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Abstract: The latest measurements of the anomalous muon magnetic moment  show a  discrep-
ancy  between  the  theoretical  prediction  of  the  Standard  Model  and  the  experimental  observations.  To  account  for
such a discrepancy, we consider a possible extension of the type-(I+II) seesaw model for neutrino mass generation
with a gauged  symmetry. By explicitly constructing an economical model with only one extra scalar singlet,
we demonstrate that the gauge symmetry  and its spontaneous breaking are crucial not only for explaining
the muon  result but also for generating the neutrino masses and leptonic flavor mixing. Various phenomeno-
logical implications and experimental constraints on the model parameters are also discussed.
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I.  INTRODUCTION

Based on the quantum field theories with gauge sym-
metries, the  Standard  Model  (SM)  has  proved  to  be  ex-
tremely successful  in  the  description  of  strong,  electro-
magnetic,  and  weak  interactions  among  elementary
particles  in  nature.  However,  the  fermion  mass  spectra,
flavor mixing patterns, and CP violation have been com-
pletely unexplained in  the SM [1]. In  particular,  the dis-
covery of neutrino oscillations calls for new physics bey-
ond  the  SM  to  accommodate  tiny  neutrino  masses  and
significant  leptonic  flavor  mixing.  Apart  from the  direct
searches for new physics at the high-energy frontiers, an-
other important  approach is  to precisely measure the ba-
sic properties of the SM particles and look for clear devi-
ations from the SM predictions.

(g−2)

aµ ≡ (gµ−2)/2 4.2σ

aexp
µ = 116 592 061(41)×

10−11 aSM
µ = 116 591 810(43)×

10−11

Very  recently,  the  Muon  Collaboration  at  the
Fermi National Laboratory in the US released the precise
measurement  of  the  anomalous  muon  magnetic  moment

 and found a  discrepancy with the SM
prediction [2], when combined with the final result from
the E821 experiment  at  the Brookhaven National  Labor-
atory  in  2006  [3].  The  reported  difference  between  the
combined  experimental  result 

 [2]  and the  SM prediction 
 [4-42] of the anomalous muon magnetic moment is 

∆aµ ≡ aexp
µ −aSM

µ = 251(59)×10−11 , (1)

1σwhere the  error  in  the last  two digits  is  given by the
number in  the parentheses.  Although such a  discrepancy
must  be  further  scrutinized  by  more  experimental  data
and more reliable calculations [43], it  has already stimu-
lated  a  great  number  of  theoretical  works  on  the  new
physics interpretations and their connections to other fun-
damental  problems  in  particle  physics,  astronomy,  and
cosmology [44-89]. See, e.g., Refs. [44, 54], for an excel-
lent summary of new-physics scenarios and earlier refer-
ences.

U(1)Lµ−Lτ

U(1)Lµ−Lτ

Motivated  by  this  exciting  progress,  we  propose  a
simple  but  viable  model  to  simultaneously  account  for
neutrino masses, leptonic flavor mixing, and the anomal-
ous muon  magnetic  moment.  The  basic  idea  is  to  aug-
ment  the  type-(I+II)  seesaw  model  [90-96] by  introdu-
cing the  gauge symmetry [97-99] and an addi-
tional  singlet  scalar  field S.  The  results  obtained  in  the
present work are distinct from those reported in previous
works in at  least two aspects.  First,  the flavor-dependent
gauge  symmetry  places very  restrictive  con-
straints  on the lepton flavor structures,  so it  is  nontrivial
to  correctly  reproduce  in  a  simple  way  two  neutrino
mass-squared differences and three flavor mixing angles,
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Qµτ(S ) = +1 Qµτ(∆) = −1 U(1)Lµ−Lτ

Mν
B3

∆aµ
∆aµ

Z′

U(1)Lµ−Lτ
Z′

∆ae ≡ aexp
e −aSM

e

∆ae
2σ

∆aµ ∆ae

as observed in the neutrino oscillation experiments [100-
110].  In  our  model,  the  singlet  scalar  field S and  triplet
Higgs  ∆  are  assigned  with  the  opposite  charges

 and  under  the  sym-
metry, respectively. As a consequence, the effective Ma-
jorana  mass  matrix  of  three  light  neutrinos  can  take
the  two-zero  texture  [111-113], which  leads  to  read-
ily testable  predictions  for  the  neutrino  mixing  paramet-
ers [114, 115]. Second, we point out that both the contri-
butions  from the  Higgs  triplet  and  those  from the  heavy
Majorana  neutrinos  to  appear  with  a  negative  sign.
Therefore, the observed discrepancy  can only be ex-
plained by the contribution from the gauge boson  as-
sociated  with  the  gauge  symmetry.  As  there  is
no tree-level interaction between the electrons and , the
anomalous  electron  magnetic  moment 
receives  the  dominant  correction  from  the  Higgs  triplet,
implying  a  negative  sign  of  that  remains  consistent
with  the  experimental  observation  at  the  level.  Our
model  offers  an  explicit  example  to  realize  the  opposite
signs for  and  in the same framework.

Lµ−Lτ

The rest of this paper is organized as follows. In Sec.
II,  we  introduce  the  extended  version  of  the  type-(I+II)
model  with  a  gauged  symmetry,  and  explain  its
main  features.  The  phenomenological  implications  for
neutrino  masses  and  flavor  mixing  are  discussed  in  Sec.
III, while the anomalous electron and muon magnetic mo-
ments are  calculated  in  Sec.  IV.  Finally,  some  conclud-
ing remarks are presented in Sec. V. 

