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Abstract: We studied the condensate mass of QCD vacuum through the duality approach via dilaton wall back-

ground in the presence of the parameter ¢, which represents the condensation in a holographic set up. First, from

Wilson line calculation, we found m(z) (i.e., the condensate parameter in mixed non-local condensation), whose beha-

vior mimics that of QCD. The value of m(z) that we found by this approach is in agreement with QCD data. Second,

we considered the produced mass m via the Schwinger effect mechanism in the presence of the parameter c. We

show that vacuum condensation generally contributes the mass dominantly and that the produced mass via Schwing-

er effect is suppressed by my.
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I. INTRODUCTION

Studying strong interactions in QCD shows the im-
portance of vacuum condensate in both theory and phe-
nomenology. Although the QCD sum rules constitute a
basic tool in this issue, a strong alternative is needed for
studying strongly coupled gauge theories in a non-per-
turbative formulation.

AdS/CFT is a holographic description in which a
strongly coupled field theory on the boundary of the AdS
space is mapped to the weakly coupled gravity theory in
the bulk of AdS [1, 2]. In this approach, one starts from a
five-dimensional effective field theory somehow motiv-
ated by string theory and tries to fit it to QCD as much as
possible. The first conjecture is based on conformal field
theories, but mass gap, confinement, and supersymmetry
breaking could be included by considering some modific-
ations in gravity duals [3-5].

A holographic model that represents the gluon con-
densation in a gravity background with Euclidean signa-
ture is expressed with the following action [6],

1
S=-—
212

de@(R+1L—§—%a,,¢aﬂ¢). (1)

In the above action, k denotes gravitational coupling
in 5-dimensions, R is the Ricci scalar, L is the radius of
the asymptotic AdSs spacetime, and ¢ is a massless scal-
ar that is coupled with the gluon operator on the bound-
ary. To solve the Einstein equation and the dilaton equa-
tion of motion, one needs a suitable ansatz expressed as
the following dilaton-wall solution in Euclidean space-
time [6],

L2
ds® = (V1 =237 +dx?) + dP), 2)
b4
3 1+cz*
= 4/=zlog—— , 3
where ¢ is a constant, ¢ = —» and z denotes the IR
cutoff’, ‘e
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1) It shows that z is defined from zero to IR limit as usual, so one should not misunderstand that parameter ¢ bounds upper limit of z to values less than cutoff ! in
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fact it should be interpreted as always ¢ < — .
Z
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X = Xx1,Xx2,x3 are orthogonal spatial boundary coordin-
ates, and z denotes the 5-th dimension. The radial co-
ordinate and z=0 set the boundary. Expanding the
dilaton profile near z = 0 will give,

$(2) = go+ Vocz* + .., @)

where the parameter ¢ characterizes the QCD deconfine-
ment transition; its value fulfills 0 < ¢ < 0.9 GeV* [7-9]1).
The dilaton field is dual to a scalar operator and the met-
ric is dual to the energy-momentum tensor of the dual
field theory. Note that ¢y and ¢ are the source and the
parameter associated with the color confinement scale,
respectively, according to the holographic dictionary [10]
(refer to [11-13] for further discussion). The dilaton wall
solution is related to the zero temperature case. Thus, it is
appropriate to study the condensate of vacuum and its
physics.

Another interesting phenomenon that could be stud-
ied in presence of the parameter ¢ is the Schwinger ef-
fect. By definition, the pair production in presence of an
external electric field is known as Schwinger effect in
non-perturbative QED [14]. Owing to this phenomenon,
when the external field is strong enough, the virtual elec-
tron-positron pair becomes real particles. In other words,
vacuum is destroyed in presence of such a field. Al-
though this context had been first considered in QED, it is
no longer restricted to it, and it was extended to QCD
[15]. According to this mechanism, the vacuum decay
can be considered in presence of a deformation paramet-
er [16]. In addition, potential analysis of the Schwinger
effect in presence of the condensation parameter was con-
ducted in [17]. Therefore, we dismissed this part; the in-
terested reader can refer to the mentioned references.
However, the produced mass in such Schwinger effect
mechanism was of our interest in this study.

This paper is organized as follows. In Section II, we
follow the Wilson line calculation method based on [18] to
discuss condensation. In Section III, by considering the
standard form of brane embedding in the Schwinger effect
holographic set up, we calculate m as the produced mass;
the effect of the condensation parameter is taken into ac-
count. Having results from both above approaches, we
compare them. In Section IV, conclusions are presented.

