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Abstract: By capturing the characteristics of the Bethe-Salpeter amplitude for the pion excitation state, we con-

struct an algebraic model to provide the overall features of the pion’s first excitation state parton distribution amp-

litude and distribution function. We find that, at the hadronic scale, the distribution amplitude of the excited state ex-

hibits nodes, while the distribution function is unimodal, with a peak at x = 1/2 and distinct concave and convex

fluctuations in the valence region. These findings provide new insights into the partonic structure of excited mesons

and contribute significantly to our understanding of hadronic excitations.
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I. INTRODUCTION

Exploring the internal structure of hadrons, from both
experimental [1-3] and theoretical perspectives, is one of
the key research areas in hadronic physics. The ultimate
aim is to develop tomographic images of quarks and
gluons inside hadrons, which will not only elucidate how
gluons bind quarks to form hadrons but also provide a
deeper understanding of the nature of the strong interac-
tion.

Pseudoscalar mesons, due to their close connection
with chiral symmetry, have garnered considerable atten-
tion [4]. As the lightest pseudoscalar meson, the pion has
been extensively studied, and the current consensus is
that its distribution amplitude (DA) exhibits the largest
broadening compared to the conformal limit form [5-7].
Although there remains some debate regarding the pion's
parton distribution function (PDF), particularly its asymp-
totic behavior in the valence region [8], further experi-
mental efforts are expected to reduce these uncertainties.
In addition to the pion, systems exhibiting flavor asym-
metry, such as the kaon [9—11], as well as heavy-flavor
mesons like the 7. [12], have also been studied, provid-
ing a clearer understanding of the interplay between dy-
namical chiral symmetry breaking and the Higgs mechan-
ism. Despite these advancements, there has been relat-
ively little research on the internal structure of radial ex-
citations of pseudoscalar mesons.

This paper aims to conduct a preliminary exploration

of the structure of the pion’s radial excitations and invest-
igate how they differ from the ground state. This is valu-
able for several reasons. First, the formation of the pion’s
excited states is closely tied to the confinement mechan-
ism. The excitation mass is much larger than the
threshold for a pair of light quarks, yet these excitations
do not decay into free quarks, offering a unique opportun-
ity to probe confinement. Second, the excited states of the
pion are expected to contribute to light-by-light scatter-
ing processes, which are important in the calculation of
the anomalous magnetic moment of the muon g—2 [13].
This makes the study of pion excitations relevant for both
theoretical understanding and experimental investiga-
tions in particle physics.

In principle, within the framework of Continuum
Schwinger Methods (CSMs), excited-state amplitudes in
Euclidean space can be obtained by solving the Bethe-
Salpeter equation, and subsequently, the light-front prop-
erties can be explored using previously developed tech-
niques [14]. However, this approach faces significant nu-
merical challenges. Moreover, while Lattice QCD has de-
veloped various algorithms to study hadron structure [15,
16], attempts to apply it to excited states remain scarce
[17]. To overcome these challenges, we adopt an algebra-
ic model for a preliminary study of the pion’s radial ex-
citations. This model incorporates key features of the first
radial excitation [18, 19], notably the presence of a node
in the leading Chebyshev moment as the momentum
evolves. Based on this model, we derive the distribution
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amplitude (DA), distribution function (DF), and trans-
ition form factor for the excited =, state, which form the
main focus of our study.

The article is structured as follows: In Sec. I, we in-
troduce the model of the quark propagator and the lead-
ing pseudoscalar Bethe-Salpeter amplitude. In Sec. III,
we discuss the distribution amplitude and present the
v*my transition form factor. In Sec. 1V, we provide the
distribution function and the charge density for the ex-
cited state. Finally, in Sec. V, we offer our conclusions
and outlook.

II. MODEL

The algebraic model we use here has been widely ap-
plied in the study of the internal structure of the pion
ground state [20-23]. In summary, we use the simplest
quark propagator,

S\ k) =iy-k+ M, (1)

where M represents the constituent mass. Additionally,
we use the Nakanishi representation [24] to model the
meson's BS amplitude, considering only the leading term
for the pseudoscalar meson.

M? - Bk +2zP[2)?
[(k+2zP/2) + M*]*

M* !
[, (kP)=iys— [ d 2
ps(k; P) IYSN[l zp(2) 2

/108 =108+ 782

Here, N = 100

stant to ensure charge conservation and the normaliza-
tion of the distribution function. Subsequently, f is a
parameter.

In the current algebraic model, considering that the
excitation state mass is greater than twice the quark mass,
singularities inevitably arise in the actual calculation. We
tend to believe that mass effects are irrelevant to the cur-
rent study. To simplify this difficulty, we have two provi-
sional options: First, we can artificially increase the quark
mass to more than half of the meson mass (like [25]);
second, we can choose a fixed quark mass and set the
meson mass to zero. The latter allows us to study both the
ground state and the excited state simultaneously using
the same quark propagator. In this paper, we will adopt
the second approach. The above-mentioned approach also
implicitly reflects the fact that, due to confinement ef-
fects, mesons do not decay into a quark-antiquark pair.