U(1)Lµ−Lτ
II.  THE SEESAW MODEL WITH 

SYMMETRY

Lα
α = e,µ,τ

B/3−Lα α = e,µ,τ Le−Lµ Lµ−Lτ

µ τ

U(1)Lµ−Lτ

Although  the  individual  lepton  numbers  (for
)  and  the  baryon  number B happen to  be  con-

served in  the  SM at  the  classical  level,  they  are  actually
violated by quantum anomalies  [116]. However,  the  dif-
ferences between any two of these global charges, such as

 (for ), ,  and , are  anom-
aly-free and can naturally be promoted to gauge symmet-
ries. The well-established phenomena of neutrino oscilla-
tions,  in  particular  the  approximate -  exchange or  re-
flection symmetries observed in the neutrino flavor mix-
ing [117], indicate that the  gauge symmetry can
be compatible with the experimental observations.

ναR α = e,µ,τ
S U(2)L

In  the  canonical  type-(I+II)  seesaw  model,  where
three  right-handed  neutrino  singlets  (for )
and  one  Higgs  triplet  ∆  under  the  gauge sym-
metry are added into the SM particle content, it is natural
to obtain  tiny  Majorana  masses  of  three  ordinary  neutri-

U(1)Lµ−Lτ

∆m2
i j ≡ m2

i −m2
j i j = 21,31

{θ12, θ13, θ23}

U(1)Lµ−Lτ

S U(2)L⊗U(1)Y⊗U(1)Lµ−Lτ

nos. However, the flavor structures of the lepton Yukawa
couplings and right-handed neutrino mass matrix are en-
tirely  unconstrained  in  the  type-(I+II)  seesaw model.  As
we shall see in the next section, the  gauge sym-
metry could impose tight constraints on the lepton flavor
structures.  Usually,  the  flavor  structures  are  constrained
to  be  too  simple  to  accommodate  two  neutrino  mass-
squared  differences  (for )  and
three neutrino mixing angles  extracted from
the  neutrino  oscillation  experiments.  For  this  reason,  we
have to modify the canonical type-(I+II) seesaw model in
the  most  economical  way  by  introducing  an  additional
complex  scalar S,  which  is  singlet  under  the  SM  gauge
symmetry  but  possesses  a  nontrivial  charge.
The relevant  fields  and  their  charges  under the  overall
gauge  symmetry  have  been
summarized in Table  1.  In  what  follows,  we explain  the
extra  terms  appearing  in  the  gauge-invariant  Lagrangian
and briefly discuss their phenomenological implications.

Z′µ Z′

Z′µν ≡ ∂µZ′ν−∂νZ′µ

First,  there  is  a  new  gauge  symmetry,  for  which  the
gauge field is denoted as  and the gauge boson as . In
addition to the new kinetic term1) composed of the field-
strength tensor , the covariant derivative
will be modified to 

D′µ ≡ ∂µ− igτaWa
µ − ig′

Y
2

Bµ− igZ′QµτZ
′
µ , (2)

Qµτ U(1)Lµ−Lτ
gZ′

Z′µ

where  represents the charge under the  sym-
metry (cf. the charges in the last row of Table 1), and 
is  the  corresponding  gauge  coupling.  As  only  the  SM
leptons and right-handed neutrinos of the muon and tauon
flavors are  charged  fermions  under  such  a  gauge  sym-
metry,  the  neutral-current  interactions  of  these  fermions
with  read
 

L′NC =gZ′
[ (
ℓ
µLγ
µℓµL− ℓτLγ

µℓτL

)
+

(
µRγ

µµR−τRγ
µτR

)
+

(
ν
µRγ

µνµR− ντRγ
µντR

) ]
Z′µ , (3)

(g−2)
where the interaction terms in the first  two round brack-
ets on the right-hand side contribute to the muon ,
as we shall see later.

Second, the  scalar  potential  of  the  model  consider-
ably  resembles  that  of  the  type-II  seesaw  model  [118],
where  only  one  Higgs  triplet  is  introduced  into  the  SM.
With  an  extra  singlet  scalar S, we  can  immediately  de-
termine the gauge-invariant scalar potential as 
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−ϵZ′µνBµν/4 U(1)Y U(1)Lµ−Lτ
ϵ = 0 U(1)Y U(1)Lµ−Lτ

Z′

1) In general, there could also exist a mixing term  between the  and  gauge bosons in the Lagrangian. Even if this mixing is assumed
to be vanishing initially (i.e., ), it will be generated at the loop level by the particles that are charged under both  and . For simplicity, we assume
that the mixing between  and the SM neutral gauge bosons is radiatively generated and thus highly suppressed.
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V(S ,H,∆) =−µ2
HH†H+λH(H†H)2−µ2

S S †S +λS (S †S )2

+
1
2

M2
∆Tr(∆†∆)+

(
λ1S HTiσ2∆H+h.c.

)
+
λ2

2
(H†H)Tr(∆†∆)+

λ3

4
(H†σiH)Tr(∆†σi∆)

+
λ4

2
(S †S )Tr(∆†∆)+

λ5

2
(S †S )(H†H)

+
λ6

4
Tr

[
(∆†∆)2

]
+
λ7

4

[
Tr(∆†∆)

]2
,

(4)

λ1

λ1⟨S ⟩ = λ1vS

V(S ,H,∆)

where the coupling constant  is, in general, complex. It
should be noted that the coefficient of the trilinear coup-
ling term of the SM Higgs doublet H and the Higgs triplet
∆  is  of  mass  dimension  and  small  in  the  type-II  seesaw
model, whereas it is now given by  after the
singlet  scalar  acquires  its  vacuum  expectation  value
(vev). Instead of a complete analysis of the vacuum struc-
ture  based  on  the  scalar  potential ,  we  make
some  reasonable  approximations  and  recapitulate  the
main  features  of  the  spontaneous  symmetry  breaking  in
our model.
 

