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Abstract: Similar to other heavy flavor mesons, the weak decays of DZ‘S) mesons can provide a platform to verify
the standard model, explore new physics, and understand the mechanisms of weak interactions. At present, the theor-
etical and experimental studies on D’("S) mesons are relatively limited. In addition to the dominant electromagnetic
decays, the DE‘S)
light-front quark model to study the form factors of the transitions DZ‘S) — 7,K, 14,5, and then calculated the branch-

s

weak decays should be feasible to explore the D{, mesons. In this study, we used the covariant

ing ratios of the semi-leptonic decays D?s) — P{*v; and the non-leptonic decays DZ‘X) — PP,PV with P =n,K,n",
V=p,K* ¢, and € =e,u. The channels Dt — nf*v, and Di* — np* possess the largest branching ratios, which
can reach an order of 10~ among these decays, and are most likely to be accessible in experiments at future high-lu-
minosity colliders. Furthermore, we predict and discuss the longitudinal polarization fraction f; and the forward-
backward asymmetry Agp for the considered semi-leptonic DZ“Y) decays.
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I. INTRODUCTION

In the 1970s and 1980s, Terentev and Berestesky pro-
posed the light-front quark model (LFQM) [1, 2], which
aims to deal with non-perturbable physical quantities,
such as decay constants and transition form factors [3—5].
However, the standard LFQM has trouble dealing with
zero-mode contributions. To address this limitation, Jaus
developed an improved model, the covariant light-front
quark model (CLFQM) [6]. Compared with other quark-
model approaches, the CLFQM has some unique advant-
ages. In this approach, the light-front wave functions de-
scribing the hadron through quark and gluon degrees of
freedom can preserve a Lorentz invariant formalism. As
the final state meson at the maximum recoil point ¢*> =0
is usually relativistic, considering the relativistic effects is
necessary. From this perspective, one can expect that the
relativistic CLFQM should be more suitable to study had-
ronic transition form factors compared with the non-re-
lativistic quark model. Furthermore, the additional spuri-
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ous contributions appearing in the previous LFQM are
just canceled by the zero-mode contributions under the
CLFQM, and therefore, the result is guaranteed to be cov-
ariant. This model has been successfully used in the study
of non-leptonic and semi-leptonic meson decays [7—12].
The weak decays of the Dj;, mesons provide another
important platform and opportunity to understand the
properties of the Df;, mesons, explore their decay mech-
anism, and verify the standard model (SM). Owing to the
low strength of the weak interactions, the D, weak de-
cays are usually very rare processes. At present, only a
few decay modes of Df;, mesons have been observed in
experiments, that is, Df,, — Dm, D(,y,Dye*e”. Very re-
cently, with the advancement of experimental techniques,
the BESIII collaboration has reported the first experi-
mental study of the purely leptonic decay D" — e*v, [13]
with the branching ratio measured as (2.17)3 +0.2)x 107,
Although the theoretical predictions about the Dy, prop-
erties are still relatively limited, and the information re-

garding the D, weak decays is still scarce, the experi-
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mental progress of the investigation of Df, mesons at
various high energy collider experiments will provide
more data on the D) meson decays; hence, the theoretic-
al study of the Df,, weak decays should have broad pro-
spects in the near future.

Assuming that the exclusive cross sections near the
threshold o(e*e™ — D°D*®) ~ o(ete” — D*D*") ~ 4nb and
o(ete” = DD ~ g(ete” — D**D*") ~ 3nb, more than
5% 10’D™* meson events have been accumulated corres-
ponding to a total integrated luminosity of 15.7 fb~! with-
in the energy region +/s € [4.085,4.600] in BESIII experi-
ments [14]. Note that the cross-section values considered
here are only a rough approximation based on the results
published by the BESIII experiment. However, this is not
sufficient to explore the D* meson weak decays. In the
future, approximately 8 x 10'°D** and D** events will be
produced at the Super 7-Charm Factory (STCF) at a total
integrated luminosity of 10 ab=! [15]. Given the charm
quark fragmentation fractions f(c— D**)~25% and
f(c— D) =23% [16], more than 2x10'°D** and D**
mesons will be collected at SuperKEKB [17]. It is expec-
ted that approximately 10'? and 10*Z° bosons will be
available at the Circular Electron Positron Collider
(CEPC) [18] and at the Future Circular Collider (FCC-ee)
[19] with a total integrated luminosity of 20 ab~!, respect-
ively. Considering the branching ratios Br(Z° — D*0X/
D~ Br(Z° —» D*X)=(114+13)% [20], more than
10" and 10'2D* mesons can be obtained at the CEPC and
FCC-ee, respectively. In addition, with the inclusive cross
section o (pp — D**X)=784+4+87 ub at the center of
mass energy +/s =13 TeV measured by the Large Had-
ron Collider beauty (LHCb) [21], more than 2x 10'“D*
mesons with a total integrated luminosity of 300 fb~!will
be collected at the High Luminosity LHC (HL-LHC) ex-
periments up to 2037 [22]. Assuming the exclusive cross
sections near the threshold o(e*e™ — D! D;") and o(e*e™ —
D:*D;") as 1.0 nb and 0.2 nb [23-25], approximately
10'°D** events corresponding to a data sample of 10 ab~!
will be available at the STCF. Given the branching ratio
Br(Z° — ) = (12.03+0.21)% and the fragmentation frac-
tion f(c — D¥) ~5.5% [16], approximately 1.3x10'* and
6.6x10'°D:* events corresponding to 10" and 5x 102 Z
bosons will be collected at the future CEPC [18] and
FCC-ee [19] experiments, respectively. Given the frag-
mentation fraction f(c — D?) ~5.5% [16], approximately
5.5x10° D: events corresponding to 5x 10!° ¢¢ pairs can
be collected in the future SuperKEKB experiments [17].
In addition, considering the inclusive cross section o-(pp —
ccX) =24 mb at the center-of-mass energy of +/s=13
TeV [21] and the charm quark fragmentation fraction
f(c > D*) ~5.5%, approximately 4x10*D* events cor-
responding to a data sample of 300 fb~!' can be collected
at the LHCD [26].

