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Optical observational characteristics of a Non-commutative Schwarzschild
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Abstract: In this paper, we investigate the imaging properties of non-commutative Schwarzschild black holes sur-
rounded by geometrically thick accretion flows. We employ a phenomenological radiatively inefficient accretion
flow model to describe the accreting material. Using general relativistic radiative transfer, we calculate the synchro-
tron emission from thermal electrons and obtain black hole images at horizon scales. The results indicate that an in-
crease in the non-commutative parameter A reduces the photon ring size, which substantially decreases the spacing
between the two highest peaks in the intensity distribution curve. Moreover, as the observer's inclination angle in-
creases, the image transitions from an axisymmetric ring to a high-inclination structure with pronounced variations
in brightness and morphology. Under high-inclination conditions, the anisotropic radiation model yields a notably el-
liptical deformation of the photon ring, and the contribution of off-equatorial radiation to the central dark region is
substantially enhanced compared with that in the isotropic model. These results provide a reference framework for
investigating the effects of spacetime non-commutativity in strong gravitational fields.
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I. INTRODUCTION

Numerous astronomical observations indicate that su-
permassive black holes typically exist at the centers of
large galaxies. Gravitational-wave observatories have de-
tected mergers of stellar-mass black holes, confirming the
existence of these celestial objects [1]. The Event Hori-
zon Telescope (EHT) images of the supermassive black
holes M87* [2] and Sgr A* [3] provide direct visual evid-
ence for the existence of black holes. Recently, polariza-
tion measurements by the EHT have further revealed the
detailed structure and radiation processes of magnetized
plasma near the event horizon [3, 4], offering a new
means of studying accretion physics and spacetime geo-
metry in strong gravitational fields. In fact, the shadow
observed by the EHT is not a direct image of the event
horizon but a projection of the strong gravitational lens-
ing effect of a black hole [5]. This phenomenon origin-
ates from unstable circular photon orbits, for which the
boundary between photon capture and escape appears
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visually as a central dark region surrounded by a bright
photon ring [6]. Because the size and shape of shadows
depend sensitively on the geometric structure of the back-
ground spacetime [7], high-resolution observations of
these shadows provide a unique opportunity to test gravit-
ational theories.

In General Relativity (GR), solutions of Einstein's
field equations inevitably encounter the singularity prob-
lem, which refers to a point at which the curvature scalar
approaches infinity within the event horizon of a black
hole. Spacetime singularities are widely regarded as
manifestations of the incompleteness of GR, which may
be resolved by a quantum theory of gravity or by modi-
fications to gravitational theory [8, 9]. Remarkably,
Bardeen obtained a black hole solution without a singu-
larity [10], which can be interpreted as a gravitationally
collapsed magnetic monopole arising from a specific
form of nonlinear electrodynamics [11]. Subsequently,
Hayward proposed a static, spherically symmetric black
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hole solution that accounts for the boundedness and regu-
larity of curvature invariants in regular spacetime [12].
Thereafter, additional regular black holes were proposed,
including the Ayon-Beato—Garcia black hole [13], the
Berej—Matyjasek—Tryniecki-Woronowicz  black  hole
[14], and the rotating Bardeen black hole [15]. Naturally,
the physical properties of such regular black holes have
attracted considerable attention. Research has addressed
diverse aspects, including dynamical stability, quasinor-
mal modes of scalar-field perturbations, weak gravitation-
al lensing effects, and the geodesic motion of test
particles [16—20].

On the other hand, non-commutative spacetime has
emerged as a significant topic in gravitational theory,
serving as a potential approach to quantizing gravity [21].
In particular, it has been demonstrated that non-commut-
ativity can provide a solution to the central singularities
affecting the Schwarzschild and Reissner—Nordstrom
metrics [22—24]. The corresponding non-commutative
counterparts of these metrics are derived by incorporat-
ing non-commutativity solely into the matter source,
while leaving the Einstein action unchanged [25]. Con-
sequently, the central singularity is replaced by a regular
region represented by a self-gravitating droplet of aniso-
tropic fluid. Several methods have been developed to
realize non-commutative spacetime in gravitational theor-
ies [26—31]. Studies have demonstrated that regularity
within the framework of GR can be attained by modify-
ing the matter source, specifically by replacing the Dirac
delta function with either a Gaussian distribution [22] or a
Lorentzian distribution [32]. Relevant studies have ex-
amined the properties of objects in non-commutative
spacetime, including thermodynamic properties, quas-
inormal modes, and the geometric structure of spacetime
[25, 33—39]. When this metric is applied to astrophysical
black holes within classical General Relativity, the para-
meter A effectively acts as a macroscopic deformation
scale characterizing the regularized fluid core, rather than
as a direct measure of the Planckian quantum gravity
scale. Because the black hole shadow is an intrinsic ob-
servational signature strictly governed by this back-
ground geometry, employing shadows as anchors to ex-
tract the imprint of 1 provides a direct pathway for under-
standing the macroscopic physical characteristics of such
regularized spacetimes in strong gravitational fields.

In our universe, a black hole is generally surrounded
by a luminous accretion flow, which is crucial for ima-
ging black holes. Because most of the light received from
a black hole originates from the accretion flow, the obser-
vational characteristics of its shadow and photon ring de-
pend on the position and morphology of the accretion
flow [40]. Simplified accretion models, such as spheric-
ally symmetric and thin-disk accretion models [41—45],
can capture the basic features of black hole images.
However, compared with realistic astrophysical environ-

ments, these models still have limitations. In particular,
astronomical observations suggest that Sgr A* and M87
are low-luminosity active galactic nuclei (AGN), which
are typically associated with radiatively inefficient accre-
tion flows (RIAFs) [2]. These flows are expected to be
geometrically thick and optically thin because of their
low accretion rates and advection-dominated dynamics.
In the RIAF model, the vertically averaged electron num-
ber density and temperature exhibit approximate power-
law distributions with radius [46]. Simultaneously, the
RIAF model simplifies the treatment of processes includ-
ing outflows, non-thermal particles, and full general re-
lativistic magnetohydrodynamics (GRMHD). Owing to
its distinct physical basis and high compatibility with the
results of GRMHD simulations, this phenomenological
framework has successfully reproduced the submilli-
meter spectrum and the main imaging characteristics of
objects such as M87* [4]. Therefore, based on the RIAF
model, several notable findings have already been ob-
tained in studies of black hole images [47, 48].

