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Abstract: This study investigates a black hole surrounded by a cloud of strings and a cosmological dark fluid char-
acterized by a modified Chaplygin-like equation of state (MCDF), p = Ap — B/p®. We analyze its geodesic structure,
shadow, and optical appearance. An analysis of the effective potential and epicyclic frequencies reveals that the ex-
istence of innermost/outermost stable circular orbits (ISCOs/OSCOs) for timelike particles is controlled by the para-
meters of the MCDF and the cloud of strings. The behavior of orbital conserved quantities and the Keplerian fre-
quency are also examined. By equating the influence of the MCDF on the spacetime metric at spatial infinity with
that of a cosmological constant, we constrain the MCDF parameters using the observed shadow radii of Sgr A* and
M87*. We investigate the effects of the cloud of strings and MCDF on the shadows and optical images of the black
hole, assuming various thin disk accretion profiles. Using the method developed by Wald and collaborators, light tra-
jectories are classified by their impact parameters into direct emission, the lensing ring, and the photon ring. The
presence of OSCOs can lead to the existence of outer edges in the direct emission and lensing ring images. The ob-
served brightness primarily originates from direct emission, with a minor contribution from the lensing ring, where-
as the contribution of the photon ring is negligible owing to extreme demagnification. The influence of the cloud of
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strings and MCDF parameters on all results is analyzed throughout the study.
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I. INTRODUCTION

The Event Horizon Telescope (EHT) collaboration
has significantly advanced our understanding of super-
massive black holes by releasing groundbreaking very
long baseline interferometry (VLBI) observations of the
black hole at the center of the Messier 87 galaxy, known
as M87* [1-7], as well as that at the center of the Milky
Way, referred to as Sgr A* [8]. These observations, ach-
ieving angular resolutions comparable to the event hori-
zon scale, have revealed a central dark region — com-
monly referred to as the black hole shadow — surroun-
ded by a bright photon ring [9]. The theoretical study of
light deflection in strong gravitational fields traces back
to Synge’s seminal work [10]. This study was later exten-
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ded by Bardeen, who calculated the shadow radius of a
static Schwarzschild black hole to be ry, =3M and fur-
ther demonstrated that rotation deforms the shadow from
a perfect circle [11]. It is now widely accepted that astro-
physical black holes are not isolated but instead embed-
ded within luminous accretion flows, which strongly in-
fluence the observed image. The first theoretical image of
a geometrically thin accretion disk around a Schwarz-
schild black hole was proposed by Luminet in 1979 [12],
followed by studies of spherical accretion confirming the
robustness of the shadow structure [13]. More recently,
Perlick, Tsupko, and collaborators have analytically in-
vestigated the shadow of a Schwarzschild black hole in
an expanding universe driven by a positive cosmological
constant [14]. These developments have spurred a surge
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of interest in exploring black hole shadows in various
gravitational and cosmological settings [15—73].
Astronomical observations have confirmed that the
universe is currently undergoing an accelerated expan-
sion, a phenomenon widely attributed to an unknown
component termed dark energy, which is characterized by
negative pressure and positive energy density [74—78]. A
plausible explanation for this negative pressure is quint-
essence dark energy, described by the equation of state
p = wp, where the state parameter o lies in the range
—l<w<-1/3 [79-81]. A static, spherically symmetric
black hole solution incorporating quintessence matter was
first proposed by Kiselev [82], paving the way for further
investigations into the influence of quintessence dark en-
ergy on black hole shadows [83—88]. In addition, unified
models that aim to describe both dark matter and dark en-
ergy have been developed, with the Chaplygin gas and its
generalizations emerging as prominent candidates. These
models have garnered considerable interest for their abil-
ity to account for the observed accelerated expansion
[89—91], address the Hubble tension [92], and describe
the evolution of cosmological perturbations [93]. Al-
though commonly employed in cosmological modeling,

the Chaplygin gas equation of state, p=——, is not

merely phenomenological; rather, it arises naturally with-
in the framework of string theory [94—96]. Recently, ana-
lytical solutions and the corresponding thermodynamic
quantities have been derived for charged, static, spheric-
ally symmetric black holes surrounded by a Chaplygin-
like dark fluid (CDF) within Lovelock gravity [97]. This
framework has since been extended to include the modi-
fied Chaplygin gas (MCG), with an equation of state
p=Ap— b
black holes in both Einstein-Gauss-Bonnet [98] and
Lovelock [99] gravity theories. Inspired by thermody-
namic studies, Ref. [100] investigated the phase trans-
itions and critical phenomena of static, spherically sym-
metric AdS black holes surrounded by CDF in general re-
lativity, highlighting the correspondence between black
hole thermodynamics and optical features. Furthermore,
the geodesic structure, shadow, and optical appearance of
black holes immersed in CDF were systematically ex-
plored in Ref. [101]. Additional studies on black holes in
CDF or MCG backgrounds can be found in Refs.
[102—-114].

Although the term MCG was used in our previous
works [98, 99], the effect of cosmic expansion was not
considered in those studies. Therefore, to distinguish our
model from the cosmological usage of MCG, we refer to
it as modified Chaplygin-like dark fluid (MCDF) in the
present work. In this study, we investigated the geodesic
structures, shadows, and optical appearances of black
holes immersed in MCDF and a cloud of strings under

—, to examine the stability of MCG-surrounded

different accretion conditions. In particular, we focused
on both geometrically and optically thin disk accretion
models. It is anticipated that the shadow and optical ap-
pearance of black holes in an MCDF background could
offer observational constraints on the MCDF and cloud of
strings models, particularly through EHT observations. In
several accretion disk models, the innermost stable circu-
lar orbit plays a crucial role in determining observable
features, motivating a detailed study of geodesic struc-
tures around such black holes. Assuming that the MCDF
behaves similarly to a cosmological constant at spatial in-
finity and that a static observer is located at the Earth's
position observing Sgr A* and M87*, we utilize observa-
tional data on shadow radii to constrain the parameters of
both the MCDF and the cloud of strings. When analyzing
the optical appearances of black holes, we assume a stat-
ic observer situated near the pseudo-cosmological hori-
zon, enabling us to construct black hole images using the
impact parameter as the coordinate scale.

The remainder of this paper is organized as follows.
In Section II, we derive a static, spherically symmetric
black hole solution within Einstein gravity in the pres-
ence of both an MCDF and a cloud of strings. Section III
explores the properties of both timelike and null geo-
desics in the resulting spacetime. In Section 1V, we in-
vestigate the optical appearances of black holes surroun-
ded by geometrically and optically thin accretion disks,
employing three distinct emission profiles proposed by
Gralla—Lupsasca—Marrone (GLM). Finally, Section V
concludes the paper with a summary of the main results
and a discussion of their implications.

II. STATIC, SPHERICALLY-SYMMETRIC
BLACK HOLES IMMERSED IN MCDF AND
CLOUD OF STRINGS

We begin by considering a black hole spacetime in
the background of MCDF and a cloud of strings. We as-
sume the following ansatz for the metric

b

ds? = —f(r) dr + 70

dr? +r2dQ?, (1)

where f(r) is a general function of the radial coordinate 7,
and dQ? = d6? +sin*6d¢* denotes the standard line ele-
ment on the two-sphere §2.

