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Gluon Wigner distributions under transverse polarization at
non-zero skewness
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Abstract: We investigate the Wigner distributions of gluons at non-zero skewness using light-front wave functions

within the dressed quark model, where the target state is a quark dressed with a gluon in the leading-order Fock

space expansion. The analyses focus on the configurations wherein the gluon and/or the target are transversely polar-

ized. Subsequently, we derive analytical expressions for the Wigner distributions in the boost-invariant longitudinal

space (o) for transversely polarized configurations. Resultantly, a diffraction-like oscillatory pattern is yielded in o-

space, which is analogous to that reported previously for unpolarized and longitudinally polarized gluons.
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I. INTRODUCTION

A key objective of quantum chromodynamics (QCD)
is the elucidation of the three-dimensional structure of
hadrons through their underlying quark and gluon de-
grees of freedom [1, 2]. Among the most comprehensive
hadronic tomography tools are Wigner distributions,
which simultaneously encode the information of partons
in position and momentum space, akin to phase-space
distributions in quantum mechanics [3, 4]. Specifically,
Wigner distributions are quasi-probability functions ex-
tensively employed in quantum optics, signal processing,
and quantum field theory to analyze the phase-space
structure and dynamics of quantum systems [5—7]. Al-
though Wigner distributions are not directly observable
owing to their quantum nature and lack of probabilistic
interpretation, they are rich in structural information and
provide insight into phenomena such as orbital angular
momentum, spin—orbit correlations, and partonic correla-
tions within nucleons [8—11].

In this context, numerous studies have investigated
quark Wigner distributions, considering both zero and
non-zero skewness scenarios [12—16]. By contrast, gluon
Wigner distributions, particularly those involving polariz-
ation effects and skewed kinematics, remain relatively
underexplored. Given the critical role of gluons in the
momentum, spin, and small-x dynamics of nucleons,
gaining a deeper understanding of their phase-space dis-
tributions is essential. In this regard, elucidating the role
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of gluons inside the proton, particularly their contribu-
tions to the proton spin through helicity and orbital angu-
lar momentum, is a primary objective of using the elec-
tron—ion collider (EIC), including the proposed EIC in
China [1, 2]. Notably, some related recent studies have
focused on gluon Wigner distributions [17-21].
Moreover, these gluon Wigner distributions are closely
linked to generalized transverse momentum-dependent
distributions (GTMDs), which unify and extend the
framework of parton distribution functions (PDFs), trans-
verse momentum-dependent distributions (TMDs), and
generalized parton distributions (GPDs), thereby offering
a broader perspective on the internal dynamics of had-
rons [16, 22-25].

A particularly interesting scenario arises under the
condition of non-zero skewness, wherein longitudinal
momentum is transferred to the target. Specifically, a nat-
ural conjugate variable is introduced in coordinate space,
giving rise to a new imaging dimension [26, 27]. In this
context, a boost-invariant longitudinal coordinate, defined
as o =1/2b"P*, plays a pivotal role. The variable, o, is
conjugate to the skewness parameter, & and allows for
explorations of the gluon distribution spatial structure in
the longitudinal direction in a frame-independent manner,
whereby the phase-space interpretation of GTMDs and
Wigner functions can be further substantiated.

This study investigates gluon Wigner distributions
under non-zero skewness via the dressed quark model.
The simple yet insightful framework thereof provides an
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analytically tractable environment for investigating gluon
dynamics. Specifically, transverse polarization configura-
tions of the target and/or the gluon are analyzed, with not-
able distortions in the distributions ultimately observed.
The results pertaining to the unpolarized and longitudinal
polarization of gluons have been presented previously
[28]. These polarization effects are critical for clarifying
spin—momentum correlations and are relevant in the con-
text of gluon orbital angular momentum and spin decom-
position in nucleons.

Our analyses ultimately reveal a diffraction-like pat-
tern of the gluon Wigner distributions in the o-space for
configurations involving a transversely polarized gluon
and/or target. This behavior is qualitatively similar to that
previously reported for unpolarized and longitudinally
polarized configurations. Thus, our results indicate that
the gluon Wigner distributions in the boost-invariant lon-
gitudinal space are sensitive to both the squared mo-
mentum transfer —¢ and polarization of the system.

