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Abstract: We investigate the bulk viscosity of strange quark matter in the framework of the equivparticle model,
where analytical formulae are obtained for certain temperature ranges, which can be readily applied to those with
various quark mass scalings. In the case of adopting a quark mass scaling with both linear confinement and perturb-

ative interactions, the obtained bulk viscosity increases by 1 ~2 orders of magnitude compared with those in bag

model scenarios. Such an enhancement is mainly due to the large quark equivalent masses adopted in the equiv-

particle model, which are essentially attributed to the strong interquark interactions and are related to the dynamical

chiral symmetry breaking. Due to the high bulk viscosity, the predicted damping time of oscillations for a canonical

1.4 Mg strange star is less than one millisecond, which is shorter than previous findings. Consequently, the obtained

r-mode instability window for the canonical strange stars well accommodates the observational frequencies and tem-

peratures for pulsars in low-mass X-ray binaries (LMXBs).
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I. INTRODUCTION

The recent observation of gravitational waves (GWs)
emitted by binary neutron star merger, combined with the
electromagnetic counterparts, has inaugurated the multi-
messenger era of astronomy [1]. If it does not collapse
promptly into a black hole, significant post-merger oscil-
lations are expected for the central merger remnant,
among which the r-mode oscillations have been identi-
fied as viable and promising sources for continuous emis-
sion of GWs [2-9] that could be detected by the ad-
vanced Laser Interferometer Gravitational-wave Obser-
vatory (aLIGO) and Virgo Interferometer or next genera-
tion gravitational observatories [10-13]. The emission of
GWs can in turn drive the r-mode oscillations of com-
pact stars with certain spin frequency and temperature via
the Chandrasekhar-Friedman-Schutz (CFS) mechanism
[14,15], which may eventually lead the compact stars to
an r-mode instability state [16-18] and reduce their spin
frequencies.

In fact, the -mode amplitude driven by emission of

GWs is hindered by different kinds of viscous damping
mechanisms [19,20], such as the shear and bulk viscosit-
ies. The shear viscosity due to layer surface rubbing and
particle scattering determines the relaxation of mo-
mentum components perpendicular to the direction of flu-
id flow, which usually operates effectively at low temper-
atures [21]. The bulk viscosity, which originates from
mismatching between the reaction rate of chemical equi-
libration in matter and the frequency of volume perturba-
tion, is of decisive importance at high temperatures and is
especially important for newly-born and accreting pulsars
in binary systems. It is interesting to note that although
the shear viscosity of strange quark matter (SQM) is com-
parable to that of baryonic matter, the bulk viscosity of
SQM could be many orders of magnitude larger than that
of baryonic matter [22-24]. Therefore, studies on the bulk
viscosity of the composition of compact stars may be a
viable way to distinguish strange stars from neutron stars
[25,26].

As noted above, bulk viscosity has a close relation to
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r-mode instability and GW emission. Due to the competi-
tion between GW driven effects and viscous damping ef-
fects, pulsars can finally reach a steady rotation fre-
quency with certain internal temperature, which gives a
curve dividing the frequency-temperature (v—T7) plane
into a stability region and instability region (or usually re-
garded as a r-mode stability window and instability win-
dow). Although old, cold pulsars in low-mass X-ray bin-
aries (LMXBs) with long-term stable spin frequencies are
expected to be located within the stability window, many
are actually in the instability window according to vari-
ous theoretical predictions [27].

To solve this paradox, many possible solutions have
been proposed. In Refs. [28,29], the authors argued that
including hyperons may be a viable solution to the r-
mode problem. In Ref. [30], instead of hyperons, the au-
thors adopted a realistic equation of state of SQM in a
modified bag model but obtained similar results to those
in Ref. [31], in which the obtained instability windows
are not consistent with the observational data of neutron
stars in LMXBs. Nevertheless, they suggested that em-
ploying large bulk viscosity may be a reasonable solution
to reconcile theory with observations. Indeed, recent in-
vestigations have shown that LMXBs composed of inter-
acting SQM could be located well within the stability
window [32]. Additionally, long-range interactions
between quarks were also proposed to overcome this
problem [33]. Besides these scenarios, strong magnetic
fields also have a meaningful and profound influence on
the bulk viscosity of SQM [34].

The bulk viscosity of SQM arises mainly from the
nonleptonic weak process d+u <> s+u, which was first
investigated by Wang and Lu [24] and was extensively
studied from then on [17,26,35-44]. The common conclu-
sion is that the bulk viscosity of SQM is generally larger
than that of baryonic matter. Furthermore, in our previ-
ous study of bulk viscosity in an enhanced perturbative
QCD model [45], we found that the interactions between
quarks can significantly enlarge the bulk viscosity by 1-2
orders of magnitude compared with that in the MIT bag
model.

Motivated by the problem and conclusion mentioned
above, in this paper, we study the r-mode instability win-
dows for strange stars with the implementation of bulk
viscosity obtained in the equivparticle model adopting a
recently proposed quark mass scaling with quark confine-
ment effects and first order perturbative interactions. In
Sec. II, we first present a concise introduction of the
equivparticle model and then deduce the corresponding
expression of the bulk viscosity of SQM. In Sec. III, nu-
merical results of the bulk viscosity of SQM are dis-
played and discussed. On application of the obtained bulk
viscosity, the damping times of oscillations and r-mode
instability windows for 1.4 M, strange stars are com-
puted in Sec. IV. Finally, the summary is presented in
Sec. V.

