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Abstract: This work examines how a Schwarzschild black hole embedded within a King dark matter halo and im-
mersed in a dispersive, cold plasma leaves observable imprints on photon trajectories. For the King profile
(u,v,@) = (3,2,0) we obtain a closed-form analytic metric that recovers the Schwarzschild solution once the dark mat-
ter contribution vanishes. Applying the Hamilton—Jacobi method to photon propagation in a plasma, we evaluate the
photon-sphere radius and the black-hole shadow for both homogeneous and spatially varying plasma configurations.
We find that plasma pushes the photon sphere to larger radii while simultaneously shrinking the shadow's apparent
size relative to the vacuum case. Comparing these predictions with Event Horizon Telescope shadow measurements
of M87* and Sgr A* yields only weak upper limits on the halo's central density and core radius, showing that physic-
ally realistic King halos remain consistent with the observed shadows. We further obtain analytic and semi-analytic
deflection-angle and magnification formulas in the weak-lensing regime for three plasma configurations: uniform,
singular isothermal sphere (SIS), and non-singular isothermal sphere (NSIS). Of these, the homogeneous plasma
yields the largest enhancement of both the deflection angle and the magnification relative to vacuum, whereas the
SIS profile, despite likewise enhancing the deflection, produces the smallest such enhancement of the models stud-
ied. These findings indicate that plasma contributions cannot be neglected when weak gravitational lensing is em-
ployed to constrain dark matter concentrations around supermassive black holes.
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I. INTRODUCTION

Galactic centers are thought to host supermassive
black holes (SMBHs) enveloped by considerable quantit-
ies of dark matter. ACDM-based numerical simulations
of cosmic structure formation robustly predict dense
spikes or extended dark-matter halos surrounding these
central objects [1—3]. While the precise shape of such
concentrations is still debated, observationally motivated
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forms such as the King profile [4, 5] are routinely adop-
ted to characterize globular clusters and galactic nuclear
star clusters. This profile offers an analytically tractable,
physically sensible representation of a cored, finite-dens-
ity dark-matter distribution free of unphysical diver-
gences at the center.

Among the empirically motivated dark-matter dens-
ity profiles available, the King profile brings several be-
nefits to the present analysis: its central density stays fi-

Received 3 July 2026; Accepted 27 August 2026; Accepted manuscript online 28 August 2026

T E-mail: sh.jumaniyozov@newuu.uz

t E-mail: javlonrayimbaev6@gmail.com
$ E-mail: sekhmaniyassine@gmail.com
* E-mail: satimbay@yandex.ru

# E-mail: ahmadjon@astrin.uz

¥ E-mail: yuancx@hit.edu.cn

©2026 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

115118-1


http://orcid.org/0009-0009-6254-5608
http://orcid.org/0000-0001-9293-1838
http://orcid.org/0000-0001-7448-4579
http://orcid.org/0000-0002-2694-6545
http://orcid.org/0000-0002-6686-3787
http://orcid.org/0000-0002-2308-6703

Shokhzod Jumaniyozov, Javlon Rayimbaev, Yassine Sekhmani et al.

Chin. Phys. C 50, 115118 (2026)

nite, sidestepping the cuspy divergence typical of NFW-
or Hernquist-type forms; the shape parameters chosen
here lead to an exact, closed-form metric; and the profile
itself originates from a physically grounded dynamical
distribution function long used for globular clusters and
galactic nuclear star clusters, settings that are dynamic-
ally comparable to the region immediately surrounding a
supermassive black hole. Together, these features make
the King profile a natural, analytically convenient tool for
exploring how dark matter and plasma jointly influence
the region near a black hole horizon.

At the same time, the region around an SMBH is far
from an ideal vacuum. Accretion flows, hot coronae, and
plasma in the broad-line region together form a dispers-
ive, frequency-dependent medium capable of noticeably
reshaping photon trajectories [6, 7]. Numerous studies
confirm that even a fairly dilute plasma can appreciably
change strong-field observables such as the black-hole
shadow [8, 9], as well as weak-field lensing signatures
[10]. Spatially varying plasma configurations, singular or
non-singular isothermal spheres among them, are espe-
cially notable in this respect, since they can behave as ef-
fective anti-lenses that sharply reduce both the light-de-
flection angle and the resulting image magnification [11,
12].

Although dark-matter-modified spacetimes and
plasma effects have each attracted considerable attention
individually, a treatment that unifies the two has so far
been missing. Closing this gap matters: the Event Hori-
zon Telescope has already resolved the shadows of M87*
[13] and Sgr A* [14] at unprecedented resolution, and
forthcoming microlensing surveys (LSST, Roman Space
Telescope) together with astrometric missions (Gaia,
Theia) are poised to probe weak-lensing signals from in-
termediate-mass and supermassive black holes. Analyz-
ing such data while ignoring either dark matter or plasma
risks producing biased estimates of the black hole and
halo parameters.