The zeroth Chebyshev moment of the amplitude can
be written

is the normalization con-

2 (7 MM — BR2
*/ sin” OUo(cos O)I,(k; P)d6 = iys (M” - Bk”) 3)

7 Jo NE + M)

where Uy(cos6) =1 is the zeroth-order Chebyshev poly-
nomial of the second kind, and k- p =cos6/k*p? (here
we initially assume that p? # 0 and subsequently allow it
to become zero in the final step). When 8= -1, its form
is consistent with the amplitude of the ground state. As
deviates from —1 and its absolute value increases, it can
characterize the features of the excited state amplitude,
i.e., the zeroth Chebyshev moment of the amplitude in
momentum space exhibits a node [18, 19]. In this paper,
our goal is to hypothesize the general shape of the excita-
tion state structure, so we choose the simplest spectral
function [5, 20].

3
p(2) = 1(1 -2). 4)

It is noted that, for the ground state in the chiral limit
[20], the DA ~x(1-x) and DF ~ x*(1-x)?, i.e., DF ~
DA?. Consequently, within a unified framework, we can
directly compare the differences between the DA and DF
of the ground state and the excited state.

In order to determine the parameters f and M, let's
first consider the decay constant of the pseudoscalar
meson f,;, which is given by

A
FooP = trep / YV os(d— PI2:P). )
dq

where P is the pion's total momentum; the trace is over
color and spinor indices; qu is a Poincaré-invariant regu-
larization of the four-dimensional integral. The BS wave
function is

Xps(q=P/2;P) =S((q—P/2;P)S(q—=P),  (6)

which can be calculated appropriately based on our mod-
el of the quark propagator and BS amplitude. After per-
forming these calculations, we obtain

_(A-2/M
fo= g ™

For the model parameters, we emphasize the follow-
ing points:

e 3=—1: ground state of pion. We use the experi-
mental value of the decay constant 92 MeV to determine
the model parameter M =305 MeV. In the discussion of
subsequent excited states, to maintain consistency, we
will keep M unchanged.

® 3 =1/2: first excited state of pion in the chiral limit.
In this case, the decay constant is zero [18].
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e For the physical excited states, the experimental
lower bound for the decay constant of the first excited
state is given as —5.9 MeV [26]. Using the above formula,
we obtain 8 =0.54. Therefore, we will choose £ to lie
within a certain range (0.5,0.54) to determine the sub-
sequent profiles for DA and DF.

III. DISTRIBUTION AMPLITUDE AND
TRANSITION FORM FACTOR
Considering that the decay constant of the excited
state is zero in the chiral limit, and we wish to accom-

modate this fact [18, 19], we will define a DA with mass
dimension as follows [27].

A
90(X)=trcn/ o(n-qg—xn-P)ysy-ny,(q—P/2;P), (8)

dq

where 7 is a light-like vector (n? = 0). It is noted that the
decay constant

1
fo = / dre (). ©)

For such integrals, we need to employ certain tech-
niques to compute them in an indirect way. Let us first
consider the moment of DA.

N (n-q)Y"ysy - nx,ps(q— P/2; P)
dq (I’l ° P)m+1

1
/ X"p(x)dx = trcp , (10)
0

where m is a nonnegative integer. Then, using a Feyn-
man parametrization to combine denominators, shifting
the integration variable to isolate the integrations over
Feynman parameters from that over the four-momentum
g, and calculating the four-momentum integral, we obtain

! B »3M[us(1+B) —Blp(z)
/0 X"p(x)dx = /wl’u2 a =y
— / am 9M[u2(1 +IB) _B](l _Zz)

162N > (b

where (a = u; + (1 —2)uy/2)

1 1 1—uy
/ =/ dz/ dul/ du,, (12)
Z,U1,Up -1 0 0

and

1 1 Min{2x/(1-2),2(1-x)/(1+2)}
/ =/ da/ dz/ du,. (13)
a,z,uz 0 -1 0

By utilizing the completeness of appropriate orthogonal
polynomials (such as Legendre polynomials), it is not dif-
ficult to prove that if the moment sequences are equal, the
integrand functions are equal. Thus, by completing the in-
tegrations over z and u,, we can obtain the following ex-
pression of DA:

oM
P(x) = - 12N [

+(1+B) (P Inx+(1-x In(1-x)] . (14)

(1+28)x(1 - x)

According to the previously determined parameter range,
we have illustrated the image of DA as shown in Fig. 1.

