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Abstract: In recent years, the study of quantum effects near the event horizon of a black hole (BH) has attracted
extensive attention. It has become one of the important methods to explore BH quantum properties using the related
properties of a quantum deformed BH. In this work, we study the effect of a quantum deformed BH on the BH shad-
ow in two-dimensional Dilaton gravity. In this model, quantum effects are reflected by the quantum correction para-
meter m. By calculation, we find that: (1) the shape of the shadow boundary of a rotating BH is determined by the
BH spin a, the quantum correction parameter m, and the BH type parameter n; (2) when the spin , the shape of
the BH shadow is  a  perfect  circle;  when ,  the  shape is  distorted;  if  the  quantum correction parameter ,
their shapes reduce to the cases of a Schwarzschild BH and Kerr BH, respectively; (3) the degree of distortion of the
BH  shadow  is  different  for  various  quantum  correction  parameters m;  with  an  increase  in  the  parameter m,  the
boundary of the BH shadow expands; (4) the size of the BH shadow varies greatly with respect to various quantum
deformed BHs (n), and the change in BH shadow shape caused by parameter n is similar to that caused by parameter
m, which indicates that there is a "degenerate phenomenon" between the two parameters. Because the value of m in
actual physics  should  be  very  small,  the  current  observations  of  the  event  horizon  telescope  (EHT)  cannot  distin-
guish quantum effects from the BH shadow. In future BH shadow measurements, it  will be possible to distinguish
quantum deformed BHs, which will help to better understand the quantum effects of BHs.
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I.  INTRODUCTION

Black  hole  (BH)  physics  is  currently  a  hot  field  in
physics and astronomy. Its primary object of study is un-
derstanding the quantum effects near the event horizon of
a BH. These problems involve quantization of gravity and
are  therefore  very  complex  [1].  With  the  emergence  of
observational evidence for BHs, these problems have be-
come  more  prominent  in  recent  years  [2, 3].  Of  course,
scientists are very interested in how to test the related the-
oretical  models  from  a  practical  perspective.  So  far,  the
most direct way to detect a BH is to make measurements
with  the  BH  Event  Horizon  Telescope  (EHT)  [3].  The
EHT is  based on very long baseline interferometry (VL-
BI) to measure the BH shadow. It has focused on the su-
permassive  BH  at  the  center  of  the  Milky  Way  and  the
M87 supermassive BH. On April 10, 2019, it released ob-

6.5×109M⊙
servations  of  the  M87  supermassive  BH,  which  was
found  to  have  a  mass  of .  Since  this  event,
much research has been conducted with respect to gener-
al relativity using the M87 data [3–10].

The  basic  picture  of  the  BH  shadow  is  that  when  a
photon passes near the BH to the Earth, the strong gravit-
ational  field  of  the BH causes the background photon to
only pass through space-time beyond a specific region of
the BH. The BH shadow is  then observed,  and its  shape
and  size  depend  on  the  parameters  of  the  central  BH;
therefore,  scientists  can  infer  the  presence  of  a  BH  by
measuring its shadow and use that as a basis for studying
the strong gravitational field [11–19].

The shadow  of  a  Schwarzschild  BH  was  first  calcu-
lated  by  Synge  [20].  Since  then,  the  problem of  the  BH
shadow has  not  received  much  attention.  In  the  last  few
years, using  analytic  methods  to  calculate  the  BH  shad-
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ow  has  become  a  hot  topic  [20– 40]. The  accretion  pro-
cess of a BH can affect the image of the BH, so it is ne-
cessary to study this process using analytical methods and
numerical simulation [41–47]. Xu et al., 2018, calculated
the effect of the distribution of the dark matter (DM) halo
at  the  center  of  the  Milky  Way  on  the  BH  shadow
[48–50]. They found that if  the resolution of the EHT is
further improved, it will be possible to detect the DM ef-
fect near the Sgr A* BH and distinguish the state proper-
ties of ambient matter near the BH.

