated mean y -heating rates with shell model rates excluding screening effects
[63].
B> [FRLDM (1981)]
F(GK pYe =10° g/cm3 pY, =101 g/(:m3
T T e Bawm lam e e Bam ew | fhaw
e PR e 5 e PR e 5
1 7.86 8.16 8.75 9.76 4.44 4.38 4.20 431
3 6.39 6.57 7.37 7.22 4.63 4.61 4.46 4.59
10 11.56 11.38 11.87 11.33 8.76 8.71 8.41 8.42
B> [FRDM (1992)]
1 10.41 10.23 10.73 10.94 4.61 4.63 4.39 4.49
3 6.30 6.33 6.97 6.83 5.31 5.31 5.05 5.18
10 13.74 13.65 12.65 12.87 10.07 10.08 9.33 9.62
B> [FRDM (2012)]
1 8.29 8.08 9.00 9.40 4.45 441 4.24 4.30
3 6.99 7.00 7.73 7.39 4.82 4.80 4.64 4.72
10 12.42 12.67 12.23 12.05 9.14 9.28 8.64 8.83
Table 2. Comparison of the reported pn-QRPA calculated mean y -heating rates with shell model rates including screening effects
[63].
B2 [FRLDM (1981)]
T(GK) pY, =10° g/cm® pY, =10"" g/em?
ke Tpores Tare Tores ke Tores Tnores Tares
T T s T T S s T
1 20.8 20.2 22.1 25.1 4.51 4.44 4.27 4.37
3 6.94 7.17 7.90 7.83 4.69 4.67 4.52 4.65
10 11.6 11.4 11.9 11.3 8.76 8.71 8.41 8.42
B> [FRDM (1992)]
1 23.2 224 24.1 25.0 4.68 4.69 4.45 4.56
3 6.88 6.92 7.53 7.39 5.37 5.36 5.11 5.24
10 13.8 13.7 12.7 12.9 10.1 10.1 9.33 9.61
B2 [FRDM (2012)]
1 21.1 20.6 22.5 24.0 4.52 4.47 4.30 4.36
3 7.69 7.73 8.41 8.07 4.88 4.86 4.70 4.78
10 12.4 12.7 12.3 12.1 9.13 9.27 8.64 8.83

sion, which are key contributors to crustal heating.

For a more meaningful analysis, Fig. 9 displays the
top three cases where the maximum change of heating
rate occurs for nuclei possessing y-heating rates of mag-
nitude that are larger than 1 MeV-s~!. Fig. 9 illustrates
the maximum change in the calculated y-heating rates as a
result of changing either the pairing gaps or deformation
values. Fig. 9 also shows that changing 8, values result in
a larger effect on computed heating rates compared to
that achieved using changing pairing gaps. The y-heating

rates change up to a factor of 26 and 16 by changing the
deformation and pairing gap values, respectively. The left
panel of Fig. 9 shows the maximum variation in com-
puted heating rates when we alter the pairing gaps in our
nuclear model. For 3!'Sc, a change in y-heating rates by a
factor of 16 was noted at 7 =1 GK, p=10" g/cm?. For
the remaining two nuclei, >'Ti (T=1 GK, p=10"
g/cm?) and *°Co (T =3 GK, p=10'"" g/cm?), the heating
rate changed by a factor of 4-5. The right panel displays
the maximum change in computed y-heating rates when
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Fig. 8. (color online) Maximum and minimum calculated y-ray heating rates (MeV's ~! ) by changing pairing gaps and deformations

for the top 100 EC nuclei under superburst conditions.

we vary the 8, values. The maximum change by a factor
of 26 was noted for 3'Sc (T =1 GK, p = 10'! g/cm?). The
heating rates changed by more than an order of mag-
nitude, and it was observed for ¥V (T =10 GK, p = 10°
g/cm?®) and 32Sc (T =1 GK, p=10" g/cm?) because of
the changing B, values. A more refined inspection re-
veals that the calculated y-heating rates are a sensitive
function of the pairing gaps and deformations when a
nucleus approaches a magic proton, magic neutron, or a
magic mass number. Near these shell closures, nuclei
tend to favor spherical configurations, and even a minute
departure of 3, from zero can induce substantial modific-
ations in the predicted heating rates. The intensity of the
pairing interaction within a nucleus is governed by resid-
ual pairing correlations and the density of single-particle
levels near the Fermi surface. As nuclei near magic num-
bers undergo structural rearrangements in their Fermi sur-
faces, alterations in the pairing gaps can exert a pro-
nounced influence on the resulting y-heating rates.