λ3 λ4
λ5 λ7

H±± H± H0 A0

MH±± = MH± = MH0 = MA0 = M
∆

vS ≈
√
µ2

S /λS vH ≈
√
µ2

H/λH

v
∆
≈ λ1vS v2

H/M
2
∆

λ1

●  The  general  scalar  potential  in  Eq.  (4)  can  be
greatly simplified if some quartic couplings (e.g., , ,

,  and )  are  set  to  zero.  In  this  case,  the  physical
triplet  scalars , , ,  and  are  degenerate  in
mass,  namely, . Mean-
while, the  vev's  of  the  neutral  scalar  bosons  are  approx-
imately  given  by , ,  and

. It should be noted that the coupling con-
stant  can be made real by redefining the phases of the
scalar fields S, H, and ∆.
 

U(1)Lµ−Lτ
Z′ MZ′ = gZ′vS /2

Z′

γ

ρ

ρ ≡ M2
W/(M2

Z cos2 θW) ≈ (v2
H +2v2

∆
)/(v2

H+

4v2
∆

) = 1.00038±0.00020
v
∆
≲ 2.58 GeV 3σ vH ≈

246 GeV MZ′

● The singlet scalar field S is only charged under the
 gauge symmetry, so the mass of the gauge bo-

son  is given by . As the Higgs triplet car-
ries the charges of all three gauge symmetries, it induces
mass mixing among the three neutral gauge bosons Z, ,
and  after  the  spontaneous  symmetry  breaking.
However,  as  the  vev  of  the  triplet  Higgs  is  constrained
severely by the precision measurement of the  paramet-
er  [119],  namely, 

, from which  one  can  set  an  up-
per  bound  at  the  level  for 

,  one  expects  that  is  mainly  determined  by

gZ′ vS
v
∆

1 eV

the gauge coupling  and the vev  of the singlet scal-
ar.  In  our  case,  also  contributes  to  the  light  neutrino
masses,  and thus,  its  magnitude  is  further  required  to  be
below . Consequently, the dominant decay channel of
the  doubly-charged  and  singly-charged  Higgs  bosons  is
purely leptonic.
 

Third,  the  gauge-invariant  Yukawa  interactions  and
mass terms for the leptons are given by 

Llepton =− yαl ℓαLαRH− 1
2

y∆
(
ℓeL∆iσ2ℓ

C
τL+ ℓτL∆iσ2ℓ

C
eL

)
− yαν ℓαLH̃ναR−

1
2

yeτ
S

(
νCeRντR+ ν

C
τRνeR

)
S

− 1
2

yeµ
S

(
νCeRνµR+ ν

C
µRνeR

)
S †

− 1
2

[
mee

R ν
C
eRνeR+mµτR

(
νC
µRντR+ ν

C
τRνµR

)]
+h.c. ,

(5)

⟨H⟩ = vH/
√

2 ⟨∆⟩ = v
∆

⟨S ⟩ = vS /
√

2
which,  after  the  spontaneous  symmetry  breaking  with

, ,  and ,  leads  to  the
lepton mass matrices 

Ml =
vH√

2


ye

l 0 0

0 yµl 0

0 0 yτl

 ,

MD =
vH√

2


ye
ν 0 0

0 yµν 0

0 0 yτν

 , (6)

and 

ML =


0 0 y

∆
v
∆

0 0 0
y
∆

v
∆

0 0

 ,

MR =


mee

R yeµ
S vS /

√
2 yeτ

S vS /
√

2

yeµ
S vS /

√
2 0 mµτR

yeτ
S vS /

√
2 mµτR 0

 . (7)

Before  discussing  the  details  of  the  neutrino  masses
and leptonic flavor mixing, we examine the relevant mod-
el parameters in the leptonic sector. First, as indicated in

S U(2)L ⊗U(1)Y ⊗U(1)Lµ−Lτ
Table 1.    Charge assignments of the relevant fields under the  gauge symmetry in the extended type-(I+II)
seesaw model.

ℓeL, ℓµL, ℓτL eR,µR, τR νeR, νµR, ντR S H ∆

S U(2)L ⊗U(1)Y (2, −1) (1, −2) (1, 0) (1, 0) (2, +1) (3, −2)
U(1)Lµ−Lτ 0, +1, −1 0, +1, −1 0, +1, −1 +1 0 −1