Based on non-commutative Schwarzschild spacetime,
several results have been obtained regarding black hole
shadows and their optical observational images.
However, the relevant studies have been conducted with-
in the frameworks of simplified spherical accretion and
geometrically thin-disk models [49]. In realistic astro-
physical environments such as low-luminosity active
galactic nuclei, black holes are typically surrounded by
geometrically thick, advection-dominated accretion
flows. Therefore, treating the non-commutative Schwarz-
schild metric as an analytically tractable model for a reg-
ular black hole with an effective macroscopic deforma-
tion, we investigate its imaging characteristics within the
framework of the radiatively inefficient accretion flow
(RIAF) model. Through numerical solutions of the GRRT
equations, we analyze the intensity distributions and mor-
phological features of black hole shadows and photon
rings across different values of the deformation paramet-
er 4, inclination angles, and observation frequencies. We
aim to investigate how macroscopic spacetime regulariza-
tions interact with realistic, geometrically thick plasma
backgrounds and whether the effects of metric modifica-
tions remain consistent across different accretion models.
In addition, we examine differences in image features un-
der the assumptions of isotropic and anisotropic synchro-
tron emission. The relevant results provide a comprehens-
ive reference framework and an analytical benchmark for
diagnosing effective spacetime deformations in strong
gravitational fields.

The remainder of this paper is organized as follows.
In Sec. II, we briefly introduce the geometric properties
of static black holes based on spacetime non-commutativ-
ity. In Sec. III, we establish the theoretical framework for
the radiation mechanisms and GRRT. In Sec. IV, we
present the phenomenological model of a geometrically
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thick RIAF and the projection technique for mapping the
celestial sphere onto the observation plane. In Sec. V, we
present the numerical results. Finally, in Sec. VI, we sum-
marize the main results of this study.

II. FOUNDATIONS OF NON-COMMUTATIVE
SCHWARZSCHILD SPACETIME GEOMETRY

The Schwarzschild metric describes the geometry of a
static, spherically symmetric vacuum spacetime. Its line
element is given by

b

2 _ 2
ds” = —A(r)dt +A(r)

dr? +7° (d6* +sin*6dg”) . (1)

The classical Schwarzschild metric inevitably contains an
intrinsic curvature singularity at »=0. To resolve this
central singularity, we adopt the framework of spacetime
non-commutativity [21, 22], in which the coordinates sat-
isfy the non-commutative algebra

[, '] = i, Q)

[, x"] = 1™, 3)

where A*” is an antisymmetric tensor that introduces a mi-
croscopic length scale to mitigate the singularity problem.
We employ a Lorentzian-smeared energy density [32]

vam

(2 + ad)?

palr) = “4)
Thi}\S/I distribution has a finite value at r = 0, given by p,(0) =

JETYERR Consequently, the energy density remains finite,

thereby eliminating the central spacetime singularity
within the effective theoretical framework.

Solving the Einstein field equations yields the metric
function in the form

an=1-20

Q)
where the mass accumulation function is

Mu(r) = / pa (X anr*dr’
0

-2 (o (7))
4aM
\nr

In the limit 4 — 0, the metric reduces to the classical

= M- +O (7). (6)

Schwarzschild solution. Expanding this exact solution in
the small-A approximation (i.e., VA < M), we obtain the
leading-order correction to the metric function

A(r)zl—z—M+8ﬁM

. <ﬁﬂ+aﬂﬁ (7)

Before deriving the causal structure and photon
geodesics from Eq. (7), it is essential to clarify the phys-
ical meaning and scaling of the parameter 1. Although A
originally arises from a microscopic spacetime algebra
whose natural cutoff scale is associated with the Planck
length (A~ (%) [22], the resulting dimensionless ratio
A/M? for astrophysical black holes is suppressed by many
orders of magnitude. Because such microscopic scales are
fundamentally undetectable by current or foreseeable VL-
BI networks, we do not treat A as a direct probe of
Planckian quantum gravity in the context of astronomical
imaging.

Within classical general relativity, the regular space-
time approximated by Eq. (7) is sourced by an anisotrop-
ic fluid with a Lorentzian energy density distribution [25,
32]. In this framework, the parameter A effectively acts as
the characteristic macroscopic scale of the regularized
fluid core (1/M? ~ 0(0.01)).

Furthermore, we adopt the standard methodology es-
tablished in studies of regular black holes. In the literat-
ure on nonsingular spacetimes, such as Bardeen or Hay-
ward black holes, regularization parameters are routinely
promoted to macroscopic values to test observational
constraints [15]. Following this established practice, we
use our leading-order metric as an analytically tractable
benchmark. This macroscopic interpretation justifies
treating A as a free parameter of order O (107?) M? in our
subsequent derivations [35, 50].