The literature on gravitational lensing and black-hole
shadows under plasma has expanded considerably over
the past several years. Yet, although prior work has care-
fully investigated how plasma affects a variety of modi-
fied black-hole spacetimes, no study to date has com-
bined a black hole embedded in an observationally motiv-
ated, physically realistic dark-matter halo, such as the
King profile, with a surrounding dispersive plasma. The
resulting competition between the extra gravitational pull
of the halo and the dispersive effects of the plasma has
therefore not yet been examined.

Here we provide what is, to our knowledge, the first
comprehensive treatment of weak gravitational lensing by
a Schwarzschild black hole set within a King dark-matter
halo and embedded in a cold, non-magnetized plasma.
We construct an exact analytic metric for the specific
King profile considered, one that reduces smoothly to the

Schwarzschild geometry once the dark-matter contribu-
tion is switched off. Applying the Hamilton—Jacobi form-
alism appropriate to dispersive media, we obtain the
photon sphere, black-hole shadow, deflection angle, and
image magnification for both homogeneous and spatially
non-uniform plasma. Confronting these predictions with
current EHT shadow data for M87* and Sgr A*, we show
that realistic King halos are fully consistent with the ob-
servations, while emphasizing that plasma effects must be
modeled carefully to prevent misattributing future lens-
ing signals to exotic physics.

The remainder of the paper proceeds as follows. Sec-
tion II derives the exact spacetime metric. Photon spheres
and shadows under plasma are analyzed in Secs. III and
IV, while Sec. V presents the resulting EHT-based con-
straints. Weak gravitational lensing and image magnifica-
tion for the different plasma profiles are treated in Secs.
VI-VII, and Sec. VIII concludes the paper.

We adopt the (-, +, +,+) metric signature and geomet-
rized units (G = ¢ = 1) throughout. Latin indices (i, j,...),
ranging over 1 to 3, label spatial coordinates, while
Greek indices (y,v,...), ranging over 0 to 3, label space-
time components.

II. SCHWARZSCHILD BH SURROUNDED BY

KING DARK MATTER HALO
We consider a static, spherically symmetric space-
time that describes a Schwarzschild black hole embed-
ded in an isotropic King dark-matter halo. In standard

Schwarzschild-like coordinates, the line element reads
[15]

ds? = —f(r)dr* + f(n™ dr? + 72 (d6 +sin’ 0dg?), (1)

with

2
f=1-2"0 e

Here the lapse function f(r) follows from solving the
Einstein field equations [16],

1
Ry — ERg’” =8rT,,, 3)

taken for an anisotropic fluid representing the King dark-
matter distribution. Its energy—momentum tensor is diag-
onal, T, :diag(—p(r), %(r), p(r), p(r)), with p(r) the en-
ergy density, 7(r) the radial pressure, and p(r) the tangen-
tial pressure. Integrating the structure equations for a stat-
ic, spherically symmetric anisotropic fluid directly gives
[17,18]
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o 1 dm(r)

P =)= 5= )
1 dm()

p(r )——% ar? (5)

with m(r) the mass function, i.e., the gravitational mass
contained within a sphere of radius ». We take the dens-
ity to follow the three-parameter Dekel-Zhao profile

e (:s>,1_3 {1+ <£)V} )y ©

with central density p,, scale radius r,, and dimension-
less shape parameters (u,v,a@). Setting (u,v,a@)=(3,2,0)
recovers the King dark-matter profile, giving the com-
pact analytic form

p=p, (14 :z)_m. ™)

s

This form coincides with the f-model at 8= 1, which
describes observed galactic and cluster dark-matter halos
remarkably well while remaining fully tractable analytic-
ally. Inserting Eq. (7) into the Einstein equations and in-
tegrating produces the exact lapse function [19]:

. 2M  8mp,r]  8mp,r; -
f)=1-—+ + In . (8)
r r2+r? r

It is worth stressing that r, here refers to the scale ra-
dius of a compact, nuclear dark-matter concentration
gravitationally bound to the black hole, rather than the ra-
dius of the extended, galactic-scale halo. For M87* and
Sgr A*, r,/M ~O(1) corresponds to physical scales of

s

I'h

M 22}

010 015 020
rg/M

000 005

Fig. 1.
parameter r;.

roughly 10™*-1072 pc, comfortably inside the black hole's
sphere of influence. If instead one adopts galactic-scale
core radii (r,/M 2 10°), the King density becomes essen-
tially uniform across the photon-sphere region, making it
indistinguishable from a constant dark-matter back-
ground in the shadow and lensing observables studied
here. Taking either p;, — 0 or r; — 0 reduces the metric of
Egs. (1)—(8) smoothly to the vacuum Schwarzschild solu-
tion. We define the event-horizon radius r, as the largest
root of f(r;) =0.