We now discuss the interesting question of whether it
is possible to use future EHT measurements to study the
quantum effect near a BH. We discuss this problem in the
classical  case  by  looking  for  modified  forms  of  space-
time  of  ageometric  BH  under  quantum  effects  and  then
calculating  the  possible  observational  effects  of  these
modified BH metrics [51–56]. Kazakov et al.  began this
research in 1994 by studying the quantum modification of
the Schwarzschild BH [51]. Based on this approach, sci-
entists  then  calculated  the  potential  function  satisfied  by
the  quantum  field  in  the  space-time  background  of  the
Schwarzschild  BH  [52].  In  reference  [53],  Calmet et  al.
calculated the  quantum  modification  of  the  Schwarz-
schild BH in general relativity based on the effective field
theory method. Good et al. proposed a Schwarzschild BH
solution for the BH evaporation model, in which the BH
information  is  not  lost  [57].  Recently,  Berry et  al. ob-
tained  the  universal  form  of  the  quantum  deformed  BH
metric  based  on  previous  work  [58].  Xu et  al.  extended
the BH metric to the case of a rotating BH [59]. Based on
these  results,  we  will  calculate  the  shadow  of  a  rotating
quantum-deformed BH, thus proposing the possibility of
using the EHT to test a quantum deformed BH.

The basic structure of this article is as follows. In Sec.
II, we introduce spherically symmetric and axisymmetric
quantum deformed  BHs.  In  Sec.  III,  the  geodesic  equa-
tions of light rays are derived analytically, and the gener-
al analytical solutions are obtained. In Sec. IV, we calcu-
late  the  change  in  the  quantum  deformation  parameters
with  respect  to  the  shape  of  the  BH shadow.  In  Sec.  V,
we calculate the change in the quantum deformation para-
meters  with  respect  to  the  energy  emission  rate.  Finally,
we summarize the entire article. 

II.  QUANTUM DEFORMED BH
 

A.    Spherically symmetric quantum deformed BH
The quantum deformed BH introduced here is primar-

ily related to the theory of two-dimensional dilaton grav-
ity [51, 58, 60]. In this theory of gravity, the action S is 

S = −1
8

∫
d2z
√−g

[
r2R(2)−2(∇r)2+

2
κ

U(r)
]
, (1)

R(2)

U(r)
where g is a metric determinant,  is a two-dimension-
al Ricci scalar, κ is a dimensionless constant, and  is
the dilaton potential energy. By variational calculation of
the action (Eq. (1)), the corresponding field equation can
be obtained. Then, by solving the field equation, we can
obtain the space-time metric 

ds2 = − f (r)dt2+
1

f (r)
dr2+ r2

(
dθ2+ sin2 θdϕ2

)
, (2)

f (r)
where the mathematical relation between the metric coef-
ficient function  and the dilaton potential energy is 

f (r) =
1
r

∫ r

U(ρ)dρ− 2M
r
. (3)

U(r)

U(r)

By selecting  the  form of  the  potential  function ,
the  modified  form  of  the  spherically  symmetric  BH  in
two-dimensional  dilaton  gravity  theory  can  be  obtained.
For example, for a special quantum modified BH, Kaza-
kov and Solodukhin chose the potential  function  in
the following form [51]: 

U(r) =
r

√
r2−m2

. (4)

In  Eqs.  (2)  and  (4), M is  the  mass  of  the  spherically
symmetric BH, and its physical meaning is the total mass
of  the system when the radial  distance is  infinite; m is  a
quantum  deformation  parameter,  which  represents  the
modification  of  the  spherically  symmetric  metric  by
quantum  effects  after  considering  the  two-dimensional
dilaton gravity theory.

U(r)
According  to  the  two-dimensional  dilaton  theory  of

gravity, as long as the potential function  satisfies the
modified gravitational field, the equation can be used as a
suitable choice. On this basis, Berry, Simpson, and Viss-
er  generalized  the  space-time  metric  to  the  following
form [58] 

f (r) = fn(r) =
(
1− m2

r2

)n/2

− 2M
r
, (5)

m ≥ 0
n = 0, 1, 3, 5...