Recent theoretical developments have favored model-
ing the universe as a collection of extended objects rather
than point-like particles, with one-dimensional strings be-
ing the most natural and widely accepted candidates. The
general spherically symmetric solution for a string cloud
was first obtained by Letelier [115]. The energy-mo-
mentum tensor of the cloud of strings in four dimensions
can be written as [115, 116]
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v a :
T/l = ﬁDlag[l,l,O,O], (2)

which leads to the following form of the lapse function:

2M
fr=1-a-==, ®

where the constant a characterizes the influence of the
cloud of strings on the spacetime geometry.

We next consider the interaction between the MCDF
and the spacetime geometry. In our given context, the
MCDF is characterized by a non-linear equation of state,

expressed as p=Ap——, where 4 and B are positive

parameters, and f lies in the interval 0 < < 1. As shown
in [99], the energy-momentum tensor for MCDF in four-
dimensional spacetime takes the following form

T/ =T =—p(r), “)

p(r) B 3B

Tg,’:T;;’:(1+3A)7 R

)

By solving Einstein's field equations, the energy dens-
ity distribution of the MCDF can be obtained as

o[ e

with w = (1+A)(1+p), and Q >0, which is a normaliza-
tion factor representing the intensity of the MCDF.
Moreover, the corresponding lapse function takes the
form

oM P B
fo=1-="-3(%

3 (1) 7T, ™

with (r) given by the Gauss hypergeometric function

et L @),

In this study, we assume that the MCDF leads to the
emergence of a de Sitter spacetime, and therefore, the
cosmological constant is not introduced in Eq. (7).

As there is no coupling between the cloud of strings
and the MCDF, their energy-momentum tensors can be
linearly superposed in the Einstein field equations. This
additivity enables us to construct the lapse function ac-
cordingly. Based on Egs. (3) and (7), the lapse function in
the presence of both the cloud of strings and MCDF is

F(r) = Fl(

given by

XM P ([ B \™
f(r)zl—a—T—g(m> F (). )

The black holes considered in this study are the ones
represented by Eq. (9). We performed a dimensional ana-
lysis of the parameters involved, adopting geometrized
units where the gravitational constant G and the speed of
light ¢ are set to unity (G = ¢ = 1). In the equation of state
(EoS) of the MCDF, p = Ap— B/c”, consistency requires
the parameters 4 and S to be dimensionless, whereas
[B] = L2 For the spacetime metric function in Eq.
(9), the black hole mass M has the dimension [M] =L,
and the cloud of strings parameter @ is dimensionless.
Furthermore, the mathematical consistency of the solu-
tion imposes a constraint on the dark fluid parameter Q,
requiring its dimension to be [Q] = L3>*2/*4 which expli-
citly depends on the dimensionless EoS parameter 4.

We now analyze the asymptotic behavior of the en-
ergy density p(r) basel:ud on Eq. (6). In the small » regime

(i.e., r—0), as 3

B and obtain
S Q)‘Tﬂ
P~ {1+A <r3

1
- (1Q+MA) e, (10)

— 00 we can neglect the constant

Therefore, in the small-r region, the MCDF behaves
like a fluid with energy density scaling as +—31+4), In the

large r regime (i.e., r — ), =) 0, and the energy

density tends to

pma(ﬁzy% (1)

This indicates that the MCDF acts as a positive cos-
mological constant at large scales. This behavior is also
confirmed by examining the asymptotic form of the lapse
function f(r) in Eq. (9). As r — oo, the function tends to

P ( B \™
f(r)el—a—g(m> , (12)

which reveals that the spacetime described by f(r) is
asymptotically de Sitter, featuring both an event horizon
r, and a pseudo-cosmological horizon r..

The effects of the parameters 4, B, f, O, and a on the
lapse function f(r) are illustrated in Fig. 1. The follow-
ing observations can be made. The parameter Q predom-
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Fig. 1. Lapse function f(r)with varying 4, B, 8, O, and a.

inantly affects the existence and position of the event ho-
rizon r;,, whereas the parameter B governs the asymptot-
ic behavior of f(r) and thus controls the emergence and
location of the pseudo-cosmological horizon r.. The para-
meters A and f play a crucial role in modulating the
strength and shape of the MCDF-induced deformation of
spacetime geometry, thereby indirectly influencing both
horizons. In particular, larger values of f lead to more
pronounced oscillatory features in f(r), whereas increas-
ing A generally shifts the entire profile upward, delaying
the occurrence of the event horizon. Moreover, the cloud
of strings parameter a, representing an additional devi-
ation from Schwarzschild geometry, uniformly lowers the
f(r) curve and reduces the range of the domain of outer
communication, defined as the region between r, and r,,
where two observers can communicate without being
causally disconnected by a horizon [117, 118].

III. GEODESIC STRUCTURE IN THE PRESENCE
OF MCDF AND CLOUD OF STRINGS

In this section, we examine the existence and stabil-
ity of circular orbits—both timelike and lightlike—in the
black hole spacetime in the presence of the MCDF and
cloud of strings under Einstein gravity. The dynamics are
governed by the Euler—Lagrange equation
d (oL oL
ds (axﬂ> C o (13)

where s denotes the affine parameter, and the overdot

represents differentiation with respect to s. The Lagrangi-
an is given by

L
-EZ Egﬂvx”x

-2
3 (0P o). s

Assuming motion confined to the equatorial plane, we
impose 6 = /2 and 6 = 0. Owing to the time-translation-
al and axial symmetries of the spacetime, the correspond-
ing conserved quantities are

oL, _oL

EZ—i,, = —.
ot 0p

(15)

By combining Egs. (9), (13), and (14), we derive the
following equations of motion:

= —, 16
=70 (19
. L
== (17)
r
2
P+ (5+ %) frn=E, (18)

where
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1, for timelike geodesics;

6= (19)
0, for lightlike geodesics.
The radial equation (18) can be reformulated as
i+ Vegr(r) = E%, (20)
with the effective potential defined by
L2
Vet = (545 ) 100 e

A. Structure of timelike geodesics

Examining the motion of timelike particles is crucial,
as it may significantly impact the profiles of accreting
matter. According to Eq. (21), for timelike particles with
¢ = 1, the effective potential is written as

2

V) = (145 ) 100 (2)

The effective potential depends on the mass M, angu-
lar momentum L, and MCDF and cloud of strings para-
meters. By studying the effective potential profiles for
different parameter values, one finds that, from the per-
spective of timelike orbits, black holes can be divided in-
to two categories: those that allow for stable circular or-
bits (SCOs) and those that do not. We illustrate this clas-
sification through representative examples. The effective
potential curves with various values of L? for black holes
without (left panel) and with (right panel) SCOs are

(M=1.0, Q=1.0, A=0.3, B=10"°, =0.8, 4=0.2)

i 08 A 12=0
0.8 WF 06ff | = 2
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2
5 12-20
>

0.6 12=25

0.5

Vet

shown in Fig. 2. For the case without SCOs, the effective
potential curves corresponding to different values of L?
each exhibit only a single maximum. This implies that
particles in this case can have only one unstable circular
orbit (when E? equals the peak of the potential curve). In
contrast, the case with SCOs presents a more complex
structure, and the classification of angular momentum
values can be summarized as follows:

1. When 0 < L* < L, the potential exhibits only one
maximum, corresponding to a single unstable circular or-
bit (e.g., point I).

2. When L? = Lk, the particle can occupy both an un-
stable circular orbit (e.g., point J) and the innermost SCO
(ISCO) (e.g., point K).

