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Abstract: We perform the first computation of phase-transition parameters to cubic order in A ~ m? /T2, where m is

the scalar mass and 7 is the temperature, in a simple model resembling the Higgs sector of the SMEFT. We use di-

mensional reduction, including 1-loop matching corrections for terms of dimension 6 (in 4-dimensional units), 2-
loop contributions for dimension-4 ones and 3-loops for the squared mass. We precisely quantify the size of the dif-
ferent corrections, including renormalization-group running as well as quantum effects from light fields in the effect-

ive theory provided by the Coleman-Weinberg potential, and discuss briefly the implications for gravitational waves.

Our results suggest that, for strong phase transitions, 1-loop corrections from dimension-6 operators can compete

with 2-loop ones from quartic couplings and largely surpass those from 3-loop thermal masses.
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I. INTRODUCTION

The dimensional reduction (DR) formalism [1, 2] has
become a cornerstone in the study of equilibrium phe-
nomena in quantum field theory at finite temperature (7).
By leveraging the hierarchy of scales between the Mat-
subara modes [3], with masses m, ~anT, and the light
field masses, m < T, DR recasts the dynamics of a 4-di-
mensional (4D) theory into a simpler static 3-dimension-
al (3D) effective field theory (EFT) [4, 5] resulting from
integrating out the non-zero Matsubara modes, whose ef-
fects are encoded in the Wilson coefficients (WC) of loc-
al operators. This framework offers several advantages
over direct 4D methods, including the possibility of simu-
lating long-distance non-perturbative physics on the lat-
tice [6—17] as well as improved convergence of perturbat-
ive expansions [18-21]. For these reasons, DR has been
widely employed in studies of hot QCD [22-27] and,
more recently, in the characterization of phase transitions
(PT) beyond the Standard Model (SM) [17, 18, 28-55].
This effort is largely motivated by the prospect of ob-
serving stochastic gravitational waves (GW) from PT in
the early universe [56—60], a promising probe of new
physics complementary to collider experiments.
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While most existing analyses focus on leading-order
contributions in the 3D EFT, typically dominated by di-
mension-4 interactions, there is mounting evidence that
higher-dimensional operators play a decisive role in the
dynamics of very strong PT [50, 61, 62]. (Note that we
quote energy dimensions in 4-dimensional units.) In Ref.
[50], it was first proven, within a simple model consist-
ing of a real scalar coupled to a fermion [46], that dimen-
sion-6 operators generated at 1 loop through matching
can modify the amplitude and peak frequency of GW
spectra by orders of magnitude. This result has been fur-
ther strengthened in Refs. [61] and [62] in the context of
the Abelian Higgs model and the SMEFT [63, 64], re-
spectively, where it was also proven that higher-dimen-
sional operators are relevant for obtaining gauge-inde-
pendent physical results.

However, using standard power counting rules [18],
1-loop dimension-6 matching corrections are parametric-
ally of the same order as 3-loop thermal masses and 2-
loop quartic couplings. Even though dimension-6 operat-
ors can be expected to become more relevant at larger
values of m/T,where PT occur, a quantitative assess-
ment of the relative size of these corrections remains im-
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portant. We address this quantitative analysis in the
present study. To this end, we consider a toy version of
the SMEFT, consisting of a complex scalar ¢ together
with left- and right-handed fermions, including ¢% correc-
tions that generate a potential barrier at tree level. All
sum-integrals arising in matching to 3 loops are known.
We also briefly comment on the relative importance of
different loop corrections in a model with a real scalar
and a fermion in which the barrier is provided by a trilin-
ear coupling [46, 50] but where 3-loop sum-integrals are
unknown.

The paper is organized as follows. We introduce the
main model in section II, with a discussion of the match-
ing, cancellation of UV and IR divergences and renormal-
ization-scale dependence. We explore the impact of dif-
ferent loop corrections on PT parameters in section III,
briefly mentioning the impact on GWs. We conclude the
study in section IV, where we also comment on the im-
plications for the model with a real scalar. Technical de-
tails on sum-integrals, matching, running, the effective
potential, and the real scalar model are given in Appen-
dices A, B, C, D, and E, respectively.

II. THEORETICAL FRAMEWORK

We consider a model consisting of a complex scalar field
¢ with global U(1)y charge X =1 and N =3 fermions
Y and ¢y with charges X =1 and X =0, respectively,
with the following Lagrangian in Minkowski space-
time:

Li=0,0'09=n¢'0 -2 - 509
+ i+ iidihr — (@YY +hc), M

where A is some energy cut-off. We will work in TeV
units throughout and assume that A =1 TeV without loss
of generality.

The high-temperature limit of this theory is described
by a 3D EFT involving only the (loop-corrected) zeroth
mode of ¢, which we call ¢. The most general off-shell
parametrization of the corresponding Lagrangian up to di-
mension-6 operators (in 4D units), built using ABC4EFT
[65], reads as follows in Euclidean space:

Lerr =Kz0,0" 0 0+ m3p' o + 139 9)
+e (90 + ¢l (00" )
+ri [(@'O)(@¢ @) +hc]
+ r$104 [i(tpTgo)(azgoTcp) + h.c.] +rag o't (2)

The WCs named with » are redundant on-shell; that
is, they can be removed via field redefinitions. Upon ca-
nonically normalizing Lgrr (such that K5 = 1), the equa-
tion of motion of ¢ up to dimension 4 is

o =mip+20:(¢ @), 3)

from which the reduction of the redundant operators up to
dimension 6 can be deduced as

R = (@00 @) +h.c.=2m3(p'9) +443(4'¢) ()
R = i@ )@@ ¢) +he. =0, (5)

R = (907(9490) = mg(gf(p) + 4/13m§(t,0T90)2 + 4/l§(gaT<p)3 . (6)

Hence, the physical Lagrangian reads

L0 =0,0'0" o +m 0" o+ V(o' )’
+ (@' @) + Cp s (@' )00 #0) (7)

and the above WCs are connected to those in Eq. (2) by

2 _ 2 4 r_ 2.2 2
my" =my+myrpg, Ay = A3 +2msrg 4+ 4Ams g

2
C;(, = Cys + 4/131’(2174 +4/l§r04¢2 , C¢/92¢4 = Coppt . (8)

This model is appealing in the following respects: (i)
it resembles the Higgs sector of the SMEFT, while being
significantly simpler; (ii) it is not as simple as the real
scalar model [50], which presents no physical derivative
interactions beyond the kinetic term; (iii) it can deliver
two minima separated by a barrier while maintaining 7Z,
symmetry ¢ — —¢, thus avoiding tadpole terms (see e.g.,
Fig. 1).