n = 0 m = 0

n = 1

n = 3 5

where  the  quantum  deformation  parameter  ,  and
, where n is  a parameter that characterizes

the  type  of  quantum-deformed  black  hole  (the  different
values  of  n  are  described  below).  It  is  worth  noting  that
when  or ,  Eq.  (5)  reduces  to  the  case  of  the
Schwarzschild BH. In addition, for general parameter se-
lection,  the space-time metric is  the modified BH space-
time. For example, when , the space-time metric de-
grades  to  the  case  of  Kazakov-Solodukhin  [51],  and  the
quantum modified BH exhibits a series of special proper-
ties that can be analytically calculated. When  or ,

Zhaoyi Xu, Meirong Tang Chin. Phys. C 46, 085101 (2022)

085101-2



n > 5
the space-time metric changes to Christoffel-symbol-reg-
ular  and  Curvature-regular  space-time.  When ,  the
space-time  metric  is  the  Curvature-regular  space-time
(more detailed descriptions are  available  in  the literature
[58]), and this space-time metric provides a basis for ana-
lyzing  the  influences  of  the  quantum  effect  on  the
Schwarzschild BH. 

B.    Axisymmetric quantum deformed BH

f (r) = g(r)
g(r) g−1

rr h(r)

On the basis of a spherically symmetric quantum de-
formed BH (Eqs. (2) and (5)), Xu and Tang generalized it
to  the  case  of  an  axisymmetric  BH  using  the  Newman-
Janis  method  based  on  complex  transformation  [59].  If
the  spherically  symmetric  metric  satisfies 
(where  is ),  regardless  of  the  form  of , Ein-
stein gravitational field equations can be solved by solv-
ing partial differential equations. Through more complic-
ated derivation, they found that the metric of the quantum
deformed BH under rotational symmetry is 

ds2 =−

1−
r2+2Mr− r2

(
1− m2

r2

)n/2

Σ2

dt2+
Σ2

∆
dr2

− 2asin2 θdϕdt
Σ2

r2+2Mr− r2
(
1− m2

r2

)n/2
+Σ2dθ2+

sin2 θ

Σ2

[(
r2+a2

)2−a2∆sin2 θ
]
dϕ2, (6)

where the unknown functions in the metric are expressed
as follows: 

Σ2 = r2+a2 cos2 θ,

∆ = r2
(
1− m2

r2

) n
2

−2Mr+a2. (7)

m = 0 n = 0

n = 1

As mentioned earlier, when the quantum deformation
parameter  (or ),  the  axisymmetric  quantum
deformed  BH  (Eq.  (6))  degenerates  into  the  Kerr  BH;
when ,  Eq. (6) degrades into a rotational promotion
of the case of Kazakov-Solodukhin, and the BH spin can
be  increased  to  an  extreme  situation.  Other  values  of n
and m correspond  to  various  types  of  axisymmetric
quantum deformed BHs [59].

From this  axisymmetric  quantum deformed BH,  it  is
possible to calculate the influences of the quantum effect
on various BH related observations. 

III.  Geodesic equations under axisymmetric BH

Based  on  the  metric  (Eq.  (6))  of  the  axisymmetric
BH, we calculate the geodesic motion of a test particle in

space-time.  Here,  we  will  deal  with  it  according  to  the
Hamilton-Jacobi  equation  and  Carter  variable  separation
method  [61].  In  the  general  space-time  background,  the
form of the Hamilton-Jacobi equation is as follows: 

∂S
∂η
= −1

2
gµν
∂S
∂xµ
∂S
∂xν
. (8)

where η is an affine parameter on a geodesic and S is the
Jacobi  action.  In  the  Carter  variable  separation  method,
Jacobi action S can be written as 

S =
1
2

m̄2η−Et+Lϕ+S r(r)+S θ(θ). (9)

m̄

S r(r) S θ(θ)

where  is the mass of the test particle, and E and L
are the energy and angular momentum of the particle, re-
spectively.  is a radial unknown function, and 
is  an  angular  unknown  function.  Substituting  the  Jacobi
action equation  (Eq.  (9))  into  the  Hamilton-Jacobi  equa-
tion (Eq.  (8)),  by  simple  derivation,  we  can  obtain  mo-
tion  equations,  namely  the  geodesic  equations,  satisfied
by the test  particle  in  the space-time of  the quantum de-
formed BH. In BH physics, the geodesic equations can be
expressed as [62]: 

