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Magnetic dipole moments of BE;?BE:; states
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Abstract: We systematically study the magnetic dipole moments of multiquark states. In this study, the magnetic
dipole moments of possible B~B*~, BOB*~, B~B*0, BOB*0, B(S)B*‘, B‘Bﬁo, BgB*O, BOB}*O, and B(S)Bjo states are ex-
tracted using light-cone sum rules. We explore the magnetic dipole moments of these states in a molecular picture

with spin-parity J© = 1*. The magnetic dipole moments of hadrons include useful information on the distributions

of internal charge and magnetization, which can be used to understand their geometrical shapes and quark-gluon or-

ganization. The results of the present study along with the spectroscopic parameters may help future theoretical and

experimental research on the characteristics of doubly-bottom tetraquark states.
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I. INTRODUCTION

Recently, the LHCb Collaboration made a great
breakthrough in the search for multiquark states and re-
ported a new state (7. for short) below the D°D** mass
threshold in the D°D%z* invariant mass spectrum [1, 2].
The fact that this observed state contains two charm
quarks and has an electrical charge makes it a good can-
didate for an exotic state with the quark content cciid.
The significance of the T}, state is the same as that of
X(3872); therefore, the newly discovered state provides
an important new platform for both experimental and the-
oretical hadron physics. In literature, there are numerous
theoretical studies that have been performed to under-
stand the spectroscopic parameters, magnetic dipole mo-
ments, production mechanisms, and decay modes of
doubly-charmed tetraquark states within different models
[3-30].

If T, is the doubly-charmed tetraquark state, there
may also be doubly-bottom tetraquark states. Even if
these doubly-bottom tetraquark states do not exist, it is
important, in our opinion, to explore the reasons why. In-
spired by this, we are well-motivated to search for the
possible doubly-bottom tetraquark states. Therefore, be-
sides the doubly-charmed states, the properties of doubly-
bottom tetraquark states have also been extracted in dif-
ferent configurations [5, 24, 25, 31-48]. In Ref. [24], the
mass and decay width of the T.. and T}, states were in-
vestigated in the framework of the one-boson exchange

potential model. The researchers predicted that T}, states
are more stable than T,. states. In Ref. [31], the authors
studied the interaction of T, states by means of vector
meson exchange with Lagrangians from an extension of
the local hidden-gauge approach. They predicted that
only B*B, (B;B—-B'B;), B*B*, and B;B* states form
bound states with the quantum numbers J” = 1*. In Ref.
[35], the masses of the QQgg tetraquark states were ob-
tained with the help of heavy diquark-antiquark sym-
metry and the chromomagnetic interaction model. They
predicted that only the bbgg and bbgs states are stable
with respect to strong decays and discussed the con-
straints on the masses of the these tetraquark states. In
Ref. [36], the authors predicted the masses of doubly-
heavy tetraquark states in the heavy quark limit. They
found that only doubly-bottom tetraquarks with @d, 5i,
and 3d are stable with strong decays. In Ref. [37], the
bound states of doubly-heavy tetraquarks were investig-
ated via the non-relativistic quark model. The authors ob-
tained several stable states, one of which was a strongly
bound bbgg with isospin and spin-parity, I(J*) =0(17). In
Ref. [46], the spectroscopic parameters of T}, states were
investigated within QCD sum rules using molecular pic-
tures with quantum numbers J” =1*. Furthermore, in
Ref. [47], the authors attempted to extract possible bbiid
states within lattice QCD and found that one of these
states form a bound state. In addition to spectroscopic
parameters, the semi leptonic and nonleptonic decays of
double-bottom tetraquark states were extracted in the
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framework of the QCD sum rule method in Ref. [41, 45].

In Refs. [26, 27], we extracted the magnetic dipole
moments of doubly-charmed tetraquark states in the mo-
lecular picture using the light-cone sum rule method. For
the case of T, the magnetic dipole moment was also ob-
tained by considering it as a diquark-antidiquark state.
We extend our work to doubly-bottom tetraquark states.
In this study, we evaluate the magnetic dipole moments
of doubly-bottom tetraquark states in the molecular
framework using the light-cone sum rule method [49-51].
The light-cone sum rules method has been employed in
literature to obtain information about the dynamic and
static parameters of conventional and non-conventional
hadrons, providing successful predictions that are consist-
ent with experimental values. The magnetic dipole mo-
ment of hadrons represents an important tool for under-
standing their internal structure in terms of quarks and
gluons. Thus, it is important and also interesting to in-
vestigate the magnetic dipole moments of conventional
and non-conventional hadrons.