In the semi-leptonic decays, the calculations of the

hadronic matrix elements are crucial and can be charac-
terized by several form factors [27], which can be extrac-
ted from data or obtained using some non-perturbative
methods. As one of popular non-perturbative approaches,
the CLFQM has been successfully used to calculate the
form factors [7, 8, 28—31]. As to the non-leptonic decays
involving two hadrons in the final states, the related dy-
namics becomes more complex when long distance inter-
actions are involved. For some non-leptonic decays gov-
erned by the tree operators, the corresponding matrix ele-
ments can be decomposed into the product of the decay
constant and the transition form factor by means of the
vacuum saturation hypothesis. Such a factorization ap-
proach is verified to work well for the color-allowed de-
cay modes and has been widely used in the analysis of the
non-leptonic decays [27]. In conclusion, the form factors
are of great significance for studying the semi-leptonic
and non-leptonic weak decays. Various nonperturbative
approaches, such as the first-principles lattice QCD [32],
QCD sum rules (QCDSR) [33, 34], Bauer-Stech-Wirbel
model [35], Bethe-Salpeter method [36], light-cone sum
rules [37], and quark models [38], have also been used to
study the transition form factors. For recent develop-
ments in the study of heavy-to-light form factors, one can
refer to Refs. [39, 40]. Combining the form factors with
helicity amplitudes, in addition to the branching ratios,
we calculate two physical observables, namely, the lon-
gitudinal polarization fraction fi and forward-backward
asymmetry Agg. These observables provide valuable in-
sights into the underlying dynamics of the considered de-
cay processes and important constraints on testing the
SM.

The remainder of this paper is organized as follows.
The formalisms of the CLFQM, hadronic matrix ele-
ments, and helicity amplitudes combined via form factors
are listed in Sec. II. In addition to the numerical results of
the form factors of the transitions Df, — K,m,7,,, the
branching ratios, longitudinal polarization fractions f;,
and forward-backward asymmetries Aggfor the corres-
ponding decays are presented in Sec. III. A comparation
with other theoretical results and relevant discussions are
also included. The summary is given in Sec. IV. In Ap-
pendices A and B, some specific rules for performingp~
integration as well as expressions for the form factor are
presented, respectively.

O. FORMALISM

The form factors for the transitions Df, — P are
defined as follows:

(P(P")

1 .
* pa D/ P ( 2
= € VP qﬁ V5o
l)'(*) +mp uvap (q ) 5

V.| D,y (P'.&")
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where P =P’ +P”,q= P —P”, and the longitudinal polar-
1 —-M;+P% ,
ﬁo(T PP ) where M, is the
squared kinetic invariant mass of the meson. In Eq. (1),
V, and A, are the vector and axial-vector currents, re-
spectively, which are dominant contributions in the weak
decays. The four-momentum of the initial (final) meson is
P’ = p|+p, (P" = p + p,), where p/”” and p, are the mo-
menta of the quark and antiquark inside the incoming
(outgoing) meson, respectively. These momenta can be
expressed in terms of the internal variables (x;, p’,),

ization €(0) =

pia=x2P", ply = xioP £ p) )
with x; + x, = 1, and x, = x. Note that we use P’ = (P'*,P’",
P), where P*=pP°+pP? so that P?>=P*P~-P?.
Some internal quantities of on-shells quarks are defined
in Appendix A.

Following the convention and calculation rules for the
form factors of the transition J/¥ — D in Ref. [27], one
can express the decay amplitude in the lowest order for
the transition Dj; — P, whose Feynman diagram is
shown in Fig. 1,

* Wy (i)
D(:)P 3 NC / 4 7 D(S) P D(J)P
=-1 d'pl——Su" &7, 3
en' ) S PUNINYN, ©)
where N = p/"? —m/"*,N, = p2 —m3 arise from the
quark propagators. N, represents the number of color de-
grees of freedom, which is conventionally set to 3. The

trace Sw’ can be obtained directly using Lorentz con-

traction,
/
P
Pl
P2
Fig. 1. Feynman diagrams for Dj,,
mentum, p/”

S (\) (S (\) SDZJ)P)
A v
1
=Tr{(% Wy (py Pz)v) (P} +m)

X (3 =2,29) (B + ) ys (= oo | (@)

Its specific expression is listed in Appendix B. The cov-
ariant vertex function hba) is defined as

)C])Cz 1

\/—M/

})* — (M/Z M/Z)

(s)

)

where M’ refers to mp. , and Mj is the kinetic invariant
mass of the initial meson D, and can be expressed as the
energies e!’(i=1,2) of the constituent quark and anti-
quark with the masses (momentum fractions) of m/(x,)
and my(x,), respectively. Their definitions including the
denominator M are given as follows:

72 72 72 2
2 +m +m
M62=(6’1+ez) _ Py 1 +Pl 2
X1 X2
~ 2
My =\ M§— (m}—my)",
¢ = \m?+p2ap? (i=12),
p/ — x2M6 _ m2+pl (6)
‘ 2 2X2M6 ’

The phenomenological Gaussian-type wave function ¢’
depicts the light-front momentum distribution amplitude
for the S-wave mesons,

N -
T 7 dp/ p/2 +p/2

—— , ’ — 4( ) 2 (_ 4 L , 7

¢ =¢ (x2.p)) g P\ (7)

where ' is a phenomenological parameter and can be
fixed by fitting the corresponding decay constant, and p’,
refers to the transverse momentum of the constituent
quark. The expressions of the vertex functions 4} for our

/!

i by

Pl P/l

—D2

decay (left) and transition (right) amplitudes, where P’C” is the incoming (outgoing) meson mo-
is the quark momentum, p, is the anti-quark momentum, and X denotes the vector or axial-vector transition vertex.
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considered pseudoscalar mesons are similar. After ex-

P
panding the trace S ,4(” using the Lortentz contgactlon
one can obtain the form factors V0", 4, o A Lo , and

A, 2 by matching to the coefficients given in Eq. (1).