Solving the horizon equation A(r) = 0 with the expan-
ded metric given by Eq. (7) yields analytical expressions
for the radii of the event horizon r, and the Cauchy hori-
zon r_,

81
M+r

re=M| 1+ /1=

®)

The extremal condition corresponds to the merger of
the two horizons (r, =r_). This condition analytically
yields the extremal horizon radius r. = M and the critic-
al parameter A, = tM?/64 ~ 0.049M>. Within this approx-
imation, the value of 1 uniquely determines the causal
structure of the spacetime. For A < A., the metric admits
two distinct horizons and describes a regular black hole.
For 2= 24, it describes an extremal regular black hole
with a degenerate horizon. Finally, for 1> A., no horizon
exists.
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Having established the causal structure, we now ex-
amine its dynamical properties. From the line element,
we can derive the geodesic equations governing photon
motion, which then allow us to analyze the optical char-
acteristics of photon orbits through the effective potential.
To study photon motion near the black hole, we intro-
duce the Lagrangian formalism. Photon motion is de-
scribed by the Euler-Lagrange equation
i ()= ®

¢ \ox X

Here, ¥ =dx*/dg is the photon's four-velocity, and ¢ is
the affine parameter. For a static, spherically symmetric
spacetime, the photon Lagrangian £ can be written as

1 1 , 1 .
L= ng)'c"xv =5 ~A(r)i* + m# +77 (0 +sin’ 9¢2)} :
(10)

Because the metric coefficients are independent of the
time coordinate ¢ and the azimuthal angle ¢, there exist
two Killing vectors, & =49, and ¢ = d,,, which correspond
to the conserved energy £ and angular momentum L, re-
spectively

. dr . ., d
E=—guf = A0 g, L=8w90=r251n26d—§. (11)

For photon motion confined to the equatorial plane
(6 =n/2, 6=0), the angular momentum equation simpli-
fies to

dp L
— =, 12
d¢ r? (12)

Since photons travel along null geodesics, they satisfy
ds?> =0 (i.e., 2L =0). Substituting the metric components
gives

—A(r)(:;)z+Agr)<$)2+r2<§§>2:0. (13)

Substituting the conserved quantities £ and L into the
equation above and rearranging yields the radial equation
of motion for photons

(i’:)zzEz—A(r)Lz. (14)

72

To obtain a more intuitive understanding of the orbit-
al motion, we rewrite the radial equation in terms of an
effective potential. The effective potential for photons is

defined as
2 2
Verr(r) = A(?L = L—Z (1 - L\Mr)) : (15)
r r r
Eq. (14) can then be rewritten as
2
(ﬂ> = E? = V.(r). (16)
d¢

By introducing the variable u =1/r, we derive the orbit
equation

dr B Ldu

— =—L—. 17
dc dy 17)
Substituting this expression into Eq. (14) yields
du )2 1 ,
(dgo = —u"A(l/u), (18)

where b = L/E is the impact parameter. This equation de-
termines the geometric shape of the photon trajectory.

Next, we consider the photon sphere associated with
unstable circular orbits. Let r,, denote the radius of the
photon sphere, which must satisfy

dVeg
dr

Vetf(rph) = EZ’ =0. (19)

r=rph

From the derivative of the effective potential

dVer _,d (@) ., (A’(r) B 2A(r)>
dr =L dr \ 2 =1 r? /)’ (20)
the critical condition is given by
rA’(r) = 2A(r) = 0. 1)

Substituting this condition into the metric function A(r)
and simplifying yields the fundamental equation that the
photon sphere radius, r = ry,, must satisfy:

rM(r) =3M(r)+r=0. (22)

In the limit 2 — 0, we have M;(r) > M and M (r) — 0.
Substituting these limits into Eq. (22) gives

ron = 3M. 23)

This solution reproduces the photon-sphere radius of the
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classical Schwarzschild black hole. The critical impact
parameter b, is

rph

be= —P (24)
A (rph)

Stability is determined by the second derivative.

d2 Veff
dr?

_ 2 (A”(r) _4A'(n) . 6A(r)> (25)

r2 r r

r=rph r=rph
This value is typically negative, indicating an unstable or-
bit that leads to the formation of photon rings.

Figure 1 illustrates the influence of spacetime non-
commutativity on the characteristic length scales of the
black hole. Panel (a) shows the variation of the dimen-
sionless event horizon radius r,/M with the non-commut-
ative parameter 1/M?, while panel (b) shows the behavi-
or of the photon sphere radius r,,/M. As A1/M?* increases
from zero, both the event horizon radius and the photon
sphere radius decrease monotonically. The critical im-
pact parameter b./M, which determines the size of the
black hole shadow, exhibits a similar decreasing behavi-
or. This phenomenon indicates that the non-commutative
geometric correction reduces the macroscopic observable
features of the black hole, such as the shadow diameter.

III. RADIATION MECHANISMS AND
TRANSFER THEORY

This section constructs a theoretical framework for
describing the radiation processes in black hole accretion
flows. We first introduce the covariant radiative transfer
equation in curved spacetime. We then focus on the dom-
inant radiation mechanism in the accretion flow, thermal
electron synchrotron radiation, and present detailed ex-
pressions for its emissivity and absorption coefficient un-
der a relativistic thermal distribution. Finally, we de-
scribe the parametric accretion flow model adopted in

rp/M

0.00 0.01 0.02 0.03 0.04 0.05
AMA2

(a)

Fig. 1.

this paper to simplify the numerical simulations.

A. Radiative transfer in the general relativistic
framework

For optically thin and geometrically thick radiation
sources, such as thick accretion disks, solving for the ra-
diation field requires a radiative transfer theory formu-
lated within the framework of general relativity. In this
context, using Lorentz invariants that are consistent with
the spacetime geometry as conserved quantities is essen-
tial for describing photon propagation and radiation evol-
ution in strong gravitational fields.