Neutrino masses, leptonic flavor mixing and muon (g−2) in the seesaw model... Chin. Phys. C 46, 011001 (2022)
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Yl ≡ Diag{ye
l ,y
µ
l ,y
τ
l }

yαl α = e,µ,τ

mα = yαl vH/
√

2 α = e,µ,τ

yαν α = e,µ,τ

y
∆

ML

mee
R mµτR

yeµ
S yeτ

S

yeµ
S

yeτ
S

yeµ
S

Eq.  (5),  the  charged-lepton  Yukawa  coupling  matrix
 is  diagonal,  and  one  can  always

choose the coupling constants  (for ) to be real
by  redefining  the  phases  of  the  right-handed  charged-
lepton fields.  In this  case,  the charged-lepton masses are
simply  given  by  (for ).  Second,
without  loss  of  generality,  we  can  also  make  the  Dirac
neutrino Yukawa coupling constants  (for ) all
real by absorbing their phases into the left-handed lepton
doublets.  In  addition,  the  overall  phase  of  can be  re-
moved  by  rephasing  the  Higgs  triplet  ∆,  so  the  type-II
Majorana neutrino mass matrix  is symmetric and real.
Finally, one  can  eliminate  the  phases  of  the  mass  para-
meters  and  by utilizing  the  freedom of  redefin-
ing the phases of the right-handed neutrinos. However, it
is impossible to choose both  and  to be real,  even
with  the  phase  redefinition  of  the  singlet  scalar  field S.
For illustration, we consider  to be complex and all the
other model parameters to be real and positive in the fol-
lowing  discussions.  The  other  case  with  a  complex 
but real  can be similarly studied.
 

III.  NEUTRINO MASSES AND FLAVOR MIXING

MD = Diag{de,

dµ,dτ} dα ≡ yαν vH/
√

2

MR

yeτ
S ≪ |y

eµ
S |

As  the  Dirac  neutrino  mass  matrix 
 with  is simply diagonal, the lepton-

ic flavor mixing arises solely from the flavor structure of
 and its interplay with the contribution from the Higgs

triplet.  Without  the  Higgs  triplet,  the  phenomenological
implications  for  the  neutrino  masses  and  leptonic  flavor
mixing have been thoroughly studied in a numerical way
in the literature [105]. In the assumption of , we
found that it is possible to perform an analytical calcula-
tion,  which  can  manifest  the  direct  correlation  between
the model parameters and physical observables.

yeτ
S vS /

√
2

MR

U†MRU∗ = M̂R = Diag{M1,M2,M3} Mi
i = 1,2,3

Ignoring the element  in the Majorana mass
matrix of the right-handed neutrinos , we observe that
it can  be  exactly  diagonalized  via  the  orthogonal  trans-
formation ,  where 
(for )  are  heavy  Majorana  neutrino  masses  and
related to the real and positive parameters by [120, 121] 

me
R = M3(1− yR+ xRyR) , (8)

 

|yeµ
S |vS√

2
= M3

[
yR(1− xR)(1− yR)(1+ xRyR)

1− yR+ xRyR

]1/2

, (9)

 

mµτR = M3

 xRy2
R

1− yR+ xRyR

1/2

, (10)

xR ≡ M1/M2 yR ≡ M2/M3where the mass ratios  and  have

xR yR
(0,1) Uαi α = e,µ,τ i = 1,2,3
been  defined  with  both  and  being  in  the  range

. The nine elements  (for  and )
of the unitary matrix U are explicitly given by [121] 

Ue1 =−
[

xRyR(1− xR)(1+ xRyR)
(1+ xR)(1− xRyR)(1− yR+ xRyR)

]1/2

,

Ue2 =− i
[

yR(1− xR)(1− yR)
(1+ xR)(1+ yR)(1− yR+ xRyR)

]1/2

,

Ue3 =+

[
(1− yR)(1+ xRyR)

(1− xRyR)(1+ yR)(1− yR+ xRyR)

]1/2

,

Uµ1 =+ eiϕ
[

xR(1− yR)
(1+ xR)(1− xRyR)

]1/2

,

Uµ2 =+ ieiϕ
[

1+ xRyR

(1+ xR)(1+ yR)

]1/2

,

Uµ3 =+ eiϕ
[

yR(1− xR)
(1− xRyR)(1+ yR)

]1/2

,

Uτ1 =+ e−iϕ
[

1− yR

(1+ xR)(1− xRyR)(1− yR+ xRyR)

]1/2

,

Uτ2 =− ie−iϕ
[

xR(1+ xRyR)
(1+ xR)(1+ yR)(1− yR+ xRyR)

]1/2

,

Uτ3 =+ e−iϕ
 xRy3

R(1− xR)
(1− xRyR)(1+ yR)(1− yR+ xRyR)

1/2

, (11)

ϕ yeµ
S ≡ |y

eµ
S |eiϕ

Mi i = 1,2,3 {xR,yR,M3}
me

R |yeµ
S |vS

mµτR

where  the  phase  is  defined  as .  From  the
above discussions, three heavy Majorana neutrino masses

 (for )  or equivalently  can be im-
plemented  to  replace  the  model  parameters , ,
and . The effective Majorana mass matrix of the three
light  neutrinos  can  be  obtained  from  the  type-(I+II)
seesaw formula, i.e., 

Mν ≈ ML−MDM−1
R MT

D , (12)

from which the explicit  expressions of  the six independ-
ent matrix elements are found to be 

(
Mν

)
ee =−

d2
e

M3
· 1

1− yR+ xRyR
,(

Mν
)
µµ =0 ,(

Mν
)
ττ =−

d2
τ

M3
·

(1− xR)(1− yR)(1+ xRyR)
xRyR(1− yR+ xRyR)

· e2iϕ , (13)

and 
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(
Mν

)
eµ =0 ,(

Mν
)
eτ =y∆v∆+

dedτ
M3
· 1

1− yR+ xRyR

×
[
(1− xR)(1− yR)(1+ xRyR)

xRyR

]1/2

· eiϕ ,

(
Mν

)
µτ =−

dµdτ
M3
·
 xRy2

R

1− yR+ xRyR

1/2

. (14)

Mν (Mν)eµ = (Mν)µµ = 0
B3

One can immediately  realize  that  the  effective  Majorana
neutrino  mass  matrix  with  takes
the form of the two-zero texture , for which the implic-
ations for the neutrino masses and leptonic flavor mixing
have been carefully examined in the literature [114, 115].
Some helpful comments are as follows.
 