Their specific expressions are listed in Appendix B.

By combining the helicity amplitudes via the form
factors, we can derive the differential widths of the semi-
leptonic decays Dj,, — Plv,,

2 2 2\(32 2
dr, ¢ —m2\* A .mp, )Gl Vexml™
i (5 T S
(s)
2
m2+2q2 /l(mzi mP q 2)
€4m2 (”ﬁ)(ﬁ) - mfn - qz)(mD(*S) +mp)A(q°) - mD( : Ax(q?) } 3
P (*9)
2
dr, 2 _ 02 /l(mD ,mP, )G2|VCK]\/[| V(g? (mD*_ +mp)A1(q2)
s (£2m) o agaony mgpy| VO T L)
dg q 384’”0(*9)” © Mp; +mp /l(mD(*”7mP’q2)
2\ _ 2 22N (2 22N 402 2 2\ 2
where A(q*) = Ay m}.q) = (i, -+ = ) = dm i, bo() = GFIV?@gI (1 )( _m )
and m, is the mass of the lepton ¢. Although the electron 1287 my, q

and lepton masses are significantly small, we do not ig-
nore them in the calculations to check the mass effects.
The combined transverse and total differential decay
widths are defined as

dr'y dI,

dg? ~ dg?

dr_

N dr
dg?’

dg?

dr, dI'y

T4 g

(10)

For the Df, decays, it is meaningful to define the lon-
gitudinal polarization fraction owing to the existence of
different polarizations

Iy
- L 11
fu [, +T, +T_ an

As to the forward-backward asymmetry, the analytical
expression is defined as [41],

1 0
/ dr dcosH—/ dr dcosf
o dcosé _; dcos@
1
dr
/ dcosé
_, dcos6

/ bo(@)dq

=t 12
R (12)

[©]

AFB =

where 6 is defined as the angle between the three-mo-
menta of the lepton ¢ and the initial meson in the rest
frame of ¢v,. The function by(g?) refers to the angle coef-
ficient and is expressed as [41]

[ 2 m%
X E(H\/,+_H\/,_)+?(HV,OH\/J) . (13)

where the helicity amplitudes for the D}, — P transitions

arc glven as

(©)

- Vg

Hy, (CI = (mD +mP)A1 —_— +mPV(CIZ),
2 Mp; +mp 2 A 2
Hv,o(CI) 2y, \/»{ (mD —mh— Q)A (61)
RIGINGI]
g o)
Hy, (¢°) = - /l(qz) Ao (). (14)

where the subscript V in each helicity amplitude refers to
the y,(1 —vs) current.

Based on the effective Hamiltonian, the amplitudes
for the decays D, —» PM, with M, =n,K canbe ex-
pressed as

A(Dy,) — PM,) =(PM, |He| D())

Gr _ .
\/Evuql qua <Ml |Jy|0><P|J ’D )>’ (15)

where ¢;, = s,d, with the combination of the Wilson
coefficients a; = C,+C,/3 and a, = C,+C,/3. As to the
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specific decay channels, the amplitudes are given as

A (D*O - ﬂ’KJr) = \/EGFVusV:dalmD* (e px) fx AL ™,

. (25)
A(D: - nK*) = = V2GeV,, Viaimp, (€ pi) fAy™" sinb),
16 .
(16) A (D — 17 n*) = V2GeViuaVigamp: (€ py) frAD™,
. (26)
A(DY - nprt) = - V2GiV,aViaimp; (- pr) f2AD sin,
17 .
an A(D° = K K*) = V2GpV, Viaimp- (e pi) fxAY*,
. 27)
A (D™ = nK*) = V26V, Viyaimp (€ pi) fAg ™ cosb,
(18) A(D® - K1) = V2GeVuaViaimp. (€ py) A K,
(28)

A (D*Jr i 777T+) = \/EGFVudV:dalmD* (E'pn)fﬂAOD*nq cos b,

A (D = nK®) = V2GrV,, Viyarmp: (€ pi) fiAy ™ cosb,

(19) where e is the polarization four vector of the Df; meson,
and @ is the mixing angle between the two flavor states 7,
and 7,, which is defined as

(20) —si
( 77/>:<Cf)89 sm0><nq>’ (29)
n sinf  cosf s

A (D? - K0K+) = \/EGFVusV:dalmD; (E'pK)fKAthK’

(21) where the mixing angle 6 has been well determined as
0=39.3°+£1.0° [42]. In Egs. (16)—(20), if one replaces n
with n’ in the final states for each decay, —sin6(cos6)

A (D) - K'n*) = V26V Vigarmp; (€ pa) foAg, should be replaced with cosé(sin#).