The manuscript is organized as follows. Section II in-
troduces the light-front conventions, outlines the relevant
kinematic setup, and details the dressed quark model em-
ployed in our analysis. Section III defines the gluon
Wigner distributions, focusing on the non-zero skewness
regime, and Section III.A presents the analytical expres-
sions for the gluon Wigner distributions in the boost-in-
variant longitudinal impact parameter space. Section IV
details the numerical results and an account of the physic-
al implications, and Section V provides the conclusions.

II. DRESSED QUARK MODEL AND
KINEMATICS

We herein employ the dressed quark model to invest-
igate the gluon Wigner distributions. The dressed quark,
modeled as a spin-1/2 state comprising a bare quark and
a gluon in the leading-order light-front Fock space expan-
sion, offers a simple yet insightful framework for analyz-
ing gluon Wigner distributions. This model has been
leveraged earlier to investigate the other relevant distribu-
tion functions, orbital angular momentum, and spin—orbit
correlations of quarks and gluons [11, 12, 29-31].

We adopt the light-front coordinate system (x*,x~,
x.), where x* is the light-front time, and x~ is light-front
longitudinal spatial coordinate, defined as x* =x"+x°
[32]. The total squared momentum transfer to the target is
given by t=A?=(p-p’)*> andthe longitudinal mo-
mentum asymmetry between the initial and final target
states is characterized by the skewness parameter, £,
defined as

A+
g: ﬁv
PP o
where P' = > is the average longitudinal mo-

mentum of the target. Under a symmetric frame [33], in
which the average momentum is defined as P=
1/2(p+p’), the initial and final target states are paramet-
erized as

: AL mP+AY /4
p_((1+§)P’2’(1+§)P+)’ ()
, . AL m+AY /4
p —((1_f)P ,—7,m> 2

The momentum transfer is then expressed as

, t+A?
A:p_p = (2§P+3AL3 2EP:_>’

and the invariant momentum transfer squared is ex-
pressed as

48P+ AY

1-&

The dressed quark state with spin ¢ and momentum p
can be expanded in Fock space up to the two-particle sec-
tor, incorporating the quark-gluon configuration [30, 31]

‘p*,pl,cr> = CD‘T(p)bf,(p)IO>+Z/[dp1]/[dpz]
X /161 p*8*(p~ p1 = p2) D7, -, (P3 P1. P2)
x b (pra,(p2)|0).
A3)
The state is expressed as a superposition of a single-quark

state and a two-particle quark-gluon state, where the
light-front wavefunctions (LFWFs) encapsulate the non-

. : dp*d’p.
perturbative information. Here, [dp] = T 7 (p)
. . ¥ Tp.
represents the single-particle wavefunction with mo-

mentum p and spin a. ®F, . (p; p1,p2) represents the two-
particle light-front wavefunction and can be expressed in
aboost-invariant form using the relationship ¥ . (x,q.) =
o7, VP*. The momentum variables (xi,qi.) are the Jac-

obi momenta, defined as

P;r =x;p*, qii = ki +xipy, “4)

and they obey the following conditions:
in: L, ZC]u =0. &)

Assigning (x1,q1,) = (x,q.) to the quark, and (x,,¢,,) =
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(x¢,9.,) to the gluon, we obtain

X+x,=1=x,=1-x, 6)

and ¢, +q,,=0=>¢g,,=-q,. N

The longitudinal momentum fraction of the gluon with
respect to the target is x, = k; /P*, and the corresponding
four-momentum of the gluon is

ke = (%P kg k). (8)

III. GLUON WIGNER DISTRIBUTION AT
NON-ZERO SKEWNESS

We investigate the gluon Wigner distributions within
the dressed quark model, focusing on non-zero skewness
scenarios. These distributions are constructed using the
LFWFs and defined via the Fourier transform of gluon-
gluon correlators in longitudinal boost-invariant space.
The general expression for the gluon Wigner distribution
is given by [34, 21, 29]

i dZ7d2Z ik-z
XW/M’(X,kJ_,AJ_sO-):/%e f/wek”

A L i
x(p*, = AICVF* (‘%)‘WF*’( )‘W’I "5 Dlso.

