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Abstract: We explore a new relativistic anisotropic solution of the Einstein field equations for compact stars based

on embedding class one condition. For this purpose, we use the embedding class one methodology by employing the

Karmarkar condition. Employing this methodology, we obtain a particular differential equation that connects both the

gravitational potentials e and e”. We solve this particular differential equation choosing a simple form of general-

ized gravitational potential g, to describe a complete structure of the space-time within the stellar configuration.

After determining this space-time geometry for the stellar models, we discuss thermodynamical observables includ-

ing radial and tangential pressures, matter density, red-shift, velocity of sound, etc., in the stellar models. We also

perform a complete graphical analysis, which shows that our models satisfy all the physical and mathematical re-

quirements of ultra-high dense collapsed structures. Further, we discuss the moment of inertia and M-R curve for ro-

tating and non-rotating stars.
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1 Introduction

The existence of anisotropy inside a compact star
plays an essential role in the modeling of a relativistic
stellar configuration. The well-known work on aniso-
tropy was initiated by Bowers and Liang [1] and Herrera
and Santos [2], where they showed the effect of aniso-
tropy on the self-gravitating system. Dev and Gleiser
[3,4] showed that the pressure anisotropy introduces an
effect on the mass, structure, and other physical phenom-
ena of highly dense compact stars. Moreover, the aniso-
tropy influences the red-shift of the compact objects. In
view of Ruderman [5], compact objects with a high dens-
ity of order >10" g/cm3 pressure anisotropy is the under-
lying nature of the atomic substance, and their interac-
tions are relativistic. In this connection, some other im-
portant studies on the anisotropic stellar models are
presented in Refs. [6-14]. Normally, anisotropy arises due
to the occurrence of different types, viz., a mixture of flu-
ids, rotation, survival of superfluid, phase transitions, ex-

istence of magnetic or external field, etc. Recently, signi-
ficant efforts were made by researchers in the modeling
of observed astrophysical objects for the anisotropic mat-
ter configuration. Further, some important physical fea-
tures of the anisotropic star have been discussed in some
recent works of Maurya et al. [15-17], Sharma and Ratan-
pal [18], Ngubelanga et al. [19], Murad and Fatema [20],
and the references therein. The physical analyses con-
tained in these studies show that the presence of nonzero
anisotropy plays an important role in modeling astrophys-
ical stellar models. Moreover, Malaver [21,22] discussed
compact star models for strange quark matter in general
relativity by taking linear and quadratic equation of
states. The conformal symmetry of relativistic compact
star objects has been proposed by numerous authors [12,
23-29].

To discuss any astrophysical relativistic compact ob-
jects, it is important to find an exact solution of the sys-
tem of the Einstein field equations. Delgaty and Lake
[30] gave a detailed survey of many exact solutions of the
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Einstein field equations, which had been obtained over
the last century. They argued that only a few of them sat-
isfy the physical and mathematical requirements for a
realistic stellar object in general relativity. The solution of
the Einstein field equations is known to be a difficult task
due to its nonlinear nature. Therefore, to develop a phys-
ically realistic consistent stellar model, either we restrict
the space-time geometry by classifying an equation of
state, or apply various other approaches. In this connec-
tion, we employed an embedding approach to tackle this
system of field equations. From the many past years, the
embedding approach maintains great interest among the
researchers [31-42]. By employing this embedding the-
ory, we may link the classical general theory of relativity
to the higher dimensional flat space-time that describes
the inner symmetry group characteristic of the particles.
Romero and his collaborators [43,44] have linked the dif-
ferent manifolds like the vacuum 5D manifold to the 4D
manifold, 4D field equation in vacuum to 3D field equa-
tion, and the 4D Einstein equations are embedded in a 5D
Ricci-flat space-time using Campbell's theorem [45]. This
theory provides the algebraic explanations of the mem-
brane theory and convinced matter theory. Here, it is
worth mentioning that m dimensional manifold V,, can al-
ways be embedded into the n-dimensional pseudo-Euc-
lidean space E,, where n = m(m + 1)/2. This least addition-
al dimension p of the pseudo-Euclidean space is referred
to as the embedding class of the manifold V,, that must be
less than or equal to the value (n—m)=m(m—1)/2. For
example, the 4-dimensional relativistic space V4 time can
be embedded in flat space-time of dimension 10. In this
case, the embedding class of V, is 6. In contrast, the class
of plane symmetric is three, while the spherically sym-
metric space-time and Schwarzschild's exterior solution
[46] both are of class two. Moreover, the well-known
Friedman-Robertson-Lemaitre [47-49] space-time and
Schwarzschild's interior solution are of class one [50].