(22) For the decays Df, — PV with V being p,K*,¢, the

hadronic matrix elements can be expressed as

. _ . DK
A (D™ - K°K*) = V2G5V, Viamp- (e pr) fxAS K, A(Dfy) = PV) = (PVIHerl D7)
(23) G
= 7];‘/;1 quzal,ZH/l’
A (D"+ — I_{Oﬂ+) = \/EGFVuch*st* (€-pr) (“lfﬂA(L))*K

D
+asrfxAg "),
cqi

(30)

where 1=0,F denotes the helicity of the vector meson,
Gy is the Fermi coupling constant, V, V,,, is the product

(24) of the CKM matrix elements, and the helicity amplitudes

H, = (VIJ*|0XP|J,| D;,) are given as follows:

Ho =V (g, pv) 1317'1l0) (P(pp) |ev, (1 = ¥5)qa| DY, (80, Py, ) )

_ lfV |: ( 2 2 2) ( AD(*s)P 2 4m%21>p‘2 AD:S)P 2 :| 31
= WD& mD(*S) —mP +mV sz;) +mp) 1 (mv) + W 2 (mv) N ( )
Hy = (V (&4, pv) 13171l 0) (P(pp) |6y, (1 = ¥5) 2| DY (82,10, ))
. D* P 2mD*Y Pe "
= som [~ (g )7 o) 5 0 ) | @)
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III. NUMERICAL RESULTS AND DISCUSSIONS

A. Transition form factors

The input parameters, such as the constituent quark
masses, the masses of the initial and final mesons,
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,

the shape parameters fitted by the decay constants, and
Dy, meson lives, are listed in Table 1. Based on the input
parameters given in Table 1, one can obtain the numeric-
al results of the transition form factors at ¢g> = 0 shown in
Table 2. The uncertainties originate from the shape para-
meters of the initial and final state mesons.

All the calculations are performed within the ¢* =0

Table 1. Values of the input parameters [9, 11, 20, 27, 43—45].
Masses/GeV me =14 my =0.37 my g =0.25 me = 0.000511
my =0.106 me=1.777 mz =0.140 my =0.770
mg =0.494 myo = 0.498 my =0.548 my = 0.958
mg =1.019 Mo = 2.007 mpes = 2.01 mp: =2.112
CKM Vea = 0.221 £0.004 Vs = 0.2243 £0.0008

Ves =0.975+£0.006

Viua = 0.97373 £0.00031

£ =0.132 fx =0.16 for =0.310%9 03
Decay constants/GeV S, =0.141 Jng =0.177 Jo: = 0.30170:9%3
frke=0217 fp=0.209 fp=0229
B+ = 0.47470022 Bp: =0.466*042 Bk =0.39413003
Shape parameters/GeV 002 ) +0'01 +0'002
By, = 0374705 B, =0.404%001 Br =0.328+0.002
Full widths Tpo = (55.9739) keV Tpe+ = (83.4+1.8) keV Tper = (121.91859) eV

Table 2. Form factors of the transitions D* — K, 7., and D% — K,n, at ¢* = 0. Numerical results of F(g2,,), a, and b obtained from the
calculations. The uncertainties originate from the shape parameters of the initial and final state mesons.

Transitions Ref. %4 Ag Ay Ap

D' 5K This work F(0) 0.96+50 0.6415:01 0.78+901 0.40*501
Flqa) 098551 075250 088251 0452552

a 035982 0265 022/ 030482

b 057505 004551 003255, 02255,

D' > This work F(0) 0.77+5:02 0.57+5:1 0.75900 0.37+591
Flqa) 0572552 0742551 092550 0375501

a 0.29+9:04 0.31+903 0.25+002 0.31+900

b 0.80°04) 0.07:48) 0.04:00! 034198

Dy > K This work F(0) 0.98+9:01 0.53+9:02 0.667902 0.31+502
Flqa) 080255 06055 074155 030255,

a 0.250:04 0.26*901 0.24+991 0.23+9:04

b Los:g 1} 0.11:9% 0.08:44% 03593

D* -1y This work F(0) 0.969:02 0.56*5:01 0.67+991 0.36+50
Flqa) 095553 0643551 0755561 0392553

a 033982 025581 021980 027482

b 065,06 005551 003255, 023555,

D} — 1, This work F(0) 1.17+0:99 0.63+5:01 0.70+991 0.459:02
Flqa) 1172650 06853 0755501 047503

a 0.28+0:04 0.31+501 0.29*+900 0.29+903

b 095412 0.11°5%2 0.09°552 0.38°903
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reference frame, where the form factors can only be ob-
tained at space-like momentum transfers ¢ =-¢> <0.
Those parameterized form factors are extrapolated from
the space-like region to the time-like region by using the
following expression:

F(0)

= s 33
1 —aq?/m?+ bqg*/m* (33)

F(q)

where F(q*) denotes different form factors V(g?), Ao(¢?),
Ai(g?), and A,(¢?), and m represents the initial meson
mass. The values of a and b can be obtained by perform-
ing a three-parameter fit to the form factors in the range
—-15GeV* < ¢* <0. F(g>,,) is defined as the value of the
form factor evaluated at the maximum value of ¢*. In Ta-
ble 2, we list the computed values of F(¢2,.), a, and b for
various decay channels.

In Table 3, we compare the numerical values of the
form factors at the maximum recoil (¢*> =0) with those
obtained in Ref. [43]. Our predictions for the form factors
of the transitions D* — K, 7 are comparable to the previ-
ous LFQM calculations [43] within errors. The differ-

ence between these two studies is partially caused by the
input parameters. We plot the ¢*-dependence of the form
factors of the transitions Df;, — P in Fig. 2.

Note that the V(g?) curves for the the transitions
D* — K,n, and D; — n; are nearly flat in the whole ¢* re-
gion. The larger phase space for the transitions D* — &
and D! — K renders the form factors more sensitive to
variations in ¢2.

B. Semi-leptonic decays

Based on the form factors and helicity amplitudes
provided in the previous section, the branching ratios of
the semi-leptonic decays Df;, — Pfv, can be obtained and
are listed in Table 4, where the first error arises from the
decay widths of Dy, and the second uncertainty origin-
ates from the shape parameters of the initial and final
mesons.