Along a photon trajectory, the evolution of the radi-
ation field is governed by the covariant form of the gener-
al relativistic radiative transfer equation. Expressed in
terms of the affine parameter ¢, the differential equation
is [51, 52]

dd. . _.
—I=J-al (26)
d¢

Here, I, J, and @ are general-relativistic invariants re-
lated to the physical quantities 7,, j,, and «, in the local
reference frame by

G =va,. 7)

In the isotropic emission model, the emission coeffi-
cient j, that enters the radiative transfer equation is taken
to be the angle-averaged quantity j, defined in Sec. IV; in
the anisotropic model, the explicitly pitch-angle-depend-
ent j,(6,) is used instead. The formal solution of Eq. (26)
is given by

I(s) = I(sp)exp {— / &(c’)dc’}
+ / f(c’)eXp{— / &(9”)d§”} d¢’.  (28)

S0 Y

3.0

25

ron/M

2.0

1.5
0.00 0.01 0.02 0.03 0.04 0.05 0.06

AIMA2

(b)

(color online) Variation of the characteristic quantities of the non-commutative Schwarzschild black hole with respect to the

non-commutative parameter 1/M?: (a) event horizon radius r,/M; (b) photon sphere radius r,,/M. In the figures, the solid red line cor-
responds to the non-commutative black hole, and the dashed black line represents the classical Schwarzschild black hole (1 = 0).
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To express the formulation in the CGS unit system, a
scaling factor C=r,/v, must be introduced, where
re = GM/c* is the gravitational radius and v, is the refer-
ence photon frequency at the observer's location. After
this transformation, the radiative transfer equation and its
solution can be rewritten in a practical form that incorpor-
ates the redshift factor g = vips/Vem,

¢
I, = 831\/0 +rg/ g3(5‘/)jv(§/)

<o

S
X exp {—rg / (¢ a,(s")ds” | dg’. 29
o

In this formulation, both 7, and I,, refer to measure-
ments made by the observer. The quantities j, and «, in
the integrand are the emission and absorption coeffi-
cients, respectively, evaluated in the local rest frame of
the fluid. They correspond to the local frequency ve, in
that frame. The redshift factor g is determined jointly by
the relative motion between the observer and the emit-
ting source and by the difference in gravitational poten-
tial. If the fluid four-velocity is #* and the photon four-
momentum is k,, with the convention that k, = —1 in the
frame of a stationary observer at infinity, then the red-
shift factor can be calculated as [53]

u
_ Yobs Usbs kll _ 1

8= = = . (30)

Vem Wk, ke ut

B. Synchrotron radiation

In this section, we present the explicit forms of the
emission coefficient j, and the absorption coefficient «,
for the synchrotron radiation mechanism. We consider
synchrotron radiation from electrons in a magnetic field
under ultra-relativistic conditions. The CGS unit system
is adopted. The basic physical constants used in this sec-
tion are the elementary charge e, the electron mass m,,
the speed of light ¢, the Planck constant %, and the
Boltzmann constant k.

In a plasma environment, synchrotron radiation ori-
ginates predominantly from electrons. Its emissivity is
given by the following integral expression [54]

3 o0
o= VB [y nir (L)
0 s

4mtm,c?

This expression plays an important role in studies of ima-
ging thick accretion disks. Here, y=1/+/1-8? is the
Lorentz factor of the charged particle, and N(y) is the en-
ergy distribution function. The function F(x) is defined as
[54]

Fo=x / dy K00, (32)

Here, K,(x) denotes the modified Bessel function of the
second kind of order n. The angle 6, is defined between
the unit vectors ¢, and ¢, and is calculated as

6, = arccos (¢}, - €f;)) = arccos E (b#k”)} . (33)
The unit vectors are defined as:
k* b+
e*(‘k):—<uv—ky+u“>, e’(’b)zz. (34)

In this expression, B denotes the local magnetic-field
strength. The characteristic synchrotron frequency is
defined as [46, 55]

_ 3eBsinb,y’ (35)

12

drm,c

For an electron system in thermal equilibrium, the en-
ergy distribution function is

n.y*B

(=7/©,) 36
0.K,(1/0,)° (36)

Ny) =

where n, is the electron number density. The quantity

kBTe . . .
0, = mc2 18 the dimensionless electron temperature, and

T, is the thermodynamic temperature of the electrons.

In the ultrarelativistic limit, where (3~ 1,0, > 1), the
asymptotic relation K, (1/0,) ~ 20?* can be applied. Intro-
ducing the variable substitution z=vy/0,, the emissivity
can be simplified as [55, 56]

3n,e’Bsin6, [
jy = 7\/_’1'6 sin b/ dzzzesz(1>. (37)
0 Vs

8nm,c?

Furthermore, by introducing the dimensionless frequency
x=v/v., we obtain v/v, = x/7*. The final expression for
the emissivity is therefore given by

. nely F00, x:l, o 3eBsin9b®§'

L= 38
/ 2V3c@®?2 Ve (38)

4mm,c

The dimensionless function is defined as follows [55]
1=, X
F(x)=— ZeF( - |dz (39)
X Jo <

In the context of a thermal electron distribution, the ab-
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sorption coefficient @, can be obtained from Kirchhoff's
law [54]

Jy 2hv3 1
=L B = . 40
=, 2 exp(v/ksT,)—1 (40)

Here, B, denotes the Planck blackbody radiation func-
tion.

To facilitate numerical computations, the following
normalization constants are defined [46, 57]:

7= n,e*v), _Ammeev,
YT 2NE@ T 3 en®]
hv, 1 2hv; N
8= ey 4= @ G lumd)t @D

Here, n, and ©, denote the reference values evaluated at
the event horizon. The characteristic frequency is v, =
10°Hz = 1GHz, and the characteristic magnetic field is
b, = 1G. Within this parameterization framework, the ra-
diative quantities can be expressed as

A - - 4’21_/ 441_’3
y = e @ 27: N = =, y— T =~ .
P = RO T (0, X g 6,62 exp (557/0,) — 1
(42)
The normalized variables are defined explicitly as
v n - B G
_:7, _e:l9 bzi, ®e:73- 43
Y Vi " ny by, 0, *3)

Using Egs. (39) and (42), the radiative transfer equation,
Eq. (26), can in principle be solved to obtain the radi-
ation intensity. The specific forms of the electron num-
ber density, electron temperature, and dimensionless
function ¥ (x) are specified in Sec. IV together with the
accretion disk model.