©

Here, the skewness parameter, & denotes the longitudinal
momentum transfer to the target, and ¢ represents the lon-
gitudinal impact parameter space variable conjugate to ¢
[22]. The field strength tensors F*' are evaluated at two
spatially separated points and connected via Wilson lines
W and ‘W’, ensuring gauge invariance. The gauge-in-
variant Wilson line ‘W connecting two points z; and z, is
defined as

W(z,22) =P {CXP(—ig / ) dn“A,l(n))} .

<1

The Wilson line “W(z;,z,) must be evaluated along some
path connecting the point z; and z,. Here, we chose the
path such that z* =0 as our fields are defined at z* =0.
Thus, we moved in the z~ —z, plane. For connecting any
two general point (z;,z,) in the z7—z, plane and repres-
enting a generic vector ¥ =(z*,z7,z.), we could define
the longitudinal gauge link for point separated in the lon-
gitudinal direction, ie., if z;=(0,a7,¢cy.), 22 =(0,b",c,)
[35],

b

W(a,b™5c.) =P[e><p(—ig / dn‘f‘*(&n?q))},

and the transverse gauge link for transversely separated
points, i.e., if z; = (0,c¢7,a,), z2 = (0,¢7,b,),

by
’W“wbbgCﬁ=7{wmﬁg/ dmA¢®x1nJﬂ.

Any two points in the z~ —z, plane can be connected us-
ing the combination of the above-defined longitudinal
and transverse gauge links. As we focus here on the bi-

7z /2 z

Fi <_,) WEF+i (, hd
local operator > 3 >
and 22 = 5 We opted to connect these points by a staple-

), we chose 21 =—

like path of straight lines passing through infinity. Thus,
we have

w<—§,§> sw<—§,oo>w<oo,§>

where, (W(—g,oo) = (W_(—Z, )(WL(_EJ_’OOJJOO_)
. <.z
and, W (oo, ) ‘W(ool,z, W (0 ,2,2)-

In the light-front gauge, we have A* =0, whereby the
longitudinal gauge link (‘W~) becomes unity, and only
the transverse gauge link remains:

W(-2,%)= (—Zé 00,100

22 00 )W (o0, 5109

2 i

%
=1+ig/ dn A (0,007, )+

For our calculations, we retained only the leading-order
term (unity), thereby neglecting all higher-order contribu-
tions. As we adopted the light-front gauge A* =0, the
field strength tensor simplifies to F*' =§*A’. The trans-
verse components of the gauge field A’ are expressed in
terms of creation and annihilation operators [31]

Z / dk*d?k,
2k (2 )3

ﬂ(k)aﬂ(k)ef%k'z + €/ (k)a) (k)e%“} .
(10)

At twist-two, the gluon Wigner distributions were con-
structed using the polarization projectors I'V € {67, —ie,
IRR TLL}, where R and L denote the right- and left-handed
polarizations, respectively [24].

In the dressed quark model, the target state is expan-
ded in terms of Fock components, and we retained only
the quark-gluon two-particle sector. The two-particle
LFWFs were obtained via the light-front Hamiltonian
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perturbation theory, expressed as [31]

g Ta)(ll O(x,q.,m)x 1 (€Lr,)"

o _ 11
(rlcrz(x’ q.) 220 D(k,,x) , (11
where
1 ; -
O(x’ q., m) = m —2 1qjx _ (O-L q. )O-l + 1mo | ( x)

denotes the spin-momentum structure, and

MR R

D(k,,x) =m? -
1-x

is the energy denominator. The gluon-gluon correlators
for different choices of I'V were expressed, using the
LFWFs, as overlaps of wave functions weighted by gluon
polarization vectors. Here, the correlators depend on the
kinematic variables, x, =1-x; the skewness, ¢ trans-
verse momentum, k,,; and transverse momentum trans-
fer to the target, A,. The polarization vectors €& and €*
were constructed from the Cartesian components via
M = €l xie?,