II. BULK VISCOSITY IN EQUIVPARTICLE
MODEL

A. Brief introduction to the equivparticle model

We first give a brief introduction to the equivparticle
model, and one can refer to Ref. [46] for more details, in
which the key point is that the real chemical potentials of
particles are replaced by effective ones. Therefore, the
thermodynamic potential density of a quark agglomerate
appears the same in form as the free particles, i.e.,

8 [ v (2 3 5\ 3 4 HitVi
Qoz—zi:f;rz[,uiv,-(vi —zml-)+§mi In ’mi , (1)
where y} and v; = Ju;> —m? are the effective chemical

potential and the Fermi momentum of particle species i,
respectively, with i running over u,d, s and e. The degen-
erate factor g; is 6 for quarks and 2 for electrons. Here,
m; is the corresponding effective mass of particle species
i, which can be written in two parts,

m; = myy+my, 2)

where mj is the quark current mass, and m; is the inter-
acting part. For u,d,s and e, m;y values are 5,10,100 and
0.511 MeV, respectively. Originating from strong interac-
tions, m; is naturally the same for all quarks, whereas it
vanishes for electrons.

In previous literature, m; has been parameterized in
many different forms. According to the bag model as-
sumption, it is originally parameterized as [47]

m; =mjo+ 5—, (3)
3pp

where p, is the baryon number density. Then, a cubic-
root scaling is proposed in Ref. [48],

D
mi = mio+ —73, “4)

Py

which is derived from the linear confinement and lead-
ing-order in-medium chiral condensate. Later, it is exten-
ded to include the temperature effect [49],

D 8T T,
m; =mi0+m[l—ﬁexp(—d?)}. (5)
b C

Recently, a new mass scaling has been suggested with
linear confinement and leading-order perturbative interac-
tions [46],
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m; =m,-o+%+cp,§/3. (6)
Pp

Here, we should emphasize that the parameters C and D
respectively indicate the strength of perturbative interac-
tions and confinement effects, which are adopted in the
following section to investigate their effects on the bulk
viscosity of SQM.

The relation between real and effective chemical po-

tential in the equivparticle model is

1 dm; 0Q .
L2 = -y, (7)

P i S —
Hi= Hi 3 dpp, Omy

where y; is the same for all quarks. Consequently, the 3-
equilibrium still holds for effective chemical potentials,
1e.,

Moy + e = Hy = . ®)
According to traditional thermodynamics, the particle
number density p; can be derived by the common rela-

tion p; = —dQo/du;, which gives

3
givi
6n?’

8i o«

©

The charge neutrality condition and baryon number con-
servation can hence be respectively written as

2 1 1
= =pg—~ps—pe =0, 10
3Pu= 3Pd = 3Ps =P (10)
and
1
oy = g(Pu +pd+ps). (11)

Then, the energy density and pressure are given by

i R K +vi
:Z 1§ 2[Vi/li(lli2+vt‘2)_m?1n(71)]’ (12)
i g !

and

Bml ﬁQo
P=-Qy+pp——
0+ Pb oy Om;

=—Q0—3ppuy. (13)

With a given baryon number density p;, one can sim-
ultaneously solve Egs. (8), (10), and (11) to obtain the
values of effective chemical potentials u! (i =u,d,s,e).

Then, according to Eqs. (12) and (13), the equation of
state (EoS) of SQM can be obtained by P = P(E).

In Fig. 1, we present the EoS of SQM in the equiv-
particle model with the new quark mass scaling in Eq.
(6). From this figure, one can readily find that the inclu-
sion of interactions between quarks can significantly
soften the EoS. Additionally, the effect of quark confine-
ment (dashed line) prevails over that of perturbative inter-
actions (dotted line) in the EoS with the specified model

parameters.
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Fig. 1. EoS of SQM with new mass scaling in Eq. (6). From

comparison of the solid line and dash-dotted line, it is obvi-
ous that the interactions between quarks can significantly
soften the EoS.

B. Derivation of bulk viscosity in equivparticle model

In this section, employing a traditional method
[26,50], we give the bulk viscosity of SQM in the equiv-
particle model. After reproducing the existing results
[26], we investigate the effects of quark interactions on
the bulk viscosity by adopting different mass scalings.

First, we assume that the volume per unit mass of
SQM is v, which, due to the vibration of a strange quark
star, oscillates harmonically according to the following
equation:

v(t) = vo + Avsin(@) = vo +0v(1), (14)

where 7 is the volume vibration period, vy is the equilib-
rium volume, and Av is the vibration amplitude, which is
small compared with vy, i.e., Av/vy < 1. The vibration of
v could result in the change in particle phase space and
further cause variation in the particle number per unit
mass,
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ni(t) = no + on;(1), (15)

and unless otherwise stated, i represents u,d, and s
quarks here and below; én; can be obtained by integra-
tion:

’dnd
ong = —0n, = —dr. 16
ma=-on.= [ G (16)

As for the reaction rate dny/dt, we adopt the result valid
in low temperatures (T < y;) [26], i.e.,

d
% r Gc/,tfiéu (6;12 +4r? Tz) V0, (17)

where 6u = u;—uy, and the constant G, is connected to
the weak coupling Gr and the Cabibbo angle 6¢ by

16
Gczg?cggﬁecum%%=676xur%wkv4. (18)
T

Because the bulk viscosity of SQM mainly stems
from the nonleptonic weak reaction u+d < u+s, the
pressure P can be expanded near the B-equilibrium pres-
sure Py, 1.e.,

oP opP oP
P(t)=P, — —_—
(1) 0+(6v )06v+(and)06nd+(ans

) ons.  (19)
0

Then, the mean dissipation rate of the vibration energy
per unit mass is given by

dw 1 (7 dv

av

In practice, the first two terms on the right-hand side of
Eq. (19) do not contribute to energy dissipation in Eq.
(20). Therefore, they can be safely ignored.