We assume an O(1) Yukawa coupling. For fixed A,
we characterize the parameter space of the model in terms
of the physical squared mass (m3) and vacuum expecta-
tion value (vp) of ¢ at zero temperature:

o _

1 1
m? = Z(—m?, — 2/1\/%)) o2 T 37(’71%) - ZAV%) . )
P

We consider 1 as our power counting parameter. The re-
maining couplings obey different power counting rules in
different regions of the parameter space where there are
PT V. For SM-like values of m3 and vp, we have (m/T)* ~
¥~ A, cg ~ A [18, 53, 62]. However, for relatively large

1) We check this trivially as follows. First, we determine the 3D parameters in the roughest approximation, which gives:

m? ~m2+1y2T2, B3 ~AT,  cpo~cyT?

ne
Then, we compute the values of 7,21, and Ne g that best fit the relations (m?/7) ~ (A/m)"n? , (y/m) ~ (4/m)" and (g6 /) ~ (A7) *
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the real component of the complex scalar.

values of A and m}, we have (m/T)’ ~y~ A, cp ~ A2,
Within this latter parameter space region, all sum-integ-
rals needed for computing the 3D EFT WCs to order 23,
including 3-loop ones, are known " (see Appendix A).
Therefore, a fully consistent study of PT at this order is
achievable, which constitutes another major advantage of
this model.

Hence, in what follows, we consider two benchmark
scenarios within this region of the parameter space:

BP1 : (vp,m3) = (0.5TeV,0.2TeV?),
BP2 : (vp,m3) = (0.4TeV,0.1 TeV?), (10)

and y = 0.9 in both cases. (For relatively smaller values of
v, there is no PT within this regime; for larger ones, SM-
like power counting holds.) The region of the parameter
space where a PT occurs is very small (occurring for
—0.551<0.3) and shrinks for larger parameter values,
which are also in tension with the assumed EFT cut-off of
A=1TeV.

The 4D and 3D parameters run following the corres-
ponding renormalization group equations (RGE), which
in turn depend on the counterterms (CT). In the 4D the-
ory, the latter are listed below:

3 1
0Ky=———y' - — 2,
¢ 167T26y 128r%€

om? = —1 m? A+ ! <
T dnle 64t

(11)

7
—Emlez + —Zmz/lz) , (12)
€ €

1 9 1
51 (5/12+7m2 Ci") +

1 1
= —162° —2543) , (13
8mle 2 A2 64714( € +e2 (13)

2.0 T
P m2 ~0.015 TeV?
L5F Ay~ —0.082 Tev ]
Lob G~ 0.008 ]
0.5¢F ]
0.0F
-0.5F 1
_ 1.0 L L L L L L L L L L L L L L L L L L L n
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(Color online) Leading scalar potential for different values of the 3D parameters. With slight abuse of notation, ¢ represents

3 C¢6
SCy = —A-2 14
Cot m2e A2’ (14)
3
8K, = ———?, 15
YT T 3n2e (15
oy =0, (16)

where K; and K, are the kinetic terms of the scalar and
fermions, respectively. Here, 6K, and dy are computed
only up to 1-loop because the 2-loop CTs of the fermion-
ic interactions are irrelevant for matching to order A*. In
the 3D theory, the CTs are as follows:

1

8m2e

9
om; = A, 0= ——Ac. (17)

8mle

All other terms vanish at order A°.

We refer to Appendix B for the relevant diagrams and
for the explicit computations of 61 and é1;. Note that 1-
loop integrals are not divergent in 3D, and that the
squared mass does not renormalize at 3-loops in 4D or
3D. This is because the 3-loop diagrams necessarily scale
with Acg or A%, which, contrary to m* (m3), have energy
dimensions -2 and 0 (1 and 3) in 4D (3D), respectively.

The perturbative solution to the 4D RGEs reads:

1
m? () =m? {1 + g (4d+3))log %

[ 2 M H }
2 (141082 & — 5108 & 1
T3t < oA SOgA) : (18)

1) This contrasts with the SMEFT, where power counting requires diagrams producing sum-integrals like

Q-R

{ORH}

Q°’R*H*(Q-RP?(R+H)X(Q-R-H)*’

among many others, which, to our knowledge, remain unsolved and are likely highly non-trivial.
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_ 1 2 H 2
Au) =4 {1+4ﬂ2(5/1+3y Yog 1=+ 72
K 31002 2 0g P
(510g £ —310g £ )] + Zm* L log & (19)
_ 3 1 2 /J}
y(u)—y{1+ iy logA 756" logA , (20)
6
Cos(U) = cys |1+ /llogA 21

where the couplings on the right-hand side of the equa-
tions are implicitly evaluated at A. We note that the run-
ning of the WCs above also encodes the running of ¢ and
v, as they have been canonically normalized by their cor-
responding RGEs —this is precisely why, before canon-
ical normalization, y runs despite §y=0 in Eq. (16).
Some of these results can be cross-checked against
PyR@TE3 [66], where we observe complete agreement.

In order to determine the EFT WCs in terms of 4D
couplings, we compute the hard region expansion of off-
shell correlators involving the zeroth mode of ¢ in the Eu-
clidean version of Eq. (1) in the static limit P?> = (0,p?) at
order 2*. This includes 1-loop diagrams for dimension-6

terms, up to 2-loop diagrams for the quartic and up to 3-

loop diagrams for the squared mass. Subsequently, we
match the result onto the tree-level counterpart in the
EFT; see Appendix C. This computation comprises the
most demanding part of this work.

To simplify the expressions below, we introduce the
following notation [5]:

2an
, (22
£ @

e’YE
Ly = Ly(u) = 210g47r—;f,

where u is the matching scale. All numerical constants
and special functions that appear in the solution to sum-
integrals are defined in Appendix A.

We first determine how the 4D zeroth mode of ¢ is
related to ¢ in the 3D EFT. This is given by the kinetic-
term-matching equation:

3

Ky=1+ 2L+
3 1602 T 768

2(19+12L,).