Figure 1 illustrates the general properties of the first
excited state DA [27, 28], which, in our model, is en-
tirely attributed to the presence of a node in the BS amp-
litude. The symmetry is natural because we have as-
sumed isospin symmetry. Like the ground state, the max-
imum occurs at x=1/2, and as x increases, the value
changes from positive to negative. The position of the
node is related to the size of beta (which suggests it is
connected to the node position of the BS amplitude). As x
approaches 1, the DA tends to zero with a (1 —x)' power
law from below. This behavior arises partly because we
have defined the decay constant as negative, and partly
because the BS amplitude exhibits a 1/k*> behavior at
large momentum.

It is well known that the DA of mesons is related to
the ultraviolet behavior of the meson-y transition form
factor [29]. We do not expect to fully capture the overall
behavior of the form factor with such a simple model, but
we can provide a general picture. To this end, we use a
triangle diagram (we also suppose the bare vertex ansatz
for both virtual and real photon-quark couplings) to cal-
culate the form factor, which is defined as follows,

0.02}
0.01}
>
[0
Q9 0.00
3
S
-0.01}
\ —— B=05 —— B=053
-0.02f =051 —— B=054
B=052 ----- B=-1
0.0 0.2 0.4 06 0.8 10
X
Fig. 1.  (color online) The distribution amplitude (DA) for

the ground state and the 1st excited state of the pion is shown.
The dashed line corresponds to the ground state with g=-1
and is divided by 10 for better comparison.
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- G(O?)
uprkis S22 = ot / 1S (ko) yoichsi =i~k (15)
T dk
with k3 = Q% and k3 =0 for virtual and real photon mo-
mentum respectively, and k, =k—k; +ky, kg=k—k/2+
k2/2. When Q* = 0, we can obtain the following result:

1-5

G(Q*=0)= CNM

(16)

under the previous choice of £, this is positive for both
ground and excited states. Note that G,,(0)/G,(0) € (0.53,
0.57). One can apply the techniques from Ref. [30] to
analyze the large Q? behavior of the form factor, and we
find

2
lim Q* Gifz ) _ 2/dx@

02500 3x

M
= 1N [A+p)r* =33 +4p)] . (17)

This behavior corresponds to the Brodsky-Lepage limit,

which we find applies not only to the ground state but
also to the first excited state [31]. Furthermore, the limit
is positive for the ground state but negative for the first
excited state. The ratio of the limits between the excited
and ground states lies within the range (-0.15,-0.22). As
0? increases, we conclude that while the form factor of
the ground state remains positive, the form factor of the
excited state, like the BS amplitude and DA, exhibits a
node. It is important to note that this discussion pertains
to the case of a single virtual photon, which differs from
the two-virtual-photon case considered in Ref. [32].

IV. DISTRIBUTION FUNCTION AND CHARGE
DENSITY

We carry out the relevant calculations based on the
definition of DF provided in Ref. [20] for the case of mo-
mentum-dependent amplitudes. The advantage is that, at
the hadronic scale, it can be ensured that quarks carry all
the hadron momentum. Using the same techniques as in
the previous section for calculating the DA, although
somewhat more complex, the form of DF can be ob-
tained analytically as follows.

A
u(x) = trep / 8(n-q—xn-Pn-9, [T,(q—P/2;=P)S(q)] Tps(qg—P/2;P)S (g~ P)

dq
_301+p) [ 57 ) 327 + 8308 + 53982
= PN {_7(15+ 198) + {571 (33+41B) + 45 } x(1—x)
) 329+7708+44382] , ,
—{207r (6+78)+3 3 }x(l—x)

—15[15+198-2(33+41B)x(1 - x) + 8(6 + 7B)x*(1 — x)’| InxIn(1 - x)

516+78(158+834) ,

128 +35(90 + 475)

2x=35x| xInx

—2[30(15+19B)—15(117+145,8)x+5 o

1+8

+30 [9+138+6(1 +B)x] x*(Inx)* +302x — 1) [15+ 19849+ 118)x(1 = x) + 6(1 +B)x*(1 = x)*] Lir(x) + (x = 1 =)},

where Liy(x) is the second-order polylogarithm. When
B=-1, the above expression matches the formula given
in Ref. [20]. Similarly, we have depicted the image of DF
as shown in Fig. 2.

Figure 2 illustrates several valuable properties of the
Ist excited state DF. Firstly, similar to DA, DF is clearly
symmetrical, both in terms of images and expressions, in-
dicating that the quarks carry all of the momentum of the
hadron. Compared to the ground state, the DF of the ex-
cited state is narrower and thinner, with a probability con-
centration towards 1/2. In the valence region, i.e., when x

(18)

approaches 1, the excited state exhibits fluctuations of
concavity and convexity. Compared to DA, the excited
state DF is very insensitive to changes in . Moreover,
the excited state DF does not exhibit large-range oscilla-
tions like DA and disrupts the empirical rule that
DF~DA?, which works well for the ground state at the
hadronic scale. These two points have not been observed
in previous studies.