Similarly, the quark chemical potential difference du
can also be expanded in terms of v, dny, and ény, namely

(w):(@) 5v+(@) 5nd+(a‘5”) o, Q1)
ov 0 Gnd 0 an 0

. . 00, us 0
in which ¢ =% _ ﬂ, (x = v,ng,or ny). Importantly,
s ox ox Ox

o is connected to the third and fourth terms in Eq. (19)

byvthe following relation:

o OP

— 22
ov on; (22)

To obtain the bulk viscosity, one should give the ex-
pressions of derivatives of chemical potentials in terms of
v, ng, and ng. To this end, we start from the quark num-
ber per unit mass »;,

|
ni=piv = ,?(H}‘z —m})y, (23)

from which it is not difficult to obtain the differential
form of n;, i.e.,

3vyi
dn; = vdp; +p;dv = V—;/ (,u;(dy;‘ - midmi) + p;dv. (24)
Vs

In the equivparticle model, to mimic the complicated
strong interactions between quarks, the particle masses
are taken as functions of baryon number density, i.e.,
m; = m;(pp), from which the differential form of m; can be
written as

dm; = —dpy = — dpj. (25)
b b

According to the definition of baryon number density

1 . 1 1
Pp = 3 Zipi’ one can obtain vp, = 3 Zini =3 Zini.

Then, the corresponding differential form is
1 .
d(vpp) = vdpp + ppdv = 3 Zidni’ from which
1 Pb
dop = — > dn;—2dv. 2
oy = 5 Z ni = dv (26)

Substituting Egs. (25) and (26) into Eq. (24), one can
obtain the differential form of the particle number per
unit mass dn;, i.€.,

3VVi/1? . vim;dmy

di’li = 712 i

yim; dmy N
n? dpy - !

3vimipp d
[pre 2y,
m= dpp

ECUd/J;-k +C2,'Zdnj+C3idV, 27
J

where we have changed the dummy index i in Eq. (26) to
j in Eq. (27) and introduced three notations to give a
tighter form of this expression, i.e.,

_ Svvig

Ci=——, (28)
T
vim; dm;
Coi= ———1, 29
2i 2 dpb ( )
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3vim;ipp % 1 dm; 0Qy

2 Ay (30) = =3 G0 Iy = = f(ob,mi(op),14;)- (32)

Gi=pi+
Note that the chemical potentials in Eq. (27) are effective ~ Accordingly, the differential form of y; is
ones, which should be linked to the real ones. To do this,
we use the differential form of Eq. (7), i.e., [ af  dmy af
=

d d
3ot a2 6m]Pb+Za*/~l, (33)

du = dp; +dpy. (€29

Substituting Egs. (33) and (26) into Eq. (31) and re-arran-

To facilitate the derivation of bulk viscosity of SQM ) : o .
ging the terms, one can write the explicit differential form

in the equivparticle model, u; can be redefined as a new
function f as follows, of effective chemical potential du; as

. 1 af | dmy af *]
duf =———|[du; dn;— 4 du|,
Hi |- of [ Hit [apb "oy dop Z(hn,][ﬁ%vz V]+Z oy’ H

o AT
1 L1 (af dm~- df Ob 1 of dm
— dy; dn. -2~
|- of . +3v1 ﬁf [8pb dpb om; ]ZJ: " v 1_ 6pb dpp Zﬁm]
ou; ou; 5#,’-‘
0
+Z S (34)
J#I
By taking 6;j—Cy B B Cy
du; = J l Pb _ 3i
Hi Z( A,‘Cli 3V)dn +( v A,’Cli dv
4 1 _of dm Z of J
L0 T dpy dpy L4 0m) i (39)
aﬂ? Al J#i a’u.l
with From Eq. (39), we immediately obtain
of _ _mvidm as) () 22, (40)
Cr)/l;.k 71'2 dpb’ ai’l‘,' 0 A,’CU 3v
Ou; B Gy
of _ 8| . 2, HjtYj (ﬁ) b T 41
om; W( ~mjln mj ) (36) Wy v ACy @D
Substituting Egs. (40) and (41) into Eq. (19) and ig-
of &Pm; o gimj| 2 KV noring the first two terms on the right-hand side of Eq.
s 3d a2 (v == G g btains th tributing to the dissipa-
0p 0, T m; , one obtains the pressure contributing to the dissipa
tion energy,
one can rewrite Eq. (34) as 5 5
P P
P(1) :(6_) (5nd+(a ) ong
PrAiB of "d/o &

dv+ dut. (38)

v J#EI 3}1; C3d C3s dnd
= - (42)
Adcld Ascls

. A:B
dut = Ady; + ?Zldnj—

Substituting Eq. (38) into Eq. (27) and applying
dn; = ¥, ;6;;dn;, where ¢;; is the Kronecker delta, one can The chemical potential difference du, accordingly,
obtain the differential form of the real chemical potential can be derived in a similar manner, namely
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a5, 36 36
(m(t):(—“) 5v+(—“) 5nd+(—“) ony,
0 0 0

ov ong ong
Csy Cis ) .
= - Avsin(wt)
(Adcld ACiy
1 1 ! dnd
——+— —=dt, 43
(Adcld Ascls)»[()‘ dr *+)

which naturally gives the differential equation of du(r),

dou(t) ( Csy Cis )27rAv (Znt)
= cos

dr Adcld_AsC“ T T

1 1 dny
-t —|—. 44
(AdCId ASCU) dr ( )

To solve this differential equation numerically, the re-
lated expressions of these notations in Eq. (44) are expli-
citly given as follows:

3vim;pp dm
Cai=pi+ =, (43)
s Ob
1 1 (= d
iCii 3w\ v dpp

From these expressions, we can clearly see the mass-
density dependent term dmy,/dp,, which explicitly de-
notes the main feature of the bulk viscosity in the equiv-
particle model.