The paper is organized as follows: In Sec. II, light-
cone sum rules for the magnetic dipole moments of
doubly-bottom tetraquark states are calculated. Sec. III is
devoted to the numerical calculations of the magnetic di-
pole moment sum rules and discussion. Explicit expres-
sions for the magnetic dipole moments of the doubly-bot-
tom tetraquark states and distribution amplitudes (DAs)
of photons are presented in the appendices.

II. FORMALISM

In the light-cone sum rules method, the correlation
function is evaluated in terms of hadrons (hadronic side)
and quark-gluon degrees of freedom (QCD side). Then,
by applying the continuum subtraction and double Borel
transformation to eliminate the effects from higher states
and the continuum and enhance the contributions of the
ground state, and matching these results, we can obtain
the desired sum rules.

To identify the magnetic dipole moments of doubly-
bottom tetraquark states within the light-cone sum rules,
we introduce the following correlation function:

I (p.q) =i f d*xelP S OIT (T, ()L 0)I0),, (1)

where y indicates the external electromagnetic field, and
Ju(x) is the interpolating current of T}, states with the
spin-parity J” = 1*. Following the molecular configura-
tion for T}, states, we consider the interpolating current
as

Ju(x) = [ (X)iysb ()15 (x)ybb ()], )

where ¢ and ¢, denote the u, d, and s-quarks.

To acquire the hadronic side of the correlation func-
tion, we insert a complete set of hadronic states with
quantum number J” =1% into the correlation function
and isolate the contributions of the ground state of
doubly-bottom tetraquark states. As a result of these cal-
culations, we obtain the following:

(0140 | Top(p,&7)
p2 - m%‘hh

HHad( )

X(Tpp (&%) | Ton(p +q,€%))y
o TP +4,8) | J7,(0)]0)
(p+q)—m3,
+ higher states. 3)

The amplitude (0| J,,(x) | Tpp(p,&”)) can be parameter-
ized in terms of the residue A7, and polarization vector
&) of Ty, states as

O] 7, ()| Top(p. &%) = A7, 4)

whereas the matrix element (Ty,(p, ) | Too(p+q,€%)), is
given by
(Top(p ") | Top(p+q,€%))y
=- s’(sﬁ)“<s‘5>ﬁ{G1<Q2) X (2P +q)r 8ap+G2(Q%)
X (gfp qa

G5(0) (2p+4):duts), 5)

—&ra 49pB)

2m %/
where & is the polarization of the photon, and G{(Q?),
G2(0%), and G3(Q%) are electromagnetic form factors,
with Q% = —
Using Egs. (3)— (5) and after doing some necessary
calculations, we obtain the hadronic side of the correla-
tion function as follows:

/12
nfed(p,q) = L {Gz<Q2>
[m3, = (p+@)*1m7, —p?]
v 1
X (‘Iugpv —4qv8pu— T(‘Iul’p 3 ngup)
Mz,
(p q)
Elavp+a),+ 5 Q 8w
TI/)
(P+@upvp,
_ 4/4 Pe 2
My,
+ other independent structures}. (6)
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To characterize the magnetic dipole moment, we de-
mand the value of the G,(Q?) form factor to be at 0% = 0.
The magnetic form factor Fj,(Q?) is determined as

Fu(Q%) = G2(0%), (7

and the magnetic dipole moment w7, is described in
terms of Fy(Q? = 0) as follows:

e
Hr, = 2m

bb

Fu(Q*=0). ®)

The next step in obtaining the analytical expressions
of the magnetic dipole moment calculations is used to
calculate the QCD side of the correlation function, which
can be obtained by inserting the expression of the inter-
polating current given in Eq. (2) into Eq. (1) and using
the Wick theorem. As a result, we get

(.0 == [ xe (0]
{Te[ysS 5 (xyysS 4 (=) | Te yuS B ()
XYy S Y (=x)| = Tl ysS ¥ (009 S 5P (~x)
XS B (X)ysS 4=} 10}y, ©)

where S ,(x) and S,(x) denote the light and bottom-quark
propagators. During our calculations, we utilize the x-
space expressions for the light and bottom-quark propag-
ators,

S (x) =i

k {Gq) -mq/k (Gq) )
A U I LA B & 24
212 12( 7 ) 192 0%

mq/fc) igs

X(] - 6 / 3272x2

G*(x) [zﬁcaﬂy + O'W/ﬁc],
(10)
mz K; (mb \/—_xz) ] K Kz(mb \/—_xz)

S”(")zﬁ[ V= vy ]

_ &y
1672

N
x % +207, Ko(ms \/—_xz)] (11)

1
f dvG* (vx) [(O',W A+ ko)
0

where (gq) is the light-quark condensate, my is character-
ized via the quark-gluon mixed condensate
(01G85045G™ q|0) =ml(gq), v is the line variable, G*”
is the gluon field strength tensor, and K;, K5, and K3 are

modified Bessel functions of the second kind.