Σ2 dt
dη
=

r2+a2

∆

[
E

(
r2+a2

)
−aL

]
−a

(
aE sin2 θ−L

)
, (10)

 

Σ2 dr
dη
=
√

R, (11)

 

Σ2 dθ
dη
=
√

H, (12)

 

Σ2 dϕ
dη
=

a
∆

[
E

(
r2+a2

)
−aL

]
−

(
aE− L

sin2 θ

)
. (13)

∼
H

In the geodesic Eq. (10)  Eq. (13), the basic expres-
sions of the newly introduced functions R and  are 

R =
[
E

(
r2+a2

)
−aL

]2−∆
[
m2r2+ (aE−L)2+K

]
,

(14)
 

H = K −
(

L2

sin2 θ
−a2E2

)
cos2 θ. (15)

∼

0

In the above two equations, K is  the Carter  constant.
Eqs.  (10)  (15)  fully  describe  the  motion  of  the  test
particle.  In  this  study,  we  are  interested  in  the  geodesic
motion  of  photons  near  the  event  horizon  of  a  BH,  and
the  test  particle  has  a  rest  mass  of .  Near  the  BH,  the
boundary  of  the  photon  sphere  (because  of  the  strong
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gravitational  field  of  the  BH,  photons  can  move  around
the BH many times in the vicinity of the BH horizon, thus
forming the BH photon sphere) and its shape are determ-
ined  by  the  unstable  orbit  of  the  particle.  Therefore,  the
boundary of the photon sphere (or photon shell) must be
satisfied: 

R = 0, (16)
 

∂R
∂r
= 0. (17)

For an observer at  infinity on the equatorial  plane of
the  BH  space-time,  the  photon  geodesic  satisfying  Eqs.
(16) and (17) can be expressed by two parameters, which
are defined as follows: 

ξ =
L
E
, (18)

 

η̄ =
K
E2 . (19)

∼

η̄

Combining Eqs.  (16)  (19) and substituting  the  ex-
pression of R, the differential equations satisfied by para-
meters ξ and  can be obtained 

[
η̄+ (ξ−a)2

] (
r2 f (r)+a2

)
−

(
r2+a2−aξ

)2
= 0, (20)

 [
η̄+ (ξ−a)2

] (
2r f (r)+ r2 f

′
(r)

)
−4r

(
r2+a2−aξ

)
= 0. (21)

The solution of the above equations is 

ξ =

(
r2+a2

) (
r f

′
(r)+2 f (r)

)
−4

(
r2 f (r)+a2

)
a (r f ′ (r)+2 f (r))

, (22)

 

η̄ =
r2

[
8a2 f

′
(r)− r

(
2 f (r)− r f

′
(r)

)2
]

a2 (r f ′ (r)+2 f (r))2 . (23)

f
′
(r) = f

′

n(r)According to Eq. (5), the expression of  is 

f
′
(r) = f

′

n(r) =
2M
r2 +

nm2

r3

(
1− m2

r2

)(n−2)/2

. (24)

H ≥ 0
(rc)

Using Eq. (12) and making , the value range of
the  orbit  radius  of  the  spherical  photon  orbit  in  the
photon region can be obtained, and the result is 

(4r∆−Σ2∆
′
)2 |r=rc

≤ 16a2r2∆sin2 θ |r=rc
, (25)

∆
′
= d∆/dr rc− rc+where .  Let  and  be  the  minimum  and

rc− ≤ rc ≤ rc+ a = 0

maximum of  the  photon  sphere  radius  in  the  photon  re-
gion, respectively. The spherical photon orbit radius satis-
fies .  If  BH  spin ,  the  axisymmetric
quantum  deformed  BH  degenerates  into  a  spherically
symmetric quantum deformed BH, which means that the
photon region degenerates into a photon sphere. Its radi-
us satisfies the following equation: 

2r2
c

(
1− m2

r2
c

)n/2

−6Mrc−nm2
(
1− m2

r2
c

)n/2−1

= 0. (26)

 

IV.  SHADOW OF QUANTUM DEFORMED BH

In  the  previous  section,  we  calculated  the  geodesic
equations of a photon and the shape of the photon sphere,
but these quantities are not the physical quantities meas-
ured  by  an  observer  on  Earth.  Compared  with  a  BH,  an
observer on Earth can be approximated as an observer at
infinity;  therefore,  for  observers  on  Earth,  the  celestial
coordinate system can be introduced, whose components
α and β are defined as follows: 