The mean dissipation rate of the vibration energy per
unit mass reads

1 T
(d_w) = - f P(t)@dt
dr av T Jo dr

_Av 2 C3s C3d
B Asclx

i " dny 2rt
xfo dt(ﬁ Wdt)COS(T)' 47)

Finally, the bulk viscosity is

S
In(Co Cu)

:7T Av\A,Ciy
T "d 2nt
xf dt(f ﬂdr)cos(l). (48)
0 0 dr T
Due to the cubic term of du (du < 0.1 MeV) in Eq.
(17), it is not possible to solve the bulk viscosity analytic-

ally. However, in the relatively high-temperature limit
(2T > 6u, or the temperature of interest here satisfies

T <1MeV), one can ignore the cubic term and find the
analytical form of bulk viscosity as

T2 g 2BY2T?
L= -2 1_(1_6—5 Tf)u ) (49)
w?+pT* w?+pT*
where
Ciy Cis Y
= Goyvgén” -—1, 50
@ =Tl (Adcld A Ciy >0)
and
L \2
=G? ‘°v216n4( +—) ) 51
B =Gt vy AyCla  AsCyy G1)

In what follows, to prove the validity of our results,
we show that in the mass-density-independent case, i.e.,
parameters C = D =0, the equations in our model are ex-
actly the same as those in the bag model. If C=D =0,
A;,B,C1;,Cy;, and C3; can be respectively simplified to

3vvil;

A,-=1,B=0,C1,~=—2,C25=0,C3i=,05- (52)
Pis

Accordingly, Eq. (40) and Eq. (41) can be reduced to

Ou; Sijm
(i) _ o 53)
onjly  3vviy
and
. 2.
(%) =P (54)
v/, 3vviu;

Therefore, Eq. (39) can be simplified to

2

m m*pi .

n
- = dp;, 55
i 3vvip; Y 3vi; P (53)

du; =
Hi 3vvil;
which is exactly the same as the differential form of the
_i2 5 /112 - mIZ
Vs

with the real chemical potential y;. In this case, the bulk
viscosity in the equivparticle model given by Eq. (48) is
reduced to

vy m? f ff dny 2nt
=——— dr —dt — . 56
¢ 7 Av 3voua Jo o dr o8 T (56)

Meanwhile, although the analytical form of ¢ in Eq. (49)
is not changed, a and B are respectively reduced to

particle number density p; = where v; =
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472

a= TGC,ujmﬁo, (57)
and
2
6478 m?
B= —ﬂG3p2(1+—s2) . (58)
9 442

They are respectively consistent with Egs. (15-18) in Ref.
[26]. This limiting case suggests that the bulk viscosity in
the equivparticle model can be treated as a generalization
of previous results in the bag model.

III. NUMERICAL RESULTS

To calculate the bulk viscosity of SQM in the equiv-
particle model, one should first give the EoS of SQM and
then simultaneously solve Egs. (17), (44), and (48) nu-
merically.

In Fig. 2, we show the behavior of the bulk viscosity
¢ as function of relative volume perturbation amplitude
Av/vy and temperature T. The lines with solid balls cal-
culated by Eq. (48) show the results in the equivparticle
model, while the lines with stars calculated by Eq. (56)
indicate the bulk viscosity results in the mass-density-in-
dependent case, which are exactly the same as the previ-
ous results in the bag model [26]. In the equivparticle
model, the parameters C and D'/? in mass scaling Eq. (6)
are respectively taken as 0.7 and 129 MeV, which guar-
antees that the EoS of SQM can support quark stars with
maximum mass larger than 2 Mg, and that the SQM is
absolutely stable. In addition, temperatures are given as
107, 1073, and 10! MeV, denoted by red, green, and
blue lines, respectively.

In numerical calculations, the baryon number density
is set to p=1.34 fm”. To facilitate comparison of the
magnitude of bulk viscosity, we also give the projection
of each line on the Z-Y plane. From Fig. 2, it is clear to
see that at different temperatures, the bulk viscosity in the
equivparticle model is generally larger than that in the
bag model by a magnitude of approximately 2 orders.
This is not difficult to understand according to the con-
clusion we obtained in our previous paper [45] that the
inclusion of interactions between quarks can signific-
antly enhance the bulk viscosity of SQM. To better un-
derstand this aspect, we introduce a parameter « in the in-
teraction part of mass scaling, i.e.,

m; = mo+kmy, k€ [0,1]. (59)

If x =0, the interactions between quarks vanishes; while
k approaches unity, the interactions are gradually re-
covered.

Figure 3 reveals the interaction intensity behavior of

Fig. 2. (color online) Bulk viscosity as a function of relative
volume perturbation amplitude and temperature. The lines
with solid balls and stars indicate the results in the equiv-
particle model and the mass-density-independent case (i.e., the
bag model), respectively. In numerical calculations, the oscil-
lation period of quark matter is =107 s, and the temperat-
ures T are 107, 1073, and 10~! MeV, denoted by red, green,
and blue lines, respectively.