Figure 1 traces the event-horizon radius r,/M as the
King halo parameters vary. The left panel plots r,/M
against the core radius r,/M for several values of the
central density p,M?, and the right panel plots it against
psM?* for several values of r,/M. Both parameters push
rn/M upward: increasing the central density po,M? sub-
stantially enlarges the horizon, and increasing the core ra-
dius r,/M likewise increases r,/M.

III. PHOTON MOTION IN THE PRESENCE OF
PLASMA

To study weak gravitational lensing by a BH surroun-
ded by a King dark-matter halo and an unmagnetized, ho-
mogeneous plasma, we employ the Hamilton—Jacobi ap-
proach suited to dispersive media. In a cold plasma the
dispersion relation reshapes the effective geometry seen
by photons, and the Hamiltonian governing null rays in
such a medium takes the form [20—24]

3 1.,
H(*,pp) = 58 P paps =0, )

where the effective (optical) metric is

rs/M

202 A mg 020
2.10f 1
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208} 1
2'06} A 0.10
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(color online) How the event-horizon radius r, of the BH changes with the central density parameter p, and the core radius
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3% =g+ (1 -n® . (10)
Here n is the plasma refractive index, and u“=
(1,0,0,0) denotes the four-velocity of a static observer in
the coordinates of Eq. (1).

For a cold, unmagnetized plasma the refractive index
reads [25—27]

wy(r)

wi(r)

n(r)=1- (11)

Here w} =e’N,/(nm,) is the squared plasma frequency,

with e and m, the electron charge and mass and N, the
electron number density, while w(r) denotes the photon's
angular frequency as measured by a static observer:

wWo

Vi)

w(r)=

(12)

The constant w,=-p, = E represents the photon's
conserved energy at spatial infinity, where f(c0) =1, and
photons can only propagate where w(r)> w,, that is,
wylwy < 1.

Restricting motion to the equatorial plane (6 =x/2,
pe =0), the conserved energy E = —p, and angular mo-
mentum L = p, produce the normalized photon four-velo-
city components [28—31]:

=g__pt

Sd f

= L=

r_d/l—p,fr,

y =90 _Po

b= = (13)

Combining these relations gives the trajectory equation
for the photon's path

dr

_r_f0rp (14)
¢ ¢ Po

Imposing the null condition H =0 on the photon motion
then leads to

dr w3
@ =xry/f(r) hz(r);g—l, (15)
where we define
Roy=r | - () (16)
S W) |

As usual, the photon-sphere radius r,, in the plasma fol-
lows from requiring an extremum of the effective poten-
tial [32—-34]:

= 0. (17)

r=rpn

d
O (h*(r))

Combining Eqgs. (16) and (17) yields the following ex-
pression governing the photon-sphere radius r,, in the
plasma:

/42 2 _
2ron | 4773p il +In on ¥ T T o -1
ph sPs (},2 +r2> 32 T
ph s
Ny
- 1) —87r3p, In <"hp 122
r.Y

2rph

8rrips

7
ph

2 2
< <,/rph+rs

8nrip, NS
ron| ——=—=-1 | -8arip;ln| ——— | +2
’ (,/r§h+r§ > o T
2w[2)
S 0}
Wy

(18)

A. Homegeneous plasma

For the particular case of a homogeneous plasma,
where w?(r) = const, we solve Eq. (18) for the photon-
sphere radius numerically [35, 36].

Figure 2 presents these results, where r,,/M grows
monotonically with the plasma-frequency ratio w?/wj. A
larger central dark-matter density p, pushes the photon
sphere farther out, while a larger core radius r;/M pro-
duces a comparatively modest increase. Overall, a homo-
geneous plasma enlarges the photon sphere relative to va-
cuum.

B. Inhomogeneous plasma

Here we turn to photon spheres under a spatially non-
uniform plasma whose frequency follows a simple power
law [37]:

W= (19)

rd

with zg and ¢ > 0 free positive constants. To bring out the
essential features of this power-law model, we focus on
the case ¢ = 1 with z, held fixed, a choice that exactly re-
produces the diverging-lens behavior of a negative-mass
Schwarzschild BH. Combining Eq. (19) with the general
condition (18), we solve numerically for the photon-
sphere radius in this inhomogeneous plasma. Figure 3
plots r,, for the power-law plasma a)]z, =zo/r? against the
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(color online) Photon-sphere radius r,, versus the homogeneous plasma frequency, shown for varying p; (left) and r, (right).
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Fig. 3. (color online) Photon-sphere radius r,, as a function of p; (left) and r, (right) for the power-law case w? = zo/r-

dark-matter parameters. The photon-sphere radius keeps
growing with the density parameter p,M? and rises only
slightly with core radius r,/M. Relative to the homogen-
eous case, this particular non-uniform distribution has a
weaker effect, so much so that the two plasma models are
almost indistinguishable in terms of r,.