IV. PHENOMENOLOGICAL ACCRETION DISK
MODEL AND IMAGING GEOMETRY

On the basis of the GRRT framework and the syn-
chrotron radiation mechanism established in Chapter 3,
this chapter constructs a phenomenological model of a
geometrically thick accretion flow. Neglecting polariza-
tion effects, we adopt a geometrically thick, optically thin
accretion disk model (i.e., the phenomenological RIAF
model) [58] as the primary subject of study.

To describe the spatial profile of the accretion flow,
this section adopts a cylindrical coordinate system. The
cylindrical radial coordinate is defined as R = rsin6, and
the height above the equatorial plane (8 = 7/2) is given by
z=rcosf. Following the construction of the analytic
GIAF model in [58], we define the distribution profiles of

the electron number density n, and the electron temperat-
ure T, as follows

2

2
e (2 o ( ). ren(Z)

In this expression, n, and T, represent the electron num-
ber density and temperature at the event horizon, respect-
ively.

Furthermore, the magnetic field strength is parameter-
ized using the cold magnetization parameter

B? B?
T T e (43)
e'llp

When using geometrized units, the magnetic field
strength satisfies B = /op, with p = n,m,c*. In this paper,
B uniformly denotes the magnitude of the magnetic field
strength. In the accretion disk model considered in this
study, the parameter is o~ ~ 0.1 [59].

The phenomenological model includes two electron
radiation models: isotropic radiation and anisotropic radi-
ation. The isotropic radiation model considers only the
magnetic field strength and does not account for its direc-
tionality. Its emissivity is given by

~

1 T
Jv = 5/ Jv(0,)sin6,d6,. (46)
0

Here, j,(6,) is the monochromatic emission coefficient
for a local magnetic-field pitch angle of 6,, and is inde-
pendent of the coordinate polar angle . j, denotes the
equivalent isotropic emissivity averaged over the magnet-
ic-field direction (pitch angle). The corresponding fitting
formula is given by

R n.e>v y
= e F(x), —
/ 23c0?2 ) Ve

3eB@?

4nm,c’

(47)

Here, v denotes the radiation frequency measured in the
local rest frame of the fluid, and v, is the characteristic
frequency of synchrotron radiation. The corresponding
dimensionless frequency ratio is denoted by x. The fit-
ting form of the function ¥ (x) is taken from [56]

04 05316

+—+
X1/4 xl/2

4.0505 (1

xl/6

) exp (—1.8899x1/3) .
(48)

F(x)=

For the anisotropic radiation model, the direction of the
magnetic field must be taken into account. Let b be the
unit four-vector aligned with the magnetic field. Follow-
ing standard RIAF treatments, we assume a purely toroid-
al magnetic field configuration, which can be parameter-
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ized as follows:

b ~ (£,0,0, 1). (49)

The parameter ¢ is defined as

€= —ﬂ, u, = g‘,},u”, (u, = _AM[’MLP = rZMW)' (50)

Uy

This form of the magnetic field satisfies the orthogonal-
ity condition with the fluid four-velocity (u,b* = 0). The
emissivity corresponding to anisotropic radiation is de-
scribed by Eq. (38). The fitting form of the function ¥ (x)
is adopted from [55]

F(x) =2.5651 (1+1.92x7'% +0.9977x7>%)
X exp (—1.8899x1/3) . (51)

It is worth noting that, in such phenomenological models,
the magnetic field direction need not be considered if the
radiation is isotropic. If the radiation is anisotropic, the
magnetic field direction must be determined from Eq.
(49). However, polarization imaging is not considered in
these models at this stage.

We next discuss the kinematic setup of the accretion
flow. The motion of the accreting material can be as-
sumed to follow timelike geodesics or prescribed by a
specified four-velocity field. In this study, we primarily
consider radial infall. Assuming that the fluid starts from
rest at infinity, its conserved specific energy is
E = —u, = 1. Under this condition, the four-velocity of the
freely falling fluid can be expressed as

1
u’:A—( X W=—y/1-A@r), u’=0, w=0. (52
,

To ensure that the four-velocity remains timelike every-
where, it satisfies the normalization condition g,,uu” =
—1 identically.

To model the appearance of the black hole, we con-
struct a camera projection model. Consider a stationary
observer located at (r = ryps,60 = Ops, = Yobs). The observ-
er's local reference frame can be represented by an or-
thonormal tetrad [60, 61]

! 0 0
e = —F—0 e =——F0,,
R T
1 1
6(2) = 7@69, 6(3) = —7\/g_(9¢. (53)
vy

The relation between the coordinate-basis components p*
and the components p@ in the observer's orthonormal
frame is given by p@ = e{ p.

In the observer's local rest frame, the incoming direc-
tion of each light ray is parameterized by the observation
angles (©,%). Let p® denote the components of the
photon four-momentum in this orthonormal tetrad. The
angles are defined by

(1) (3)

P
W7 tan¥ = p(z) . (54)

cos® =
Equivalently, the tangent vector to the null geodesic at

the observer can be expanded in terms of the orthonor-
mal tetrad as

§ =& (—e() +cos B¢ +sin@cos Pe(o) +sinOsin ey, ) .
(55)

Here, the negative sign before ¢, ensures the correct ori-
entation for backward ray tracing along null geodesics,
and &= p© denotes the photon energy measured by the
observer. In practical numerical implementations, we nor-
malize the received energy by setting & = 1.