3. When L} < L* < L}, the potential shows two max-
ima and one minimum, indicating one stable circular or-
bit (e.g., point M) and two unstable circular orbits (e.g.,
points N and L).

4. When L? = L, the particle possesses an unstable
circular orbit (e.g., point O) and the outermost SCO
(OSCO) (e.g., point P).

5. When L* > L}, the potential once again features
only one maximum, indicating a single unstable orbit

(e.g., point Q).

For the black holes considered in this study, the exist-
ence of SCOs is primarily influenced by the parameters
B, B, and a, whereas Q and 4 are more crucial for determ-
ining the presence of the event horizon and thus the exist-
ence of the black hole solution. Figure 3 illustrates the de-

(M=1.0, Q=1.0, A=0.3, B=10"°, 8=0.3, 4=0.2)
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(color online) Profile of the effective potential curves of timelike particles for black holes without (left) and with (right) SCOs.

With varying L2, the dot-dashed and solid black curves represent the unstable and stable circular orbit points, respectively. The cyan
dashed curves correspond to L? =0, which are unrealistic. The radial coordinates of points K, 4, J, P, and R are rg =7.573887,
ra = 12.766328, ry =22.879906, rp = 17.081879 and rr = 29.532725, respectively.
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(color online) Parameter space of black holes without (red region) and with (blue region) SCOs. The gray region represents

the parameter space where no black hole solution exists. Here, we set M = 1.

pendence of the existence of a black hole solution and an
SCO on different MCDF and cloud of strings parameters
for selected fixed values.

The requirement V.g(r) = V/z(r) = 0 for circular orbits
yields

2 ”3f/(”)

2 2f(r )2 _
C2f)=rf(n)

% 20 -1 =
We show the radial profiles of E2, and L2, of the circu-
lar orbits with varying MCDF and cloud of strings para-
meters in Figs. 4 and 5, respectively. To summarize the
effects, we observe that increasing the parameters B, £,
and Q leads to a decrease in both EZ, and L%, indicat-
ing a weakening of the gravitational potential and a re-
duction in the required energy and angular momentum for
circular motion. The parameter 4 demonstrates an oppos-

ite influence, leading to an increase in both the energy
and angular momentum of the circular orbits. In contrast,
the string cloud parameter a shows a distinct behavior: in-
creasing a decreases E%, while increasing L2, . This sug-
gests that, although circular orbits become energetically
more favorable in the presence of a stronger string cloud
background, they require higher angular momentum to
remain stable. When the circular orbit radius approaches
the photon sphere radius ry,, as defined later in Eq. (33),
both E%, and L%, tend to infinity. Therefore, r,, can be
considered as the minimum cutoff radius for timelike cir-
cular orbits. As the circular orbit radius increases continu-
ously, L, approaches 0, indicating the maximum cutoff
radius for circular orbits. The SCOs satisfy the equations
Vig(r)=0 and V/;(r) =0. Formally, the radii of SCOs
yield
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Fig. 4. (color online) Radial profiles of EZ, with varying 4, B, 8, O, and a. The dot-dashed and solid segments of the curve depict the
positions of unstable and stable circular orbits, respectively.
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positions of unstable and stable circular orbits, respectively.

3f(rsco)f (rsco)

r'sco =

It can be observed from Figs. 4 and 5 that rgco is @ mono-
tonic function of EZ, as well as L% ; thus, the minimum
and maximum values of E%, (and LZ) for SCOs corres-
pond to the ISCO and OSCO, respectively. If Eq. (24) has
no solution, it indicates the absence of SCO. Based on the
data in Table 1, we briefly summarize the effects of the

_f(rsco)f"("sco) —-2f"(rsco)?’

24

r

(color online) Radial profiles of L%, with varying 4, B, #, O, and a. The dot-dashed and solid segments of the curve depict the

MCDF and cloud of strings parameters on the SCO

boundaries. Increasing the parameter O decreases the
ISCO radius while increasing the OSCO radius, thereby
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expanding the radial span of stable orbits. Conversely, in-
creasing parameters B, 5, or a leads to an increase in risco
and a decrease in rosco, consequently shrinking the re-
gion of SCOs. Notably, the parameter 4 exhibits a more
complex, non-monotonic influence on both rsco and
rosco Within the parameter range examined.
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Table 1.
pseudo-cosmological horizon r., and ray classification parameters b,

m

Radii of the ISCO and OSCO, radiusr,, and impact parameter by, of the photon sphere, radii of the event horizon r, and
with varying Q, 4, B, 5, and a for M = 1.0

Fixed Variable Th re r1sCo r0SCo Tph bph by by b3 by by
0=1.05 A=0.1 226732  90.07571 8.69919 11.76843 3.75397 8.33683 3.45915 7.35818 12.36752 8.20790 8.61584
B=10"° A=0.15 2.54482  91.54112 936178 11.67575 3.99203 8.59743 3.85441 7.82149 1248722 8.51560 8.82638
B=04

a=03 A=10 2.85834 111.87080 9.23875 14.33245 4.28558 8.89129 4.27697 8.29310 12.74755 8.84333 9.06851
0=2.0 B=10"*% 2.06708 78.93323  8.14395 10.07712 3.41944 697848 3.12700 6.35341 9.23575 691452 7.11420
A=03 B=05%x10"% 2.03214 105.79988 7.40045 13.53791 3.39488 6.94228 3.06052 6.28799 9.36265 6.87328 7.08580
=02

a=02 B=10"° 1.83055 545.23543 6.83086 44.26347 3.29520 6.81586 2.74856 598564 9.74406 6.71442 6.98476
0=1.0 £=03 1.74743  139.96221 6.33758 16.68805 3.01939 6.13287 2.62472 5.49560 8.22275 6.06048 6.26408
A=0.15 B=04 1.88695 101.28807 6.73993 12.94359 3.12036 6.25400 2.82861 5.71129 8.19369 6.19947 6.37058
B=107

a=015 B£=05 1.97661 76.45065 7.52082 9.81981 3.20106 6.35455 296907 5.86329 8.14638 6.30907 6.45946
A=04 0=0.1 2.50106  81.44970 8.84294 10.07227 3.74908 7.28353 3.72032 6.90541 9.33042 7.25871 7.37223
B=10"" 0=2.0 231756  81.44970 8.49246 10.26470 3.60602 7.15721 3.47076 6.68531 9.30284 7.11930 7.26596
=02

a=02 0=3.0 1.91828  81.44970 8.18079 10.40254 3.43682 7.01502 2.92762 6.24640 9.27527 6.92923 7.15244
0=10 a=0.0 1.99475 279.10105 6.02473 26.02853 2.99764 5.19572 2.85662 5.01576 6.11544 5.18737 5.22656
A=10 a=0.1 2.21906 264.61416 6.70534 25.89194 3.33196 6.08644 3.21079 5.82398 7.55001 6.07201 6.14030
B=107

B=02 a=02 2.49834 249.27535 7.56325 25.70801 3.74927 7.26384 3.65443 6.86943 9.73024 7.23779 7.36221

The angular velocity of a particle orbiting a black
hole measured by an observer located at infinity, known
as the Keplerian frequency, is defined by

)

Q
K f 2r

(25)

_d
T dr

The radial dependence of the Keplerian frequencies for
test particles around a black hole is shown in Fig. 6. From
Fig. 6, one can observe that Qg (r) is a monotonically de-
creasing function of 7. One can observe the figures to un-
derstand the influence of each parameter on Q. Note that
parameters B and S have opposite effects on Qg near the
minimum cutoff end and near the maximum cutoff end of
the circular orbits. However, the parameter a does not af-
fect the Keplerian frequency of circular orbits, which is
understandable considering the definition of Qg in Eq.
(25) and the lapse function in Eq. (9).