M1≪ M2≪ M3
xR,yR≪ 1

●  In  the  hierarchical  limit  of  the  heavy  Majorana
neutrino  masses,  i.e.,  or  equivalently

,  the expressions of the nonzero neutrino mass
matrix elements  can  be  greatly  simplified.  More  expli-
citly, we have (

Mν
)
ee = −d2

e/M3(
Mν

)
ττ = −d2

τe
2iϕ/(M3xRyR)(

Mν
)
eτ = y∆v∆+dedτe

iϕ/(M3
√

xRyR)(
Mν

)
µτ = −dµdτ×

√
xRyR/M3

Ml = Diag{me,mµ,mτ}
Mν

M̂ν ≡ Diag{m1,m2,m3} Mν = V M̂νV
T

Because  the  charged-lepton  mass  matrix
 is  diagonal,  the  effective  neutrino

mass  matrix  can  be  directly  reconstructed  from  the
leptonic  mixing  matrix V and  three  neutrino  masses

 via .  With  precision
measurements  of  the  neutrino  masses  and  flavor  mixing
parameters, one can extract very useful information about
the model parameters from Eqs. (13) and (14).
 

B3
Mν

(Mν)eµ = (Mν)µµ = 0

●  For  the  two-zero  texture  of  the  neutrino  mass
matrix , the  zero  elements  results  in  serious  con-
straints on  the  neutrino  masses  and  flavor  mixing  para-
meters. Given , we find [112-115] 

λ1

λ2
=− tanθ23 ·

sinθ12 sinθ23+ cosθ12 cosθ23 sinθ13e−iδ

sinθ12 cosθ23− cosθ12 sinθ23 sinθ13e+iδ ,

λ2

λ3
=− tanθ23 ·

cosθ12 sinθ23− sinθ12 cosθ23 sinθ13e−iδ

cosθ12 cosθ23+ sinθ12 sinθ23 sinθ13e+iδ ,

(15)

λ1 ≡ m1e2iρ λ2 ≡ m2e2iσ λ3 ≡ m3 ρ

σ

where , ,  and ,  with  and
 being  two  Majorana-type  CP-violating  phases.  It  can

be  observed  that  the  standard  parametrization  of  the

{θ12, θ13, θ23} δ

sinθ13 ≈ 0.15
m1/m2 ≈ m2/m3 ≈ tan2 θ23

m1 < m2 < m3 θ23 < 45◦

θ23 ≈ 49◦

39.6◦ ≲ θ23 ≲ 51.8◦

3σ
m3 < m1 < m2 θ23 > 45◦

θ23

leptonic flavor  mixing matrix V has  been adopted [119],
where  are three flavor mixing angles and  is
the  Dirac-type  CP-violating  phase.  In  the  leading-order
approximation,  we  ignore  the  terms  proportional  to

 in  Eq.  (15)  and  thus  observe  that
. Therefore, if the neutrino mass

ordering  is  normal  (i.e., ),  then 
should  hold.  Although  the  best-fit  value  is
found by the global-fit analysis of the current neutrino os-
cillation data [122], the values  are still
allowed at  the  level.  If  the neutrino mass ordering is
inverted  (i.e., ),  then  is  required.
Such  a  correlation  between  the  neutrino  mass  ordering
and  the  octant  of  will  definitely  be  tested  in  future
neutrino  oscillation  experiments.  At  the  next-to-leading
order, one can determine the Dirac CP-violating phase via 

cosδ ≈ −
∆m2

21

∆m2
31

·
sin2θ12 cot2 θ23

2sinθ13 tan2θ23
, (16)

∆m2
i j ≡ m2

i −m2
j i j = 21,31

∆m2
21 > 0 ∆m2

31 > 0
cosδ < 0 tan2θ23 > 0 θ23 < 45◦

cosδ < 0

where  (for )  are  two  neutrino
mass-squared differences. In the case of normal neutrino
mass  ordering  (i.e.,  and ),  we  have

 because  of  for .  It  is
straightforward to  ascertain that  is  also valid  in
the case of inverted neutrino mass ordering.

yeτ
S ≪ |y

eµ
S |

MR
Mν ≈ ML−MDM−1

R MT
D

B3 3σ

θ23

In  summary,  in  the  limit  of , one  can  ex-
actly  diagonalize  the  right-handed  neutrino  mass  matrix

,  and  the  effective  Majorana  neutrino  mass  matrix
 emerges  to  be  of  the  form  of  the

two-zero texture .  At the  level,  the predictions for
the  neutrino  masses  and  flavor  mixing  parameters  are
compatible  with  the current  neutrino oscillation data.  As
there  exists  a  direct  connection  between  the  neutrino
mass  ordering  and the  octant  of ,  the  predictions  will
be well  testable  in  the  next-generation  neutrino  oscilla-
tion experiments. 

IV.  ANOMALOUS MAGNETIC MOMENTS

Apart  from  the  neutrino  oscillation  parameters,  the
contributions  from  the  new  particles  beyond  the  SM  to
the anomalous electron and muon magnetic moments can
be calculated. To this end, it is helpful to specify the new
particles appearing in the type-(I+II) seesaw model under
consideration  and  their  interactions  with  the  charged
leptons.