A Cartesian coordinate system is defined on the im-
age plane (the camera screen). The stereographic projec-
tion method is used to map the incoming light direction
onto the screen coordinates (x,y) [62, 63]

® ]
x=-2tan B} sin¥, y=-2tan 3 cos'. (56)

Let the total field of view be denoted by a4, . For an im-
age with a resolution of nxn pixels, the screen side
length L and the size of each pixel A are given by

" L 2
L=2tan 2 , A=—=Z i
2 n

= —t . 57
nanz (57)

With the image center as the origin, the geometric co-
ordinates of the (i, j)-th pixel are

+1 +1
x:A(i—n2 ) y:A(j—n2 ) i jell,....n).

(58)

Combining the pixel coordinates with Eq. (56) yields the
inverse mapping from screen coordinates to the celestial
observation angles

n+1

© 1 ap ( n+1)2 ( n+1)2
tanz—ntan > i > +{Jj 5 . (59
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V. NUMERICAL RESULTS

A. Phenomenological model under isotropic radiation

We first discuss the imaging characteristics of the ac-
cretion flow around a non-commutative Schwarzschild
black hole under the assumption of isotropic emission.
The simulation assumes that the accretion flow under-
goes radial infall, and the observation frequency is fixed
at 230 GHz. Figure 2 shows the black hole shadow im-
ages for different inclination angles 6 (0°,17°,80°) and
various values of the non-commutative parameter 4. All
images exhibit pronounced layered structures, including

bright higher-order images formed by strongly lensed
photons and a diffuse primary image formed by directly
propagating photons. Within the higher-order images,
there is a region with a significant intensity decrease. For
a geometrically thin disk, this region typically corres-
ponds to a sharply defined inner shadow [64]. However,
because we adopt a geometrically thick accretion disk
model in this study, the emitting material outside the
equatorial plane partially fills the line of sight. Con-
sequently, this region is not completely dark; rather, it ap-
pears as a relatively shaded central area.

The dependence of the black hole shadow image on
the non-commutative parameter 4 and the inclination

-10 -5 0 5 10

(a) A =0.001, 6 = 0°

s

-5

(b) A =0.001, § = 17°

5

s
s

-5 0 H

(¢) A =0.001, § = 80°

s

-10 -5 0 5 10 -10 -5

(d) A=0.01, 6 =0°

(e) A=0.01,6=17°

5 1

s
s

-5 0 5 1

(f) A=0.01, 6 = 80°

5

-10 -5 0 5 10 -10 -5

(g) A=0.04, 0 =0°
Fig. 2.

(h) A =0.04, 0 = 17°

(color online) Black hole shadow images for the phenomenological model under isotropic radiation. The accretion flow is in

5 10 -10 -5 0 5 10

(i) A =0.04, 6 = 80°

the infalling-motion mode, with an observation frequency of 230 GHz and M = 1.
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angle 6 is shown in Fig. 2. Morphologically, the inclina-
tion angle @ plays a decisive role in shaping the image
brightness distribution. When the viewing angle is nearly
face-on (6~ 0°), the line of sight is nearly orthogonal to
the velocity field of the accretion flow. Consequently, the
image exhibits a high degree of axisymmetry, with the
photon rings appearing as concentric circles with nearly
uniform azimuthal brightness. As the inclination in-
creases to a moderate angle (9 = 17°), the projected geo-
metry of the accretion flow changes. Although the photon
ring remains centered, projection effects from the back-
ground accretion flow introduce a weak asymmetry into
the overall image. When the inclination is further in-
creased to a nearly edge-on view (6 = 80°), the image dis-
plays pronounced bilateral symmetry, with the emission
being significantly brighter along the horizontal (equat-
orial) direction than along the vertical direction. This left-
right symmetry is a direct consequence of the spherical
symmetry of the Schwarzschild spacetime combined with
the adopted purely radial infalling motion of the accre-
tion flow.

In addition to the inclination effects, the non-commut-
ative parameter A systematically modifies the geometric
scale of the image. A comparison of the panels for differ-
ent values of 1 (0.001,0.01,0.04) shows that, as A in-
creases, the overall diameter of the bright higher-order
photon rings decreases monotonically, and the position of
the brightness peak shifts inward. This visual contraction
is in excellent agreement with the theoretical analysis of
the geometric quantities presented earlier, directly reflect-
ing the physical reduction of the photon sphere radius
and the critical impact parameter b, induced by space-
time non-commutativity.

To quantitatively validate the large-scale image fea-

tures presented in Fig. 2, we extract the corresponding
one-dimensional intensity profiles, as shown in Fig. 3.
Across all subfigures, the intensity curves exhibit a pro-
nounced bimodal structure, with two sharp peaks that de-
lineate the bright cross sections of the photon ring. Com-
paring the profiles for different non-commutative para-
meters (blue: 1=0.001, red: 1=0.01, green: 1=0.04)
shows that, as 1 increases, the two peaks systematically
shift inward, substantially reducing their separation. This
behavior is quantitatively consistent with the visual ob-
servations in Fig. 2, where the angular diameter of the
photon ring decreases monotonically with increasing 4.