The gluon-gluon correlator functions could be com-
puted using the overlaps of two-particle LFWFs [21].
These correlators depend on the gluon polarization oper-
ator I'/ and polarization of the target state. Explicitly, the
correlators are expressed as follows:

~ (a) For the unpolarized case, corresponding to I'V =
67,

(6" ) _
0'0" -

Z ‘P(rl,ll(x;’qng)\PglAz(Yg"hg)

o1,d1,42

(nen +ener)- (12)
(b) For the longitudinally polarized case with I'/ =
(= 'ﬂ ST
Woe = =i Y W7 (X0 g ) W71, O Ge)
o1,41,42

(en€n —€ner)- (13)

(c) For the right-handed circular gluon polarization
l"i J = r‘RR’

‘RR
W' == 3 Wil (. d )Y, 0 du) b eF. (14)

o1,41,42

(d) For the left-handed circular gluon polarization I'V =
l—*LL ,

LL
Wop' == 3 Wi (5. gL )W, 0, 0 duo) €L EE. (15)

oL

Here, the kinematic variables are defined as follows:
x, =1—x is the gluon longitudinal momentum fraction,
where x; = x,/(1-§), and y, = x,/(1+¢). The initial and
final gluon momenta are (y,,q.,) and (¥',q’,), respect-
ively; the transverse momenta of the gluon in the initial
and final states are expressed as

XA, ;o XAy
21+8) T T T T oy

(16)

qig=— Lt

and the circular polarization vectors of the gluon corres-
pond to i® = €l i€l [24].

The gluon Wigner distributions in boost-invariant
longitudinal space were obtained by performing the Four-
ier transform of the correlators with respect to ¢

Emax .
pr(-xg’o—’AJJkl;S)z/O %ew—{wr(x‘ipg?AL?kL;S)? (17)

where S denotes the polarization of the target state, and
Emax 18 expressed as

—t [ 4m? ) 482m> + A2
é—‘maX:W< 1+_t—1>, Wlth—[:41_§2 L
(18)

For an unpolarized gluon and target, the Wigner distribu-
tion is defined as

, 1 i .
Pou(Xg o, ALLky) = 3 [p‘a(x, o,ALLk s +e;)

oo ALk=8)]. (19)

By substituting the relevant expressions for the gluon-
gluon correlator, we obtained an analytic form of the
Wigner distribution as follows:

g k _ s dg 10'5 4 1 k2
Plobontki) = [ e 8 —E -4 -8Y
—xiAi +4&Exk, - A )((1 +x§)

FEQ-36) + A (1-x,) &) (20)

The integrand includes kinematic and mass-dependent
contributions along with the following factor:

1-&
a, = .
§ D(que YD (G X)X (1= 1) = £2)2

@1
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2

_ 8Cr
2(2m)3°
stant, and Cr is the color factor.

Here, N where g is the strong coupling con-

A. Transverse polarization case

The Wigner distributions for transversely polarized
gluons, in conjunction with either an unpolarized or lon-
gitudinally polarized target, can be expressed in terms of
helicity-dependent correlators [21]. For an unpolarized
target, the gluon Wigner distributions with right- and left-
handed transverse polarizations are defined as the heli-
city averages:

1 RR n
pi]RT(xg50,AL>kL) = E |:pr (-xga0—>AJ_7kJ_;+ez)

oAk —e)],  (22)

1
p?’/LT(-xg’ O—s AJ_, kJ_) = 5 [prLL(-xg’ 0—’ AJ_s kJ_9 +éz)
" oA ki—e)]. (23)

For a longitudinally polarized target, the corresponding
helicity-difference Wigner distributions are expressed as

1 5
pil;('xg’o-’Al’kL) = 5 [pFRR(-xéHO-?AL,kL;'Fez)

"o ALk —e)],  (24)

1 LL N
PiF o A k) = 5 [P (0 AL kL3 42)
P o ALk—e)]. (25)
For a transversely polarized target, the gluon Wigner dis-

tributions depend on the polarization of the gluon and are
defined as

,. 1 ,
PR (i 0 Buks) = 3 [0 (e Bk +2)

o™ (o ALk —2)]. (26)