23.0 T T T T

€=0.7 D"*=129 MeV
————— C=0 D"*=129 MeV
26F €=0.7 D'"*=0 MeV

228

222

220

log,,¢ (gcm™s™)

218

p=1.34 fm*
Aviv=1 0° b

T=10" MeV

216

214

212 L L L L
0.0 0.2 0.4 0.6 0.8 1.0

K

Fig. 3.
the interactions between quarks become strong, the bulk vis-

Interaction intensity behavior of bulk viscosity. As

cosity becomes large. In numerical calculations, all the para-
meter values are the same as in Fig. 2. In addition, the values
of Av/vp and T are set to 1078 and 10> MeV, respectively.

the bulk viscosity, from which one can observe that as in-
teractions between quarks become strong, the bulk vis-
cosity becomes large as well. Whether we ignore the
quark confinement effects (D = 0, dashed line) or the per-
turbative interactions (C =0, dotted line), this behavior
still holds. From Fig. 3, it is also clearly indicated that the
quark confinement effects have a more important influ-
ence on the bulk viscosity than the perturbative interac-
tions. This conclusion still holds if we adopt other values
of parameter sets, where the approximate relation
between C and D in the absolutely stable region of SQM
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[46] is given as

—-48C+156, Ce[-0.5,0],
D'?/MeV = 27
—ﬁC+ 156, C €(0,0.7].

This relation is adopted in Fig. 4 on the top and bottom X-
axes. To study the perturbative interactions on the bulk
viscosity, we set D =0, and the results are given by the
dotted line. Similarly, to study the confinement interac-
tions on the bulk viscosity, we set C =0, and the results
are given by the dashed line. From these two lines, it is
observed that with increasing C or D, the bulk viscosity
increases. Furthermore, in a large parameter range of C
and D, it is shown again that the confinement effects on
the bulk viscosity are much larger than the perturbative
interactions. For the purpose of comparison, we also
present the bulk viscosity of SQM with both confine-
ments effects and perturbative interactions, shown by the
solid line.

To explicitly show the effects of quark confinement
and perturbative interactions on the bulk viscosity, in Fig.
5 we present the bulk viscosity of SQM adopting various
model parameters C and D. If C and D both vanish, it
corresponds to the bag model predictions (the dash-dot-
ted line). If only the perturbative interactions are accoun-
ted for, we obtain the results indicated by the dotted line,
which are much higher than those of the bag model.
Moreover, if only the quark confinement effects are in-
cluded, the results are given by the dashed line, which is
consistent with the implications of Fig. 3, namely that the
quark confinement effects prevail over the perturbative
interactions in the bulk viscosity of SQM. Finally, as ex-

D" (MeV)
180 170 160 150 140 130
L B B AL B BN |
232 F 4232
228 L
P
o 224 112
‘n | (0,0) ]
‘e 20} 220
3]
o 2161 4216
2 C0) .-
2121 N 4212
208 b 4208
204 bt il pp g
04 02 00 02 04 06

Fig. 4. Different interactions with bulk viscosity of abso-
lutely stable SQM. From the dashed and dotted lines, it is
shown that the confinement effects from model parameter D
contribute to the bulk viscosity much more than the perturbat-
ive interactions from model parameter C.

31

T T T T T T T
30 b - Eq. (3) with B"=260 MeV ... -
--=-=- Bag model with C=0 D=0, T
29 - ——C=0.7D"=129 MeV  /
I - = 12_
o C=0 D"*=129 MeV
27
2 L
e 2
5 L
2 25
N L
o 24
o L ;
,,,,,,,,,,,,, - g 3
22 FIIITITIIII S pe134 T
F 0 T=10°MeV 1
21 N - -
20 L " 1 " 1 " 1 " 1 " ]
-10 -8 6 4 2 0

log, (Aviv,)

Fig. 5. Effects of interactions between quarks on the bulk
viscosity of SQM. The solid line gives the results in the equiv-
particle model, whereas the dash-dotted line corresponds to
those in the bag model. The dotted line only includes the per-
turbative interactions, and the dashed line only includes the
quark confinement effects. To verify the impact of different
mass scaling on bulk viscosity, we also give the results calcu-
lated for the equivparticle model with mass scaling in Eq. (3).

pected, if these two types of interactions are both con-
sidered, the bulk viscosity shown by the solid line be-
comes the highest. It is interesting to note that the results
shown by the dashed line are almost the same as those
shown by the solid line at large volume vibration amp-
litudes, which suggests that the perturbative interactions
become insignificant in comparison.

To study the influence of different mass scaling on
bulk viscosity, we adopt the mass scaling in Eq. (3),
which gives the largest bulk viscosity. However, we
should emphasize that this situation does not contradict
our conclusion, as the mass scaling in Eq. (3) can provide
much stronger quark confinement effects.

Customarily, strange stars have strong magnetic
fields, which have a significant influence on the transport
coefficients, especially the bulk viscosity. In Ref. [34],
the authors investigated the bulk viscosity in greater de-
tail, and found that in strong magnetic fields, the trans-
port coefficients of SQM become anisotropic. However,
for the magnetic fields B < 10'7 G, the effect of magnetic
field on bulk viscosity can be ignored, and a comparison
with our results at the low-B limit is possible. In Fig. 6,
we show the results of the bulk viscosity from Ref. [34]
and the equivparticle model at the same baryon number
density p ~0.787 fm” (or p, =pg =400 MeV in Ref.
[34]). From Fig. 6, we find that the bulk viscosity in our
model is usually higher than that in Ref. [34], except
for10 s w/s™' < 1000, where w =2x/7. In addition, with
increasing w, the bulk viscosity in the equivparticle mod-
el decreases much more slowly, because the interactions
between quarks are considered.
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Fig. 6. Comparison of the bulk viscosity in Ref. [34] and

equivparticle model at the same baryon number density
-3
p~0.787 fm "

To understand how the interactions between quarks
can enhance the bulk viscosity of SQM, we give the time
behavior of quark chemical difference u = u;—py with
different Av/vy in Fig. 7. In these panels, from top to bot-
tom, Av/vy values are 107!, 1072, and 1073, respectively.
The solid lines represent the results including interac-
tions between quarks with C =0.7 and D'? = 129 MeV,
whereas the dashed lines give the results with vanishing
C and D. It can be seen from Fig. 7 that with increasing
Av/vy, the amplitudes of 6y in both cases become large.
Furthermore, according to Fig. 7, the amplitudes are sig-
nificantly enhanced once the interactions between quarks
are considered, which suggests that more energy could be
involved in one period of oscillation and physically
means a larger bulk viscosity of SQM.