U(1)Lµ−Lτ

In  addition  to  the  electromagnetic  interactions,  there
are  three  types  of  contributions  to  the  charged-lepton
magnetic  moment  in  the  SM  [123-126],  for  which  the
Feynman diagrams are listed in Fig. 1. Because the elec-
troweak contributions are well  known, we focus only on
the new-physics ones. Owing to the  symmetry,
the  Higgs  triplet  ∆  is  coupled  only  to  the  electron  and
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ναL νC
αR 6×6

tauon flavors  in  a  flavor-changing  way.  As  a  con-
sequence, it  contributes  to  the  anomalous  magnetic  mo-
ments of  the  electron  and  tauon,  which  will  be  con-
sidered  later  on.  For  the  flavor-universal  contributions,
only the Feynman diagram shown in Fig.  1(b) involving
massive Majorana neutrinos  matters.  This  is  actually  the
case in the type-I  seesaw model.  In the basis  of  the left-
handed neutrino states  and , the overall  mass
matrix of the neutrinos can be diagonalized via [1] 

(
ML MD
MT

D MR

)
=

(
V R
S U

)(
M̂ν 0
0 M̂R

)(
V R
S U

)T

,

(17)

V R S U 3×3
VV†+RR† = SS†+

UU† = 1 VS†+RU† = SV†+UR† = 0 O(MD)
≪O(MR)

V R

V ≈ (1−RR†/2)V R ≈ MDU∗M̂−1

where , , , and  are  non-unitary matrices sat-
isfying  the  unitarity  conditions 

 and .  For 
 as  in  the  canonical  type-I  seesaw  model,  one

can relate the non-unitary matrices  and  to the unit-
ary  matrices V and U introduced  in  the  previous  section
by  and .  In  the  mass
basis, the leptonic charged-current interactions read 

LCC =
g
√

2
αLγ

µ(Vαiνi+RαiNi)W
−
µ +h.c. , (18)

νi Ni i = 1,2,3where  and  (for ) represent the mass eigen-
fields of  three  light  and  heavy  Majorana  neutrinos,  re-
spectively.  With the charged-current  interactions defined
in  Eq.  (18)  and  the  general  formulas  derived  in  Refs.
[127, 128], we can obtain the contributions from the light
and heavy Majorana neutrinos to the anomalous magnet-
ic moments of the three charged leptons 

aW
α =

GFm2
α

4
√

2π2

 3∑
i=1

VαiV∗αiG
 m2

i

M2
W

+ 3∑
i=1

RαiR∗αiG
 M2

i

M2
W

 ,
(19)

where the loop function is defined as 

G(z) ≡
∫ 1

0
dx

2x2(1+ x)+ z(2x−3x2+ x3)
x+ z(1− x)

=
10−43z+78z2−49z3+4z4+18z3 lnz

6(1− z)4 . (20)

G(z) = 5/3− z/2+O(z2)
z≪ 1 G(z) = 2/3− (11−6lnz)/

(2z)+O(z−2) z≫ 1
R→ 0

VV†→ 1

It  is  straightforward  to  verify 
in  the  limit  of  and 

 in the limit of . The SM value can eas-
ily  be  obtained  from  Eq.  (19)  by  setting ,

, and the vanishing neutrino masses. After sub-
tracting the SM contribution, we obtain the contributions
from the massive Majorana neutrinos, i.e., 

∆aW
α =

GFm2
α

4
√

2π2

 3∑
i=1

RαiR∗αi

G  M2
i

M2
W

− 5
3


−1

2

3∑
i=1

VαiV∗αi
m2

i

M2
W

 . (21)

[G(M2
i /M

2
W )−5/3]

∆aW
µ

Mi = 1 TeV M2
i /M

2
W ≫ 1

mi

It is worthwhile to point out that the loop function in Eq.
(20)  and  the  final  result  in  Eq.  (21)  are  different  from
those  in  Ref.  [129]  for  the  type-I  seesaw  model.
However,  the  conclusions  from Ref.  [129]  remain  valid,
namely,  the  value  of  is always  negat-
ive and thus  has the wrong sign.  For illustration,  if
we  consider  (i.e.,  the  limit  of 
holds) and ignore the tiny neutrino masses , then 

∆aW
µ ≈ −

GFm2
µ

4
√

2π2

(
RR†

)
µµ
≈ −0.1×10−11 , (22)

(RR†)µµ ≈ 4.4×10−4

∆aW
µ

for  saturating the upper bounds from
the electroweak precision data [130]. Compared to the ex-
perimental  observation  given  in  Eq.  (1),  the  correction
from  is negligible.

ae ≡
(ge−2)/2

ae 1.6σ

Next,  we focus on the impact  of  the triplet  Higgs on
the  anomalous  magnetic  moment  of  electron 

.  The  latest  measurement  of  the  fine  structure
constant leads to a reevaluation of , and a  discrep-
ancy with the theoretical prediction has been found [131] 

α− α = e,µ,τ

W− νi Ni

Fig. 1.    Feynman diagrams for the contributions to the anomalous magnetic moments of the charged lepton  (for ) in the
type-(I+II) seesaw model: (a) the SM Higgs boson h; (b) the SM charged gauge boson  and three light ( ) or heavy ( ) Majorana
neutrinos; (c) the SM neutral gauge boson Z.
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∆ae ≡ aexp
e −aSM

e = 0.48(30)×10−12 , (23)