(23)

Then, we canonically normalize the 3D EFT through
¢ — ¢/ VK;. With a slight abuse of notation, we use the
same names for the canonically normalized WCs and for
the unnormalized WCs shown in Eq. (2). The rest of the
(normalized) matching equations read:

J B VS V) ST LTI TR TR L VR BT B LTI
T {T2<Lf—%Lb+4logn 24i2(2) 2>+ 412 (7L2+5L,, ?g 453(3))}
a2 (1) + 2 2D 56003 -3y 6logr |
128”4/13T2{2C—10C L _5L2+Lb(832 24(152(2)_%77_2?0)
-Ly <23*9—8%+4010gn) —é(mn +509) +£+(41 84 @

992 4
—160¢"(-1)+8y(19y-2) + 3% + 3 (—29+80y—6010g7r) logn} s (24)
3 3 9 2 5 2 5(3) 2 3 2
=T (ZT "6 TLb)_Wﬂ b= der™ ] g T
9 ey 3{ 12£/(2) 1} BT { 2 269 205(3)}
+ g na | 2log2m— 5=+ | + 5o | SOL; +60L, + 3| (25)
o 3 e 7§(3)/l3 their' matching expressions in Eqs. (25) and (26), we
Cp =25 s et o obtain:
(1) 2) {(3) 2
) 26)
Pt ra'LPA 48T ( ) 1{ 1 ( 20 ) 5 32 :|
=— 24°T T°L
= g (2ETP+30GTY) = S ATL
while all others vanish at order 3. (27)

Note that, upon replacing A; and c,, in Eq. (17) with

123105-4



Phase transitions in dimensional reduction up to three loops

Chin. Phys. C 49, 123105 (2025)

0 5

o =
7 8n2e” A2

(28)

These are precisely the leftover divergences, shown in
blue, in Egs. (24) and (25); all others are UV poles that
are renormalized away. We remark that this is the result
of a large number of cancellations, involving different
loop orders, with and without CTs (see Appendix C). It
therefore constitutes an important cross-check for the
matching. In particular, all double poles, of the form 1/€2,
vanish.

The expressions above get further corrections from
light loops, captured by the Coleman-Weinberg potential
(see Appendix D). Adding these to Egs. (24) and (25) and
taking into account the dependence of m?, 4, y, and ¢4 on
u given in Egs. (18)—(21), the potential becomes renor-
malization-scale invariant up to order A, as shown in
Fig. 2. (This is not exact in the case of m3 because we
neglect the 3-loop Coleman-Weinberg potential;
however, the dependence of the renormalization scale is
minute and becomes generally imperceptible in numeric-
al results). For A~ -0.5, ignoring both 4D and 3D run-
ning introduces renormalization-scale dependence of ap-
proximately 20% in A3 and of approximately 40% in cge.
The rest of the action is trivially independent of u.

As an example, let us show how A3, as determined
from Eq. (25), becomes scale-independent upon inserting
the running of the UV WCs in Eqgs. (18)—(21) and the ef-
fective potential. Neglecting O(4*) corrections, we have:

. . d 9
/lgull =15 +/l§ff =“@ {/13 ) (l +210g,u) c¢s/l3}

3 C¢6 9 C¢6
73 2 %
an' e A2m

: ( )
5T (logu+1 -
ogu+log

= AT+
5 3

=T

42 42

+#/f {5010g,u+ (SOIOg ;:T + 15)} - 2%2’; AT
832 f\"’;m —%AZT—%/f <log,u+log%>
—%/l 2r+ﬁr {5010g,u+( ﬂ
—%%/IW -0,

(29)

where AST is the effective potential contribution to the
quartic coupling, which can be read directly from Eq.

d
(D10), and the dot represents ,U@.

Non-local terms in the effective potential spoil the

power counting in A. In what follows, we include the 1-
loop effective potential in the A% and count logu/m; as
order A° for the 2-loop part. (The latter ones are negli-
gible in any case; their effect is mainly to cancel the scale
dependence of physical parameters.)

III. PHASE-TRANSITION PARAMETERS

The fundamental quantity to determine in any PT-related
computation is the nucleation rate, which has the follow-
ing form:

I'= AstatAdyneisSMJ s (30)

where S3[¢.] is the effective 3D action evaluated at the
bounce solution [67], of which it is an extremal, Ay, is
the statistical pre-factor and Ay, is the dynamical pre-
factor [68]. The first pre-factor accounts for equilibrium
physics, and the latter captures non-equilibrium effects.
In this work, we assume the high-temperature approxima-
tion I = T4e S3l¢l,

Since our aim is to quantify the effect of different
matching corrections on PT parameters, for simplicity,
we restrict our analyses to PT in the real direction of ¢.
We take ¢ = (¢; +i¢,)/ V2 and with a little abuse of nota-
tion, we use ¢ to denote ¢;.

We compute Si3[¢.] using strict perturbation theory
[50]:

Silpd =S+ 8 [0, 31)

where S is the 3D action up to order A% and S{" stands
for the O(/l3) corrections. Similarly, ¢ isthe spheric-
ally-symmetric solution of the Euler-Lagrange equation
[67]:

50) 2 ) —

P+ P = Vi), (32)

with boundary conditions ¢, (0)=0 and V' (¢®) =0,
where ¢ =lim,_., ¢ (7).

We compute <p(°) using FindBounce [69]; see Refs.
[70-74] for similar dedicated tools. We assume that the
PT takes place when the probability P ~ (Mp/T)*e 53¢
for a single bubble to nucleate within a Hubble horizon
volume is ~ 1. Numerically, this occurs when S;[¢.] ~
140 [75]. We denote by 7. the temperature at which this
holds.

Assuming that the Universe is radiation-dominated at

the time of the PT, we define the following PT paramet-
ers, relevant for the production of GWs [60].
e Strength parameter (). It is defined as the ratio of the
trace anomaly difference of the energy momentum tensor
between the symmetric and broken phases to the energy
density of the radiation bath p,(T) = g(T)n*T*/30 [76]:
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— full O(\?)

0.3F
o2 T partial
2 0.0 L
-0.1F /,:;;2/
_0.2[ - | |
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A
Fig. 2.

0.2 ‘
0.1—\\\\
0.0 S
S _0.1f
0.2}
0.3}
1.0 -0.5 0.0 0.5 1.0
A

(Color online) 43 (left) and c ¢ (right) for T = A/x as a function of 1 in BP1, including both the running of 4D parameters and

Coleman-Weinberg corrections (solid black), only the former (dashed blue) and none (dotted orange). The bands represent variations of

the renormalization scale u in the range u € [T/2,2T], with T = Ae™7E.