In order to obtain a more intuitive depiction of the in-
ternal structure of the hadrons, let us now consider the
charge density, p(b,), which can be obtained by perform-
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251" _— be (0.5,0.54)‘ ]
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X
Fig. 2.  (color online) The distribution function (DF) for the
ground state and the first excited state of the pion is shown
above. The DFs depicted in the upper panel are indistinguish-
able in the chosen range of /5.

ing the 2-dimensional Fourier transform of the electro-
magnetic form factor F(Q?) [33].

a0
(2m)?

“d
_ / % ononorn, (19)
0 JT

pby) = F(QYe 0"

where J; is the zeroth-order cylindrical Bessel function.
For the electromagnetic form factor F(Q?), we use a tri-
angle diagram to calculate it (the bare vertex ansatz is ad-
opted for quark-photon coupling again), which is defined
as follows:

K.F(Q*) = trcu/ {iC,s(q+ps/2:=pp)S(q+py)
dq

Xiy,S (q+ pilps(q+pi/2:p)S (@)} . (20)

with p?, = (K¥Q/2)* =0 for the incoming and outgoing
meson momentum, respectively. The computed charge
densities Z(b,) = 2nb, p(b,) are shown in Fig. 3.

Figure 3 illustrates some valuable properties of the 1st
excited state charge density. Firstly, the excited state

—_ be (0.5,0.54)‘—

010 O‘.2 014 016 018 110
b, /fm

Fig. 3. (color online) The charge density for the ground state

and st excited state of the pion. Similar to DF, the charge

densities are indistinguishable in the chosen range of /.

charge density is very insensitive to changes in f, which
is similar to DF. Compared with the ground state, the
charge density distribution of the excited state is much
broader, i.e., the excited state occupies a larger volume.
This is in line with physical intuition; that is, the binding
of excited states is weaker, and its structure is no longer
tight. Quantitatively, the charge radius, which is defin-
ited as v—6F"(0), changed from 0.736 fm for the ground
state to 1.106—1.112 fm for the excited state, with a
growth rate of 50.2%—51%.

V. CONCLUSION AND OUTLOOK

In this work, we have explored the internal structure
of the first radial excitation of the pion, a pseudoscalar
meson, using an algebraic model. Our study focused on
the distribution amplitude (DA), distribution function
(DF), charge density, and transition form factor of the ex-
cited state, highlighting the differences between these
properties and those of the pion ground state. By employ-
ing a simplified model based on the continuum Schwing-
er methods and Nakanishi representation, we have gained
initial insights into the nature of the pion's excited states.

The results reveal distinct features of the excited state,
such as a node in the leading Chebyshev moment of the
amplitude, which significantly alters the DA. A comparis-
on between the DA of the ground state and the first ex-
cited state indicates that the excited state exhibits a broad-
er DA with a more complex structure in momentum
space. Furthermore, while the transition form factor was
not fully captured due to the simplifications in the model,
its asymptotic behavior was shown to be consistent with
the Brodsky-Lepage limit, mirroring the behavior of the
ground state. This suggests that similar dynamics govern
the high-energy limit of both states, though the negative
limit observed warrants further investigation within a
more detailed framework.

The excited state’s DF, presented here for the first
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time, is narrower than the ground state DF, with a peak
around x = 1/2 and exhibits concave and convex fluctu-
ations in the valence region. Unlike the DA, the DF of the
excited state shows reduced sensitivity to changes in the
parameter f and does not follow the DF~DA? rule ob-
served for the ground state at hadronic scale. These novel
findings provide fresh insights into the structure of ex-
cited hadrons and add a new dimension to our under-
standing of their partonic distributions.

Although this preliminary study has shed light on the
general features of excited-state mesons, several avenues
for future research remain. First, the algebraic model
presented here can be further refined by incorporating
more complex quark-gluon interactions and utilizing ad-
vanced approaches such as lattice QCD simulations or

Bethe-Salpeter equation calculations. These methods
could offer a more precise and comprehensive under-
standing of the pion's excited states. Additionally, study-
ing higher radial excitations, including their impact on
processes like light-by-light scattering, offers intriguing
possibilities for future theoretical and experimental in-
vestigations.

In conclusion, this work provides a foundation for fu-
ture studies of excited pseudoscalar mesons, offering new
insights into their internal structure and presenting a use-
ful framework for understanding hadronic excitations in
terms of their partonic distribution functions and form
factors. Further theoretical advancements and experi-
mental validation will be crucial to deepening our under-
standing of these fascinating aspects of hadronic physics.
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