A situation similar to that of the amplitude of du in
Fig. 7 can be observed in Table 1, which gives the mean
dissipation rate of vibration energy per unit volume
VL((;—V: . The corresponding value reflects how much
egergy ¢an be dissipated during one period of oscillation
per unit volume. From Table 1, one can find that when
the interactions between quarks are considered and Av/v
is relatively large, the dissipation rate is very high, which
implies that large amplitude oscillations in a quark star do
not last. Contrary to the large amplitude oscillation case,
small amplitude oscillation usually persists for a long
time. In fact, the damping time of large amplitude oscilla-

Table 1.

by (MeV)

by (MeV)

oy (MeV)

.0.04 L L L L
0.0000 0.0004 0.0008 0.0012 0.0016  0.0020

time (sec)

Fig. 7. ou(r) for two cycles with parameters p, = 1.34 fmﬂ,
T =107 MeV, and r=1073s and Av/vg=10"1,10"2, and 1073,
respectively. The solid lines indicate the results in the equiv-
particle model with parameters C=0.7 and D'/? =129 MeV,
whereas the dashed lines correspond to the results with C=D=0.

tions can be shorter than one millisecond, while small
amplitude oscillations can last for years [26,45]. In the
next section, the oscillation damping times for strange
stars are also investigated, which are in accordance with
the conclusion obtained here.

In what follows, we aim to find the reasonable ranges

. SR . A
of relative oscillation amplitude 2Y and temperature T
Vo

for the analytical expression of bulk viscosity given in
Eq. (49). For this purpose, we define a new function @,

(60)

which reflects the accuracy of ¢, compared to ¢.

. . . A
In Fig. 8, O is given as a function of 2Y and T, and

Vo
two isolines of ® are shown with values of 10~! (solid
line) and 1072 (dashed line), respectively. From this fig-

ure, it is not difficult to conclude that when the accuracy

. Av
® =10"!, the relation between — and T can be approx-
. . Vo
imately written as

. . . . 1(d . . -3 - .
Mean dissipation rate of vibration energy per unit volume — (d—v:) in units of g-fm *.s"" as functions of model parameters
vo

av

(C,D'?) and relative amplitude of vibration Av/vy. Other model parameters are the same as in Fig. 7.

Av/vo 107!
(C,D'?2/MeV) (0.7, 129) (0, 0)
i diw 13 12
3.626x10 4.608x10
vo \ dr a

(0.7, 129) (0,0)

6.599x10'"

1072 1073
(0.7, 129) (0, 0

4.877x10° 1.955x10° 4.926x10°
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—o0=10"
---- ©=107

log,,(Av/v,)

50 45 -40 35 30 25 20
log,,T (MeV)

@ as a function of relative oscillation amplitude ‘A,—OV

Fig. 8.
and temperature 7. Two isolines of ® are shown, with values

of 107! (solid line) and 1072 (dashed line), respectively.

A
1og10(v—v) ~log, T/MeV—1 (@=10"1,T 51072 MeV),
0
(61)

and when @ = 1072, the relation should be changed to

A
loglo(v—:) ~log T/MeV—1.5 (©=10"2T 51072 MeV).
(62)

In fact, in the enhanced perturbative QCD model studied
in Ref. [45], we had derived the similar relation between
Av/vy and T given by Eq. (61). Here, we obtain it again
in a more visualized way in the equivparticle model. Fur-
thermore, we update this relation when the accuracy is
improved to 1072, Additionally, the shaded area in Fig. 8
gives the ranges of parameters Av/vy and T correspond-
ing to ® with accuracy higher than 102, Here, we should
point out that the relations given in Eqs. (61) and (62) are
not only valid in the current employed model but also
reasonable in other phenomenological models, for ex-
ample, the bag model, quasiparticle model, or perturbat-
ive model.

IV. ASTROPHYSICAL APPLICATION OF BULK
VISCOSITY IN EQUIVPARTICLE MODEL

A. Damping times of strange quark stars

Given the EoS of quark matter in the equivparticle
model, one can obtain the properties of strange quark
stars by numerically solving the following Tolman-Op-
penheimer-Volkov (TOV) equation:

dP  GmE (1+P/E)(1+4xr*P/m)
dar 2 1-2Gm]/r ’

(63)

with the subsidiary condition

d
R (64)
dr

where G = 6.707 x 10~ MeV~2 is the gravitational constant.

In Fig. 9, we give the mass-radius relations of quark
stars with model parameter sets (C,D'?/MeV)= (0.7,
129) and (0, 129), respectively. As we can see from the
figure, the maximum mass (denoted by solid dots) of a
quark star can be larger than 2 My, which now is gener-
ally taken as a popular constraint on the EoS of SQM [51-
53]. When model parameter D =0, it can be seen from
Fig. 1 that the pressure vanishes when the energy density
becomes zero, which corresponds to zero particle num-
ber density. However, as is well established, strange stars
have nonzero surface quark number density. Therefore,
for D =0 the surface pressure of strange stars is positive,
which implies strange stars would fall apart. Therefore,
we do not give the mass-radius relation for D =0 in Fig.
9. Alternatively, in our model with D =0, SQM only ex-
ists in the interior of neutron stars or hybrid stars with
nuclear matter covering the surfaces of compact stars.
This can also be understood from the mass scaling in Eq.
(6), which does not satisfy the basic quark confinement in
QCDif D=0.