In Fig. 1, we present some of the possible Feynman
diagrams that contribute to the QCD side of the analysis.
For simplicity, we do not presented the Feynman dia-
grams of terms proportional to higher-dimensional oper-
ators, but they are considered in numerical analysis.

The correlation function in Eq. (9) includes different
contributions, that is, the photon can be emitted both per-
turbatively (contributions of short-distance) and non-per-
turbatively (contributions of long-distance). In the first
case, the photon perturbatively interacts with one of the
light or heavy quarks. To obtain this contribution, the
propagator of the quark interacting with the photon per-
turbatively is modified via

S o f dy ST —)AR) TG, (12)

where S™°(x) is the first term of the light and bottom
quark propagators, and the remaining three propagators in
Eq. (9) are replaced with full quark propagators in-
volving the perturbative and non-perturbative contribu-
tions. In the second case, one of the light quark propagat-
ors in Eq. (9), defined as the photon emission at large dis-
tances, is replaced via

1
S (x) — -2 [7*()Tig" (D))(T2),,,- (13)

where S ff;(x) is one of the light quark propagators given
in Eq. (10), T; = L,¥5, 4 i¥5Yu, 0w /2, and the remaining
light and heavy quark propagators are replaced with the
full quark propagators. Because a photon interacts with
light-quark fields at long distances, there are matrix ele-
ments of nonlocal operators between the vacuum and
photon state, such as (y(q)|g(x)[g(0)|0) and
(y(q)|q(x)FiGWq(O)|O>. These matrix elements are de-
scribed with respect to the DAs of the photon, which are
defined in Ref. [52]. After these calculations, the QCD
side of the correlation function is obtained.

In the final step, by applying a double Borel trans-
formation over the variables — p? and —(p+¢)?, choosing
the coefficients of the same Lorentz structures
(e.p(Pugv— Pvqu)) in both the QCD and hadronic sides
and equating them, and performing quark-hadron duality
approximation, we obtain the required light-cone sum
rules for these magnetic dipole moments.
mibh /M?

— AM?, 59). (14)
Ty,

— .2
Hr,, =My

bb

The explicit expression of the A(M?,sy) function is
given in Appendix A.

113106-3



Ulas Ozdem Chin. Phys. C 46, 113106 (2022)

S Y Y Tan'

Q =

=

a8
Q B Q B Q B
QE QE QE
= (= q
q-‘ q q-‘

00001 1))
o

+all other possible two-gluon release diagrams

(b)
Fig. 1. Feynman diagrams of the magnetic dipole moments of doubly-bottom tetraquark states. The thick, thin, wavy, and curly lines

represent the heavy quark, light quark, photon, and gluon propagators, respectively. Diagrams (a) correspond to the perturbative photon
vertex, and diagrams (b) represent the contributions originating from the DAs of the photon.
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III. NUMERICAL ANALYSIS AND
CONCLUSIONS

In this section, numerical computations are per-
formed for the magnetic dipole moments of doubly-bot-
tom tetraquark states.

The light-cone sum rules contain various input para-
meters, such as the light and heavy quark masses and
light-quark and gluon condensates. These parameters are
given as m,=mg=0, m;=96"8MeV, m,=(4.78%
0.06) GeV, f3, = -0.0039 GeV? [52], (5s)= 0.8(iiu) with
(ity=(-0.24 £ 0.01)* GeV?3 [53], m} =08+0.1 GeV?
[53], (g?G*)=0.88 GeV* [54], and y=-2.85+0.5
GeV~2 [55]. To obtain a numerical value for the magnet-
ic dipole moments, we must define the values of the mass
and residue of the doubly-bottom tetraquark states. These
parameters are borrowed from Ref. [46]. Another set of
crucial input parameters are the photon DAs of different
twists. Explicit expression of these DAs is given in Ap-
pendix B.