IV. SHADOW OF A BH SURROUNDED BY
PLASMA MEDIUM

We now turn to the shadow cast by a BH embedded
in a dark-matter halo and viewed through the surround-
ing plasma. Geometrically, the shadow's angular radius
ag, 1S given by [38—43]

Il w,(rp)
Ry T fa) g
h2(ro) 5 { 1 wf,(ro)} |

sinay, =

(20)

0 TR

with r, the photon-sphere radius and r, the radial co-
ordinate of a distant observer.

For an observer sufficiently far from the black hole
(rg = ), h(r) — r, and this asymptotic limit lets the ob-
served shadow radius be approximated as [44—47]

2
Ry = rosinag, = \/r[% <f(1’ 3~ w,j);’,;)) . (21)
P 0

Setting w,(r) =0 removes the plasma correction and re-

covers the familiar Schwarzschild shadow radius
Ry, =33 M, consistent with a photon sphere located at
12 ph = 3M .

Figures 4 and 5 give Ry,/M for a BH surrounded by a
King halo under homogeneous and inhomogeneous
plasma, respectively. In each case the shadow shrinks as
the plasma frequency rises. A larger central density p,M>
enlarges the shadow, and a larger core radius r,/M simil-
arly tends to increase Ry, /M. On the whole, plasma re-
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Fig. 5. (color online) BH shadow radius Ry, as a function of p, (left) and r, (right) for the power-law case ‘“12> =2z0/r-

duces the observed shadow relative to vacuum.

V. CONSTRAINTS FROM EHT OBSERVATIONS

We confront our model with real astrophysical data
by using the most recent EHT Collaboration measure-
ments of the shadow angular diameters for M87* and Sgr
A*. Following the usual procedure [48, 49], the meas-
ured angular diameter 6y connects to the theoretical
shadow radius Ry, through

Rsh

Hsh = 23 ) (22)

with D the Earth-BH distance.
For M87*, we use the values from [13]:

O = 42 + 3 pas,
DM87* = ]68 + 08 MpC N
Mgz = (6.5£0.7)x 10° M. (23)

The corresponding EHT and complementary values for
Sgr A* are taken from [14]:

65N = 48.7+7 pas,

DSgrA* =8277+9 pc,
Mg, = (4.297 +0.013) x 10° M, . (24)

With the theoretical shadow-radius expression Ry, /M
from the previous sections, we invert 6y, = 2R,/ D for the
King halo parameters (o,M?, r,/M), for both the homo-
geneous plasma of Sec. III.A and the power-law model
wf, =zo/r of Sec. III.B. Figures 6 and 7 present the res-
ults. In each figure, the left panels vary the central dens-
ity p,M?* at fixed core radius r,/M =0.2, and the right
panels vary the core radius r,/M at fixed p,M?*=04.
Thick black curves mark the central observed values of
0sn, with shaded bands indicating the 10 uncertainty.
Comparing the two cases, plasma, whether homogen-
eous or inhomogeneous, shifts the allowed region toward
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(color online) How the dark-matter parameters p, (left panels) and r, (right panels) relate to the plasma parameter, inferred

from the measured shadow angular diameters of M87* (top) and Sgr A* (bottom). Black curves mark the central shadow diameters

Og = 39uas (M87*) and 6, = 41.7uas (Sgr A*); shaded bands show the 1o regions obtained by propagating the measurement uncer-
tainty in 6y, so that any (o,M?,r,/M) pair inside a band is consistent with the EHT data at 1o

somewhat higher central densities p,M? than in vacuum.
The allowed regions for the two plasma models are qual-
itatively alike and shift only marginally relative to each
other (compare Fig. 7 with Fig. 6), implying that the EHT
constraint on the King halo is not very sensitive to the as-
sumed plasma distribution, and that the plasma paramet-
er itself (w)/wj in the homogeneous case, zy in the in-
homogeneous case) is pinned down to a similar degree in
both scenarios. Even so, a broad swath of realistic King
halo parameters (o,M? < 0.5, r,/M 2 0.1) stays fully con-
sistent with the current EHT data for M87* and Sgr A*,
regardless of which plasma model is assumed. Indeed,

fairly dense halos with p,M? ~ 0.5 and moderate core
radii r,/M ~ 0.2 remain compatible with the observed
shadow sizes under both plasma scenarios.

The current EHT shadow data therefore neither rule
out a King dark-matter halo around these SMBHs nor im-
pose more than mild upper limits on the central density
nearby, essentially independent of whether the plasma is
modeled as homogeneous or inhomogeneous. Higher-pre-
cision EHT measurements in the future (~ 1uas resolu-
tion) should meaningfully tighten these bounds and could
eventually separate vacuum from plasma-affected cases,
and perhaps distinguish between the plasma distributions
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themselves.