α = lim
r0→∞

[
−r2

0 sinθ0
dϕ
dr

]
, (27)

 

β = lim
r0→∞

[
r2

0
dθ
dr

] ∣∣∣∣
θ=θ0

, (28)

r0

θ0

∼

where  is  the  distance  between  the  observer  and  the
BH,  that  is,  the  distance  between  the  Earth  and  the  BH;

 is the angle between the observer's line of sight and the
spin axis of the BH; and α and β are the projections of the
BH shadow on the celestial coordinate system. Substitut-
ing  the  photon  geodesic  Eqs.  (10)  (13)  into  Eqs.  (27)
and (28), we obtain the following relations: 

α = − ξ

sinθ0

∣∣∣∣
θ0=π/2

= −ξ, (29)

 

β = ±
√
η̄+a2 cos2 θ0− ξ2 cot2 θ0

∣∣∣
θ0=π/2

= ±
√
η̄. (30)

Using  Eqs.  (22),  (23),  (29),  and  (30),  we  draw  the
shape of the BH shadow, as shown in Figs. 1 and 2, and
the main results are as follows:

n = 0

n = 1 3 5

n = 0

(1)  According  to  the  results  of  numerical  calculation
(Fig. 1), the BH shadows of various types of quantum de-
formed BH are different. When , the BH metric Eq.
(6)  degenerates  to  the  case  of  the  Kerr  BH,  whose  BH
shadow is exactly the same as that of the Kerr BH. When

, , or , the scale of the shadow of the quantum de-
formed BH increases with an increase in n, which indic-
ates that the Kerr BH ( ) has the smallest shadow and
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n = 5the curvature-regular BH ( ) has the largest shadow.
0

a→ 1

(2) When the spin of the BH is , the BH shadow of
the quantum deformed BH is a standard circle. As spin a
grows,  the  shape  of  the  BH  shadow  becomes  more  and
more  distorted;  when ,  the  distortion  of  the  BH
shadow  shape  reaches  its  maximum.  These  results  are
consistent  with  the  case  of  the  Kerr  BH,  except  that  the
modification  of  the  BH  shadow  by  quantum  effects  is
considered here.

m = 0

(3)  The  numerical  results  of  the  influence  of  the
quantum deformation parameter m on the shape of shad-
ow are shown in Fig. 2, indicating that when the quantum
deformation parameter is not considered ( ), the res-
ults  are  completely  consistent  with  that  of  the  Kerr  BH;
with  increasing  quantum  deformation  parameter m,  the
scale of the shadow will also increase. When the type of
BH is determined (e.g., n=1), an increase in the quantum
deformation  parameter m causes  the  BH  shadow  to  be

closer to a circle. Because the shadow region increases in
quantum-deformed  BHs,  future  EHT  observations  are
more likely to constrain this model.

The  modification  parameters m and n,  reflecting
quantum  effects,  have  obvious  effects  on  the  shadow
shape of the quantum deformed BH. Using these results,
it will be possible to examine whether the shape changes
of the BH shadows are caused by quantum effects and to
study the details of quantum effects of a BH through fu-
ture observations in the EHT (further improve resolution)
project.

Rs δs

Rs

In the previous part, we only studied the BH shadow
from the  shape,  although  also  quantitative,  but  the  de-
scription of the BH shadow is not detailed enough. Here,
we will use two observational parameters to describe the
shape of the BH shadow, which are the BH shadow radi-
us  and  distortion  parameter ,  respectively  [48, 49,
63]. The shadow radius  can be defined as the radius of

n = 0, 1, 3, 5

m = 0.5

Fig. 1.    (color online) Shape of BH shadow for various types of quantum deformed BHs ( ). Here, the quantum deforma-
tion parameter .
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A(αr,0) B(αt,βt) D(αb,βb)
δs

Rs δs

Rs δs

the circle determined by , , and ;
The distortion parameter  can be defined as the distor-
tion  degree  of  the  BH  shadow  relative  to  a  standard
circle.  and  can basically describe the details of the
scale and shape of the BH shadow (Fig. 3). According to
the definition,  and  can be expressed as follows: 