5

T T d }
= A _t
a o) Vi(p) 1 dTVS((p) ‘T*,

(33)

with g(T) being the number of relativistic degrees of free-
dom in the plasma at a given temperature. For the SM, at
the time of the transition, g(7,) = 106.75 [77].

e Inverse duration (8/H.). It is a characteristic timescale
of the PT, corresponding to an exponentially growing

transition rate as the temperature decreases (or equival-
ently, after linearising the bounce action with respect to
the temperature) [60]:

B _ . dSsled|
ar |,

(34

*

H,

e Terminal bubble wall velocity (v,,). In this work, we
use the approximation [78]

T.AV; p T.AV; <@
2228 for 2x073
- ap, ap, v v = 1 1+ V3CYZ+20’ (35)
w s J - "= 4+
T.AV. 1+
1 for 3 > vy(@) V3 ¢
ap,

where AV; = V;(pr) is the difference in the potential
between the phases.

The bubble wall velocity is determined from non-
equilibrium processes, namely the interplay between the
pressure between the scalar phases and the friction and
back-reaction from the plasma. The precise computation
of this parameter is a matter of ongoing study, as it is
known to significantly affect the GW production from a
FOPT; see Refs. [79-86] and the references therein.

To order A%, which in particular neglects effective in-
teractions, we show a and B8/H, in Fig. 3. T, varies much
less, ranging from ~ 0.3(0.2) to 0.15(0.1) for BP1 (BP2). "
Regarding O(2%) corrections, since our principal goal is to
clarify the relative size of 1-loop effects of 3D effective
operators versus 2-loop and 3-loop corrections to the
mass and quartic coupling, in Fig. 4, we compare only the
O(A%) contributions to the above PT parameters.

The spiky shape of the m3 curves is due to the corres-
ponding O(2*) corrections changing sign. From the plot,
we infer that 1-loop corrections from ¢® compete with the
2-loop quartic and far dominate over the 3-loop mass for
sufficiently strong PT (in particular, for those with
a 2 0.1, which are the ones that lead to observable GWs
[60]). Note that corrections to 8/H. from c, (and from
A3) are negative. This can be understood as follows. In
good approximation, 7, and, therefore, the leading
bounce are barely modified upon the introduction of
O(2%) corrections. Consequently,

B d o o, cy ©
=T (S5 e+ 55 (6]
H. dT( } ’ ) .
(0) dS(l) 0)
B g Sl (36)
H. ar |,

1) Note that T, /A is small enough to avoid including higher-dimensional operators in 4D; this contrasts with the SMEFT for positive cgo [87], though the issue is

mitigated for negative values of this parameter [39].

2) We do so under the simplifying assumption that T', is not drastically modified by O(1%) corrections. This fails only when the overall correction to 8/H, is so

negatively large that no PT occurs, as we discuss further below.
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where B9/H, is the value of B8/H, computed without
O(A%) corrections and the remainder is the correction we
are interested in. Now, since T, and ¢'© are fixed, all the
dependence on T is encoded in the WCs. For the case of
cy6, We have

Aﬁ =T ngl)[‘pEO)]
H, *odr

1d
. z47rT*/drr2[gDE,0)(r)](’ §%

’
T,

G37)

*

which is negative for

030
025F ]
S o015t b
0.10F s

0.05 . ]

0.00°"

0.30 0.35 0.40 0.45

-

0.50 0.55

Fig. 3.
where a PT occurs are marked.

0.100
0.010 ¢
5 oo

1074

107°

0.30 0.35

0.100
0.010 ¢

S o001t

1074
BP2

107°

0.34 0.36 0.38

-

0.30 0.32 0.40

Fig. 4.

107* B/H,

dcwé
dr

2474

d 16/ 4T , 1G)
. = d7 |i7? (IOgT —')/E) /1C¢6T + A

6 4xT

= ; <] —2’yE+2]0gT> /1C¢6T <0
VE~3

=T7T>

A<0.1TeV, (38)

T

for A=1 TeV, and therefore, this correction is negative
for all temperatures of interest. This implies that, for
1> 0.5, there is no PT within BP1, because the correc-
tion to B/H, makes it negative.

15 -
0500 - -

0.100 N
0.050 £ .

0.010
0.005 {

045 050
-

0.30 0.35 0.40 0.55

(Color online) a (left) and B/H. (right) for BP1 (dashed blue) and BP2 (solid orange). The minimum and maximum values of 4

. :
1000 f \\\1;:;:: ------ .
T 10f
~
=)
4
0.100 L
IRETTTEEE BP1
0.001 : : : :
0.30 0.35 040 045 050 0.55
-
1000
_ e——
T 10f
~
=)
4
o10r -
""""""" BP2
0.001 = : : :
0.30 0.32 034 036 038 040
-

(Color online) O(4%) contributions from all 3D physical operators to the strength parameter (left) and inverse duration (right)

in BP1 (top) and BP2 (bottom). The bands represent variations of the renormalization scale u € [T /2,2T], with T = Ae™E.
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To conclude this analysis, we show the impact of
O(A%) corrections in the GW spectrum of two different
parameter space points in BP1 and BP2 computed using
PTPlot [60, 88]; see Fig. 5. It is apparent that 1-loop di-
mension-6 corrections can significantly dominate over 2-
loop and 3-loop corrections on lower-dimensional inter-
actions.

IV. CONCLUSIONS

We have studied thermal-PT parameters within a
model consisting of a complex scalar ¢ coupled to fermi-
ons, and in which the scalar potential exhibits two min-
ima at zero temperature due to a ¢° interaction. We have
done so within the framework of dimensional reduction,
computing matching corrections to the mass, quartic, and
dimension-6 terms up to 3, 2, and 1 loops, respectively.
This has been possible due to the unique characteristics of
this model, which ensure that all 3-loop sum-integrals in-
volved in the process are already known from studies in
hot QCD.

In this way, we have been able to compare, for the
first time, the relative importance of the different match-
ing corrections, which, according to standard power
counting, are nominally of the same order. We have

BP1, A = —0.48

10—16 L

‘¢
2 .

R Qaw

10—20 L L L
107° 107 0.01 1

f [Hz]

Fig. 5.

found that while 2-loop corrections to the quartic coup-
ling compete with 1-loop corrections to ¢°, the latter gen-
erally dominate by a large margin over 3-loop correc-
tions to the mass.