The branching ratios of the semi-leptonic Di* —
Pt*v, decays are in the order of 1077 ~ 10~°, which are
much larger than those of the semi-leptonic D*** —
P~9¢*y, decays within the range 107> ~107°. This is
mainly because the decay width of the meson D? is much

Table 3. Form factors of the transitions D* — K,x at ¢> = 0, together with other theoretical results. The uncertainties originate from
the shape parameters of the initial and final state mesons.
Transitions Ref. \%4 Ao Ay Ay
D* - K This work F(0) 0.9670) 0.64709) 0.7809] 0.40700)
Ref. [43] 1.04 0.78 0.85 0.68
D* —n This work F(0) 0.77:92 0.577901 0.75+0:99 0.37001
Ref. [43] 0.92 0.68 0.74 0.61
1.4 14 "
12} Do —V == A At Az M DK —V == Ay -t Ay Az 1.2 DsoK —V A Aq Az
: g
o (s X
0.4 04 0.4
0.2 0.2 0.2
0.0 0.0 0.0
0.0 0.5 1.0 1.5 20 25 3.0 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0 25
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Fig. 2.

(e)

(color online) Form factors V(¢?), Ao(¢%), A1(g?), Ax(¢?) of the transitions D}y = 7 K, 1, 7
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smaller than that of the meson D*. In these semi-leptonic
Dt decays, the decays D:* — nf*v, have the largest
branching ratios, which can be detected by the present ex-
periments, whereas the branching ratios of the decays
D — 1/ {*v, are approximately three times smaller. This
is mainly because of the smaller phase space. Although
two other semi-leptonic D? decays D:* — K°C*v, in-
duced by the ¢ — d transition have a much smaller CKM
matrix element V., than V,,, the large phase space can re-
duce the gap of the branching ratios between the decays
D — Ky, and D** — n/¢*v,. As the 7 lepton mass is
much greater than the e and u lepton masses, T can only
be produced through the decays D*® — 7~@z+y, with
tiny branching ratios, which are only within the order of
107" . In other words, these considered semi-leptonic D:
decays have large branching ratios, which are larger than
the order of 1077 and can even reach up to the order of
107%. Hence, they are most likely to be detected by future
high-luminosity experiments, such as the STCF, BESIII,
and LHCb. Furthermore, it is meaningful to define the ra-
tios of the branching fractions, which can be estimated
through the total widths of the initial mesons and the
CKM matrix elements, for example,

Br(D;* = ne*v,)  2ViIp-

~ 4
B e Vil 2.7x10%, (34)

Br(Dy = Koeve)  Velve s (35)
Br(D+ — K%*v,) V2Ips+

These ratios are consistent with the results calculated
from the branching ratios given in Table 4, which can be
tested in future experiments.

C. Physical observables for semi-leptonic decays

. . . 0(+
For our considered semi-leptonic decays DZ})( ' >

P~O¢*y,, we have defined the forward-backward asym-
metry Apg in Eq. (12) and the longitudinal polarization

fraction f; in Eq. (11), to account for the impact of lepton
mass and provide a more detailed physical picture. The
results of these two physical observables are listed in
Tables 5 and 6, respectively. Furthermore, in Figs. 3 and
4, we display the g*>-dependences of the forward-back-
ward asymmetries Arg and the differential decay rates
dl,/dq?, respectively.

For these decays, we observe that the values of the
forward-backward asymmetries A4y and Ag; are almost
equal to each other. Note that the dominant contributions
to the Apg for these decays arise from the terms propor-
tional to (Hj, —Hj_) in Eq. (13). The Aps of the decay
D* — ntv, is approximately three times the size of those
of the decays D* — nfv, with a reversed sign. In Fig. 3,
the channel D** — 7~ t*v, has an opposite sign for the ¢>-
dependence of the forward-backward asymmetry com-
pared with those of the semileptonic decays D** —
7 €*v,. A similar situation is observed for the decays
D — n°t*v, and D** — #°¢*v, not shown in Fig. 3. The
g*-dependences of the forward-backward asymmetries
for the decays D** — P°¢*v, are similar to those for the
decays D't — P’¢*v,, which are not shown for simplicity.

To investigate the dependences of the polarizations on
the different ¢*, we divided the full energy region into
two segments for each decay and calculated the longitud-
inal polarization fractions accordingly. Region 1 is

(mp: —mp)* +m;

2

<¢’ <(mp, —mp)’. The longitudinal

defined as m} <¢*<
(mp: —mp)* +m;
2

polarization fraction in Region 1 is larger than that in Re-
gion 2 for each decay, which can be found in Table 6.

In Table 6, we can observe that the longitudinal polar-
ization fractions f; of the decays DZ?)(H — P P¢'v, and

0 — .
D(S)“) — P Ou*v, are close to each other, that is,

, and Region 2 is

fL(DZf)H) N P—(O)e+ve) ~ fL(DE?)H) N P*(O)MJrv#)’ (36)

Table 4.  Branching ratios of the semi-leptonic decays Df;, — Ptv;.