The orbit properties of timelike particles can also be
studied by examining the oscillatory motions and epicyc-
lic frequencies. To determine the radial locations where
circular equatorial motion is either stable or unstable in
the radial or vertical directions, one can calculate the ra-
dial and vertical epicyclic frequencies Q, and €, as fol-
lows. According to Eqgs. (16) and (18), the radial and ver-
tical motions around a circular equatorial orbit are gov-
erned by the equations

1 dr)2 lf(r)3{ B D } o
Lidry 1 R SR G R
2 (dt 7 E2 f(V)+rzsin29 Vs (26)
! d9)2 1f(r)2{ E? L’ } ®
ey 1 L S )
2 <dt 2 r2E? f(r)+r2sin29 Ver:  (@7)

where the factor sin*6 is recovered to study the orbital
perturbations. We then introduce small perturbations &
and 60 and take the coordinate time derivative of Egs.
(26) and (27), which yields

d(or) @V

d2(60) vy
T. =
dr? darr

dr? do?

86, (28)

The radial and vertical epicyclic frequencies can be de-
rived as

QZ — sze(g)

g dr?

QZ — széff)
7 de?

(29)

By combining Egs. (23), (26), and (27), one can obtain
the explicit expressions for epicyclic frequencies

[
2r

'

QP =—f(r’+ .
,==f(r o

Q=

[Bf ) +rf (], (30)

Figure 7 illustrates the radial profiles of the radial epicyc-
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Fig. 6. (color online) Radial dependence of the Keplerian frequencies of test particles around a black hole for different values of 4, B,

f, O, and a. The dot-dashed and solid segments of the curve depict the positions of unstable and stable circular orbits, respectively.

(M=1.0, Q=1.0, A=0.3, B=10"°, 4=0.2)
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Fig. 7.

(M=1.0, Q=1.0, A=0.3, B=107%, ¢=0.2)
0.0020 T T r

| Oez(r) for 8=0.8
B 2(r) for p=0.3

0.0015
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0.0005

0.0000 -+

-0.0005

-0.0010 * ’
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r

(color online) Radial (left) and vertical (right) epicyclic frequencies for black holes with (3 = 0.3) and without (8= 0.8) SCOs.

The radial coordinates of points G, H, U, and V are rg = 7.573887, rg = 17.081879, ry = 12.766328, and ry = 29.532725.

lic frequency Q2(r) (left panel) and the vertical epicyclic
frequency Q2(r) (right panel) for test particles orbiting a
black hole without SCOs and a black hole with SCOs.
For the black hole without SCOs, Q(r) remains negative
across all radii, indicating the absence of SCOs—consist-
ent with the conclusion drawn from the left panel of Fig.
2. The vertical epicyclic frequency Q2(r) drops to zero at
ry, which coincides with the radius r, in the left panel of
Fig. 2, where the angular momentum L vanishes. In con-
trast, for the black hole with SCOs, Q*(r) becomes posit-
ive in the range rg < r < ry, suggesting the radial stability
of equatorial circular orbits within this interval. The right
panel further shows that these orbits are vertically stable,
as Q7(r) remains positive over the same range, becoming
zero only at ry > ryg. This ry corresponds to the radius rg

in the right panel of Fig. 2, where the angular momentum
L also vanishes. Notably, rg = r¢ and ry = rp, identifying
points G and H as the ISCO and OSCO, respectively.

B. Structure of lightlike geodesics

According to Eq. (21), for lightlike particles, § =0,
the effective potential is written as

L2
Ver(r) = ﬁf(’”)- (31

At the photon sphere, the motion of the light ray satisfies
=0 and # =0, implying

Ver(r) = Exy, Veg(r) =0, (32)
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where the prime ’ denotes the derivative with respect to
the radial coordinate r. Considering Eq. (22), the radial
coordinate of the photon sphere is determined by

1
f(rph) - Erphf'(rph) = 0 (33)

Based on Eqs. (33) and (23), we can obtain the radius ry,
and impact parameter by, = |L,u|/E,n of the photon sphere
for different values of model parameters. Generally, ob-
taining analytic results for the radius and impact paramet-
er is challenging; hence, we utilize numerical methods for
their determination. The numerical results of radii and
impact parameters of the photon sphere, as well as the
event horizons and pseudo-cosmological horizons, are lis-
ted in Table 1. From Table 1, it can be observed that, as
the parameter A4 increases, all of ry, r., rpn, and by, in-
crease, with a particularly notable expansion in the outer
communication region, defined as the radial distance
between the pseudo-cosmological horizon and the event
horizon. In contrast, increasing the values of B, f, or a
leads to an increase in ry, 7, and by, whereas r. de-
creases. Consequently, the outer communication region
becomes narrower with increasing B, £, or a. In contrast,
as the charge parameter Q increases, ry, rpn, and by, all
decrease, whereas r. exhibits a slight increase. Con-
sequently, the radial extent of the outer communication
region is mildly broadened with increasing Q.

The motion of the particle, governed by Eq. (20), de-
pends on the impact parameter and effective potential. As
shown in Fig. 8, the effective potential vanishes at the
event horizon, increases to a maximum at the photon
sphere r,,, and then decreases toward the pseudo-cosmo-
logical horizon. For lightlike geodesics, the potential fea-
tures a single peak corresponding to an unstable circular
orbit. Photon trajectories are classified into three regions

(M=1.0, 0=1.0, 4=0.3, B=10"5, =0.8, a=0.2)

depending on the impact parameter b:
e Region 1 (b > b, ): photons originating from r > ry,
are reflected outward by the potential barrier, whereas

those from r < r,;, fall into the singularity.

® Region 2 (b = b,,): photons asymptotically orbit the
black hole at ry,.

e Region 3 (b < by, ): photons plunge directly into the
black hole without encountering a turning point.

The path of the light ray can be illustrated based on
the equation of motion. Combining Eqs. (17) and (18),

we obtain
/1 1
= irz 7b2 - ﬁf(r)

To facilitate integration, we introduce the variable u =
1/r. Thus, Eq. (34) transforms into

dr

b (34)

;L(’; -3 blZ—uf(l) = (), (35)
with
r(2)=1maamu- (lfA)ﬂsf(i) (36)

The geometry of the geodesics is determined by the
roots of the equation ®(u) =0. Specifically, for b > by,
light is deflected at the radial position u; that satisfies
®(u;) = 0. Therefore, determining the radial position u;
is crucial for determining the trajectory of the light ray.

(M=1.0, 0=1.0, 4=0.3, B=1075, $=0.3, a=0.2)

0.025F

0.020F Region 3 : b<7.33892

Region 2 : h=7.33892

Region 1 : >7.33892
0.015F
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0.010F

0.005

r=3.72447
0.000 £ .
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0.025F

Region 3 : b<7.17043
0.020

Region 2 : h=7.17043
Region 1 : b>7.17043

0.015F

0.010F

0.005

r=3.64368
0.000 £ .

10 20 30 40
r

Fig. 8.