VI. GRAVITATIONAL WEAK LENSING IN PRES-
ENCE OF THE PLASMA MEDIUM

This section examines the gravitational deflection of
light by a Schwarzschild BH surrounded by a dark-mat-
ter halo and plasma, working within the weak-field ap-
proximation. The spacetime metric takes the form
[50-53]

8ap = Tap + haﬁh (25)

with 75,z =diag(-1,1,1,1) the Minkowski metric,
lhesl << 1, and h,s — 0 as r — oo. To linear order the in-
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(color online) Corresponding 1o--allowed regions for the inhomogeneous power-law plasma model of Eq. (19).

verse metric reads

gP=n"-n*, with h = h,. (26)
We next work out the deflection angle for photons
traveling through this plasma. For a cold plasma with
electron plasma frequency w, and observed photon fre-
quency o, the deflection along direction i is [54—57]

1 “{1( w2 ) K, w2 }
Ai=i— — | h it h il N,’ d ,
¢ 2100 2\ ) W ¢

e 0
27

with N(x) the electron number density, K, = 4ne?/m,, and
the + sign denoting deflection toward or away from the
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lens.
Far from the source, the perturbed line element takes
the approximate Newtonian form [58, 59]

ds? = dsj + h, df + h,, dr. (28)
Here ds? = n,pdx*dx? = —df? +dr? + r2(d6* +sin” 0d¢?) de-
notes the flat background appearing in the split g.,5 =
Nap+hop; h, and h, are the linear-order corrections
sourced by the black hole mass and King halo, written ex-
plicitly below via hoy and hj = hoon;ng; and Ry =2M is
the Schwarzschild radius. Working in Cartesian coordin-
ates along the photon path, with impact parameter b and
propagation direction z, the nonzero perturbation com-
ponents sourced by the black hole and the dark-matter
halo are

R, 8mp,  8mp,r’ rr+ri-r
hogy= — + - In ,
roo P2 r I
(29)
hjk = hgo ning, (30)
h3z = hoo COSz/\{, (31)

with r= Vb2 +2z2, cosy =z/r, and n; the unit radial vec-
tor projected onto the spatial indices.

We now examine how both uniform and non-uniform
plasma distributions influence the resulting deflection
angle.

A. Uniform plasma

We first take a homogeneous plasma, w? = const, for
which the refractive index carries no explicit spatial de-
pendence, so the refractive term in Eq. (27) can be
dropped. Integrating Eq. (27) under this simplification

psM? =04; rgyM=02

wp fw® =0.8; r/M =02

gives the deflection angle [12]:

1 ( < 2 3 w, w;
=———\2|\b° | dnrip;, | 5 +1]|+—+2
b (b2 + r%) e w} w}

w2 b2+ 2
+21r%p, (b2+rf) ( (g +2> rsln< rﬁ)

Wy

2
+4btan™! (%) ) + (60’2’ +2> rf))
Wy

Figure 8 plots &,,; against b/M for a uniform plasma,
at several values of w’/wj, p;M?, and r,/M. The trend
matches expectations: at fixed dark-matter parameters,
the deflection angle grows with w?/wj. A denser central
concentration (larger p,M?) enhances the bending, and an
even stronger enhancement follows from a larger core ra-
dius r,/M. In every case the uniform plasma boosts the
deflection well above the vacuum value () = 0), most
markedly at large impact parameters.

A
Quni

(32)

B. Singular isothermal sphere

The singular isothermal sphere (SIS) is commonly
treated as the simplest and most instructive model for
capturing the essential features of strongly lensed
photons. Originally proposed to describe large-scale
density profiles of galaxies and galaxy clusters, it con-
sists of a spherically symmetric gas cloud whose density
diverges at the center. Its mass-density profile is [60, 61]

2
a,

2nr

pr) = 1, (33)
where o, is the one-dimensional velocity dispersion. The
corresponding plasma number density (equivalently, the

electron column density along the line of sight) is then

20 20
2
Yp
o 1.8
m 0 16
1.5
08 14
f 0.6 12
1.0
04 1.0
0.8
02
05
0.6
u,
3 4 5 6 7 8 9 10 3 4 5
bM
Fig. 8.

dark-matter parameters p, and r,.

6
b/M

2
p(r) o,
Niy=E2 o e (34)
Kkm,  2mkm,r
Wy n® =0.8; p,M* =04
2,
osM? 0 rg/M
-05 18 -0.20
0.4 1.6
0.15
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1.0 008
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(color online) Deflection angle @, versus impact parameter b, for various values of the plasma parameter w?/wj and the
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with m,, the proton mass and x a dimensionless constant
tied to the ionization fraction and dark-matter-dominated
cosmology. The squared plasma frequency associated
with this electron density then takes the analytic form

K.o2
W (r) = KN(r) = —<2,
27r/<mpr2

(35)

with K, =4ne?/m, the standard plasma-frequency con-
stant. Using these SIS properties, the plasma-modified
deflection angle Ggs is

1 N\ [ 8w?
g () (5 )

3b3 b W
4)? b +r? 6bw?
+8rp, <3nb2+i;)1n< J;r> + 1267 - e
Wy Ty Wy
402 (46* + 12
8br,p; ) ( 5 rs) - 3nbr?
160> Wy ‘
nw? b2 +r? ’

with the auxiliary plasma-frequency scale w? defined as

,_ oK

@e = 2km,R2 (36)