Furthermore, the modulation of the profile shape by
the inclination angle 6 reveals the distinctive geometric
characteristics of the accretion-flow emission. In the hori-
zontal profile at a nearly edge-on inclination (6 =80°,
Fig. 3(c)), the left and right peak heights remain highly
symmetric, and the peaks are significantly brighter than
those in the vertical profile (Fig. 3(f)). Notably, in this
high-inclination vertical profile (Fig. 3(f)), a distinct loc-
al maximum emerges in the central region of the shadow
between the two main peaks, giving the curve a charac-
teristic "W" shape. This feature corresponds to the dif-
fuse background light observed at the center of the shad-
ow in Fig. 2. It confirms that, in the geometrically thick
accretion disk model, the line of sight passes through
gravitationally lensed, overlapping emission regions loc-
ated above and below the equatorial plane. Thus, the pro-
file analysis in Fig. 3 not only quantitatively corroborates
the two-dimensional imaging results but also clearly re-
flects the complex coupling between the three-dimension-
al geometry of the accretion flow and strong gravitation-
al lensing effects.

To simulate the finite resolution of realistic observa-

\\/ A0 o2

— A=0.001 0.6 — A=0.001

U 2=0.04

— A=0.01 0.4 — A=0.01

0.0

1.0| 1.0|
0.8 0.8
0.6) — A=0.001 0.6
0.4 \ ) — A=0.01 0.4
0.2 A=0.04 0.2
0.0 . 0.0

) 100 200 300 400 500 0 100 200
X X

(a) the x-axis, § = 0°

(b) the x-axis, § = 17°

(c) the x-axis, § = 80°

1.0 1.0
0.8 0.8
_ 08 —aA=0.001 _ 06
0.4 \ J — A=0.01 0.4
0.2 A=0.04 0.2
0.0 0.0

) 100 200 300 400 500 o

0.0

(d) the y-axis, § = 0°

Fig. 3.
accretion flow is in the infall mode.

0.8]
— A=0.001 o6 — A=0.001
LL — A=0.01 L — A=0.01
\ A=0.04 0.2 A=0.04
100 200 300 400 500 ) 100 200 300 400 500
y y

(e) the y-axis, 8§ = 17°

(color online) Intensity distributions along the x- and y-axes for the phenomenological model under isotropic radiation. The

(f) the y-axis, § = 80°
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tional instruments, we apply Gaussian convolution to the
high-resolution images shown in Fig. 2. This convolution
substantially modifies the morphological characteristics
of the images. Owing to the simulated diffraction limit,
the extremely sharp and bright higher-order photon ring
structures visible in the original images are completely
smoothed, merging with the surrounding diffuse primary
emission to form a broad, continuous ring-like feature.
The initially sharp boundary of the event horizon shadow
is also blurred, transitioning into a central dark region
characterized by a smooth intensity gradient. However,
although the fine structures at sub-microarcsecond scales
are washed out, the macroscopic geometric imprint in-
duced by spacetime non-commutativity remains robustly
preserved. A comparison of the three panels in Fig. 4
clearly shows that, as the non-commutative parameter 1
increases, both the overall contour of the blurred ring and
the central shadow region it encloses continue to exhibit
systematic contraction. To systematically track the obser-
vational signatures as the spacetime approaches the ex-
tremal state under the isotropic radiation model, we ex-
tend our numerical simulations to parameter values near
the critical boundary, specifically A€ {0.047, 0.048,
0.049}M?. This selection ensures that the central object
remains within the valid regime of a regular black hole
(A< A.). Figure 5 illustrates the resulting shadow images
and specific intensity profiles. In the two-dimensional
shadow images, a distinct inward-shrinking trend is evid-
ent in both the bright photon ring and the central shadow
region as A increases toward the critical value A, =~ 0.049.
This geometric deformation is quantitatively confirmed
by the one-dimensional specific intensity curves, in
which the separation between the two sharp photon-ring
peaks gradually decreases and the peak positions shift to-
ward the image center. In addition to this geometric con-
traction, the peak specific intensity of the photon ring in-
creases with A, with the curve for 1 =0.049 attaining the
highest value

(a) A =10.001, 6 =0°
(color online) Black-hole images blurred with a Gaussian filter whose standard deviation is set to 1/12 of the field of view,
aroy- The plotting parameters are consistent with those in Fig. 2.

Fig. 4.

(b) A =0.01, 6 = 0°

B. Phenomenological model under anisotropic
radiation

To comprehensively evaluate the influence of differ-
ent radiation mechanisms on the imaging results, Fig. 6
presents the simulated images under anisotropic radiation
conditions. Similar to the isotropic case, each panel in
Fig. 6 shows a distinct bright ring, corresponding pre-
cisely to the sharp peaks in the intensity profiles in Fig. 7.
At a given inclination 6, an increase in the non-commut-
ative parameter A consistently leads to a systematic de-
crease in the diameter of the bright ring. This trend is
quantitatively confirmed in Fig. 7, where the peak shifts
for the different curves follow exactly the same pattern as
that observed in Fig. 3. This robustly demonstrates that
the ring shrinkage is an intrinsic geometric effect primar-
ily governed by the underlying spacetime metric. Con-
versely, for a fixed A, varying 6 reveals a key difference
between the two radiation models. At small inclinations
(@~ 0° and 17°), the anisotropic model exhibits a mor-
phological evolution nearly identical to that of the iso-
tropic model, with the image features remaining highly
consistent. However, at the nearly edge-on inclination of
0 =80°, a significant divergence emerges. In the isotrop-
ic model, the higher-order images, although asymmetric,
remain approximately ring-shaped. In contrast, under the
anisotropic model, owing to the strong dependence of the
radiation intensity on the emission angle, the higher-or-
der images are visibly deformed into an ellipsoidal shape.
Furthermore, emission from regions outside the equatori-
al plane more strongly obscures the central dark region,
resulting in a more uniform internal brightness distribu-
tion. This effect is quantitatively supported by the elev-
ated central extrema in the vertical profiles in Fig. 7.
These findings indicate that, as the viewing angle ap-
proaches the plane of the accretion disk, the directional-
ity of the radiation field exerts a non-negligible modulat-
ing effect on the shadow morphology.