II. MASS FROM CONDENSATION

Before starting our calculations, we review the meth-
od reported in [18]. The reader can skip this part and con-
tinue from Eq. (11) in case they are familiar with this pre-
vious study. Condensation is associated with a five di-
mensional operator constructed from the quark (¢g) and
gluon field (G,,,) as follows:

< 840" Gnq >= m < gq >, Q)

where < gg > denotes quark condensation, o™" is an anti-
symmetric combination of matrices, and g is a gauge
coupling constant. Then, m? appears as a constant of
proportionality in the parametrization. In fact, in analys-
is of condensation by QCD sum rules, mj appears
between the zeroth moment of the quark-gluon distribu-
tion function and the first moment of the distribution
function of quarks in the vacuum (see [19] for compre-
hensive discussion). Here, we avoid that calculation and
follow holographic set up while we keep in our mind that
m? is not mass of hadrons but is a coefficient (with
(mass)*> dimension) of quark condensate in the simplest
quark-gluon mixed condensate. Let us consider a non-
perturbative gauge invariant correlator as,

\P('xav-xh) =< E]UP(xa,xb)q >’ (6)

where Up(x,,xp) is a path-ordered Wilson line defined as,
1

Up(x4,xp) = Pexp [ig f dl%f\p(x(l))], (7
0

where u is running over the 4 dimensional indices and !/
is a parameter of the path running from 0 at x=x, to 1 at
x = xp. The path is taken to be a straight line. If one sets
[19]

Y (xa, xp) =< gq > Q(r), ®)

then mé is given by the coefficient of 2, with r = |x, — x|,
in the expansion of the function Q as r — 0,

on=1- %mgrz +0O(r), 9)

which holds in Fuclidean space; in Minkowski space, it
is modified by 2 — —2.

The author of the mentioned reference set an ansatz
for computing the function Q within gauge/string duality.
The quark operators, the Wilson line on a four-manifold
(which is the boundary of a 5-dimensional manifold), and
the function Q are given in terms of the area (in string

units) of a surface in the 5S-dimensional manifold by

o(r)=e5. (10)

Now let us go back to our case. As a conclusion from the
above review, we can state that if we find Q as a func-
tion of r, we can approximate the m(z) parameter.

1) In gauge/gravity dictionary, parameter ¢ in the metric background is related to the condensation in the boundary theory.
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Next, we will find the shape of the string describing
the quark source. Let us consider the Nambu-Goto action:

¢
do?e2

et G,y B XHAX,

- 2na’
8ap = guvaaxﬂaﬁxvs (11)

where o are the coordinates on the string worldsheet,
G, 1s the space-time metric (Eq. (2)), gs is the induced
metric, o’ is the universal Regge slope, and the embed-
ding of the string worldsheet in spacetime is

XH(o) = (1, X1,X2,X3,2). (12)

Then, from the background metric (Eq. (2)), dilaton field
(Eq (3)), and in static gauge o =1,0<t<71, 0 = X| = x,

-
_5 <x< 3 one may obtain (In this calculation we wrote

7 i
#(2) 1+ Vi T4ez\ ™ (1 4+c4)\0%°
exp = = explog o = _

—cz 1-cz* 1-cz*

InA InA | .
, (recall that logA = T nlO and exp A = Awn ) for this
n

reason our (13) seems different with tﬁat of [8] while they
are same. Also in our calculation only the first digit after
the decimal point is taken into account so
(1+¢z%%1® ~ 1 +cz*. In addition one can set ¢ =0 in
(3) according to [8, 9]):

1
()]
(13)

2710/

where we set the radius of spacetime L = 1. Then, the fol-
lowing relation should be satisfied:

0L

mﬁx1—£ = COIISt. (14)

From the boundary condition",

d
atz=z., = —=0, (15)
dx

the constant value in the right hand side of Eq. (14) can
be found. Thus, the solution of (14) is

dx 1

dz (Z )4 (1+CZ4)(1_C2Z8) : - 8.
— 27
(I+czh V1=

(16)

—1/2 0 /2

Fig. 1. Surface of the 5- dimensional manifold with bound-

ary at z=0. The curved profile of the static string is stretched
between quark sources from —% and % The surface is

bounded between this and the straight Wilson line along x-ax-
is; z. is the turning point of the string.