To further demonstrate the relevance of higher-order-
operator corrections on PT parameters, we compute o and
B/H., as well as the corresponding spectrum of GWs
within the model of Appendix E, involving a real scalar
singlet, a fermion, and no dimension-6 terms. We in-
clude matching corrections up to 2-loops. (Unfortunately,
3-loop sum-integrals within this model are unknown.)
The results are depicted in Fig. 6. (Note that, unlike in
Ref. [50], here we use S;[¢.] ~ 140 instead of ~ 100 as
the nucleation criterion.) They provide even clearer evid-
ence of the dominance of 1-loop corrections arising from
dimension-6 terms. We see no reason to expect qualitat-
ively different behavior in other models of new physics.

Altogether, our results provide the strongest evidence
to date for the central role of dimension-6 operators relat-
ive to higher-loop corrections to lower-dimensional inter-
actions in the 3D EFT framework, particularly in the
study of strong PT relevant for detection at current and
future facilities. This does not necessarily imply that the
high-temperature expansion is questioned, provided di-
mension-8-operator effects are sub-leading, which can be

102} BP2, A =—0.39

10—14 L

10—16 L

10—18 L

10—20 2 . L .
1076 10 0.01

f [Hz]

—_

(Color online) GW stochastic background generated during a PT computed at order 4> (dashed red), including 2-loop and 3-

loop corrections from the mass and the quartic (dashed blue) and with 1-loop effective-operator corrections (solid black) in BP1 (left)

and BP2 (right).

0.01

107

-6
10 0.10

1000 p==m=ro oo

107"

107

107"

hZQGW

1075

107 0.01
0.4 0.5 0.6 0.7 0.4

y
Fig. 6.

10-16 . 1)
0.6 0.7 107 0.001 0.010 0.100 1

y 7 [Hz]

(Color online) Strength parameter (left), inverse duration time (middle), and corresponding GW spectrum (right) in the model

of Appendix E, which extends Ref. [50] with 2-loop matching corrections and running, for a benchmark point with (m?,«,1) =
(0.02TeV2,-0.04TeV,0.1). Renormalization-scale independent holds up to order y* (y°) for the mass (quartic coupling and higher-dimen-
sional operators). The bands represent variations of the renormalization scale u € [T/2,2T], with T = Ae™E.
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assessed following the methods of Ref. [50], and as we
have ensured in all our results.
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APPENDIX A: SUM-INTEGRALS

In what follows, we use a notation sim@ to that in Ref.
[26] and present all our results in the MS scheme in di-
mensional regularization, with d =3 —-2e. We adopt the

usual notation for sum-integrals:
i =TY / , (A1)
Dor(Q)

n=—oco” 4

where Q = (Qy,q) = (m,,q) is a loop 4-momentum, and n
labels the Matsubara modes running in the loop. The
brackets denote a sum over fermionic modes —for which

1
we have m, =2n (n + 5) T—, while their absence means

we sum over bosonic modes —m,, = 2anT—.

Furthermore,
d% 25
[=5 | G 2

where i’ = e”21? /(4n), 1 being the MS scale, and y; the
Euler-Mascheroni constant.

A.1. 1-loop sum-integrals

At 1-loop order, all bosonic sum-integrals, massive or
massless, are known analytically. Because we expand
sum-integrals in the scalar mass, we only require the
massless cases, which read:

IA;E%QQZZL =

where I'(x) is the Euler gamma function, and /(x) is the
Riemann zeta function.

In the fermionic case, when the mass is non-zero, no
analytic expressions are available. In the massless case,
however, one can derive a simple relation with their bo-
sonic counterpart. Scaling the spatial loop momentum
q — 2q and splitting the regularized infinite sum in odd
and even integers, yields

L (1+(=D)HT I'(a—d/2)
(27TT)2(rfr7d (471-)([/21"(a)

{Qa-r-4d),
(A3)

= )
a= 2
0 0>

= (-, (A4)

A.2. 2-loop sum-integrals

All 2-loop sum-integrals in the matching can be written in
terms of two bosonic or two fermionic loop momenta.
The most general 2-loop bosonic sum-integral reads:

e QiR

= gy ORI QR (A

To solve these, we use a recently developed algorithm
[89] that fully reduces any such structure to the 1-loop
masters above.

Similarly, the most general 2-loop fermionic sum-in-
tegral reads:

Z,é QoRy
I = —_ A6
afy — ) Qz(y Rzﬁ(Q —R)¥» (A6)

These are also known to factorize into 1-loop masters;
however, in this case, no closed formula exists in the lit-
erature. Instead, these sum-integrals must be reduced on a
case-by-case basis by means of symmetries induced by 4-
momentum shifts and integration-by-parts relations in-
volving spatial momenta [90].

By denoting I3} = I,s, (resp. I 1%, = Logy), we present
below the specific 2-loop fermionic sum-integrals we re-
quire and their corresponding reductions:

[11120, (A7)
1
1112 = m (1220 —21022) 5 (A8)
Iy =1 ——;1 (A9)
121 — 1211 — (d_z)(d_s) 220 s
d-3)d-4) d-4
A N I I A10
=105 = 3 sy @7y o2t gog e (A10)
d-4 d-3
1= B = 5y (B ogles) - (A1)
d-4 d-4
I, =- Iooo — 21, Iois,
113 2(d—2)(d—5)(d—7)( 220 — 022)+d 7 013

(A12)

d—4 4
0% =05 = “2d-2Wd-7) (1220+ ﬁlozz) , (Al3)
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(d—4)(d*-8d+13)
by =1It,= d=2)d=3)d-7) lo + 7(1031—1130),
(A14)
d-4 d*-8d+11 )
I _ gl _
Iy =h,= d=Dd=5)d=7) (1220+ 7 ) -
(A15)

Finally, these can be straightforwardly reduced to 1-
loop master integrals through

Lpo = LoIg Loop = Toup = L 15, (A16)

where, in the second line, we have used the shifts
R — R-Q and R — —R. Note that if O and R are fermion-
ic, shifting R — R — Q changes the nature of R to bosonic.

A.3. 3-loop sum-integrals

The evaluation of general 3-loop vacuum sum-integrals
(bosonic, fermionic, or mixed) is currently an open prob-
lem. However, for our present purpose, all cases have
been conveniently solved in the context of hot QCD.

The first subset that we find are trivial products of 1-
loop masters:

1 PN
=] 1,i,. Al7
ZQ:RH QuRpHY P (17
Others factorize into products of 1-loop masters and 2-
loop sum-integrals, which we know how to further re-
duce to 1-loop masters. An example would be:

1 N
=11 Al8
xm_] QZa/ R28H2y (R- H)25 Byo ( )

Finally, we also find non-trivial cases that are known ana-
lytically in the literature. In Eq. (25) of Ref. [91], we find

1
iQRH Q*H*(Q-R)*(R-H)?