0 20 40 60 80 100

r

120 140

(color online) Profile of the effective potential (blue lines) for black holes without (left) and with (right) SCOs. The dashed

lines indicate the radii of the photon sphere ryn. Region 2 (pink lines) corresponds to Veg(r) = Egh (b =bpy), whereas Regions 1 and 3

correspond to Veg(r) < Egh (b > bph) and Veg(r) > Egh (b < bpn), respectively.
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Additionally, the location of the observer is significant.
While observers are typically situated at an infinite bo-
undary for asymptotically flat spacetime, in our black
hole model, the pseudo-cosmological horizon is present.
Physically, the observer should be positioned within the
domain of outer communication, which lies between the
event horizon and the pseudo-cosmological horizon, sim-
ilar to de Sitter spacetime. Here, to study the trajectory of
the light ray, we place the observer near the pseudo-cos-
mological horizon.

Utilizing Eq. (35), we determine the trajectories of
light rays, as depicted in Fig. 9. All light rays approach
the black hole from the right. For impact parameters
b < by, the light rays (blue, dashed lines) are entirely
captured by the black hole. When b > b,;,, the light rays
(red, dot-dashed lines) are deflected and do not enter the
black hole; notably, some rays passing close to the black
hole can be reflected back toward the side from which
they originated. At the critical impact parameter b = by,
the light rays (black, solid lines) asymptotically orbit the
black hole, corresponding to the photon sphere. This be-
havior aligns with the analysis of the effective potential
discussed earlier. The deflection of light rays contributes
to the formation of the black hole shadow. As the ob-
served light originates from accreting matter, the profiles
of the accretion matter play a crucial role in determining
the characteristics of black hole shadows, which is dis-
cussed in Section I'V.

C. Shadow and observation constraints

For a black hole spacetime with a (pseudo-)cosmolo-
gical horizon, such as a Kottler black hole (also known as
a Schwarzshild de Sitter black hole), quintessence-black
hole, or CDF-black hole [101], the size of the black hole
shadow can explicitly depend on the radial coordinate of
the observer and on whether the observer is static or co-
moving. For a static observer located at a distance ro, the
angular size of the black hole shadow ay, is given by (see
[119])

2
.o I f(ro)
sin“ag, = Fom 7 37

The observed size of a black hole shadow is dependent on
the location of the observer. Therefore, specifying the
size of a black hole shadow within a metric that includes
a pseudo-cosmological horizon is conditional.

In the physically relevant small-angle approximation,
the shadow size is given by (see [119] for more detailed
discussions)

Sf(ro)
f(rph) ’

(38)

I'sh = Fph

~10 L L "
-10 -5 0 5 10

Fig. 9.
black hole for varying impact parameters: b<bp, (blue,
dashed), b=by, (black, solid), and b > by, (red, dot-dashed).
The black hole parameters are set to A=1.0, B=107, 3=0.2,
Q0=10,and a=0.1.

(color online) Trajectories of light rays around the

Note that the radius of the black hole shadow is af-
fected by the MCDF and cloud of strings parameters. The
explicit dependence of the shadow size on the position of
the observer is evident in Eq. (38). We assume that the
MCDEF is responsible for the accelerated expansion of the
universe. Considering the asymptotic behavior of f(r) at
spatial infinity as shown in Eq. (12), we identify (ﬁ) 7
with the cosmological constant A. This serves as a pre-
requisite for constraining the model parameters using as-
tronomical observations. That is,

B \T7
(m> =A, with A=147x10"2m™>2  (39)

In terms of observation, the black hole shadow radius ry,
can be measured with the EHT data. The bounds for the
black hole shadow radius in M units can be deduced as

SgrA120 4.55 < rg. /M < 5.22(10), “0)
Keck+ VLTI | 421 Sra/M £5.56(20),

475 S re /M < 6.25(10),
MS87*[121, 122] (41)

4 < rsh/M.

For different values of the parameter a, we fix two para-
meters at a time and compute the influence of the vary-
ing parameters B, 5, and O on the shadow radius ry, ac-
cording to Eq. (38). The results are shown in Figs. 10 and
11, together with the observational constraints on the
black hole shadow radius from Sgr A* and M87*. Note

105104-11



Xiang-Qian Li, Yoonbai Kim, Bum-Hoon Lee et al.

Chin. Phys. C 49, 105104 (2025)

- 1077 _
(Q=1.0, B=0.5) (Q=1.0, 8=10"") (8210777, p=0.5)
8 T T T 8 T y i 8 T T T
a=0.00 a=0.04 a=0.00 a=0.04 a=0.00 a=0.04
7F L
"F'— 4=0.08 — a=0.12 — a=0.08 — a=0.12 7 — 4=008 — a=0.12
6F 6F f oE
&5 E- A &5 E ----- Kottler BH with A i &S E ----- Kottler BH with A j
4 4F 4F
3§71 sgr A% (10, Keck+VLTI) ] 31 sgr A% (10, Keck+VLTI) 31 sgr A%(10, Keck+VLTI)
Sgr A%(20, Keck+VLTI) Sgr A%(20, Keck+VLTI) Sgr A*(20, Keck+VLTI)
L 1 1 1 1 1
2 . 2

-77.65 -77.60 -77.55 -77.50

0.490
Logjo8

Fig. 10.

L
0.495

.
0.500 0 5 10 15 20
B Q

(color online) Shadow radius in M units as a function of Log,,B (left), # (middle), and Q (right). The dark-green and light-

green shaded regions represent the regions of 1o and 20 confidence intervals, respectively, with respect to the Sgr A* observations.
Here, we set ro ~ 26996 ly = 2.55x 102’m. The left endpoints of the plots in the left and middle panels, as well as the right endpoints in
the right panel, indicate the presence of extremal black hole solutions, where the event horizon coincides with the inner horizon.
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Fig. 11.  (color online) Shadow radius in M units as a function of Log,,B (left), f (middle), and Q (right). The dark-green and light-

green shaded regions represent the regions of 1o and 2o confidence intervals, respectively, with respect to the M87* observations.

Here, we set ro ~ 16.4 Mpc = 5.06 x 1023m. The left endpoints of the plots in the left and middle panels, as well as the right endpoints in
the right panel, indicate the presence of extremal black hole solutions, where the event horizon coincides with the inner horizon.

that the parameter 4 is not explicitly shown in the figures,
as it is treated as a derived quantity from B and S using
Eq. (39). To comprehensively consider the impact of the
MCDF and cloud of strings, we also consider the Kottler
black hole in the figures, which has the following metric
lapse function:

2M A
fKonler(r): 1- _7"2'
r 3

(42)
In the left panels of Fig. 10 and Fig. 11, for fixed values
of p and Q, the shadow radius increases monotonically
with log,, B. This trend becomes more evident for larger
values of a. According to Eq. (39), the parameter A4 is
positively correlated with B. Therefore, one can infer that
A also enlarges the shadow size in this case.

In the middle panels, fixing B and Q, the shadow radi-
us again increases with increasing f, and the effect is
amplified by larger a. Similarly, owing to the positive
correlation between 4 and p, it follows that A contributes
to an increase in ry, as well.

In the right panels, where B and f are maintained co-
nstant, Q has a negligible influence on the shadow ra-

dius, as all curves appear nearly flat regardless of the
value of a.