1079 X Br(D - et v,)

1072 x Br(D*Y — autvy)

1072 x Br(D* — K~ e*v,)

107 x Br(D*0 — K~ pu*vy)

: 0.30+0.21 0.28+0.19 0.84+0.07 0.81+0.07
This work 27970720703 2642055 004 7.93%076%0.36 7535532 034
1079 x Br(D** - n*v,) 10719 x Br(D*™* — n%t,) 1074 % Br(D* - n%7%v;) 1074 x Br(D™ > 11t vy)
: 0.02+0.07 0.21+0.69 0.05+0.06 0.53+0.14
This work 1.00%5,65 %001 9.50%530%0.12 22525052004 4.962537%0.08
107% x Br(D** — KY*v,) 1072 x Br(D** — KOu*v,) 1077 x Br(D:+ — K%*v,) 1077 X Br(D:+ — Kou*v,)
: 0.12+0.05 0.11+0.05 0.21+0.06 0.20+0.06
This work 5297011024 5.03%5 115023 19725 16%0.00 1.8725 160,00
10" x Br(D™ — ne*v,) 107" x BH(D** — vy 10°2 x Br(D** - i etv,) 10712 x Br(D** — 7't vy)
: 0.11+0.18 0.11+0.17 0.17+0.20 0.16+0.27
This work 50325112008 47950 105008 7.58%0 165016 7.06%5 152016
107 x Br(D:* — ne*v,) 1075 x Br(D:* — nutv,) 1077 x Br(D: — 1’ e*v,) 1077 x Br(D:" - n'utvy)
This work 1.46+0'16+0'03 1.41+0.15+0.02 5.08+0'55+0'10 4.8O+0~52+0_10

—0.12-0.09

—0.12-0.09

—0.42-0.37

-0.40-0.36
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Table 5.  Forward-backward asymmetries App for the decays Df, — Ptv,, where the first error arises from the decay widths of D[,
and the second uncertainty originates from the shape parameters of the initial and final mesons.

Channel D0 > nety, D0 > npty, D 5 K- ety, D0 — K=ty

o 003 R 00 04 04

Channel D = nle*y, D — 2ty D*t - Oty D = rty,

Ars 0031+ tmr000) 0031400 0.092:5mL-000 009350001

Channel D** — ROy, D — KOt Dt — K%"y, D — KOu*y,

Ars 01130300001 ~0.11478300005 0161740120000 ~0162:013000

Channel D™ - netv, D — qutv, D** > n'etv, D - n'utvy,

Ars 018475003007 018475000007 0166730506 0164730035006

Channel Dt > nety, Dyt — qutv, Dt > ietv, Dyt - n'utvy,

A 021340 021340 020038 0198487650
Table 6. Longitudinal polarization fraction f;. for the decays DZ?)(*) — P~O¢*y, in Region 1 and Region 2.

Observables Region 1 Region 2 Total Observables Region 1 Region 2 Total
D0 =7 ety,) 0.96 0.82 0.93 fD0 =ty 0.96 0.82 0.93
fLD - K= ety,) 0.82 0.52 0.71 fuD0 — K~ u*vy) 0.81 0.52 0.71
fuD* - nletv,) 0.68 0.60 0.67 fD =2ty 0.68 0.60 0.67

ALDT > netv,) 0.77 0.49 0.67 JLD™F = vy 0.76 0.49 0.66
fD = et v,) 0.72 0.44 0.60 L@ > n'ptvy) 0.71 0.44 0.59
fuD* = KO%ty,) 0.66 0.36 0.54 LD > I_{O,u’“v,,) 0.65 0.36 0.53
LD — KOetv,) 0.81 0.53 0.71 fDE = KOuty,) 0.80 0.53 0.70
JLDTT = netve) 0.74 0.48 0.64 JLD = mutvy) 0.73 0.48 0.63
fuD5F > n'etve) 0.70 0.43 0.58 LD = ' i) 0.69 0.43 0.57

which reflects the lepton flavor universality (LFU).

In each group of decays with the same intial meson,
the longitudinal polarization fractions f; for the decays
induced by the ¢ — d¢v, transition are always larger than
those of the decays induced by the ¢ — sév,. For the de-
cay D' — =@y __our prediction yields the longitud-
inal polarization fraction f; of only 0.43, which is much
smaller than those of the decays D™ — 7=@¢*y, be-
cause of m. > m,,. A special emphasis is placed on the
longitudinal polarizations for the decays D™ — n ¢*v,
shown in Fig. 4(e), which are dominant and different
from those for other channels. These results can be valid-
ated by future high-luminosity experiments.

D. Non-leptonic decays

The decays rates of the nonleptonic weak decays
(s — PM with M representing a pseudoscalar meson
(7, K) or a vector meson (p, K*,¢) can be written as [43]

Pem

Br(D', —» PM) =
rD ) 247rm%)(*)l"Da>

JAD;, — PM)P,

where p,., represents the three-momentum of the final
meson P in the rest frame of Dy, and my. and I'p. = are

the mass and decay width of the Df;, meson, respectively.

In Tables 7 and 8, we list the branching ratios of the
non-leptonic decays D* — PM and D! — PM, respect-
ively, where the uncertainties arise from the full widths of
the charmed mesons Df, and the shape parameters of the
initial and final state mesons. Numerically, we adopt the
Wilson coefficients a; = 1.2 and a, = —0.5 [43]. The fol-
lowing are some comments:

1. The branching ratio of the decay D** — np* is four
orders of magnitude larger than that of the decay
D** — np*. This is mainly because the decay width of the
D** meson I is approximately 6.8x 10> times larger
than that of I'p.+. Furthermore, the former channel has an
enhancement factor |V,,/V.4*> ~ 20 compared with the lat-
ter decay. Although the CKM matrix elements of the de-
cay D'® — K=p* are much larger than those of the decay
D" — K°K**, the promotion to the branching ratio from
the CKM factors is almost canceled out by the large de-
cay width T'o. Hence, the branching ratios of these two
decays are close to each other.