Figure 9 illustrates how the SIS plasma affects the de-
flection. Qualitatively the dependence on plasma strength
and dark-matter parameters resembles the uniform-
plasma case, though the effect is considerably smaller in
magnitude. For fixed dark-matter parameters, &g de-
creases as w?/w} grows, staying above the vacuum value
@y, throughout; the enhancement it provides is consist-
ently weaker than the uniform plasma's at matching para-
meter values, so as;s stays below &, over the entire
range considered. As with the uniform case, the deflec-
tion angle also rises with both the central density p,M>
and the core radius r,/M.

psM* =04; r/M=02 20

W ?=08; ry/M =02

C. Non-singular isothermal sphere

We turn next to photon propagation through a non-
singular isothermal sphere (NSIS), a more physically rea-
listic description than the singular case, in which the cent-
ral density singularity is regularized by introducing a finite
core radius r.. The mass-density profile then reads [10]

o2 0 o2
= v = N = 7‘) 5 3 7
P 27(r? +12) r? ko= o 37
I+—
r2

with o, the one-dimensional velocity dispersion and py
the central density. The associated plasma (electron)
number density for the NSIS model is

_An_ o

N ~ A_ 5 . o\
) km,  2mkm,(r?+r?)

(3%)

with m, the proton mass and x a dimensionless ioniza-
tion factor. The corresponding squared plasma frequency
is then

2
Ko

2
=K,N =
we(r) ) 2rtkm, (r? +1r2)

(39

Integrating the ray equation analytically for this distribu-
tion gives the NSIS deflection angle [62]

4 2
8b*rip, (IT (B*+9) + —agc )
Wo

NS (
INSIS = 52+ 9) B+

2w? b*+r?
+8r%p, <4rs (n (b +9) + = ) In ( it )
w r

0 s

8w

>
< 36) .
w3 "

+27b (b2 +9) tan” () ) +4b+

20

asis
o
=Y

0.2
05 0.5
0

(40)
"o wwy? =0.8; psM?> =04
psM? ’ rd/M
= 0.5 m 0.20
0.4
1.5 0.15
0.3
v
= 0.10
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1.0
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Fig. 9.
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(color online) Variation of ags with b, for different values of the plasma parameter w?/wj and the dark-matter parameters p,
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As before, we study dngs both numerically and
graphically, reporting all results via the dimensionless
plasma parameter w?/w?, with w? the characteristic
plasma-frequency scale introduced earlier.

Figure 10 gives the analogous results for the more
realistic NSIS model across a range of plasma and dark-
matter parameters. The qualitative trends persist, with the
suppression effect falling between the uniform and SIS
cases.

Figure 11 then compares &yac, Guni> @sis, and dnsis dir-
ectly as functions of b:

&uni > &'NSIS > &SIS > C,\yvau (41)
These results confirm that, while all three plasma models
enhance light bending beyond the vacuum value, the ho-
mogeneous plasma provides the largest boost, and the in-
homogeneous models are comparatively less effective. Of
the three, the SIS profile gives the weakest enhancement,
with the NSIS profile falling in between the uniform and
SIS cases.

The King halo's own contribution is examined separ-
ately in the middle and right panels of Figures 8, 9, and
10. A higher central density p,M? consistently raises the
deflection angle across all plasma configurations, and a
larger core radius r,/M produces a moderate increase in
& as well. Consequently, a substantial dark-matter con-
centration near the BH remains detectable through its
weak-lensing signature even in the presence of a dispers-
ive plasma.

VII. MAGNIFICATION OF GRAVITATIONALLY
LENSED IMAGE

We now turn to how plasma affects the apparent
brightness of the source, using the deflection angle & ob-
tained earlier for both the uniform-plasma and SIS envir-
onments.

psM* =04; r/M=02 20

W Hw? =08; ryM =02

Figure 12 sketches the standard lensing geometry,
with the BH acting as lens for a distant background star.
The lens equation linking the observed image position
to the true source position f reads [63, 64]

0D, = BD; + & Dy;. (42)

Introducing the impact parameter b = D,6 and the auxili-
ary function &(0) = |&,|b recasts Eq. (42) as

Da, £0)
D, 6D,

p=0- (43)

Perfect alignment of source, lens, and observer (8=0)
produces, by axial symmetry, an Einstein ring of angular
radius 6,; for a Schwarzschild BH in vacuum this angle is

Dy,
2R, —%,
D,D,

(44)

where Ry = 2M is the Schwarzschild radius.

Gravitational lensing manifests observationally as a
shift in the source's apparent brightness. The total magni-
fication py of a point source sums over all images labeled
by &:

O, 46 ,
—— |, k=12, (45
B dB

Itot
Hs = T - zk:
with I, the unlensed flux and j the number of images.