Applying a change of variable u= i, and using the

Zu
boundary conditions shown in Fig. 1 as

x=0=>7z=2,

x=i%=>z=0, (17)

the shape of the string is expressed as

1 wrdu
X(2) = 2z«
u \/(1+czit 4)(1—c2z8148)

(1+ezhy 1 =c228

—ut 1—02Z§M8

(18)

Therefore, at z =0 and —5 <x<y Eq (18) becomes

fl w*du
e
0 \/(1 +cuH(1 - *Bud)

(1 +ezH)1-c28

r=

. (19)

—ut 1 =288

which is the length of the string. After describing the
string shape, we need to calculate the renormalized area
of the surface in Fig. 1.

To this end, we choose the gauge o, =X; =x and
03 =z, then from the action expressed by Eq. (11) and the
string profile expressed by Eq. (18), we obtain”

1 +c7*

(20)

To regularize the above integral, one cut off the integral
at z = e. Therefore, according to Eq. (20), the regularized

1) From the string configuration it is easy to find that z,, turning point of the string shows maximum of z.

2) Same approximations with what have been done in calculation of (13).
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solution to the integral is

r 1 1 13 4
S ree = ——F|—-=,—=,=,—cZ;|]|. 21
e 27rcy’z*(e 2 1[ 2" 4°4 « D @h
»F| is a hypergeometric function, and we subtract

(27ror/z* (é ) a))

a is a constant that must be specified from renormaliza-
tion conditions. The solution to the integral in Eq. (20) is
given by the hypergeometric function:

1 13 4
27 4349 CZ*-

to address the power divergence, where

r
Sreg =a 1 (22)

)
2na’ z,

Up to now, we found both r(Eq. (19)) and the action (Eq.
(22)) describing the renormalized area. Relating them, we
will obtain the behavior of the function Q versus r. It is
not clear how to carry out this. However, by considering
two important limiting cases, long distances and short
distances, we can analyze the behavior of the function.

We begin with Eq. (19). By considering c; = cz%, one
can check that ¢; — 0 leads to long r, whereas ¢; — 1
leads to short r. Expanding the right hand side of Eq. (19)
around these two values of ¢; will show the behavior of r
at limiting cases. Thus, at short distances (we will denote
this case by sd), the asymptotic behavior of Eq. (19) is
given by the mathematical gamma function” as

‘3 4
rea ® N3z,

and at long distances (we will denote this case by 1d), the
asymptotic behavior expressed by Eq. (19) is given by

7
i
4
rag = ﬁz*(2+czi) .
6 5
I'l—
4
Likewise, we expand Eq. (22) around ¢; — 0 and
¢y — 1 to find the behavior of the action at long dis-

tances and short distances, respectively. Then, at short
distances, the action (22) behaves as,

(23)

24)

3
(3
4
sd = A —l+ﬁ—czj +a,
2na’ z, 8 r 5
4

and at long distances, the action in Eq. (22) behaves as

(25)

1
1) Remember that gamma function satisfies, ['(y + 1) = yI['(y) and F(E) = /7.

4
r CZ
= -1 u . 2
S Tz ( + 3 )+a ( 6)

First, we should fix the value of a. According to the
standard normalization of Q, we may impose the condi-
tion Q(0) =1 [19], which gives a = 0.

Combining Eq. (25) with Eq. (23), we find the de-
sired behavior of the function Q at short distances as

0=1 : - (%) VeR* +O(rY),

" 2na @7)

where R=r—-¢ and ¢ is a small constant value. Finally,
comparing Eq. (9) with Eq. (27), we may approximate
mass at short distances as

N

o’

12
mi ~ 5 (28)

Considering i, =0.94 and ¢=0.9 GeV* (from the fit to
the slope of t%e Regge trajectories [4]), we can estimate
m? as
m ~0.63 GeV>. (29)
According to the original phenomenological estimate
based on the QCD sum rules [20], it is given by
m:=0.8+0.2 GeV?. Therefore, Eq. (29) shows an accept-
able result. Notice that the condensation we are discuss-
ing in this study is a mixed condensate of quarks and
gluons (Eq. (5)) but not exactly the gluon condensate
a,G?, whose values in different prior studies were extrac-
ted from phenomenology of QCD [21-27], mostly in the
range of 0.024*- 0.07 GeV*.
To address long distances we combine (26) with (24)
and consider leading order of r; it shows that, at long dis-

tances, the function Q decays exponentially, as it is ex-
pected in QCD:

O=¢eS=eMr, (30)
where
M~ e 31)
=~ C.
V12na’