2. The branching ratios of the D* and D** decays to
the same isospin final states should be almost equal. On
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Fig. 4. (color online) ¢> dependences of the differential decay rates dI'/dg?> and dI'-/dg? for the decays D(*_g(*) — P~O¢*y,. The red and
black curves represent the total polarization distributions of a given decay channel, whereas the green and blue curves correspond to the
longitudinal polarization distributions of the decay channels indicated by the red and black curves, respectively.
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Table 7. Branching ratios of the non-leptonic weak decays D* — PM. The results obtained from the naive factorization (NF) ap-

proach [43] are also listed for comparison.

1072 x Br(D*® — K~ p*)

10°19% 81D — K~ K**) 10-19% BH(D*0 — K~ 7t)

10-" x BH(D** — K~K*)

. 0.55+0.05 0.26+0.03 0.49+0.17 032+0.11
This work 51325355016 24155535000 46725452029 29520282019
[43] 29 - 7.3 -
10712 X Br(D*" — n¢) 10712 x Br(D** — 1’ ¢) 10713 x Br(D* — nK?) 10713 x Br(D** — 7' K°)
: 0.95+1.4 0.17+0.20 0.35+0.11 0.12+0.02
This work 8.3310851] 16520165027 3325031010 L0875 15 04
107" x Br(D™0 — 1~ n%) 1072 x BrH(D* — 1= K*) 1071 x Br(D*0 — 7%) 1013 x Br(D*0 — 7K0)
: 0.26+0.04 0.17+0.03 0.28+0.39 0.86+0.15
This work 2427733700 1.59%01550.07 2595357035 8.0420772034
1072 x Br(D** — K0p*) 10719 % Br(D** — KOK**) 10-"' x BH(D* — ROr*) 10~ x BH(D** — ROK*)
: 0.08+0.03 0.04+0.02 0.22+0.52 0.04+0.08
This work 34470000 1627505006 9.79051030 2.07%5 0450713
[43] 0.83 - 16 .
1071 x Br(D*™ — np*) 102 x BH(D*™ — pK*) 1072 x Br(D* — nrt) 10713 x Br(D*™ — nK*)
. 0.09+0.10 0.03+0.01 0.08+0.13 0.05+0.08
This work 4.17%550%0.00 1.327503%0.03 3745508502 23325052014
10- "' x Br(D™ — 1/ p*) 1013 x BH(D* — i K**) 102 x BH(D*™ — i'nt) 10° 4 x BH(D* - i K*)
. 0.03+0.01 0.18+0.01 0.03+0.03 0.18+0.16
This work 14175655003 79450 175015 1.5175.03%0.06 8.01%0 172035
107" x Br(D** — 7%") 10712 x Br(D** — 7°K**) 10712 x Br(D** — n%7%) 1078 x Br(D** — 7°K™*)
. 0.18+0.09 0.09+0.03 0.18+0.14 0.11+0.09
This work 82710172008 3.89%005 004 79355172033 5.19%0 11202
10" x BH(D* — 1t ¢) 10712 x Br(D** — 7" K")
: 0.30+0.11 0.02+0.02
This work 1400035001 106705 0on
Table 8. Branching ratios of the non-leptonic decays D — PM.
1077 x Br(D: — K%*) 107 x Br(D:t — KOK*) 107 x Br(D:+ — KO7t) 10719 x Br(D — KOK™)
. 0.13+0.02+0.00 0.58+0.14+0.00 1.02+0.64+0.04 0.66+0.41+0.03
This work L1725 16%0.0520.00 5.33%27202720.00 9.38%)7570.90-0.05 6.07250%0552003
1070 x Br(D:* — np*) 1078 x Br(D+ — nK**) 1078 x Br(D*+ — nat) 107° x Br(D:* — nK*)
. 0.11+0.03+0.00 0.53+0.14+0.00 1.03+0.57+0.03 0.66+0.37+0.02
This work 1.0425,0670.0520.00 4.8720200.2720.00 9482075 0:85-0.02 6.09%0'50%035520.01
1077 x Br(D** — 1/p*) 1078 x Br(D** — ’ K**) 108 x Br(D** — 'n*) 1079 x Br(D** —» 5’ K*)
s s s N
. 0.64+0.13+0.00 0.51+0.10+0.00 0.99+0.42+0.02 0.56+0.24+0.01
This work 5.90%) 497028001 4.652535%0.2220.00 9.05%575 /682001 51455550355 001
1078 x Br(D:* — K*¢)
; 0.26+0.06+0.01
This work 24170500 5t 001

the other hand, the D** meson decays are dynamically in-
duced by both external and internal W emission interac-
tions, which are destructive to each other. This reason in-
duces the hierarchical relationship, Br(D** — K°M) <
Br(D** — K~M) with M referring to n*,K*,p*, and K**.
The branching ratios of the decays D, — PK*(p) are al-
ways larger than those of the corresponding decays

(ss — PK(n). This is because there are three partial amp-
litudes for the former, whereas only the p-wave amp-
litude contributes to the latter. Note that our predictions
for the branching ratios of the decays D™ — K p*,
D — K~n*, D** — K%", and D** — K°z* are compar-
able to the results obtained by the naive factorization
(NF) approach [43], which are listed in Table 7.

3. Some of the non-leptonic D**decay channels are

most likely to be observed in future collider experiments.
In particular, the decayD:* — np* has the largest branch-
ing ratio with an order of 107° , which will be within the
measurement precision and capability of the BESIII ex-
periment in the near future.