For a point-mass (or Schwarzschild) lens immersed in
uniform plasma, well-known closed-form expressions are
available for analytical work. With the dimensionless
source position x = /6, the primary (positive-parity) and
secondary (negative-parity) image magnifications in uni-
form plasma are [65]

wHwy? = 0.8; psM> =04

20

@NSIS

0.5

20

2.5 30 35

b/M

40 4.5 50 2 4

Fig. 10.
matter parameters p, and r;.

6
b/M

osM? rd/M
m °° - 020
0.4
1.5 0.15
03
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0.1
I 0 I 0
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(color online) Variation of aygs With impact parameter b, for various values of the plasma parameter w?/w} and the dark-
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Fig. 11.  (color online) Light-deflection angle a compared

across models as a function of impact parameter b/M.
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Fig. 12. Sketch of the lensing geometry: a distant source star

(S) is lensed by a BH (L) and observed from Earth (O). D,,
D,, and D, are the observer—lens, observer—source, and
lens—source angular-diameter distances; f is the source's true
angular position and 6 the observed image position.

1 X x2+4
= — + +2, 46
MY 4( = P ) (46)

1 714
u91=4( f4+ x; —2>. (47)
X+

Summing these two contributions gives the total magni-
fication in a uniform plasma:

2
A P e 48
:ulol /‘l+ /J— x\/m ( )

For the rest of this work, Eqgs. (46)—(48), combined with
the deflection angles found for the uniform-plasma and

SIS profiles, allow a systematic study of how different
plasma distributions affect the observed magnification of
lensed sources.

A. Uniform plasma

Building on the analysis of a BH in uniform plasma,
the angular positions of the lensed images can be found
analytically. The dimensionless source-position paramet-
er x=p/6, entering the magnification formulas (Egs.
46-48) must accordingly be rescaled to reflect the
plasma-modified deflection, taking the simple form

= Bl __%o
\Y &uni (we /U)) \Y &uni '

(49)

with xo =8/6, the vacuum dimensionless source position
and &,, <1 the frequency-dependent, normalized deflec-
tion angle in uniform plasma obtained above.

Figure 13 plots the total magnification g against
w, Jwg for different King-halo parameters p,M* (left) and
rs/M (right); the magnification rises markedly as the uni-
form plasma density increases.

B. Singular isothermal sphere

We apply the same procedure here to examine how an
SIS plasma distribution affects the observed magnifica-
tions.

The angular positions of images lensed through an
SIS plasma have already been worked out in the literat-
ure (see, e.g., [63]), so the dimensionless source-position
parameter x = 3/, needed for the magnification formu-
las (Eqgs. 46—48) must be rescaled to reflect the SIS
plasma's reduced deflection, giving

= B/ _ %o
Vasis(w,/w) Vasis '

(50)

with xo =8/6, the vacuum dimensionless source position
and asis(w./w) <1 the normalized SIS deflection angle
computed in Section VI.

Figure 14 plots the total SIS magnification gy sis
against w?/wj for different halo parameters. The SIS
plasma is confirmed to suppress the background source's
luminosity amplification more effectively than the uni-
form plasma does. A higher central density p,M? and a
smaller core radius r,/M again boost the total magnifica-
tion, though overall lensing efficiency stays well below
the vacuum value.

Figure 15 shows the ratios #T,uni/m,um (lower curve)
and ,Ulilyum /H-ui (upper curve) for the two images in a uni-
form plasma, at two values of w?/wj. Both ratios stay at
or above unity across the whole range of x, studied, so
the uniform plasma enhances rather than suppresses the
magnification of both images relative to vacuum. At
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Fig. 13. (color online) Total image-brightness magnification under a uniform plasma versus w? /wj, for different dark-matter paramet-

ers p, (left) and r, (right).
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ps (left) and ry (right).

small xy (xp $0.1) the two ratios converge to a common
value of roughly 1.4—1.5, essentially independent of
w?/wj in this regime. As x, grows the curves separate:
the primary-image ratio (lower curve) falls monotonic-
ally toward unity for x, > 10, while the secondary-image
ratio (upper curve) rises monotonically and saturates at a
value that increases with the plasma parameter, from
roughly 2.15 at w)/w§=0.5 to roughly 2.85 at w’/wj =
0.9. The secondary (negative-parity) image is thus al-
ways amplified more strongly by the uniform plasma than
the primary image, and this gap widens as the plasma
density grows.