T2 4. T2 —3e
:~65{7( ) [1+b216+b2262+0(63)]}

8(4m)*e?
17 J'(=1)
b21—€+75+2§(_1)
2
b22:%+3;g +81 g2ﬂ'—9%
4GNS CI
R Yy P o
459(3) +Cy, (A19)

where y, is one of the Stieltjes constants: {(1+¢€)=1/e+

> "(=1)"y.€"/n!; and the constant Cy = —0.145652981107

(néf)0 is a sum of several dimensionless integrals that have
been evaluated numerically. We have manually added the

scale factor according to our definition of the integral
measure.
Additionally, in Eq. (36) of Ref. [92], we find

1
Z;RH O’R°H(Q+R+H)?
_ 1 (126 po O3
~ 4ny (T) { *36log o 12455
£, 182
B 5} 0, (A20)

which assumes the same integral measure we use. Note
that the result is expressed in terms of the MS scale u,
and not in terms of ji.

Finally, from Eq. (15) of Ref. [93], we have

1
Z;RH Q°R*H*(Q-R}(Q-H)

o f 1 T (4nerT?) e
= b {—1(4704 > [1+v16+v262+()(e3)]};
_4 5( 1. . 5
V= 3 +4’}/E+ é’( l) V) = 3 [46 16’}/E
2
+ 27 4 2410g? 27— 104y, — 8y — 24y, log2n
J'(-1) J'(-1) 5/'(—1)}
+16 +24 +2 +Cq,
TEen T T

(A21)

where the constant C,=-38.5309 is a sum of several
dimensionless integrals that have been evaluated
numerically.

APPENDIX B: RUNNING OF 1 AND 4,
We start describing the CT Lagrangian in the 4D theory:

Lo = 6K,0,8106 = 6m*¢ =069 = 5890,
+16K, (W10 +idur) — 6y(¢U g +h.c.),
(B1)

as well as the counterpart in the 3D EFT:

Lirre = 6Z,(0,0) (0" ¢) + om3p 0 + 6.3(¢ ) + S (97 )

+ 8¢ (0 @)D ¥ 9) + 6L (6@ ) +hic

+6r{(932)¢4 [l((p ©)¢ @) +h.c.] +6rg4¢2(90T6 ®).

(B2)
As a clarifying example, we first explicitly derive 64

and then 64; to order A3. The relevant diagrams are
shown in Fig. A1, among which only the sunset diagram,
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that is, the 8th diagram in Fig. A1, contributes to 61;. We
work in the MS-scheme in dimensional regularization.

In the 4D theory, we split the 4-point function with
the scalar in the external legs in loop orders as

—_ 17 (1) (2)
¥ P — F¢¢¢¢ + r¢¢¢¢ + F¢¢¢¢ ’ (B3)

and we present each piece separately, after simplifying
the traces of gamma matrices and removing higher order
terms. We do the same for the CT correlators, which we
denote FEQM,C(. For convenience, let us also define a pole-
subtracting operator K with the property that

u a - a

k k

K aop + E > = E %
P € €

k=1

(B4)

with a; € C,k=0,1,2,... being e-independent.
Since the tree-level part is not divergent, let us start
with the 1-loop, which reads:

2

9
A ), P -m?

1
) =402 / — 436 B5
e (=) + (BS)

where we use the same notation as in Eq. (A2) but in
d=4-2¢.

The evaluation of these 1-loop integrals in dimension-
al regularization is straightforward, and it can be found in
any standard QFT textbook (see e.g., Appendix B in Ref.
[94]). The result is:

W Yo 1 2 2 €t
K (Chiue) = 5 (1082 +9m2 5% ). (B6)
The corresponding CT diagram is
Cosse = —4i64. (B7)
Therefore, by definition,
» 1 - ;
- s

Fig. Al.
with one circle denotes the 1-loop CT.

sA0 = é (5/12+gm2%) : (BS)
At 2-loop level, we have
re  —288i1% / 1
o009 A2 J i (=) = m2)[(q+ k)2 =]
1
+ 144i/l% , (@ — m2) (K2 —m?)?
1
+72000°5 @)
+512i2° /q’k @ = = mi)[(q +k)2—m?]2
+144i2° /q N7 mz)zl( 12— m2)?
+320i2° /q = ng(kz —m?)’ =

Using the known formulae for 2-loop tadpole integrals in
Ref. [95], we find that the divergent part is, neglecting
higher orders,

i 1 25
K (Whue) = 6 {(—6—100105;%) E_Z} . (B10)

Now, for simplicity, let us assume that we already
know the rest of the 1-loop CTs, which can be easily ob-
tained following the method used for 61, Although they
do not appear explicitly in this example, it is important to
note that loops involving massless fermions must be
treated with care, as they can induce mixing between UV
and IR divergences. To avoid this, we introduce a spuri-
ous mass my that we take to zero once all integrals have
been evaluated.

From the CT diagrams, the only terms of order O(1%)
are

Relevant 1-loop and 2-loop diagrams for the running of the 4-point functions in the 4D theory and the 3D EFT. The cross
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1 . here the ellipses include all other non-divergent contri-
(2) — ) _ ) where p g
Laggs = 8002 /l/q (2 —m?2)? Hox=, BID - putions. Again, using the known formulae for massive 2-
loop integrals, we obtain:
which yields 9
K(re),,) = 5 Ce (B17)
i1} 1 50
K () = 1167 {(—10 +100log 2 )~ + 7} — 4§81
moe € (B12) Since there are no 1-loop CTs, we must only com-

pute the tree-level insertion of 2-loop CTs, which yields:
Summing Eqs. (B11) and (B12), we find

T0) e =—402 +.. (B18)
A3 16 25
5/1<2>=—(——+—>. (B13)
64t \ € € Therefore, we obtain:
Thus, we recover the CT shown in Eq. (13) in the main 512 = 9 Dcys (B19)
text. Pooge

For the computation of §4;, the process is analogous
but simpler. We split the 4-point function in loop orders  as shown in Eq. (17) in the main text.
as