These results suggest that the shadow radius is sensit-
ive to the parameters B, S, and A4, as well as the string
cloud parameter a, but largely insensitive to the electric
charge O under the considered parameter range. As sh-
own in all three panels, the curve of ry, with a=0 ap-
proaches that of the Kottler black hole with A, serving as
a limiting case of our model. Compared with the Kottler
case, the black hole with the MCDG and cloud of strings
offers more flexibility in fitting observational data, cover-
ing a broader range of shadow radii consistent with obser-
vations. Consequently, using the 1o and 20~ confidence
intervals of ry, for Sgr A* and M87*, the lower and upper
bounds on the parameter are presented in Tables 2 and 3.
Note that, when determining the lower bounds of the
parameters, we also considered the constraints imposed
by the existence of the black hole solution.

As inferred later, the position of the observer is im-
portant not only for determining the shadow radius but
also for the observation of the optical images of a black
hole. In a given black hole spacetime, when the observer
is close to the black hole, light rays with a large impact
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Table 2. Allowed parameter space of B and 4 constrained by Sgr A* and M87* data, for two values of a with fixed 0 =1.0 and
=05
(lower bound, upper bound)
Date Parameters a=0.00 a=0.08
lo 200 lo 200
Ser A Log;oB (=77.654,-) (=77.654,-) (=77.663,-77.657) (=77.663,-77.601)
ar
A (0.245,-) (0.245,-) (0.218,0.236) (0.218,0.406)
LogoB ~77.654,- ~77.654,- ~77.663,- ~77.663,-
MST* 10 ( ) ( ) ( ) ( )
A (0.245,-) (0.245,-) (0.218,-) (0.218,-)
Table 3. Allowed parameter space of § and A constrained by Sgr A* and M87* data, for two values of a with fixed 0 =1.0 and
B=10""
(lower bound, upper bound)
Date Parameters a=0.00 a=0.08
lo 20 lo 20
Sor A B (0.4874,-) (0.4874,-) (0.4872,0.4873) (0.4872,0.4884)
gr
A (0.244,-) (0.244,-) (0.218,0.236) (0.218,0.406)
0.4874,- 0.4874,- 0.4872,- 0.4872,-
- p ( ) ( ) ( ) ( )
A (0.244,-) (0.244,-) (0.218,-) (0.218,-)

parameter fail to reach the observer. To avoid such a situ-
ation, in our following study on the optical images of the
black hole, we will adopt the convention of placing the
observer at the farthest distance possible from the black
hole, specifically inside the domain of outer communica-
tion and near the pseudo-cosmological horizon.

IV. OPTICAL APPEARANCE WITH THIN DISK
ACCRETION

In this section, we consider an optically and geomet-
rically thin accretion disk viewed face-on. As discussed
in [28], a distinctive feature of such a setup is the forma-
tion of lensing and photon rings around the black hole
shadow. The lensing ring consists of light rays that inter-
sect the disk plane twice outside the horizon, whereas the
photon ring is formed by rays that intersect it three or
more times. Thus, analyzing photon trajectories in our
model is essential to differentiate between these two
structures.

A. Number of orbits of the deflected light trajectories

The trajectories of light rays are shown in the middle
column of Fig. 12. In these diagrams, the green lines rep-
resent direct emission, the red lines represent lensing
rings, and the blue lines correspond to photon rings.
These labels follow the definitions outlined in [28], where
light rays intersect the disk plane once, twice, or more
than twice, respectively.

Another approach to distinguish the trajectories of

light rays is by considering the total number of orbits, de-

noted as n = s [28]. The total number of orbits is dis-

played in the left column of Fig. 12. The green, red, and
blue lines maintain their designations for direct emission,
lensing rings, and photon rings, respectively. According
to the definitions of these light rings, it is evident that dir-
ect emissions correspond to n<3/4, lensing rings to
3/4 <n<5/4, and photon rings to n > 5/4. The paramet-
er ranges of b for direct emission, photon rings, and lens-
ing rings are provided in the last five columns of Table 1
for varying values of 4, B, f, O, and a.

B. Observed specific intensities and transfer functions

We now proceed to the analysis of the observed spe-
cific intensity arising from the accretion of a thin disk.
Following the framework of [28], we consider isotropic
emission in the rest frame of static worldlines within the
thin disk, which lies in the equatorial plane of the black
hole. A static observer is assumed to be located at the
North pole. Let I.(r) and v. denote the emitted specific
intensity and frequency, respectively, whereas Io(r) and
vo denote their observed counterparts. According to Li-
ouville’s theorem, which ensures the conservation of
I./v} along a light ray, the observed specific intensity can
be written as

Io(r) = {M} " L.(7).

4
f(ro) “3)
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10

(color online) Behavior of photons as a function of the impact parameter b in the black hole spacetime without (top row) and

with (bottom row) SCOs. Left column: The fractional number of orbits n = ¢/2r is shown, where ¢ is the total azimuthal angle accu-
mulated outside the horizon. The direct, lensing, and photon ring regions correspond to n < 3/4 (green), 3/4 <n<5/4 (red), and n>5/4
(blue), respectively. Middle column: Selected photon trajectories are displayed in polar coordinates (r,¢). The spacings in the impact
parameter are 1/10, 1/100, and 1/1000 for the direct (green), lensing (red), and photon ring (blue) bands, respectively. The black holes
are represented as solid black disks. Right column: The first three transfer functions r,,(b) are shown for a face-on thin disk. The solid,
dashed, and dot-dashed lines indicate the radial positions of the first, second, and third photon-disk intersections, respectively.

The total observed intensity is obtained by integrat-
ing the specific intensity over frequency:

Iobs(r) = /IO(r)dVO

[ s [t

where Ion(r) = [ I.(r)dv. represents the total emitted spe-
cific intensity near the disk.

When a light ray is traced backward from the observ-
er and intersects the disk, it collects radiation from the
disk at the point of intersection. For rays with 3/4 <
n<5/4, the red trajectories curve around the black hole
and strike the far side of the disk (see the red lines in the
middle column of Fig. 12), resulting in additional bright-
ness from a second encounter. For n > 5/4, the blue rays
bend around the black hole more extensively and strike

the near side of the disk again (see the blue lines in Fig.
12), gaining brightness from a third intersection. There-
fore, the total observed intensity is the sum of contribu-
tions from each disk intersection:

; (45)

r=ryu(b)

=3 { J{Z(rg} L

where r,,(b) denotes the radial coordinate of the m-th in-
tersection of the light ray with the disk plane outside the
horizon, commonly referred to as the transfer function.
For simplicity, we neglect any absorption in the thin disk,
which could otherwise reduce the observed intensity from
multiple crossings.

From Eq. (45), it is evident that the observed intens-
ity depends on the location of the observer. Specifically,
the intensity is relatively high when ro is small or close
to r. and significantly lower when the observer is located
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far from both the event horizon and the quasi-cosmolo-
gical horizon.

The transfer function characterizes the mapping be-
tween the impact parameter b and the disk coordinate 7,
and its slope dr/db acts as a demagnification factor. The
right column of Fig. 12 shows the transfer functions as
functions of b, where the solid, dashed, and dot-dashed
curves correspond to the first (m=1), second (m=2),
and third (m =3) disk crossings, respectively. The first
transfer function reflects the redshifted brightness profile
of the disk. The second transfer function is associated
with the lensing ring, including contributions from ph-
oton rings, and provides a highly demagnified image of
the far side of the disk. The third transfer function corres-
ponds to the photon ring and yields an extremely demag-
nified image of the near side of the disk, as its slope ap-
proaches infinity. Consequently, this contribution is neg-
ligible in the total observed brightness.