Figure 16 shows the analogous ratios ﬂﬂl,sis/m,sis
(lower curve) and ﬂg{sis/ﬂ—,sis (upper curve) for the SIS
plasma distribution. As before, both ratios stay at or
above unity across the range of x, shown, confirming that
the SIS plasma likewise enhances rather than suppresses

2
oM =04
200 ‘ c ‘ ‘ rs/M
m 0.20
195} ]
0.15
190}
Z 0.10
* 185)
0.05
18.0} ]
_
175 ‘ ‘ ‘ ‘
00 02 04 06 08 1.0
wcz/wOZ

(color online) Total image-brightness magnification under an SIS plasma versus w?/wj, for different dark-matter parameters

the magnification relative to vacuum, albeit far more
weakly than the uniform plasma. The two ratios meet
near 1.05 at small x, and diverge as x, grows, with the
primary-image ratio falling toward unity and the second-
ary-image ratio climbing to a saturation value of about
1.14 (w?/w} =0.5) or 1.24 (w?/w} =0.9). This behaviour
qualitatively parallels the uniform-plasma case, with the
secondary image preferentially amplified, though the SIS-
induced enhancement is roughly an order of magnitude
smaller overall than that of the uniform plasma.

Finally, Figure 17 directly compares the magnifica-
tion ratios for the uniform (solid curves) and SIS (dashed
curves) models, using matching plasma-strength paramet-
ers and an identical dark-matter halo configuration. Over
the plasma-frequency range studied, the SIS distribution
consistently produces weaker magnification enhance-
ment for both images than the homogeneous plasma, with
the discrepancy most pronounced for the negative-parity
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(lower curve) and ﬂﬁlyuni /t_umi (upper curve) for a uniform
plasma; fixed parameters R,=2M, b=3M, pM*=0.4,
r/M=02.
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Fig. 17. (color online) 1#'/u, (lower curve) and u*/u_ (up-

per curve) for the image magnifications under uniform and

SIS plasma; fixed parameters R, =2M, b=3M, p,M* =04,

rs/M =02, ) /wi =09, W [wl =0.9.

image, demonstrating that, at comparable plasma
strength, the uniform plasma yields a substantially larger
relative enhancement than the SIS plasma.

VIII. CONCLUSION

This work has presented, to our knowledge, the first
comprehensive and unified theoretical treatment of the
observational signatures produced by a Schwarzschild
black hole set within a physically motivated King dark-
matter halo and immersed in a cold, non-magnetized
plasma. Deriving an exact analytic spacetime metric for
the specific King profile and applying the Hamilton—Jac-
obi formalism for dispersive media, we have systematic-
ally computed the photon sphere, black-hole shadow,
gravitational light deflection, and image magnification for
both homogeneous and inhomogeneous plasma distribu-
tions.

Our main results can be summarized as follows:

1. Without dark matter, the exact metric reduces
smoothly to the Schwarzschild solution. A King halo en-
larges both the event-horizon and photon-sphere radii,
while plasma consistently pushes the photon sphere out-
ward relative to its vacuum position.

2. Even though the photon sphere grows larger,
plasma systematically shrinks the shadow's apparent an-
gular size. Present-day EHT observations of M87* and
Sgr A* remain fully consistent with realistic King halos,
imposing only very mild upper limits on the central dark-
matter density; plasma introduces only a small shift in the
allowed parameter space. Future EHT upgrades reaching
~ 1pas precision should tighten these limits considerably
and may be able to separate plasma-affected models from
pure-vacuum scenarios.

All three plasma models considered enhance gravita-
tional light bending relative to vacuum, with the homo-
geneous plasma giving the strongest boost and the in-
homogeneous SIS profile the weakest, following the clear
ordering

Quni > ANSIS > QSIS > Ayac-

Even modest plasma concentrations near the black hole
can alter the lensing signal by factors of several at small
impact parameters, with the uniform plasma producing
the most pronounced departure from vacuum.

3. Both the uniform and SIS plasmas produce marked
demagnification of the lensed images relative to vacuum,
and the negative-parity (secondary) image is affected
most severely. The SIS profile causes the strongest sup-
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pression, confirming that a centrally concentrated, in-
homogeneous plasma screens the lensing effect far more
efficiently than a homogeneous medium of the same av-
erage density.

These findings carry meaningful implications for cur-
rent and upcoming observational programs. Ignoring real-
istic plasma effects when interpreting strong-field (EHT)
or weak-field (LSST, Roman Space Telescope, Gaia,
Theia) lensing data for supermassive and intermediate-
mass black holes risks mistaking ordinary plasma screen-
ing for evidence of non-standard physics, such as modi-
fied gravity, scalar fields, or alternative black-hole solu-
tions. On the other hand, the fact that enhanced lensing
signals from dense dark-matter concentrations remain de-

tectable even amid dispersive plasma supports weak-lens-
ing and microlensing searches as promising probes of
compact, "nuclear" dark-matter halos around galactic-
center black holes, as distinct from the extended galactic-
scale halo.

Future work should extend the present analysis to ro-
tating black holes within King halos, incorporate more
realistic magnetized and relativistic plasma flows, and
compare in detail with hydrodynamic simulations of ac-
cretion and broad-line-region plasmas around M87* and
Sgr A*. Such refinements will be essential for disen-
tangling the separate contributions of dark matter,
plasma, and general relativity in next-generation black-
hole imaging and astrometric measurements.
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