4. To cancel out a large part of the theoretical and ex-
perimental uncertainties and SU(3) symmetry breaking
effect, it is helpful to consider the ratios of the branching
ratios, such as

_ Br(Dy* = nK™*)

R!. = =0.064+0.011,
s Br(D:+ — nnt) *
D KOK+
RE. = BrD, = KK _ 0650012,

Br(D* — Kor+)
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Table 9. Potential event numbers of the decays D** — K~p*,K~e*v, and D** — 5p*,ne*v, in the future experiments, where the avail-
able event numbers of Dy, have been estimated in Sec. 1.
Experiments SuperKEKB STCF CEPC [18] FCC-ee [19] HL-LHC
Np: 2x 1010 8x 1010 101 10'2 2x 104
Npo_g-p+ 102 410 513 5.13%10° 1.03x 10°
Npag-ety, 158 634 793 7.93x 103 1.59x 106
Npy+ 5.5x10° 1010 1.3%10'0 6.6x 1010 4x1013
Npi+ ot 5.72x10° 1.04 x 10* 1.35x 10* 6.86 x 10* 3.94x 107
Npitnetv, 8.03x 103 1.46 x 10* 1.89x 10* 9.63x 10* 5.84x 107
s+t +
Rl.. = % = 0.0621'8;882, ACKNOWLEDGMENT
o BrD® - K-K*) 006320010, dichZeSi;ngld like to thank Prof. Junfeng Sun for helpful

Do = Br(D*Y — K-7+)

where the uncertainties from the transition form factors
are canceled.

The numbers of potential events associated with the
decays D** —» K p*,K e*v,, and D** — np*,ne*v,, which
possess the largest branching ratios in our considered dif-
ferent types of decays, are listed in Table 9. These results
indicate that the study of Df,, meson weak decays through
experiments is feasible.

IV. SUMMARY

Although the D* and D! mesons were discovered
more than 45 years ago, the information about their prop-
erties is still relatively limited; in particular, the measure-
ments of the Df;, weak decays are still unavailable from
experiments. Inspired by the recent advances and future
prospects for the study of Df; mesons in the collider ex-
periments, we explore both the semi-leptonic and non-
leptonic Df;, weak decays. Combining the helicity amp-
litudes with the form factors of the transitions Df, —
n,K,n,, obtained from the CLFQM, the branching ratios
of the corresponding Dy, weak decays are calculated. The
D*weak decays can be measured by future collider exper-
iments with the ability to observe the branching ratio with
an order of 10™° , such as the FCC-ee and HL-LHC.
Compared with the D* meson, the D meson weak de-
cays are relatively easier to observe in the future experi-
ments. For example, the branching ratios of the decays
Di* — nt*v, and D" — np* can reach up to the order of
10¢ , which correspond to tens of thousands of events in
the e*e™ collider experiments and tens of millions of
events at the HL-LHC. Furthermore, to provide a more
detailed physical picture for our considered decays, the
longitudinal polarization fraction f; and forward-back-
ward asymmetry Agg are calculated.

APPENDIX A: SOME USEFUL FORMULAS

The p, and p, are the on-mass-shell light-front mo-
menta,

_ omP+p?
pe=.p"), p = = = (AD

ﬁ = (p+’l7¢)’

The light-front relative momentum variables (x,p,) are
defined by

pi=xiP", py=xP, xi+x=1, (A2)

piL=x1P +p., pr=xP —pi, (A3)

Some specific rules are provided under thep~ integra-
tion. When integrating, it is important to include the zero-
mode contribution for proper integration in the CLFQM.
Specifically, we follow the rules outlined in Ref. [11]

P = PuAY + gAY, (A4)

AL AL 2 2 2 2
plpplv = g#VA(l ) +P/1PVA(2 ) + (P/lqv ‘H]va) A(3 ) +q;1qvAS1 )’

(AS)
22 _ ) 2 N
Zy=Ni+mi—m;+(1-2x)M +(q +q-P) CR
(A6)
Al K P
PlyN2_>‘]/1 A(ZI)Z2+quA(12) s (A7)
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. P RS

PPl = 8w AT 2o+ 4,0, | AL 2o+ zquA(z”Aﬁ” , AP = (A - Lam g e ()
q q
(A8) AP = (AP (A10)

AP =T A0 S q 0 P 40 g0 (a9

2 7 APPENDIX B: AMPLITUDES FOR D;, — PM

DECAYS
D*‘ P 1 " " ’7 / ’
S = (S b gy )ﬂ =Tr K)’ Al —Pz)v) (p7+my) (vu —*ms) (B +m)) ys (= pa +m2)}
i \4
= —2i€uap { PI" PP (m) —my) + g’ (m +m| =2m;) + " PPt } + Wy (4Piv =3¢, = P,) i€up, PP
+28, {mz (q —N;—N{ —-m] —m'l’z) m (M"2 ~NJ' =N, —m* —m%) -m (M —-N{—-N,- mz) 2mymy mz}

+8p1#plv (mz—ml) —Z(P#qv+qﬂP +2qﬂqy)m +2p1ﬂ ( m1)+2p]#q‘, (3m1 ’]'—Zmz) +2Pyp]V (m'l +m'l')

+2q,p}, (3m) +m| —2my) + (4p},—3q,—P,) {217,1# [M'z +M"* —g* —2N,+2 (m}—my) (m} +m;)]

1
2wy
+qu [ = 2M7 + N =Ny + 2N, = (my + ) +2 () = m,)*| +P, [q2 = Ny = Ny = (m) +m])’] }.

(Bl)

The following formulas are the analytical expressions of the form factors of transitions D}

(s — P in the CLFQM:

’ " ’” 2

* NAM + M) 20y Iy Pog | 2 (P, -q.)

VD(V)P(qz) = dx2d2pl (Y) mel +x1mp + (ml m ) = + m P’Z + s (Bz)
1673 “ NNy N

’ 77

M-M ¢ N, :
MA (9)( ) 7”A2(V)( ) /dx2d2pl D,(\;)A {2(2)61 3)

4 (@) =
0 2M” 2M 2M” 167 NN

p? +2(pL q.)

] - [(14— 12x))m]
7 q*

X (xzm/1 +x1m2) -8 (m} —mz) [
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