C. Direct image, lensing ring, and photon ring

Upon acquiring the transfer functions, we can deduce
the specific intensity based on Eq. (45), given the emit-
ted specific intensity. In this study, we parameterized the
radiation intensity profile of the accretion disk as in the
recently introduced GLM disk model [120], which has
been illustrated to be in close agreement with the obser-
vational predictions of general relativistic magnetohydro-
dynamics simulations of astrophysical accretion disks.
The radiation intensity profile of the GLM model is writ-

ten as [121]
exp {—; {7+arcsinh (rl;a)} 2}

where the shape of the radiation intensity profile I.,(r) is
characterized by three free parameters: y, a, and 5. Spe-
cifically, y controls the steepness of the intensity increase
from spatial infinity toward the peak, a sets the radial loc-
ation of the profile’s center, and S adjusts the overall
width (dilation) of the profile. By tuning these paramet-
ers, we can construct suitable radiation intensity distribu-
tions tailored to different accretion scenarios. In this
study, we focus on modeling the innermost emission re-
gions of the accretion disk, corresponding to three repres-
entative radii: the innermost stable circular orbit (rsco),
photon sphere radius (7,4 ), and outer event horizon (ry).

Lem(r,y, @, ) = (46)

e CaseI:

Parameters: vy = -2, a = risco, 8= M/4.

We assume the ring-like accretion disk extends from
the ISCO to the OSCO, with the emission profile mode-
led as a second-order power-law decay originating from
rsco, as described by Eq. (24).

e Case II:

Parameters: y = -2, a = rpn, 8= M/8.

In this case, the emission region lies well outside the
photon sphere, representing radiation from a more distant
region of the disk.

e Case III:

Parameters: y=-3, a=n,, = M/8.

Here, the emission extends down to the vicinity of the
event horizon, allowing us to explore the effects of near-
horizon radiation.

To compare the observational results arising from dif-
ferent disk accretion models and various MCDF and cl-
oud of strings parameters, we neglect the influence of the
observer's position on the observed intensity, by present-
ing plots depicting f(r0)*Iops(D)/ 1.

As mentioned earlier, depending on the model para-
meters, black holes can be categorized into two types
based on the trajectories of timelike particles: those that
possess SCOs and those that do not. Considering the th-
ree GLM accretion disk parameter cases discussed ab-
ove, all three cases can be applied to black holes with
SCOs. However, for black holes lacking SCOs, only Case
II and Case III are applicable. In the following analysis,
we numerically study the observational appearances of
the three accretion disk cases in spacetimes with SCOs
and present the results in Figs. 13, 14, 15, 16, and 17.

Figure 13 illustrates the emission profile I.,(r) (left
column), observed intensity I,s(b) (middle column), and
two-dimensional observed image (right column) of the
accretion disk for various values of the parameter 4. We
first analyze Case I shown in the first row. For a fixed
value of 4, the observed intensity profile of the black hole
consists of three distinct components arranged from left
to right: the photon ring, lensing ring, and direct image.
Both the lensing ring and direct image exhibit well-
defined inner and outer boundaries, which are visible as
concentric halos in the two-dimensional image. In con-
trast, the photon ring appears as a narrow spike in the in-
tensity profile and is not readily discernible in the two-di-
mensional image without magnification. As the paramet-
er A increases, the ISCO radius rigco first increases and
then decreases, whereas the OSCO radius rogsco exhibits
an inverse trend, first decreasing and then increasing.
This non-monotonic behavior is reflected in the left and
right boundaries of the emission profile I.,(r) and is also
evident in Figs. 4 and 5. The structure and evolution of
the observed intensities Is(b) respond sensitively to
these changes. The boundaries of the direct image com-
ponent shift in accordance with the variations in rigco and
rosco, Whereas the boundaries of the lensing ring and
photon ring move outward monotonically as A increases,
reflecting a more straightforward parameter dependence.
Note that the direct image spans the widest range in b and
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Fig. 13.  (color online) Observational appearances of a geometrically and optically thin disk with different emissivity profiles near

black hole with M =1, 0=1.05, B=10"°, =0.4 and a = 0.3, viewed from a face-on orientation. The left column shows the profiles of

various emissions ., (r). The middle column exhibits the observed intensities I,,s(b) as a function of the impact parameter 5. The red,

green, and blue curves correspond to A =0.1, A=0.15, and A = 1.0, respectively. The right column shows the two-dimensional density

plots of the observed intensities Iops(b).

contributes dominantly to the total observed intensity.
The lensing ring makes only a minimal contribution to
the overall brightness, and the contribution of the photon
ring is negligible. The two-dimensional observed image
further visualizes this structural evolution. The left half
and upper-right and lower-right quadrants of the image
correspond to A =0.1, 0.15, and 1.0, respectively, with
different ring-like features manifesting as distinct bright-
ness distributions.

We then proceed to analyze Case II, presented in the
second row of Fig. 13. For a fixed value of A4, the ob-
served intensity profile reveals a key distinction from the
Case I model in terms of spatial structure: the direct im-
age is consistently located inward of the lensing and
photon ring intensities. From the center outward, the de-
cline of the direct image intensity is followed by a nar-
row spike corresponding to the lensing ring. Notably, the
photon ring manifests as an even sharper and narrower

peak embedded within the span of the lensing ring, ren-
dering both effectively indistinguishable. It is evident that
the lensing ring contributes only marginally to the total
observed brightness, while the contribution of the photon
ring is negligible. As 4 increases, the photon sphere radi-
us r,, increases, leading to a slight rightward shift of the
I.(r) curve. Correspondingly, in the observed intensity
profiles, both the peak of the direct image and the com-
bined spike of the lensing and photon rings exhibit a
slight rightward shift, accompanied by a modest increase
in their amplitudes.

Finally, we analyze Case III with varying values of 4
as shown in the third row of Fig. 13. In this case, the lens-
ing and photon rings are again superimposed on the dir-
ect image. The direct emission begins at the event hori-
zon radius r;,, showing an initial rise followed by a gradu-
al decline. During this decline, a compound spike ap-
pears owing to the overlapping contributions from the
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Fig. 14. (color online) Observational appearances of a geometrically and optically thin disk with different emissivity profiles near a

black hole with M =1, 0=2.0, A=0.3, =0.2, and a=0.2, viewed from a face-on orientation. The left column shows the profiles of
various emissions Iy (r). The middle column shows the observed intensities Ios(b) as a function of the impact parameter 5. The red,

green, and blue curves correspond to B=10"%, B=0.5x10"%, and B=107°, respectively. The right column shows the two-dimensional

density plots of the observed intensities Zops(b).

lensing and photon rings. Among them, the lensing ring
is relatively more prominent; nevertheless, the direct im-
age remains the dominant contributor to the overall br-
ightness. The photon ring continues to be negligible ow-
ing to its narrow width. As the parameter 4 increases, the
entire observed image of the accretion disk shifts out-
ward, reflecting the corresponding expansion of the emis-
sion structure in both the radial intensity profiles and two-
dimensional images.