In Fig. 10, the density profiles for different model
parameter sets (C,D'/?/MeV) = (0.7,129) and (0, 129) are
given, in which the solid lines correspond to the most
massive strange star, the dashed lines are for stars with
canonical 1.4 Mg, and the dotted lines represent low-
mass strange quark stars with unit solar mass. Addition-
ally, the horizontal dash-dotted lines in both panels give
the surface densities for these two cases. The intersection

3.0 r T T T T T T T T

——C=0.7 D"*=129 MeV
o5 - C=0D™=129 MeV

= N
o o ¢
T

MASS (solar mass)
5

e
3
T

0'0-...I ..I—.‘:.I...I.. I...I....
0 2 4 6 8 10 12 14 16 18
RADIUS (km)

Fig. 9. Mass-radius relations for strange stars. When model
parameter D =0, the requirement of quark confinement can-
not be satisfied, and there is no minus pressure in the EoS.
Therefore, the mass-radius relations are not given in this fig-

ure for D =0.
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Fig. 10.
and D. The solid line corresponds to the most massive quark
star, the dashed line denotes the quark star with 1.4 Mg, the
dotted line gives the star with 1 Mg, and the dash-dotted line
shows the surface baryon number density of strange quark
stars.

Density profile for different model parameters C

points of lines and the left axis denote the central densit-
ies, from which one can observe that the heavier the star
is, the larger the difference in densities between the cen-
ter and surface can be. In other words, the density distri-
butions become more isotropic for less massive stars.
Therefore, it is reasonable to take approximately constant
values for low-mass star densities [54]. For more inform-
ation, one can refer to Table 2, in which values of typical
parameters of stars are tabulated. In such cases, the damp-
ing time 7p of quark stars can be calculated by
1 =30"1pR*¢ 7. (65)
Employing the values of radius and mean density in
Table 2, one can easily obtain the damping times for
strange stars with canonical 1.4 Mg, and the results are
graphically given in Fig. 11.
From this figure, it can be seen that the damping time
with nonzero C is a little shorter than that in the other

T T

. ——C=0.7 D"*=129 MeV
6\ ----C=0D"=129MeV 7]

log, 7, (8)

log,,T (MeV)
Fig. 11. Damping times for quark stars with canonical 1.4
solar mass. From bottom to top, the relative oscillation amp-
litudes are Av/vg=10"1, 107, 1077, and 107'°, respectively,
for both the solid and dashed lines.

case, except for large relative oscillation amplitudes, e.g.,
Av/vo = 107", with damping times as short as approxim-
ately 107 s. In such cases, if a low-mass strange star ex-
periences a strong starquake, the radial oscillations could
be rapidly damped with the star heated by the release of
the oscillation energy, which may have profound implica-
tions in astrophysics and affect the dynamics of the com-
pact star merger [55-58].

B. R-mode instability window for strange quark stars

We now investigate the r-mode instability window
for strange quark stars based on the obtained bulk viscos-
ity. Driven by gravitational wave emission, a compact
star experiences r-mode instability if its spin frequency
exceeds one critical value [4,7] that is subject to various
dissipation mechanisms, such as the bulk and shear vis-
cosity. Therefore, the r-mode instability window is the
consequence of competition between gravitational radi-
ation and various damping mechanisms.

For a given stellar configuration, the critical rotation
frequency, as a function of temperature, is determined by

Table 2. Characteristic quantities for strange stars with typical model parameter sets (C,D!/?/MeV) = (0.7,129) and (0,129). The second
through sixth columns give the maximum mass M, radius corresponding to maximum mass R, center baryon number density p., sur-
face baryon number density p,, and mean baryon number density p, respectively.

(C,D'2/MeV) M/Mg R/km po/fm” py/fm” plfm™
2.13 13.71 0.649 0.089 0.234

(0.7,129) 1.4 14.38 0.215 0.089 0.134

1 13.40 0.169 0.089 0.118

2.38 14.12 0.719 0.129 0.240

(0,129) 1.4 14.12 0.243 0.129 0.141

1 12.98 0.204 0.129 0.130
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the following equation:

1 1 1 1
—=—+—+—+---=0, (66)
T Tgw Tsv  Tby

where 74, is the characteristic time scale due to GW
emission, 7y, and T, are damping time scales due to
shear and bulk viscosities, respectively, and the ellipsis
denotes other dissipation mechanisms, such as surface
rubbing, which plays a crucial role in determining the r-
mode instability window of neutron stars [59,60] and col-
or-flavor-locked strange stars [21,54].

To a very good approximation, the resulting bulk vis-
cosity of SQM in the equivparticle model, according to the
analytical form of bulk viscosity in Eq. (49), is given by

aT?