∆ae ≡ aexp
e −aSM

e = −0.88(36)×
10−12 2σ

∆ae
∆ae ∈ [−0.34,0.98]×10−12

m2
e/m

2
µ ≈

2.368×10−5

∆ae

whereas the  discrepancy  from  the  caesium  recoil  meas-
urements  is  even  larger, 

 with an opposite sign [132]. At the  level, either
a positive or negative sign of  is still allowed, namely,

.  The  result  in  Eq.  (21)  is  also
applicable to the electron case, and it can be estimated by
rescaling  the  value  in  Eq.  (22)  by  a  factor  of 

.  Therefore,  the  contribution  of  the  massive
Majorana  neutrinos  to  is  negligibly  small.  In  our
model,  the  interaction  between  the  triplet  Higgs  and
charged leptons can be described by 

LYuk =−
1
2

y∆
[√

2
(
eLτ

C
L +τLeC

L

)
H

+
(
νeLτ

C
L + ντLeC

L + eLν
C
τL+τLν

C
eL

)
H−

]
+h.c. , (24)

e−

τ−

∆ae

which induces the corrections to the anomalous magnetic
moments of  the  electron  and  tauon.  The  Feynman  dia-
grams in the electron case are shown in Fig. 2, and those
in the tauon case can be obtained by exchanging  and

. According to the formulas provided in Ref. [128], the
contributions to  can be calculated as follows: 

∆ae =−
y2
∆

m2
e

4π2M2
∆

∫ 1

0
dx

 x2(1− x)
x+ (m2

τ/M2
∆

)(1− x)

+
x2(1− x)

(1− x)+ (m2
τ/M2

∆
)x

 ≈ − y2
∆

m2
e

12π2M2
∆

,

∆a−e =−
y2
∆

m2
e

16π2M2
∆

∫ 1

0
dx

x2(1− x)
x+ (m2

τ/M2
∆

)(1− x)
≈ −

y2
∆

m2
e

96π2M2
∆

,

(25)

m2
e/M

2
∆

m2
τ/M

2
∆

∆aH
e = ∆ae+∆a−e ≈ −3y2

∆
m2

e/(32π2M2
∆

) y
∆

v
∆
∼ 0.1

eV

where the  mass  degeneracy  of  the  triplet  scalars  is  as-
sumed and  the  terms  proportional  to  the  small  mass  ra-
tios  and  in the integrands have been omit-
ted.  The  combination  of  these  two  contributions  gives

. Because 
, as indicated by the cosmological bound on the sum of

M
∆

v
∆
∼ 26.8

GeV · eV 2σ
∆ae = −0.34×10−12

H±±

H±±→ e±τ±

H±±→ e±τ±

the three neutrino masses [133], one obtains 
 to  reach  the  lower  bound of  the  range,  i.e.,

.  At  this  point,  we  stress  that  the
doubly-charged Higgs bosons  and their leptonic de-
cays  can  be  observed  at  the  CERN  Large
Hadron  Collider.  In  particular,  there  exists  only  one
leptonic  decay  channel ,  of  which  the  total
decay width is 

Γ(H±±→ e±τ±) =
y2
∆

8π
M∆ , (26)

M
∆

∆aH
e

y
∆

M
∆

v
∆

where  the  dependence  on  the  triplet  Higgs  mass  is
different from that in the case of . Therefore, it is in-
teresting  to  further  investigate  the  determination  of  the
model parameters , , and  by combining the neut-
rino oscillations, electron magnetic moment, and leptonic
decays of the doubly-charged Higgs bosons.

Z′

Z′ ∆aµ

Finally,  we  focus  on  the  anomalous  muon  magnetic
moment, as shown in Fig. 3, to which the dominant con-
tribution is made by the new neutral gauge boson . Fol-
lowing the general formulas reported in Refs. [127, 128]
and  observing  the  neutral-current  interaction  shown  in
Eq.  (3),  we can  calculate  the  correction  from  to ,
namely, 

∆aZ′
µ =

g2
Z′m

2
µ

4π2M2
Z′

∫ 1

0
dx

x2(1− x)
(m2
µ/M2

Z′ )x2+ (1− x)
≈

g2
Z′m

2
µ

12π2M2
Z′
,

(27)

m2
µ/M

2
Z′

M2
Z′ ≫ m2

µ

Z′ MZ′ = gZ′vS /2

∆aµ = 251×10−11

Z′

∆aZ′
µ

where the term proportional to  has been omitted
for  in the last step. As in our model, the gauge
boson  acquires  its  mass  after the  spon-
taneous symmetry breaking.  Therefore,  if  the anomalous
muon  magnetic  moment  in  Eq.  (1)  is
interpreted  by  the  contribution,  then  we  can  identify

 with this number and estimate the vev of the singlet
scalar from Eq. (27) as 

vS =

√
m2
µ

3π2∆aZ′
µ

≈ 385 GeV . (28)

H−− H−
Fig. 2.    Feynman diagrams for the contributions to the anomalous electron magnetic moment in the type-(I+II) seesaw model: (a) and
(b) from the doubly-charged Higgs boson ; and (c) from the singly-charged Higgs boson .
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U(1)Lµ−Lτ MZ′

νµ+N→ νµ+µ++µ−+N

MZ′ ∈ [0.4,103] GeV gZ′

(g−2)
M2

Z′ ≪ m2
µ

In  the  gauge  models,  for  around  the
GeV  scale,  the  most  stringent  bound  has  been  extracted
from  the  measurement  of  the  neutrino  trident  events

 [134]  using  the  data  collected
by  the  CCFR  Collaboration  [135].  In  the  mass  range