; 1 ~
p(;(%) ()Cg,O', ALk = E [pFLL(Xg’O—’AL’kL;-’-ei)

" o ALk —2)]. @27)

i Lr i o
Pl o AL k) = 5 7 (0 AL K13 +2)

ol (o Ak =), (28)

gl 1 i€l Py
P AL kL) = 3 [0 (A ki 42)

J

+p7 (o ALK =2)]. (29)

Here, é; denotes the transverse spin direction of the tar-
get, where i = x,y. The transverse polarization states are
defined in terms of helicity eigenstates. For example,

syo Loyt
ey = 5 (13)2[-1).

The analytic expressions for the gluon Wigner distri-
butions in the boost-invariant longitudinal position space
(0) corresponding to various gluon and target polariza-
tion combinations were derived using two-particle light-
front wave functions. The corresponding results for the
transverse polarization configurations are presented in
Egs. (30)—(37), including the cases of transversely polar-
ized gluons with unpolarized and longitudinally polar-
ized targets, as well as transversely polarized targets. The
integrals involve the skewness parameter, &, and the res-
ulting Wigner distributions depend on the set of kinemat-
ic variables (x,,&,k3,A%,k, -A,). Using the relationship in
Eq. (18), we re-expressed the dependence on the trans-
verse momentum transfer A, in terms of the Mandelstam
variable, ¢, prior to performing the Fourier transform to
the o-space. The analytical expressions for pf,;, o5y, and
o5y in the dressed quark model are provided in Ref. [21]
for zero skewness. Those for pf,;,, o5y, and p%; for non-
zero skewness are given in Egs. (20), (36), and (37), with
the results of [21] being reproduced for the limit & — 0.

'fmax
R - A€ e X _ 4 2001,
Ptk = | e xg[ 4m*((1-x,)

O+ (2 +1-E) (41 -]
+ szzl —4x,(éky - AL —i(ki Ay — kZAl)))} )
(30)
fmux d
pf/LT(xg’o"t’kL) = /0 in
=€) =L+ x, = EHA1 -
— A% Ak, Ay +dixg Ay —oA)|
(1)

&7 U8 [ amP((1 - x,)?
Xg

fmax
itk = [ e L - -
o A4m X,
+(x, — 1+ E) (41 -k + AT
— 4y - Ay —ilki A — koA,
(32)
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Fig. 1. (color online) First moment of the gluon Wigner dis-
tribution pf,,, for various values of -, corresponding to the
unpolarized gluon in an unpolarized target.

Emax d.f ) @
p‘;:LT(xg,O',t,kl) = | Eelmf ;: [—41"12((1 —Xg)z

&Y —(1-x+&)@1 -k
— AT +4x k- AL+ iy (ki Ay

~kaA)],
(33)

é:max d X
Pgr(px(xg’o" k)= / ﬁelmg a, [4im(((1 —x,)* +&Y)
0

28k + 2iky — x, A1) = 2(1 — x,)E(2k,
+2iék; —ixeAo))].
(34)

g(L)x

fmax dé:
Prr (xg,o',[,]ﬁ) = Ee

€ [Am((1 - xp)* +£)
0

(2(1&k) +ky) —ixgAr) —2(1 = x,)
EQAik + £k2) — xA))]
(35)

. Emax dé); . )
Pry(xg, ot k) = /0 Ee"’f @, [41m(2§(x§ -1

+ = x (1= x4+ EHAD)]
(36)

fmﬂx .
P (X0t k,) = ;Ee“r"f @, [Sm(((l — X)) +&
0 JT

= 2(1 = x)Ek + (1 = x)xEA)|.
(37

R
puT(ost)

~t=0.05 GeV2

-t=0.1 GeV?

-t=0.6 GeV?2

~t=0.05 GeV2
-t=0.1 GeV2
~t=0.6 GeV2

—  —t=0.05 GeV?
~t=0.1 GeV2
~t=0.6 GeV?