Rs =
β2

t + (αt −αr)2

2|αr −αt |
, (31)

 

δs =
ds

Rs
=
|αp− α̃p|

Rs
, (32)

ds C(αp,0)
F(ᾱp,0) C(αp,0)

F(ᾱp,0)

where  is  the distance between the points  and
,  is the left  intersection of the BH shad-

ow and the α axis, and  is the left intersection of
the  reference  circle  and  the α axis.  Interestingly,  the
shape of the shadow of a BH with zero spin is a standard

n = 1 a = 0, 0.3, 0.7, 0.9999
m = 0, 0.1, 0.5, 0.9

Fig. 2.    (color online) Shape of the Kerr-BH ( ) shadow with various spin ( ) and quantum deformation para-
meters ( ).

 

 

Fig. 3.    (color online) Reference circle and BH shadow dia-
gram [49].
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circle, without any distortion in shape.

Rs δs

Figs. 4–6 show the changes in the BH shadow radius
 and  the  distortion  parameter  with the  model  para-

meters.  By  analyzing  the  numerical  results,  we  find  the
following: (1) with an increase in the BH type parameter
n, that is, from the Schwarzchild BH case, to the metric-
regular  case,  to  the  Christoffel-symbol-regular  case,  and

Rs δs

n = 1
Rs

δs

m , 0
Rs δs

then to the Curvature-regular case,  and  show mono-
tone  increasing  and  decreasing  functions,  respectively;
(2)  when ,  that  is,  considering  the  metric-regular
case,  is an increasing function of the quantum deform-
ation parameter m,  and  is  a decreasing function of m;
(3) for an ordinary quantum deformed BH, i.e., , we
find that  and  both increase with the spin of the BH.
 

Rs δs

a = 0.3, 0.5, 0.7 m = 0.5

Fig. 4.    (color online) Radius  (left) and distortion parameter  (right) of the BH shadow varying with the model parameter 1) n un-
der various BH spins ( ), where the quantum deformation parameter .

 

Rs δs

a = 0.3, 0.5, 0.7 n = 1

Fig. 5.    (color online) Radius  (left) and distortion parameter  (right) of the BH shadow varying with the quantum deformation
parameter m under various BH spins ( ). Where the model parameter .

 

Rs δs

n = 0, 1, 3, 5 m = 0.5

Fig. 6.    (color online) Radius  (left) and distortion parameter  (right) of the BH shadow varying with BH spin a under various
model parameters ( ), where the quantum deformation parameter .

 

 
1) n can only be integers 0,1,3,5, etc. we hope that we can more clearly see that with the increase of n, the change trend of BH shadow shape, continuous variable

makes this trend more clearly.
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V.  ENERGY EMISSION RATE

σlim

σlim

σlim ≈ πR2
s Rs

When  the  observer  is  at  infinity,  the  size  of  the  BH
shadow  is  proportional  to  the  high  energy  absorption
cross section of the particle, which is similar to consider-
ing the BH shadow as a black body. Scientists have found
that the high energy absorption cross section ( ) oscil-
lates  around  a  constant.  For  a  spherically  symmetric
quantum  deformed  BH,  the  geometric  cross  sections  of

 and the photon sphere are approximately equal, i.e.,
 [64, 65],  where  is the  radius  of  the  refer-

ence  circle  defined in  the  previous  section.  In  our  work,
as  shown  in Figs.  1 and 2,  except  for  the  extreme  and
near-extreme Kerr  BH,  the  shadow shapes  of  other  BHs
are close to a circle, so it  is approximately reasonable to
apply the results  of  the spherically  symmetric  BH to the
axisymmetric BH. Therefore, the energy emission rate of
a general axisymmetric quantum deformed BH is 

d2E(ω)
dωdt

=
2π2ω3σlim

eω/T −1
. (33)

Here, T is the Hawking temperature corresponding to

the event horizon of the quantum deformed BH, and ω is
the  frequency  of  photon.  According  to  the  definition  of
BH temperature, its expression is as follows 