It follows from the explicit expressions of the light-
cone sum rules for the magnetic dipole moments of the
doubly-bottom tetraquark states that in addition to DAs,
they contain two arbitrary parameters, namely, the Borel
mass parameter M2 and continuum threshold so. Accord-
ing to the light-cone sum rules methodology, we must
find working intervals of these arbitrary parameters,
where the magnetic dipole moments are insensitive to
variations in these arbitrary parameters in their working
intervals. However, in practice, it is necessary to find the
working region where the variation in the calculations of
the magnetic dipole moments of doubly-bottom tetra-
quark states according to these parameters is minimum.
The continuum threshold s( is not arbitrary and is related
to the energy of the first excited state in the initial chan-
nel. However, because we have very limited information
on the energy of excited states, we must decide on the
method of choosing the working interval of sy. There are
various proposals on how to determine this parameter.
The analysis of various sumrules predicts that so = (mgrouna+
0.5701)* GeV2. We use two criteria to determine the
working region of M?. The lower bound of M? is con-
strained by operator product expansion (OPE) conver-
gence, demanding the higher twist and higher condensate
terms be less than 10 % of the total. The upper bound of
M? is constrained by the pole contribution (PC)

_AM?,s50)

PC=——7F—,
A(M?,00)

(15)

which represents the lowest-lying state contribution to the
correlation function.

Our numerical calculations indicate that the require-
ments of the light-cone sum rules method are satisfied in

the working intervals of the arbitrary parameters presen-
ted in Table 1. In our computations, for the magnetic di-
pole moments of doubly-bottom tetraquark states, the PC
varies on average within the limits 0.35-0.61. In the
standard analysis of sum rules, the PC is expected to be
larger than 0.5 for conventional hadrons. However, in the
case of tetraquark states, PC > 0.2. When we analyze the
OPE convergence, we find that the contribution of the
higher dimensional term in OPE is less than ~ 1 %. As
these results suggest, the chosen working intervals for M?
and so satisfy the requirements of the light-cone sum
rules method. In Fig. 2, we present the dependence of the
magnetic dipole moments of doubly-bottom tetraquark
states on M? at various sy values. As shown, the vari-
ation in magnetic dipole moment with respect to M? is
roughly 10% —15%. Although the magnetic dipole mo-
ments indicate some dependence on sy, it remains inside
the limits allowed by the light-cone sum rules and gener-
ates most of the uncertainties.

After performing the numerical calculations, the ac-
quired values of the magnetic dipole moments of doubly-
bottom tetraquark states are collected in Table 2. The un-
certainties on the results are due to the variation in
soandM?, and errors in the values of the input paramet-
ers.

The magnitude of the magnetic dipole moments indic-
ates their measurability in experiments. From this per-
spective, it can be said that it is possible to measure the
magnetic dipole moments acquired experimentally.
SU(3)s breaking effects are considered through a nonzero
s-quark mass and s-quark condensate, and we predict that
SU@3); symmetry violation in the magnetic dipole mo-
ments is small, except for the relation between B°B*° and
BgB;, where SU(3); symmetry violation is large. In Ref.
[5], the authors performed a systematic investigation of
the magnetic dipole moments of doubly heavy tetraquark
states with the molecule configuration within the frame-
work of the non-relativistic quark model with the help of

Table 1. Working intervals of sy, M2, and the PC for mag-
netic dipole moments.
Ty, States 50/GeV?2 M?/GeV?2 PC

B B* 115-119 11-15 0.38-0.61
BB+~ 115-119 11-15 0.35-0.58
BB 115-119 11-15 0.35-0.61
BB 115-119 11-15 0.37-0.59
BYB*~ 117-121 11-15 0.36-0.58
BB 117-121 11-15 0.37-0.60
BB 117-121 11-15 0.36-0.59
BB 117-121 11-15 0.35-0.61
BB 121-125 11-15 0.35-0.60
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the Gaussian expansion method. The obtained magnetic
dipole moments depending on their spatial configura-
tions are given as ur. =0.49-0.98 uy and pr. =1.29-
1.40 py .

As shown by the analytical results given in the ap-
pendix, we choose to keep the quark charge factors expli-
cit. The advantage of this is that it can make it possible to
investigate individual quark contributions to the magnet-
ic dipole moment. Via a profound analysis, it is observed
that the sign of the magnetic dipole moment is determ-
ined by the ¢»-quark in the interpolating current. If ¢, is a
u-quark, the sign of the magnetic dipole moment is posit-
ive (B"B*~, B°B*~, and BYB*"), and if ¢, is one of the d
or s-quarks, the sign of the magnetic dipole moment is

negative (B~B*°, B°B*°, B B, BB, BB, and
B%B). A detailed examination indicates that the small-
ness of the e, and e, contributions are due to an almost
exact cancelation of terms involving e, and e,. We
would also like to discuss the amount of perturbative and
non-perturbative contributions (for example, quark-gluon
condensates and the DAs of the photon) to the total res-
ults. Our numerical computations indicate that roughly
85 % of the total contribution belongs to the perturbative
part, and the surviving 15 % corresponds to the non-per-
turbative contributions.