We next examine the impact of the parameter B on
the optical appearance of the accretion disk models for
the three cases, as shown in Fig. 14. For Case I, we ob-
serve that, as B decreases, the ISCO radius shifts inward,
whereas the OSCO radius moves outward in the emis-
sion profile. This results in an overall leftward shift of the
observed intensity curves. However, the right boundaries
of both the direct image and the lensing ring move out-
ward, a trend that is more intuitively reflected in the two-

dimensional density plots. We also observe that the gap
between the direct image and the lensing ring narrows as
B decreases. When B=107°, the lensing ring partially
overlaps with the direct image. In contrast, for the Case 11
and Case III models, the effect of B is more straightfor-
ward: as B increases, the entire optical appearance of the
accretion disk shifts outward in both models.

The influence of the parameter £ on the optical ap-
pearance of the accretion disk is illustrated in Fig. 15. As
f increases, the variation trends in the observed intensit-
ies for all three cases are similar to those observed with
increasing B. In fact, the changes in the lapse function
f(r) resulting from the variations in B and £ exhibit the
same qualitative behavior.

Figure 16 shows the changes in the observed appear-
ance of the accretion disk as the parameter Q varies. For
the Case I model, as Q increases, the ISCO radius de-
creases, whereas the OSCO radius increases in the emit-
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Fig. 15.

(color online) Observational appearances of a geometrically and optically thin disk with different emissivity profiles near a

black hole with M=1, 0=1.0, A=0.15, B=107, and a =0.15, viewed from a face-on orientation. The left column shows the profiles

of various emissions I, (r). The middle column shows the observed intensities I,,s(b) as a function of the impact parameter b. The red,

green, and blue curves correspond to g=0.3, 3=0.4, and 8=0.5, respectively. The right column shows the two-dimensional density

plots of the observed intensities Ioys(b).

ted profile. In the observed intensity plots, the left edge of
the direct image shifts leftward, whereas the right edge
moves rightward, resulting in a broader ring-like struc-
ture in the two-dimensional image. In contrast, the left
and right edges of the lensing ring both shift to the left, as
does the photon ring spike. For the Case Il and Case III
models, the behavior is more straightforward: as Q in-
creases, the entire image shifts leftward, which corres-
ponds to an inward shift in the two-dimensional bright-
ness distribution.

Finally, the influence of the string cloud parameter a
on the optical appearance of the accretion disk is ex-
amined, as depicted in Fig. 17. In our earlier constraints
on model parameters using EHT observational data, we
observed that string clouds significantly affect the black
hole shadow radius. In fact, the string cloud parameter a
appears to have the strongest effect on the optical appear-

ance of the accretion disk among all five parameters ana-
lyzed. For the Case I model, an increase in a leads to a
larger ISCO radius and a smaller OSCO radius (in the
emitted profile figure, the OSCOs lie beyond the visible
range of the plot). Owing to the relatively large OSCO
radii for timelike particles, the observed intensities of the
direct image and the lensing ring drop to zero at low in-
tensities, causing the outer boundaries of the correspond-
ing rings in the two-dimensional density plots to appear
less distinct. The ring structures corresponding to the dir-
ect image, lensing ring, and photon ring all shift outward
with increasing a, accompanied by a noticeable decrease
in their peak intensities. The same trend is observed in the
Case II and Case I1I models, where larger values of a lead
to outward shifts in the images and suppressed peak
brightness.
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Fig. 16. (color online) Observational appearances of a geometrically and optically thin disk with different emissivity profiles near a

black hole with M =1, A=0.4, B=10"*, §=0.2, and a =0.2, viewed from a face-on orientation. The left column shows the profiles of

various emissions I.y,(r). The middle column shows the observed intensities Ios(b) as a function of the impact parameter b. The red,

green, and blue curves correspond to 9 =0.1, 0 =2.0, and Q = 3.0, respectively. The right column shows the two-dimensional density

plots of the observed intensities Ioys(b).

V. CONCLUSIONS AND DISCUSSIONS

In this study, we explored the geodesic structure,

shadow, and optical appearance of a black hole im-
mersed in both a cloud of strings and a cosmological dark
fluid described by the MCDF. The fluid is characterized
by a generalized equation of state p = Ap— B/p® and an
additional parameter O that modifies the energy density.
The influence of both the string cloud and MCDF para-
meters on the dynamics of particles and photons around
the black hole has been analyzed in detail.

By studying the effective potential and epicyclic fre-
quencies, we have demonstrated that the existence of
ISCOs and OSCOs for timelike particles is significantly
affected by both the MCDF and string cloud parameters.
These parameters also affect the orbital conserved quant-
ities and Keplerian frequency, modifying the motion of
matter in the vicinity of the black hole. For null

geodesics, we confirmed that the photon orbits are un-
stable, and the presence of a cosmological horizon fur-
ther modifies the propagation of light rays in the space-
time.

Assuming that the influence of the MCDF at spatial
infinity mimics that of a cosmological constant in a de
Sitter background, we employed EHT observations of the
shadow radii of Sgr A* and M87* to constrain the para-
meters of the MCDF and cloud of strings. This approach
enables a phenomenological connection between the pr-
operties of the black hole and the cosmological back-
ground.

We further investigated the optical images of the
black hole, surrounded by various emissivity profiles of
geometrically and optically thin accretion disks. By em-
ploying the method developed by Wald and collaborators,
the light rays were classified into direct emission, lensing
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Fig. 17. (color online) Observational appearances of a geometrically and optically thin disk with different emissivity profiles near a

black hole with M=1, 9=1.0, A=1.0, B=107, and 8=0.2, viewed from a face-on orientation. The left column shows the profiles of
various emissions Iy (r). The middle column shows the observed intensities I,s(b) as a function of the impact parameter 5. The red,

green, and blue curves correspond to a=0.0, a=0.1, and a = 0.2, respectively. The right column shows the two-dimensional density

plots of the observed intensities Iops(b).

ring, and photon ring, based on their impact parameters.
Our findings revealed that, owing to the existence of
OSCO, outer boundaries may form in both the direct and
lensing ring images. As in our previous study, the ob-
served brightness is predominantly attributed to the dir-
ect emission component, whereas the lensing ring con-
tributes marginally, and the photon ring contributes negli-
gibly owing to extreme demagnetization effects.

The parameters of the MCDF and string clouds signi-
ficantly affect the key features of the black hole space-
time, including the radii of the event horizon, photon
sphere, and ISCO/OSCO, which in turn influence the ap-
pearance of the shadow and the optical image structure.
These findings highlight the rich phenomenology that
arises when both stringy and dark fluid components are
present.

Nevertheless, several limitations of our study must be

acknowledged. In particular, we have not accounted for
the dynamical evolution of the expanding universe and its
influence on light propagation. While we approximated
the asymptotic behavior of the MCDF spacetime using a
de Sitter-like model, a full treatment would require incor-
porating the time-dependent cosmological background in-
to the analysis of both black hole shadow formation and
accretion imaging. Moreover, the relationship between
the equation of state for dark energy in FLRW cosmo-
logy and its analog in black hole spacetimes remains un-
clear, owing to differences in symmetry and field dynam-
ics.

Future directions may include (i) a systematic invest-
igation of how expanding universe models impact the ob-
servable features of black holes, particularly the shadow
radius and ring structure; (ii) an exploration of the con-
nections between cosmological dark energy models and
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local black hole physics; and (iii) a study of rotating
black holes or more general spacetime geometries im-
mersed in multiple cosmic fluids. Such extensions would

contribute toward a more comprehensive understanding
of black hole phenomenology in realistic cosmological
environments.
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