APPENDIX C: MATCHING

Cppgo =T +T0) +T0 . (B14)  As stated in the main text, we have the following power
counting in the 4D theory:
and present all results in Euclidean space. 5 5
We know that I’ %W cannot be divergent, as there are y~ % ~ % ~A, % ~ 22, (C1)
no divergent tadpole integrals at 1-loop order in d = 3.
Therefore, . .
To perform the hard region expansion of 4D correlators,
we expand in powers of |p>/T? and m?/T? by iterating
sA =0. (B15) the following identity:
At 2-loop order, we also know that the only divergent 1 1 _ P2+2(Q-P)+m? )
tadpole integral is the one associated to the sunset dia- (Q+Py2+m>  Q*+m? Q+Py2+m> 1’

gram. Therefore, focusing on this type only, we have

| and Taylor-expanding in m?/Q?* up to the needed order in
2 =288, .. A
e © g (@ +m)( +mY)(g + 1) +m3) We use the following tensor reduction formulae to
(B16) simplify different tensor structures to scalar integrals:

qr
qit :761'/' )
I (q-1)
qirrkh :Wqu <5ij5k1 + 010 +5i15jk) ,
P (5ik5jl +5515jk) [d(q )’ - |Q|2|r|2] +6ij0u [(d+ DigPrf* - 2((1'1')2] (C3)
aidn = d(d—-1)(d+2) ’
where ¢; and r; are spatial 3-momenta. The same reduc- Finally, we employ specific linear shifts of loop mo-
tions in the case of one single independent loop mo- menta together with algebraic identities to express all
mentum can be read from the ones above by simply set- scalar vacuum sum-integrals in terms of master sum-in-
ting ¢; = ;. tegrals, which remain to be evaluated (see Appendix A).
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As an explicit example of the procedure above, we detail
how to obtain the matching equation for the kinetic term
of the scalar in the EFT up to order A°, that is, the result
in Eq. (23). The relevant diagrams for the 2-point func-
tion are shown in Figs. A2 and A3.

Let us first note that while the 3-loop diagrams rep-
resented in Fig. A3 contribute to the matching of the ef-
fective mass, they do not contribute to the kinetic term up
to order 3. This is because the vertex prefactor of all 3-
loop diagrams already add up to this order; hence, their
expansion in external momentum up to |p|> is at least
O(A*) according to our power counting.

We split the 2-point function with the scalar zero
mode in the external legs in loop orders as

1O 0, O
U000 = Lgosy + Looao + Ligso » (C4)

and we present each piece separately in Euclidean space
and after simplifying the traces of gamma matrices in fer-
mionic sum-integrals.

The tree-level trivially reads:

g, = =P =’ (C5)

The 1-loop piece, which corresponds to the first two

diagrams in Fig. A2 together with tree-level insertions of
1-loop CTs, is

1
1 _
Lgo00 =—44 Z;W

2_(P.
LB sk -on. (co)

+6y’
Since our aim is to determine the kinetic term, we restrict
our attention to the contributions that depend on the ex-
ternal momentum. Applying the hard region expansion up
to O(4%), we obtain terms proportional to P? that contrib-
ute to the kinetic term and some momentum-independent
terms. By removing odd terms in Q, which vanish, and
collecting all momentum-independent contributions into
the ellipses, we obtain

P-Q7 P
T = 6y22: [2( 9 } -6Ky'P*+--- (CT)
4]

o o

Now, since P=(0,p), P-Q=p-q and we can use the
tensor reduction formulae in Egs. (C3) to remove the
mixed scalar product. Then, rewriting |q* = Q*> - Q3, we
finally express the result in terms of 1-loop vacuum sum-
integrals:

7777777777 AN - St RN

Fig. A3. 3-loop diagrams for the 2-point function. The crosses with one circle denote the 1-loop CTs and the crosses with two circles

denote the 2-loop CTs.

123105-13



Mikael Chala, Luis Gil, Zhe Ren

Chin. Phys. C 49, 123105 (2025)

2
r<(1>10)¢o = 6y2|p|2 {3 (1(2) - 132) —Ig} —6[('<(;)|p|2 +eee (C8)

Moving on to the 2-loop piece, keeping terms up to
O(2*), and again including all momentum-independent
terms in the ellipses, we only have:

1
ok (Q% +m?*)(R* + m?)[(Q + R + P)* + m?]

— 6K P+ ... (C9)

) _q@32
r¢0</>o =84

Again, after expanding in external momenta and apply-
ing the tensor reduction formulae, it is straightforward to
express the result in terms of the following 2-loop boson-
ic sum-integrals:

4 A
r<(z>20)¢o =84%pl® P (i??z_i(l)lz3 _i12?3 +2111:3) _i?(l)z

—6KIpP+... (C10)

Lastly, the matching equation for K; is obtained from
the condition that the renormalized 2-point correlator we
just obtained is equal to the same in the 3D EFT. Using
the hard region expansion and noting that scaleless integ-
rals vanish in dimensional regularization, only tree-level
diagrams survive in the 3D EFT. Thus,

Ty = —KslpP2 = m2 —6m2® . (C11)

Yoo

Since only m? and A; renormalize in the 3D EFT up
to 2-loops, the matching equation for the kinetic terms is
simply:

2
K; =1-6y’ b (B-1) —13} +0Ky"

4 X
A N R VAN AR

(C12)

Finally, by substituting the expression for the CT from
Eq. (11) and evaluating the sum-integrals using the for-
mulae in Appendix A, one recovers the result shown in
Eq. (23).

It is worth noting that the matching can also be per-
formed without introducing a counterterm for the field
wavefunction. In this approach, one first canonically nor-
malizes the renormalized 4D Lagrangian and then com-
putes the matching equations using normalized CTs for
each WC. For instance, let F be a field with wavefunc-
tion CT denoted by 6Kr, and c,, and éc,, be the WC of
an operator with ny insertions of field F, and its CT, re-

spectively. Then, canonical normalization amounts to tak-
ing

Cpr +0C
’ nrg ng
Cpp +0Cy, = Cpp +0C, =

" (14 6Kp)H? (C13)

Using these new écj., one can derive a set of matching
equations that will in principle be different from the ones
computed when using the unnormalized §cr. However,
upon canonical normalization of the matched WCs in the
3D EFT, both matching results can be seen to be identic-
al.

APPENDIX D: EFFECTIVE POTENTIAL

The effective potential up to 2 loops within the 3D EFT
can be expressed as follows:

Veir = mag 0+ (0" ) + (0 0)’ + Vo + V2P, (D1)

where the 1-loop parts read

1
_@mgff’ mge =2 [m3 +40:¢ 0+ 9cyo('0)’]

(D2)

1-loop _
Veff -

and we compute the 2-loop contribution following
Jackiw's background-field method [96]. We limit the cal-
culation to this loop order because it effectively elimin-
ates nearly all renormalization scale dependence, while
the finite contributions have a negligible impact on our
numerical estimates.