In fact, in 4d QCD linear decay is expected, while Eq.
(30) shows a faster decay according to the quadratic term
2. It comes from the nature of the GeV* modification of
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the background metric, which represents the condensa-
tion in gravity dual. Thus, such a dimension of ¢ leads to
the exponential function of Q as —M?r? rather than that
of Ref. [18], which is —Mr in presence of a modification
parameter with GeV? dimension. Notice that both dimen-
sions of results are the same. To check the availability of

this result, let us estimate the above M with — =0.94
a

and ¢ = 0.9 GeV*, leading to
M ~0.15GeV, (32)

whose value is close to the pion mass. Similar to the res-
ult in [18], it is understood that, at long distances, the cor-
relator is dominated by the lightest meson contribution.
Having found an estimate for function Q atshort dis-
tances and its behavior at long distances, we close this
section. Next, we study the produced mass by Schwinger
effect in presence of condensation parameter.

III. MASS FROM SCHWINGER EFFECT

Recall that the Schwinger effect is about vacuum de-
cay in presence of an external electric field. In fact be-
fore vacuum decay, there is a potential barrier as Vcp.isg,
which is the sum of the Coulomb potential (CP) and stat-
ic energy (SE). Once the external field is turned on, the
total potential is Vio, = Vepssg — Ex and includes the elec-
trostatic potential between test particles (the virtual
particles in vacuum that become real after decay of vacu-
um). In this relation E is the external electric field and x
is the distance between particles. It is clear that increas-
ing the field will suppress the potential barrier after a crit-
ical value; consequently, vacuum decays and virtual test
particles become real [28-30].

As we mentioned before, the Schwinger effect poten-
tial analysis in presence of gluon condensation was stud-
ied in [17]. In this section, we followed mass production
in the same mechanism. Consider a pair of virtual
particles in vacuum that will become real particles in
presence of a strong enough electric field. This proced-
ure corresponds to a holographic potential barrier decay
by gauge/gravity duality. If one considers the produced
pair in the bulk, the mass value goes to infinity to avoid
the divergent mass in a holographic way. A probe D3-
brane attached to the test particles is located at an infer-
mediate position zp, as shown in Fig. 2 [31]. Thus, the
mass formula is given by

18
m=s— L dze? \[detGda X dpX’,  (33)

z=0
z Z.o0
-2\ A 1”2
2,
zZ — 00
Fig. 2. Holographic set up to consider Schwinger effect test
particles.

and with the induced metric on the string world-sheet and
in static gauge, one may obtain

1

1~ Vi+tcd dz\?)?
m= fdz#(x/l—czzh(d—z)]. (34)
20 < X

2rna’

Combining this with Eq. (16), one may find

1 f""dz V1+cz? (Z_*)4 (1+cz)(1—=c228)
2na’ 2 722 z (1+sz:) ,_1_C2Z§.

(35)

Applying a change of variable y = Zandb= Z—O, Eq. (35)
z Zu
becomes ’

1 1 1

m:2ﬂa’b2_z()
(1+c1),/(1—c§)

xf dyy(L+cbyH): (1 —cibyhH:,  (36)
1

where we defined ¢ = cz. The integral in Eq. (36) is
solvable analyticallyl) ; however, given that b<1, we
consider the leading term of 4 in the solution and ignore
others. Then, the solution is

1 1
m= .
6ma’ 70b?
(1+c1)A/(1 -c})

We expand Eq. (37) near ¢, — 0 and ¢; — 1 to con-
sider mass at long distances and short distances, respect-
ively. At long distances, Eq. (37) becomes

(37

1) Notice that this integral has been solved analytically by mathematica without any approximation, after finding a very big result with many terms according to the
fact that always b < 1 we kept the leading term and ignored many terms with 8, 16,... power of b.
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1

__ ({4 2
"= 6na’zob? (1 2 )+O(Cl)’ (38)

and at short distances,

1 1

me=———— (39)
6\2ra’ zob? \/E

Combining Eq. (39) with Eq. (23), and Eq. (38) with Eq.
(24), we may study mass at short distances and long dis-

tances, respectively. At long distances, the produced mass
in Schwinger effect behaves as

1 (1 ~ \5/(cr4)], “0)

~ bna z0b? 2

which shows that with increasing r, the mass goes to
zero. At short distances, the mass is given by

1 1
m= ,
6V2ma’ z20b* Nf(cr*)?

(41)

according to which any discussion on the produced mass
in Schwinger effect significantly depends on the brane
position zq in the bulk (in fact, given that b = i—o, having
either b or zy is enough). Although we have a pﬁenomen—
ological value for the parameter ¢ that can relate the dis-
tance of the produced pair and mass, zob* always needs to
be considered as a coefficient.