In conclusion, we extract the magnetic dipole mo-
ments within the light-cone sum rules method by employ-
ing molecular type interpolating currents for doubly bot-

Un T T ] T T T ] 0
6 — 5, = 115GeV| 7] o — 5, = 115GeV’| 7] 04 =
- R - B ]
ST 5,= 117 GeV’ ] T s,= 117 GeV’ ] 08| -
T —5,=119GeV)| ] “r —5,=119GeV)| ] ok e —1sGevd 4
0
3 . 3 7 : .
S C - ek s, = 117 GeV’ -
2 — 2/ - 0 ) -
| - E ] 2k — 5,= 119 GeV -
L ! ! ! ] oL ! \ ! ] o4 ! \ !
11 12 13 14 15 1 12 13 14 15 11 12 13 14 15
2 2 2 2. 2 2.
M[GeV’] M[GeV’] M[GeV’]
(a) (b) (c)
0 6 ‘ ‘ 0
04k - sk — 5,= 117 GeV* - 04F =
B g i | e —
o5k | a 5,= 119 GeV’ - 0.8 f
/] i , i i i
1ok _| L — s =121 GeV _| L e = _|
T — s,= 115 GeV’ ) 3 0 i L2 s,= 117 GeV’ 1
_ 2
L 5,= 117 GeV’ 7 ) — L6 5,= 119 GeV i
i 1 - | i R 1
2 —5,= 119 GeV’ . I 2 — 5,= 121 GeV i
24 l l l l | | 24 | | |
11 12 13 14 15 11 12 13 14 15 11 12 13 14 15
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(d) (e) (f)
0 0 04
0.4t - 0.4 . 0.8 5
B | i ] 1.2= —
-0.8 - 0§ 7
e - 5 y 16 5 7
1.2~ > — -1.21- — 5,= 117 GeV - o — 8, =121 GeV b
- —5,= 117 GeV 1 - ) . 2F o
L6 - -1.61 s, =119 GeV — B s, =123 GeV 7
- 5,= 119 GeV’ i - R ] 24 R 7
2k B - aF — 5, =121 GeV i JsL — 5, = 125 GeV b
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24 \ e 24 \ ! ! 32 ! \ !
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M’[GeV’] M’[GeV’] M’[GeV’]
(2) (h) ]
Fig. 2. (color online) Dependence of the magnetic dipole moments of doubly-bottom tetraquark states on M? at three different values

of s0; (), (b), (c), (d), (e), (), (g), (h), and (i) represent the B-B*~, B°B*~, B-B**, B°B**, BB, B~B:°, BOB*®, B'B:®, and BYB:* states,

respectively.
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Table 2. Numerical values of the magnetic dipole moments quired results along with the spectroscopic parameters
(in units of nuclear magneton uy). may help future theoretical and experimental research on
the characteristics of doubly-bottom tetraquark states. It

Ty, States Magnetic dipole moment o ) ¢
- would be exciting to predict future experimental attempts
BB 1722067 at exploring possible doubly-bottom tetraquark states and
BB 1.38+0.56 test the results of the present analysis.
BB —0.44+0.17
RO —-0.77+0.28 ACKNOWLEDGEMENTS
BB 1.47+0.42 We are grateful to A. Ozpineci for useful discussions,
BB -0.42+0.15 comments, and remarks.
BB*0 -0.77+0.25
BB —073+0.24 APPENDIX A: EXPLICIT EXPRESSION FOR
‘ 2
BYB’ ~1.11+031 A(M?, 59)

In Appendix A, we present the explicit expressions of
the function A(M?,so) for the magnetic dipole moments

tom tetraquark states with spin-parity J¥ =1%. The ac- ’
of doubly-bottom tetraquark states entering the sum rule.

eq,mp{(grG*XG1q1)
35389443

+(8A[ug] + 31[S] - 81:[SNI[0,1,3,0] —4)((91[(),2, 1,0]-231[0,2,1, 1]+ 191]0,2,1,2] - 51[0,2,1,3]

AM?, 50) =

[8(1[0,1,1,0]—21[0, 1,1,1]1+110,1,1,2] =210, 1,2,0] + 2I[0, 1,2,1])ﬂ[u0]