Furthermore, we examine the near-extremal scenario

(¢) A=10.04, 0 = 0°
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Fig. 5. (color online) Black hole shadow images of the phenomenological model under isotropic radiation. Panels (a), (b), and (c)

show the two-dimensional shadow images. The accretion flow is in the infalling-motion mode, with an observing frequency of 230

GHz, M =1, and an inclination angle of § =

17°. Panels (d) and (e) show the one-dimensional specific-intensity profiles along the hori-

zontal (x-axis) and vertical (y-axis) directions of the image plane, respectively, at an inclination angle of 6 = 17°.

for the anisotropic radiation model with A€ {0.047,
0.048, 0.049}M?, as displayed in Fig. 8. Similar to the iso-
tropic case shown in Fig. 5, the bright photon ring and
central shadow region exhibit noticeable contraction ac-
companied by intensity enhancement as A1 — A.. Cru-
cially, the strong agreement between the isotropic and an-
isotropic scenarios demonstrates that both the structural
contraction and the intensity enhancement are strictly
governed by the underlying spacetime geometry and are
unaffected by the specific emission mechanisms of the
accretion flow. Ultimately, this evolutionary trend contin-
ues until the extremal state is reached, where the photon
sphere radius r,, and the critical impact parameter b,
contract to their absolute minima, thereby establishing a
strict theoretical lower bound for the apparent shadow
size of the non-commutative black hole.

VI. SUMMARY AND DISCUSSION

In this work, we investigate the imaging properties of
a noncommutative Schwarzschild black hole surrounded
by a steady-state, geometrically thick accretion flow. We
first systematically review the fundamental properties of
this modified spacetime, illustrating how the deformation
parameter A alters the event horizon structure and photon
geodesics. We then adopt a geometrically thick, radiat-
ively inefficient accretion flow (RIAF) model to describe
a magnetized equilibrium plasma torus. By performing

general relativistic ray-tracing and radiative transfer
(GRRT) calculations, we obtain the corresponding syn-
thetic black hole images and extract their detailed specif-
ic intensity profiles.

The analysis of the isotropic radiation case reveals
that the effective spacetime deformation leaves a distinct
geometric imprint on the black hole shadow. As the para-
meter A increases, the angular diameter of the higher-or-
der images (photon rings) systematically contracts, which
appears in the intensity profiles as a significant decrease
in the separation between the two sharp peaks. This find-
ing establishes a quantitative link between the macro-
scopic spacetime parameter and observable imaging fea-
tures. Moreover, the inclination angle 6 significantly
modulates the image morphology, which transitions from
a highly axisymmetric, perfectly circular ring at 6 ~ 0° to
a structure dominated by geometric projection effects at
0 = 80°. Notably, owing to the adopted radially infalling
motion, the images at high inclinations retain bilateral
brightness symmetry. The enhanced emission along the
equatorial direction primarily arises from the maximized
integrated optical path length along the line of sight
through the optically thin accretion flow.

When incorporating the anisotropic radiation mechan-
ism, we find that the global effects of 1 and 6 on the shad-
ow size remain qualitatively consistent with those in the
isotropic case. However, at a nearly edge-on inclination
(0 =80°), a key morphological divergence emerges. The
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(h) A=0.04, 6 = 17°

5 10 -10 -5 0 5 10
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(color online) Black hole shadow images of the phenomenological model under anisotropic radiation. The accretion flow is in

the infalling-motion mode, with an observing frequency of 230 GHz and M = 1.

higher-order photon rings in the isotropic model remain
approximately circular, whereas those in the anisotropic
model exhibit significant ellipsoidal distortion. Further-
more, obscuration of the central dark region by emission
originating outside the equatorial plane is substantially
more pronounced in the anisotropic model. These differ-
ences indicate that, when interpreting or fitting high-in-
clination observational data, the directional dependence
of the emission mechanism must be carefully accounted
for because of its non-negligible modulating effect on the
fine structure of the image.

In summary, this study demonstrates that effective
spacetime regularizations lead to a systematic contrac-

tion of the black hole shadow and photon rings, thereby
providing an intuitive geometric probe for testing macro-
scopic spacetime deformations and noncommutative geo-
metric corrections in strong gravitational fields. We cau-
tion, however, that shadow size contraction alone may
not serve as a unique discriminant, since similar trends
are known to emerge in diverse regular black hole mod-
els. Breaking this theoretical degeneracy requires exploit-
ing finer observables beyond the apparent shadow dia-
meter. As demonstrated in this work, the detailed mor-
phology of the specific intensity profiles, particularly the
peak amplitudes, widths, and radial contrast of the photon
ring emission, serves as a crucial diagnostic tool. These
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Fig. 7. (color online) Intensity distributions along the x- and y-axes for the phenomenological model under anisotropic radiation. The

accretion flow is in the infalling-motion mode.
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(color online) Black hole shadow images of the phenomenological model under anisotropic radiation. Panels (a), (b), and (c)

show the two-dimensional shadow images. The accretion flow is in the infalling motion mode, with an observation frequency of 230

GHz, M =1, and an inclination angle of 6 =

17°. Panels (d) and (e) show the one-dimensional specific intensity profiles along the hori-

zontal (x-axis) and vertical (y-axis) directions of the image plane, respectively, for an inclination angle of 6 = 17°.

intensity distributions directly reflect the higher-order
photon ring substructures. Because these features are
highly sensitive to the specific form of the metric, they
provide effective observational criteria for distinguishing
different regular black hole geometries. At the same time,
these observational signatures are inevitably entangled

with the microphysics of the accretion flow. Resolving
this astrophysical degeneracy requires integrating high-
resolution three-dimensional GRMHD simulations with
multi-wavelength observational data, thereby paving the
way toward a clear isolation of macroscopic spacetime
deformations from complex plasma backgrounds.
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