Figure 10 presents the calculated y-heating rates aver-
aged over the selected 100 nuclei and presented as snap-
shots of predetermined temperature and density values.

For stellar temperatures [T = (1-3) GK], the heating rates
remain minimal, typically in the range of 107°-107*
MeV:-s~! at a low density of 107 grem™. At T =10 GK
and density (pY, = 10" gcm™3), the rates increase by
several orders of magnitude, reaching values in the range
of (10*~10°) MeV-s~!. This enhancement is attributed to
the growing contribution of thermally populated excited
states. At a given temperature, y-ray heating rates in-
crease monotonically with density. High-density environ-
ments increase the Fermi energy values (up to 24 MeV)
enhancing electron captures to excited states by orders of
magnitude and subsequent y-emissions. 8, [FRLDM
(1981)] resulted in comparatively lower heating rates at
temperatures [T = (1-3) GK] followed by B, [FRDM
(1992)] rates. 3, [FRDM (2012)] provided the highest y-
heating rates, highlighting the revised microscopic cor-
rections that resulted in enhanced transition rates. Pairing
gap variations affect the predicted heating rates to a less-
er extent. For temperatures around 10 GK, and for all
density regions covered in the current investigation, the
highest average heating rate of 1, = 2.27x10° MeV-s™!
resulted from the A@W/A® pairing gap formula and
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parameters. The physical conditions are presented in the text.
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(color online) Top three variations in the calculated y-heating rates of magnitude bigger than 1 MeV-s~! with changing input

B,IFRDM (2012)]

pY,=10"g/em?

A@ A® ALN

1074

107

1074

AN A@ A® AN AN

1074

1074

1054

10'

A@ A® AN AN

10'

10!

D)

A (MeV s

pY =10°g/em®

A® ALY

AD

AN A@ A® AN AGIN

AN

10°

10°

pY=10"g/cm’

105

10*4 104

ALN

AGN) A®

AD A®

A® AN AGN AN AN

I ok, 3 GK, [ 110 GK]

Fig. 10.
function of pairing gaps and deformations.

FRDM (2012) nuclear deformation parameters. Under su-
perburst ignition conditions, our nuclear model predicted
maximum and minimum mean y-heating rates of
A,=7.08x10"" MeV s7! and 4, =4.13x10"" MeV-s!,
respectively, for the top 100 EC nuclei selected in our in-
vestigation. The maximum mean heating rates were pre-
dicted using the AMN pairing gap and nuclear deforma-
tion parameters from the FRDM (1992) model. The min-
imum p-heating rates were determined by employing the

(color online) Comparison of the calculated y-ray heating rates (MeV-s~!) averaged over the selected top 100 EC nuclei, as a

AW pairing gap and B, values from the FRLDM (1981)
model.

IV. CONCLUSIONS

In this study, we presented calculations of the y-heat-
ing rates attributed to weak interaction decays in stellar
matter. Our pool of nuclei consisted of top 100 EC nuclei
possessing astrophysical importance. These nuclei were
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selected based on their respective contribution to the time
rate of change of the lepton fraction (¥, ) during presuper-
nova evolution, as identified in a recent simulation study
[49]. A key feature of our computation was the micro-
scopic calculation of GT strength distributions for both
ground and excited states. Pairing gaps and nuclear de-
formations serve as essential model parameters for calcu-
lating the properties of the nuclear structure. The current
investigation highlighted that changing pairing gaps and
nuclear deformation values influenced the GT strength
distributions and associated p-heating energy rates. For
low-density and low-temperature regions, the lowest
mean heating rate of 1, = 6.39x 10 MeV's~! was recor-
ded for A® pairing gaps and FRLDM (1981) nuclear de-
formations. For high-density and high-temperature zones,

the highest mean heating rate of 1, = 2.27x10° MeV-s~!
was computed for A®W/A® pairing gaps and FRDM
(2012) nuclear deformations. The calculated y-heating
rates changed by up to a factor 26 through a change in de-
formation values. Altering pairing gaps changed the heat-
ing rates up to a factor of 16. These changes bear signific-
ance in reducing the ignition depths of superbursts and
counteracting the reduction in crust temperature resulting
from Cooper pair neutrino emissions. Our results suggest
that nuclear structure properties can significantly alter the
intensity of crustal heating. The interplay between pair-
ing gap prescriptions and deformation parameters can
shape the microscopic heating profiles and thermal evolu-
tion of accreting neutron star crusts.
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