To this aim, we write the Lagrangian in Eq. (2) in
terms of the real components of ¢ = (¢, +ig,)/ V2, and
make the shift ¢; — ¢; +@. (This way, we avoid mass
mixing, while the full dependence on ¢ can be later re-
trieved from O(2) invariance upon replacing @ — V2¢.)

Neglecting the dependence of the squared mass with
@ for simplicity, we obtain

1 1
Lerr =*m§¢? + K190? + /11901‘ + *mﬁsa% + ﬂz%“*

2 2
K@195 + An@is + -+, (D3)
with
5
K1 =30+ Ecq,ﬁ(f, (D4)
3
Ki2 = /13¢+ §C¢6¢3 s (DS)
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1 15

/l] = 2/13 + §C¢6902, (D6)
1 3

A = 143 + gcw@z, (D7)
1 9

A = 5/13 + Zc¢etp2. (D8)

Thus, V2;°® is given by the sum of the 2-loop vacuum
diagrams computed with these field-dependent couplings
(see Fig. A4). We have

VP =30, 430, + A1) T2 (m3)
= (3K + 363 + K1) T unser(m3) (D9)

where [97]

1 2
@

1 /1 1 u )
unse =5\ 51 = +1 A~ ] -
Lunselim) = 705 (46 Ty,

T pubple(m) =

(D10)

Altogether, and after removing 1/e poles and con-
stant terms, we obtain

-loo l 9 M T
Vezﬂl P :ﬁ{ bmgcwa - (l +2log %> /lg} 0'p

—9(1+210gL) ch/l3((pTgo)2}. (D11)
3m3

APPENDIX E: REAL SINGLET SCENARIO

We consider a second model consisting of a real scalar ¢
and a massless fermion w. The 4D Lagrangian in
Minkowski space reads:

1 I 7 7
Ly= 509 = Sm*¢* — k¢’ 46" +Yidy —yphyr. (E1)

As it was first studied in Ref. [46], this model allows
for non-radiatively-induced PT owing to the presence of a
non-Z, symmetric cubic term for the scalar which con-
tributes at tree-level to the formation of a barrier within
the 3D effective potential. In the aforementioned work,
PT up to O(°) were studied, following the power count-
ing prescription

’ N
/ v
' V
\ i
N s

Fig. A4. 2-loop vacuum diagrams.

m?>  |pf? K 2
T2~F~/1~T~y, (E2)

where we have omitted numerical factors. This corres-
ponds to 2-loop matching for the effective mass and 1-
loop matching for the remaining Wilson coefficients in a
3D EFT that includes only renormalizable interactions. In
Ref. [50], leading corrections in the form of 1-loop di-
mension-6 and dimension-8 operators in the 3D EFT
were also considered.

Here, we take this computation, including only fermi-
on loops, to O(y°), except for the 3-loop contribution to
the matching of the 3D effective mass. This limitation
arises from the current lack of knowledge regarding the
evaluation of 3-loop, mass dimension 2, fermionic, and
mixed sum-integrals (see Appendix A for details). As a
result, the mass term exhibits some renormalization-scale
dependence.

The scalar 3D EFT up to dimension-6 in Euclidean
form reads [50]:

1 1
Lepr =§K3(390)2 + E"@PZ +r3¢° + A3°
+ Cw(utpé + ra4¢z(92g062<p + r52¢4¢,03¢92¢p . (E3)
First, the 3D scalar field ¢ is related to the zeroth

Matsubara mode of ¢ through the following matching to
the kinetic term ":

Ks=1+ Lf

2
82"
*(36L} +60L; +93 —6410g2 +704(3)) .

(E4)

I
" 30727

We normalize canonically through ¢ — ¢/ VK;. Again,
we use the same notation for normalized and unnormal-
ized WCs, and the normalized matching equations for the
first read as follows:

1 1 1
ms =ni’ +y* <6T2_ @msz) * Tegm”

{ST2 (L;-8log2) + #mz {12L§ +12L; (1+48log2)

1) Here we have corrected an error in the 1-loop matching of the kinetic term of the scalar published in Ref. [50], which yielded a L¢-independent contribution. The
origin of the error is due to taking d — 3 instead of d — 3 —2€ before expanding the result in €, as this 3 —2¢ hits a pole in the expansion of the divergent sum-integ-
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21+320log2+7 76{1%2
+21+320log2 + 0{(3)}}+18432ﬂ4y T

+12L, (5+16log2) +93 — 64log2 +70§(3)} , (B

3
K3 = kT - @Ky \/TLf

ky* VT (96L% +60L; +93 — 641og2 +70{(3)) ,
(E6)

|
* 20487

A3 =AT + ! ‘TL 1/12TL
T 16n2” " T g T

_ 1 6 |: 2 }
s T [14L7 +16L; +24+74(3)
1
* 15360 T {IOSL_? +60L; +93 —64log2 + 704(3)} ,
(E7)
_ 153
T o (E8)
703)
CRSR Ty R )
354(3)
Tt = 576ﬂ4Ty4. (E10)
The UV CT Lagrangian reads:
1 1
L =50K, (0¢)* — 56m2¢2 —6k¢p> — 51"
+ 0K,y — Sypynp. (E11)

We compute the CTs up to O(®), involving only fermion

loops. To renormalize the matching equations, we need
the following up to 2-loops:

6K¢=_8£E+51y;ﬂ4 (g_g) ’ (E12)
sm? = @y‘*nﬁe_%), (E13)
6/l=_16y7;6+25y66n4 (?%) E

while the rest are only needed up to 1-loop:
Sk =0, 51@:—%;6, 6y=%;6. (E15)

In contrast, in Euclidean space, the CT Lagrangian of the
3D Lagrangian reads:

1 1
LEFT, ot =§5K¢(0<p)2 + §6m32902 + 6K3go3 + 6/13904 + 6c¢e¢p6

+ 0T g2 8290[)290 + 6raz¢4g0362g0 s
(E16)

and the only non-vanishing CT up to O(y°) is:
(E17)

In the matching, we see that the UV CTs alone can-
cel all € poles, and no temperature-dependent poles re-
main. Indeed, up to O(y°), and without A and x insertions,
this 3D CT does not contribute upon the substitution of
the matching relations. This serves as a cross-check of
our matching computation.
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