-100 -50 ’ 50 100 o
(©)
PL(a.t)
0.0006 - —  —t=0.05 GeV?
i ~t=0.1 GeV2
0.0005 )
: ~t=0.6 GeV
: o " o Sup o
-100 -50 50 100
(d

Fig. 2. (color online) First moment of the gluon Wigner dis-
tribution for a) transversely polarized gluon in unplolarized
target p’g’]RT, b) transversely polarized gluon in longitudinally
polarized target pi];, c) transversely polarized gluon and tar-
get p8%* and d) longitudinally polarized gluon and trans-
versely polarized target o) .

IV. NUMERICAL ANALYSES AND DISCUSSION

The Wigner distributions were plotted for three differ-

ent values of the squared momentum transfer, —z = 0.05,
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0.1, and 0.6 GeV?, for analyzing the impact of —¢ on the
transversely polarized gluon Wigner distributions in o-
space. For all cases, the transverse momentum transfer,
A, , was chosen to be perpendicular to the gluon trans-
verse momentum, k,, such that contributions from terms
proportional to k, - A, could be suppressed. The mass of
the dressed quark was fixed at 0.0033 GeV. Figure 1 dis-
plays the Wigner distribution for an unpolarized gluon in
an unpolarized target, in the longitudinal impact paramet-
er space. Figure 2 shows the Wigner distributions in o-
space for cases where the gluon and/or the target are
transversely polarized. For all the plots of Figs. 1 and 2,
the gluon longitudinal momentum fraction was fixed at
x, =0.7 and the transverse momentum at k, = 0.2% GeV.
Figure 2 illustrates the distortions in the gluon Wigner
distributions induced by the transverse polarization of the
gluon and target state. Figs. 2(a) and 2(b) show the modi-
fication of the distribution when the gluon was trans-
versely polarized in an unpolarized and longitudinally po-
larized target, and Figs. 2(c) and 2(d) show the plots
when the target itself was transversely polarized. The
magnitude of the gluon Wigner distributions was signific-
antly reduced when the target was transversely polarized,
relative to that in the cases of longitudinal polarization or
an unpolarized target. For the distributions pyr and p;r,
the peak magnitude increased monotonically as —¢ de-
creased. However, for prr and prp, the peak height ex-
hibited a non-monotonic dependence on —¢, peaking at
—t=0.1 GeV? among the three chosen values of —r. A
common occurrence across all the distributions was the
emergence of a diffraction-like pattern in o-space. These
results indicate that such diffraction-like patterns persist
in the longitudinal impact parameter space even in the
case of transverse polarization of either the gluon or tar-

get, with the peak of the distribution exhibiting sensitiv-
ity to the magnitude of —z. Similar diffraction patterns
have also been reported in earlier studies for gluons in
cases involving unpolarized and longitudinally polarized
gluons and targets within the same model [28].

V. CONCLUSION

We investigated gluon Wigner distributions under
transverse polarization using the dressed quark model for
non-zero skewness scenarios within the light-front
Hamiltonian formalism. Accordingly, the two-particle
LFWFs were used to evaluate the gluon-gluon correlat-
ors for different transverse polarization configurations,
and the associated Wigner distributions were derived in
the longitudinal boost-invariant impact parameter space
(0). Analytical expressions for the gluon Wigner distribu-
tions were obtained for cases wherein the gluon and/or
the target were transversely polarized, and the gluon
Wigner distributions pf,,, pir., pf~, p5%* and p%; were
analyzed in o-space via the two-dimensional plots shown
in Figs. 1 and 2. Overall, all distributions exhibited dif-
fraction-like oscillatory behavior and sensitivity to the
momentum transfer, —¢, which is consistent with earlier
findings for gluon Wigner distributions in unpolarized
and longitudinally polarized configurations [28]. Similar
oscillatory diffraction patterns have also been observed in
studies on quark Wigner distributions within the dressed
quark model and the light-front quark-diquark model [12,
22]. Although quark Wigner distributions under trans-
verse polarization have been explored in various models,
this study provides the first known analysis of gluon
Wigner distributions under transverse polarization in the
boost-invariant longitudinal impact parameter space.
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