,  the  coupling  favored  by  the
muon  has  been  excluded  by  the  neutrino  trident
production  [134].  However,  if  holds,  then  the
result shown in Eq. (27) will be replaced by 

∆aZ′
µ =

g2
Z′

8π2 = 203×10−11 ·
( gZ′

4×10−4

)2
. (29)

gZ′ ∼ 4×10−4

MZ′ ≲ mµ
0.1 m2

µ/M
2
Z′ = 1 1/2

m2
µ/M

2
Z′ ≫ 1

∆aZ′
µ = 205×10−11 MZ′ = 105 MeV gZ′ = 9×10−4

vS = 2MZ′/gZ′ ≈ 233 GeV

v
∆
= λ1vS v2

H/M
2
∆

MZ′

gZ′

(g−2)

It is  evident  that  the  anomalous  muon  magnetic  mo-
ment can be entirely explained by choosing .
For the intermediate range of , the loop integral
shown in Eq. (27) varies from  for  to 
for .  It  can  be  easily  found  that

 for  and .
In  this  case,  we  have ,  which  is
related  to  the  other  model  parameters  via

.  The  constraints  on  at  the  MeV
scale and the gauge coupling  arise from terrestrial ex-
periments [136-139], astrophysical compact objects [140,
141],  and  cosmology  [142].  However,  the  parameter
space favoring the muon  result still survives. 

V.  CONCLUDING REMARKS

4.2σ
Lµ−Lτ

Z′ U(1)Lµ−Lτ

Motivated by the recent experimental measurement of
the  anomalous  muon  magnetic  moment,  which  deviates
from the  theoretical  prediction  of  the  Standard  Model  at
the  level,  we  proposed  an  extension  of  the  type-
(I+II) seesaw model by the gauged  symmetry. By
explicitly  constructing a viable model  with an additional
singlet scalar, we demonstrated that the neutral gauge bo-
son  associated with the  gauge symmetry can
possibly help explain the anomalous muon magnetic mo-
ment, while the lepton flavor structures are severely con-
strained  as  well.  The  main  new  results  are  summarized
below.

First, for the triplet Higgs ∆ to develop a suitable va-
cuum expectation value, the introduction of a singlet scal-

U(1)Lµ−Lτ

MZ′ = gZ′vS /2 Z′

gZ′ vS

Z′

MZ′ gZ′

ar S with  an  opposite  charge  under  the  sym-
metry  is  necessary.  At  the  same  time,  the  mass

 of the neutral gauge boson  is essentially
determined by the gauge coupling  and the scale  of
spontaneous  gauge  symmetry  breaking.  This  is  distinct
from the phenomenological  models, where the gauge-
boson mass  and gauge coupling  are usually con-
sidered to be independent.

B3
3σ

θ23

Second,  owing  to  the  new  flavor-dependent  gauge
symmetry, the  lepton  flavor  structures  are  severely  re-
stricted.  The  charged-lepton  and  Dirac  neutrino  Yukawa
coupling matrices  turn  out  to  be  flavor-diagonal.  Mean-
while,  the  leptonic  flavor  mixing  is  mainly  fixed  by  the
structure of  the  right-handed  neutrino  mass  matrix,  re-
ceiving both contributions from the tree-level mass terms
and  the  Yukawa  interaction  between  the  right-handed
neutrinos  and  singlet  scalar.  Interestingly,  the  effective
Majorana  mass  matrix  of  three  ordinary  neutrinos  takes
the form of the two-zero texture , which is compatible
with the current neutrino oscillation data at the  level.
The  predicted  strong  correlation  between  the  neutrino
mass ordering and the octant of  is  readily testable in
future neutrino oscillation experiments.

Z′

MZ′ ∼ 100 MeV gZ′ ∼ 10−4

Third, we  showed  that  the  anomalous  magnetic  mo-
ments of  all  the  three  charged  leptons  receive  contribu-
tions  from  the  massive  Majorana  neutrinos,  which  are,
however, found to be negligibly small due to the experi-
mental  bounds  on  the  unitarity  violation  of  the  leptonic
flavor  mixing  matrix.  However,  the  anomalous  electron
magnetic  moment  also  acquires  corrections  from  the
Higgs  triplet,  and  the  correction  with  a  negative  sign  is
obtainable.  The  anomalous  muon  magnetic  moment  can
be dominantly explained by the radiative correction from
the new neutral gauge boson . Considering the present
experimental  constraints,  we  find  that  the  parameter
space with  and  is still allowed.

We  emphasize  that  the  rich  phenomenology  of  the
proposed type-(I+II) model requires further dedicated in-
vestigations.  The  intrinsic  correlation  among  the  model
parameters can be  explored by carefully  studying differ-
ent  physical  processes,  such  as  neutrino  oscillations,
lepton-flavor-violating  decays  of  charged  leptons,  direct
searches  for  new  particles  at  high-energy  colliders,  and
astrophysical and cosmological observations. If the repor-
ted discrepancy  in  the  anomalous  muon  magnetic  mo-
ment  is  confirmed  by  future  precision  data  and  refined
calculations, it  will  be definitely intriguing to establish a
connection between the possible underlying new physics
and the generation of neutrino masses and leptonic flavor
mixing.  We  hope  that  the  results  presented  in  this  work
will be instructive on this point. The systematic and self-
consistent examination  of  all  the  phenomenological  im-
plications will be conducted in future studies. 

 

Z′
Fig.  3.    Feynman  diagram  for  the  dominant  contribution
from  to the anomalous muon magnetic moment.
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