—261[0,2,2,0]+441[0,2,2,1] - 181[0,2,2,2] +251[0,2,3,0] - 211[0,2,3,1] - 8][0,2,4,0])907[140]}

mp(g5G*)G242) | -

- —13e¢,. (I L[SDI[0,1,3,0] +24¢e,(1[0,1,1,0] -2110,1,1,1]+1[0,1,1,2
35304 | e BISIHBISHII 1+ 24e(I1 1-21[ 1+10 ]

—21[0,1,2,0]+21[O,1,2,1]+I[0,1,3,0])]

B mp(g2G*)G2q2)
353894473

—13e,,(5[S] +L[S1)1[0,1,3,0] +24eb(1[0, 1,1,0]-21[0,1,1,1]1+1[0,1,1,2]

-2110,1,2,0]+2I[0,1,2, 1]+ I[0, 1,3,0])]

B (835G f3y
28311552n3
-2I10,1,2,0]+2110,1,2,1]+ 1[0, 1,3,0]) + 1[0,2,2,0] — 21[0,2,2,1] + 1[0, 2,2,2] — 21[0,2,3,0]
+21[0,2,3,1] +I[0,2,4,0])+ 16eql(4mb(mb+2mq2)(1[0, 1,1,0]1-2110,1,1,1]+1[0,1,1,2]
-2I[0,1,2,0]+21[0,1,2,11+ 10, 1,3,0]) + 110, 2,2,0] — 210, 2,2, 1] + 1[0,2,2,2] - 21[0,2,3,0]

9e,, 11[V1I[0,2,4,0] +48eqz(4mb(m17 +2mg,)(110,1,1,01-2110,1,1,11+1[0,1,1,2]

+21[0,2,3,1]+ I[O,2,4,O])¢”[u0]}

(83G?)
2831155273

2166%(1[0,3,2,0] -3110,3,2,1]+31[0,3,2,2] - 1[0,3,2,3] - 31[0,3,3,0] - 6/[0, 3,3, 1]

+31[0,3,3,2]-31[0,3,4,0] + 31[0,3,4,1] —1[0,3,5,0]) + eb( - 12mb(6qu(1[0,2, 1,11-2110,2,1,2]

+1[0,2,1,3]1-21[0,2,2,1] + 2110, 2,2,2] + 1[0, 2,3, 1]) + m(1[0,2,1,1] - 101[0,2,1,2] + 910, 2, 1, 3]
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—-2110,2,2,1]1+10110,2,2,2] + 1[0, 2,3, 1])) —-3110,3,2,0]-1271[0,3,2,1] +2631[0,3,2,2]
—-1331[0,3,2,3]1+91[0,3,3,0] +2541[0,3,3,1] - 26310, 3,3,2] - 9110, 3,4,0] - 1271[0, 3,4, 1]

+3I[O,3,5,0])}

mp{q1q1)
19660873

+21[0,2,2,0]1-41[0,2,2,1]+21I[0,2,2,2] - 131]0,2,3,0] — 131[0,2,3, 1] + 81[0, 2,4,0]) — 4(31[0,3,1,1]
-9110,3,1,2]1+91[0,3,1,3] - 31[0,3, 1,4] + 21[0,3,2,1] - 410, 3,2,2] + 21[0, 3,2,3] - 13(1[0, 3, 3,1]

—-1[0,3,3,2]) + 81[0,3,4, 1])) —728%(3][0,3,2, 11-3110,3,2,2]+1[0,3,2,3] +31[0,3,3,0] - 6/[0,3,3,1]

[726qu[0, 3,2,0]+ eb<3m(2)(31[0, 2,1,0]1-91[0,2,1,1]1+9110,2,1,2] - 31[0,2,1,3]

+31[0,3,3,2]-31[0,3,4,0] + 31[0,3,4, 1] +I[0,3,5,0]) +ey, ( —4(413[S] +35[S)1[0,3,4,0]
+3(110,3,2,0]-3110,3,2,1]+ 3110, 3,2,2] - 1[0, 3,2,3] - 310, 3,3,0] - 61[0,3,3, 1]+ 310, 3,3,2]
-3110,3,4,0]+ 31[0,3,4,11- 110, 3,5,0))Aluo] — 353[S11[0,3,5,0] + 3y (- 1[0,4,2, 11+ 31[0,4,2,2]
—-3110,4,2,3]+1[0,4,2,4] + 31[0,4,3,1] - 61[0,4,3,2] + 31[0,4,3,3] - 31[0,4,4,1] + 3110,4,4,2]

+1[0,4,5, 1])907[”0])], (A1)

mp{G2q2)
+ —_—
19660873

+4eb(1[0,3,2, 11-2110,3,2,2] + 110,3,2,3] - 21[0,3,3,1] + 210, 3,3,2] + 1[0, 3,4, 1])