T = lim
θ→0,r→r+

1
2π
√

grr

∂
√

gtt

∂r
. (34)

gtt grrThe  specific  expressions  of  and  are  shown  in
Eqs.  (6)  and  (7).  By  substituting  the  metric  coefficients
into  Eq.  (34),  we  can  obtain  the  general  form  of  the
Hawking temperature 

T =
2a2r+[ f (r+)−1]+ r2

+ f
′
(r+)

(
r2
++a2

)
4π2

(
r2
++a2

)2 . (35)

n = 0,1,3,5

Numerical  calculation  is  performed  for  Eq.  (33),  as
shown in Figs. 7 and 8. The main results are as follows:
(1) the energy emission rate of various types of quantum
deformed BH ( ) decreases with an increase in
n value; (2) the energy emission rate of the quantum de-
formed BH decreases with an increase in the quantum de-

a = 0.3
a = 0.7 n = 0, 1, 3, 5 m = 0.2

Fig. 7.    (color online) Evolution of energy emission rate of the BH with frequency ω for various values of the BH spin (  (left)
and  (right)) and the model parameter ( ), where the quantum deformation parameter .

 

a = 0.3
a = 0.7 m = 0, 0.1, 0.5, 0.9 n = 1

Fig. 8.    (color online) Evolution of energy emission rate of the BH with frequency ω for various values of the BH spin (  (left)
and  (right)) and the quantum deformation parameter ( ), where the model parameter .
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0

formation  parameter m, i.e.,  as  the  quantum  effect  be-
comes more  significant,  the  energy  emission  rate  de-
creases; (3) for a particular quantum deformed BH, when
the spin is ,  the energy emission rate is the largest, and
the energy emission rate decreases with increasing spin. 

VI.  SUMMARY

n = 0
m = 0

In this work, we study the properties of the shadow of
a quantum deformed BH and discuss the possibility of us-
ing the EHT to test the quantum properties of the BH. An
observer at infinity (an observer on Earth can be approx-
imated as an observer at infinity) would see that the shad-
ow of a spherically symmetric BH is a circle whose size
is closely  related  to  the  parameters  of  the  quantum  de-
formed  BH.  For  the  quantum  deformed  Kerr  BH,  the
shape of the BH shadow is distorted as the spin of the BH
increases, and the details of the distortion are determined
by the model parameters (including the BH type paramet-
er n,  quantum deformed parameter m,  and BH spin a) of
the quantum  deformed  BH.  The  main  results  are  as  fol-
lows: (1) when the BH type parameter  or quantum
deformed  parameter ,  the  shape  and  properties  of
the  BH shadow degenerate  to  the  Kerr  BH,  that  is,  with
an increase in the BH spin,  the shape of the BH shadow
gradually  deviates  from  that  of  the  reference  circle;  (2)
for the same BH spin, the BH shadows corresponding to
the  Kerr  BH  (n=0),  Kazakov-Solodukhin  spacetime
(n=1),  Christoffel-symbol-regular  spacetime  (n=3),  and

the  Curvature-regular  spacetime  (n=5) increase  success-
ively, and the shadow gets closer and closer to being cir-
cular,  which  also  suggests  that  the  Brzek-regular  space-
time is more likely to have observational constraints; (3)
for  the  same  type  of  quantum  deformed  BH  (e.g., n=1)
and BH spin,  the  shadow of  the BH becomes larger  and
its shape gradually approaches that of the reference circle
as the value of the quantum deformation parameter m in-
creases;  (4)  with  an  increase  in  the  quantum  deformed
BH type parameter (n), the change in the BH shadow be-
havior  is  similar  to  the  increase  related  to  the  quantum
deformed  BH  parameter m, which  shows  that  the  para-
meters n and m are similar to "degenerate phenomenon",
and the existence of this phenomenon increases the diffi-
culty of EHT testing of this model (we expect to analyze
the "degenerate phenomenon"in future work).

Based on  these  results,  we  believe  that  if  the  resolu-
tion of the EHT is further improved, it will be possible to
distinguish the quantum effects of a BH in EHT measure-
ments, thus providing a new way to test the quantum ef-
fects of a BH by observation. This paper contains the the-
oretical calculation of this idea. 
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