After deriving the mass formula in Schwinger effect
in presence of condensation, it is interesting to compare
the result with that of the previous section. Needless to
say, what we found in the prior section is very different in
its nature with respect to the Schwinger effect produced
mass. Note that m}, which appears in non-local and
mixed condensates, is a constant of proportionality in the
conventional parametrization. (Notice that even consider-
ing my as exact value of quark mass could not be correct,
as we mentioned in last section the value of this paramet-
er has been estimated by original phenomenological es-
timate based on the QCD sum rules [20], it is given by
m} =0.8+0.2 GeV>.) So far, we have two different val-
ues by two different approaches; mfrom the Schwinger
effect is exactly the mass of quark antiquark produced by
vacuum decay. Although the responsible for vacuum de-
cay and pair production is the external field E, parameter
¢ is in the background. On the one hand, if one accepts
that in any mass production from vacuum some type of
condensation appears, then the existence of the paramet-
er ¢ in holographic Schwinger effect makes sense. On the
other hand, we have m(2) from Wilson line calculation dir-
ectly, meaning that the condensation is taking place based

on c. Consequently, these two approaches are different in
that what is responsible for mass production is also re-
sponsible in string and/or brane configuration, leading to
different computations. However, they have the paramet-
er ¢, which plays an important role in both approaches.
The above explanations motivated us to compare m and
my. Considering both Egs. (39) and (28), we can find the
following approximate ratio:

70~ 2020622V, (42)
m

As an example, let us consider the position of the probe
brane in the bulk as zo = 5. Knowing the mentioned posi-
tion, we can find the fraction as

V(er*y. (43)

mo

&0

If we consider the intermediate position of the embedded
brane in the bulk, it is interesting to study the behavior of

m .
=2 schematically.
m

Figure 3 shows ™0 a5 a function of distance and c.
The distance was C(r)rrllsidered 0<r<1fm or 5GeV7!;
also, ¢ axis denotes a value 0 < ¢ < 0.9 GeV*. Consider-
ing the parameter ¢ around our desired value, i.e.,
0.9 GeV*, with distance r ~0.14 fm = 0.7 GeV~!, leads to
moy . . . .

o 1. Increasing r after this crucial value increases the
ratio —° significantly. Notice that r in string configura-
tion conl?responds to the diameter of a meson. As an ex-
ample, let us consider the ratio ™0 —1andr~2.6Gev-! =
0.52 fm corresponding to the Jn/11,// diameter. It leads to a
very small value of the parameter ¢~ 0.005 GeV*. This
value of ¢ gives us a near zero value of m2 ~ 0.003 GeV?
from Eq. (28). In comparison with Eq. (29), it is far from
the acceptable value that fits QCD data. However, J/y
with ¢ ~ 0.9 GeV* results in " 18. Therefore, condens-

m
ation of vacuum suppresses the Schwinger effect mass in
an evident way. As a physics interpretation, one may re-

Fig. 3.  (color online) Behavior of % versus distance
(GeV~!) and parameter ¢ (GeV*).
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late that result. To the best of our knowledge, the
Schwinger effect has not produced mass in experiments
yet. Although the theory is clear and comprehensive
enough (from QED to QCD and even higher dimensional
objects), according to the nature of this phenomenon, it is
not easy to reach the energy level that could destroy va-
cuum. By contrast, condensation (of gluons, quarks, etc.)
does take place in hadrons structure, and the entire QCD
structure is contained within hadrons. It seems universal
in the QCD context. From this view, it makes sense that
the Schwinger effect mass is suppressed by condensation
of vacuum.

IV. CONCLUSIONS

Gluon condensation is an important issue given that it

represents many phenomenological aspects of QCD. In
this study, we considered dilaton wall background re-
lated to zero temperature to study vacuum condensation.
First, we calculated m? by Wilson line calculation. Our
results satisfy QCD data at both short distances and long
distances. In the second step, we studied another mass
production mechanism, the Schwinger effect, in the pres-
ence of gluon condensation, in which an external electric
field is responsible for vacuum decay. These two mech-
anisms differ naturally in approaches and physics.
However, since gluon condensation plays a role in both
of them, it was in our interest to compare the results. We
concluded by calculating the ratio ™0 as a function of r.

m
We found that the produced mass via Schwinger effect is
generally suppressed by condensation.
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