[— 3ebmg(l[0,2,2,0] —-2110,2,2,1]1+1[0,2,2,2] - 21[0,2,3,0] + 21[0,2,3, 1] + 1[0, 2,4,0])

+ e, (I3[S)+ I[S1)(—41[0,3,4,0] + 31[0,3,5,0])
m,

+ m[e’b(l[o,élﬁ] —2110,4,1,4]+1[0,4,1,5] -21[0,4,2,3] + 21[0,4,2,4] +I[0,4,3,3])

—8(eq, — eqz)f3y7r2(1[0, 3,2,11-2I10,3,2,2]1+1[0,3,2,3] - 21[0,3,3, 1] + 210,3,3,2] + 1[0, 3,4, 1])w“[uo]]

f3y

+ m[eq1 1[V](-4110,4,5,0] + 31[0,4,6,0]) — 6(ey, + 1 leqz)(1[0,4, 3,01-31[0,4,3,1]1+31[0,4,3,2]

—-1[0,4,3,3] - 31[0,4,4,0] - 61[0,4,4, 1] + 31{0,4,4,2] - 31[0,4,5,0] + 31[0,4,5,1] - I[O,4,6,0])¢“[u0]]

mp

+ _—
524288x5
+mq,(3l[0,4, 1,2]1-91[0,4,1,3]1+91[0,4,1,4] - 31[0,4,1,5] + 21[0,4,2,2] - 41[0,4,2,3] + 21[0,4,2,4]

[eb( - mq2(1[0,4,2,2] —-2110,4,2,3]1+1[0,4,2,4] -21[0,4,3,2] + 21[0,4,3,3] + 1[0,4,4,2])

—13(110,4,3,2]-1[0,4,3,3]) + 81[0,4,4, 2])) +36¢,, qu( —-1[0,4,2,1]1+31[0,4,2,2] - 31[0,4,2,3] + 1[0,4,2,4]
+3(1[0,4,3,1] - 2110,4,3,2] +1[0,4,3,3] - 1{0,4,4,1] + I[0,4,4,2]) + 1[0,4,5, 1])

—16(5e4,mg, + eqlqu)f3yﬂ2(1[0,3, 2,0]-31[0,3,2,11+31[0,3,2,2] -1[0,3,2,3] - 3(I[0, 3,3,0] - 21[0, 3,3, 1]
+1[0,3,3,2]-1[0,3,4,0] + 1[0,3,4,1]) — 1[0,3,5,0])1,0“[140]}

3
+ _—
5242880m°

-2I10,5,3,3]+1]0,5,3,4] - 1[0,5,4,2] + 110,5,4,3]) —1[0,5,5,2]) + 366%(31[0,5,3,2] -3110,5,3,3]+1[0,5,3,4]

—36¢,,1[0,5,3,1]+ 1leb(1[0,5,2,2] -3110,5,2,3]+31[0,5,2,4] - 10,5, 2,5] - 3(1[0, 5,3,2]
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+3(1[0,5,4,1]-21[0,5,4,2] + 1[0,5,4,3] - 110,5,5,1]1 + I[0,5,5,2]) + 1[0,5, 6, 1])],

2 1 1

1
v 0B B g g
M% as the Borel parameters in the initial ‘and final states,
respectively. Here, e, (,), Mg, and (Gi2)q12)) are the
electric charge, mass, and condensates of the correspond-
ing light-quark, respectively. For simplicity, we do not
present the terms proportional to many higher dimension-
al operators; however, in the numerical computations, we
take these terms into account.

The functions I[n,m,Lk], L[F], LIF], L[F], and
I4[F] are defined as

So 1 1 )
I[n,m,l,k]:f dsf dtf dwe™s/M s"(s—4m,%)'”tlwk,
4m; 0 0

1
L[F]= fDa, f dv 7 (ag, ag,a)d (g + Vag — up),
0

1 .
where ug = + I with M? and

(A2)

!
L[F]= fD“’ f dv F(ag, aq,a)d (g + vag —up),
0

1
0

L[F]= fDa, f dv F (ag, g, ag)d(ay + Va, — up),

1
L[F]= fDa, f dv F(ag, @y, @g)0(ag + va, — up),
0
where ¥ denotes the corresponding photon DAs.

APPENDIX B: DISTRIBUTION AMPLITUDES OF
THE PHOTON

In Appendix B, the matrix elements

(¥(@)1g(0Tiq(0)[0) and (y(q) lé(x)r iGﬂvq(O)i 0) associated
with the photon DAs are presented as follows [52]:

1 .
Y(@DIg(x)y.q(0)|0) =e, f3, (8;4 —qy z—i) fo due™ " (u)

1 ! .
<7(Q)|El(x)7ﬂVSCI(O)|O> == Zeqf}yfpvaﬁquaxg\f(; duequwa(u)

o 2
Y(DIG(x)ouyq(0)10) = —ie,{gq)(euqgy — sv‘],u)AfO‘ due™®* (XS")/(”) + %A(u))

. 1
i &x &x .
———e,qq|x,\eu—q,— | —xulev — gy — due"®h,, (1)
2(gx) "qq[ ( . q”qx) ”( 1 qX)U; 7

V(@1G(x0)2,G(v)g(0)10) = —ieg(Gq) (6uqy — &4, f Da;e " S ()

V@NGx)85G iy (v0)iysq(0I0) = —ie(Gq) (£udy — £4,) f Dae@120e S(a)

Y(@PIG(x)8sG 1 (VX)YaY5q(0)I0) =€, fryqa(€ugy — £q,) f Dae! @ A(a)

Y(@IG(x)g5G o (vX)iyaq(0)I0) =€, f3yqa(€ugy — Evqy) f Dae @Y (q;)

1
<7(q>|Q(x)0—aﬁgsGyv(Vx)Q(0)|0> =€q<6_1¢1> {[(‘9/1 —qu %) (gav - E(Q(ﬂcv + qvxa)) qap

£x £X 1
- (8;1 —qu q—x) (gpv - E(qva + QVXB))QG - (Sv - CIVE) (ga,l - q—x(qaxﬂ +quxa) |qp

X 1 .
+ (av - qvq—x) (gﬁﬂ - q_x(qﬁx“ + q,,xﬁ)) qa] f@aiel("“m“)qul (@)

+

X 1
Sa_Qqu_x 8up — E(Q,uxﬁ"'qﬁxp) qv

113106-9
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£X 1
o e 88— q—x(qvx/s +qpXy) | qu

X 1
- Eﬁ_qﬁq_x g,ua_q_x(q;lxaf"'quy) qv

EX 1 ; ,
+ (8/3 — qﬁq—x) (gm — q—x(qvxa + qaxv)) qﬂ] fl)aiel(aqﬂag)qxr]-z(ai)
1 .
+ q_x(qltxv —qvX,)(Eadp — E34a) fDaiel(%Jrv%)qx7-3(ai)
1 .
+ 3%~ dpxa) ety — £04s) f Dme“%*mﬂq)‘ﬂ(ai)} ,

where @y (u) is the DA of the leading twist-2, y"(u), ¥*(u), A(e;), and V(a;) are the twist-3 amplitudes, and &, (1), Au),
S(ay), S(ay), T1(@i), Ta(ay), T3(a;), and T4(a;) are the twist-4 photon DAs. The measured Da; is defined as

1 1 1
fZ)a/izf daqf daqf dagd(1-az—a,—ay).
0 0 0

The expressions of the DAs that are entered into the matrix elements above are as follows:

oy () =6uit(1+ @2 (W)Cy *(u— 1)),
) =3(3Qu-1)7-1)+ 63—4 (15w) —5w})(3-302u - 1)” +35(2u— 1)*),
) =(1-Qu-1?)(5Qu-17-1) g (1 + 19—6wa - 13—6WA),
Iy () == 10(1 +2«*) Y (u— ),
Au) =40u7* (3 — k" + 1) +8(43 = 382) [uin(2 + 13uit)
+ 2u3(10 = 15u + 6u®) In(u) + 2> (10 — 15ﬁ+6ﬁ2)ln(ﬁ)],
Aery) =360a,040; (1 + w‘;‘%(mg - 3)),
V() =540w, (g — )00y,
Ti(ai) == 12034 + 5 Nag — ag)agayag,
Tale) =30 — ag) (k= k) + (61 = LD = 2a) + L3 - 4ay)),
T3(@i) == 120034 - &3 Nag — ag)agaag,
Ta(ai) =300 (@ — ) ((k+K5) + (&1 +£D(1 = 20) + H(3 - 4ay)),
S(a) =30a{(k + k(1 = ag) + ({1 + £ =) (1 = 2a) + La[3(ag — @) — g (1 — )1l
S(a) = =300k = )1 = @) +(&1 = L1 = @) (1 = 2a) + La[3(g = @g)* = ag(1 - )]}

The numerical values of the parameters used in the DAs are ¢,(1 GeV) =0, w}/’ =3.8+1.8, wﬁ =-21+1.0, k=0.2,
kt=0,,=04,and £, =0.3.
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