(67)

Here x=2/3 is for dominant » mode, and Q is angular
rotation frequency. Here, @ and 8 can be rewritten in cgs
units as

3C3dV0 3C3SV0

2
a:9.39x1022u3( ) (g-em™'-s7h), (68)

AiCig  AsCis
and
2
3vo [ 1 1
=7.11x 1074 =4 + 2. (69
p [ 2 (Adcw Ascn) SR

In analogy to previous results of ¢ in Refs. [26,44], a
low-T limit of £ in cgs units yields

glow ~ ZIOWETZ(KQ)_zm?OO, (70)
with
2V =341 x10 P ap*m?, (71)
where mo is the mass of a strange quark in units of 100
MeV, and g is the mean density of strange stars. Mean-
while, a high-T limit of ¢ in cgs units gives
Zhieh  phigh 5=l 724 (72)
with

ZMeh = 2,88 x 10¥ ™ pim*. (73)

Note that the only difference between the bulk viscos-

ity here and the one in Ref. [54] is the coefficients in the
expressions of /' and ¢Meh. Therefore, one can obtain
the damping time scales 72" and Tglvgh in the same man-
ner, which gives

T = T (RGP Q)T g iy, (74)
with the prefactor 70 = 9.44 x 10~ ayu >m*, and
high _ _high, -~ -
Tbifg :‘rblvg (nGp/QZ)ZTng{}O, (75)

with the prefactor %givgh =2.03x10""ap ! wdm;*. Here, Ty

is the temperature of strange stars in units of 10° K.
In the literature [5,61], the driving time scale due to
gravity wave emission is

Tow = —3.26 5 (1Gp/Q%)’, (76)

where for an assumed polytropic EoS with n = 1, the pre-
factor -3.26 s is adopted. For the damping time scale due
to shear viscosity [62], it is

Ty =5.37%x10% s (2,/0.1°*T, ", (77)

where a; is the strong coupling. We take a; =0.1 in the
following numerical calculations.

For the purpose of comparison, in Fig. 12, we show
the r-mode instability window of pulsar spin frequency
(v=Q/2n) and temperature T, where a typical compact
star with mass M = 1.4 Mg and radius R =10 km is con-
sidered. The observational data (solid dots with error
bars) on spin frequency and internal temperatures of com-
pact stars in LMXBs are also given [63]. The dashed lines
obtained by setting the model parameters C =0 and D=0
are exactly the same as those shown in Fig. 1 in Ref. [54].
It is found that the r-mode instability window is signific-
antly narrowed when the quark confinement effects and
perturbative interactions are both considered, which is
consistent with the observational data of compact stars in
LMXBs in the stable regime.

However, we mention that the typical strange star
configuration assumed in Fig. 12 is not tolerated in our
model, where according to Table 2, the radius of a
strange star with M = 1.4 Mg is 14.38 km rather than 10
km. In Fig. 13, we thus present the r-mode instability
window for realistic strange stars with M = 1.4 Mg in our
model. The solid line denotes the star with both quark
confinement effects and perturbative interactions, where-
as the dashed line represents the star merely with quark
confinement. According to Fig. 13, although the absence
of perturbative interactions locates one star (SAX
J1808.4-3658) in the unstable region, it is obvious that
with full interactions, our numerical results are still con-
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Fig. 12. R-mode (in)stability window for an assumed typic-
al compact star with mass M = 1.4 M, and radius R=10 km.
Observational data on spin frequency and internal temperat-
ure of compact stars in LMXBs are also given.
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Fig. 13. R-mode (in)stability window for real stars in our
model. The solid line denotes the star with both quark con-
finement effects and perturbative interactions, whereas the
dashed line corresponds to the star merely with quark confine-
ment.

sistent well with the observational data.

Nevertheless, we stress that the results obtained here
are based on the calculations for bare strange quark stars.
If compact stars, like hybrid stars [64], bear a nuclear
matter envelope, surface rubbing effects can play an im-
portant role. Moreover, if strange stars are made of SQM
in the 2SC phase [65] or CFL phase [21,54] of QCD [66],
the shear viscosity due to electron-electron scattering
plays a dominant role in dissipating radial oscillations,
whereas the shear viscosity due to quark-quark scattering
and bulk viscosity due to the nonleptonic weak interac-
tion is less significant.

V. SUMMARY

In this paper, we have investigated the bulk viscosity
of SQM in the equivparticle model, which can be readily
applied to those with other quark mass scalings. By tak-
ing constant masses for quarks, previous results in the
bag model were reproduced. With a recently obtained
quark mass scaling, we investigated the contributions of
the quark confinement effects and perturbative interac-
tions to the bulk viscosity of SQM and found that the
contributions to the bulk viscosity from quark confine-
ment effects significantly prevail over those from quark
perturbative interactions. Due to the interactions between
quarks, the dissipation rate in the equivparticle model is
generally higher than that in the bag model, which there-
fore considerably enhances the magnitude of the bulk vis-
cosity. This conclusion is in accordance with previous
results [36,37,44]. However, we would like to point out
that the model we employed here can yield strange quark
stars with maximum mass larger than 2 Mg, consistent
with recent astrophysical observations [51,52].

As for the application of the resulting bulk viscosity
in astrophysics, we first studied the oscillation damping
times of strange quark stars, from which we found that
the damping times can be as short as a fraction of a milli-
second for large relative amplitude oscillations. This
could lead to rapid heating of strange stars after unstable
activities such as starquakes, which may affect star evolu-
tions and have meaningful implications for astronomical
observation. Finally, we calculated the r-mode instability
windows for 1.4 Mg strange stars. Unlike those previ-
ously obtained in the bag model or modified bag model,
the r-mode instability windows predicted by the new en-
larged bulk viscosity are consistent with the observation-
al data of stars in LMXBs.

However, it should be pointed out that the conclu-
sions obtained here are based on the assumption of bare
strange stars. For compact stars with normal nuclear mat-
ter crust, strong magnetic field [34], 2SC or CFL SQM in
the core, or superfluid neutron star cores [67], the current
conclusion may be altered. Therefore, more effort should
be devoted to these related issues. Additionally, the up-
per limit on spin frequency of pulsars in LMXBs has
been updated from 716 Hz [68] to 1122 Hz [69], al-
though the statistical significance of the latter is not very
strong. Therefore, it is meaningful to examine the critical
spin frequencies predicted by the model employed here
with the parameters properly fixed. We leave this subject
as one part of our future work.
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