In this study, we apply Karamarkar's condition to ob-
tain relativistic anisotropic stellar models of the Einstein
field equations for the spherically symmetric line ele-
ment. We derive a particular differential equation (known
as class one condition) using the Karamarkar condition
that connects both the gravitational potentials v and A.
We solve this equation by taking a particular form of an
ansatz for the gravitational potential 2. After that, we per-
form physical analysis of the solution, which describes
realistic anisotropic stellar compact objects. The article is
organized as follows: We begin with Sec. 2, which in-
cludes spherically symmetric interior space-time and the
Einstein field equations for anisotropic matter distribu-
tion. We also mention the non-vanishing components for
the Riemannian tensor along with the embedding class
one condition for the spherically symmetric metric line
element. In Sec. 3, we obtain a generalized solution for

anisotropic compact star model by solving the class one
condition. The expressions for pressures, density, and an-
isotropy are also given in the same section. In Sec. 4, we
determine all the necessary constant parameters by
matching our considered interior space-time to the exteri-
or space-time (Schwarzscild metric). The non-singular
nature of pressures, density, and bounds of the constant
are given in Sec. 5. Some of the important features of
compact star models like velocity of sound, adiabatic in-
dex, Tolman-Oppenheimer-Volkoff equation equilibrium
condition, stability through the Harrison-Zeldovich-
Novikov criterion, and Herrera cracking concept are
covered in the same section. In Sec. 6, we discuss the
slow rotation approximation, moment of inertia, and
Kepler's frequency and energy conditions. The obtained
results have been reported in Sec. 7 with necessary dis-
cussions. In the final section, we provide the generators
for this particular class of solutions.

2 Einstein field equations

The interior of the super-dense star is assumed to be
described by the line element
ds? = e"Vdr? —e'Vdr? — 2(d6?* + sin® 6 dg?). €))
For our model, the energy-momentum tensor for the
stellar fluid is
Top = (p+ P1)VaVp = Pi8ap + (Pr = PXaXp- 2)
Here, all the symbols have usual meanings with
VaV® =—1=—yox* and v, x® =0.
The Einstein field equations for the line element (1)
are

1-et e

8mp = ——>—+ , 3)
r r
Vel 1-—e™
8np, = - R )
r r

-1

20/ =
87Tpt: CT[ZV,/+V,2—V’A,+M

r

: )

where primes (' and ") denote the first and second derivat-
ives w.r.t. the radial coordinate . We use the geomet-
rized units G = ¢ = 1 throughout the study. Using Eq. (4)
and (5), we get
VAV VE Y+ et-d
A=87T(p,—pr)=e/l[7— 1 +4 P + P ]
(6)
To solve Egs. (3)—(5), we adopted the method of em-
bedding class one, where e” and e are linked via the Kar-
markar condition [51] as

ﬂ, /
1 _Ve/l =V =207 +V2) +v @)

The solutions of Eq. (7) are of class one so long as they
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satisfy the Pandey-Sharma condition [52]. Upon integrat-
ing, we obtain

2
e":(A+Bf Ve’l—ldr) . ®)

Using the reduced form of Karmarkar condition (8), the
expression of anisotropy given in (6) can be reduced to a
simpler form [53] as,

v |2 A v'er
A=—|2- || =1 9
4eﬂ[r e/l—l}[ZrB2 } ©)
For the isotropic case, the first solution v =0 or v = const.
and e'=1 is not a physically relevant solution. The

second solution can be found by equating the second
factor of Eq. (9), i.e.,

2 A

- = 10

r o et—1 (10)
and the solution is found as

et=1-cr. (11)

Using Eq. (11) in Eq. (8), we obtain

2
evz(A—%\/l—crz) . (12)

Cc

This solution is the well-known interior Schwarzschild's
uniform density model (¢ is constant of integration). If
the the third factor in (9) vanishes, i.e.,

ver
——1=0, 13
2rB? (13)
then the corresponding solution is
A+2Br?
e =A+B? and et = 21220 (14)
A+ Br?

This is the Kohler-Chao solution with boundary at infin-
ity. Both the solutions are physically irrelevant from as-
trophysical points of view, as one leads to the constant
density model, and the other yields the infinite boundary
model. With the inclusion of net electric charge and an-
isotropy, one can generate many physically inspired solu-
tions.

3 A new physical solution

In this model, we assume the following metric poten-
tial g, consisting of a class of hyperbolic function

el = 1+ar2{1+cosh(br2+c)} . (15)

In the above equation the constant parameters a, b,
and ¢ are positive, and n should be a negative integer or
otherwise the physical values are complex except density.
We choose e such that e'© = 1, which infers that the
tangent three space is flat at the center, and the Einstein
field equations can be solved for a physically acceptable
solution.

The metric potential g, is found using Eq. (7) and
given by

o (A _ f()B+a[cosh(br? +¢c)+ D]

b(n+1)4/2—2cosh(br? +c)

where A and B are constants of integration and

2
] . (10

1 n+l n+3 5 (br? +c
f(r)—zFl[E, 5Ty ieos ( 5 )
sinh (b1 + ). (17)

The variations of the two metric functions are shown in
Fig. 1. For n = -2 to n = —18 the behavior of metric func-
tion changes slightly.

1.0 —
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0.7

0.6

Metric Potentials

0.5

r(km)

(color online) Variation of metric functions for neut-

Fig. 1.
ron star in Vela X-1 with parameters n=-2 to
—18, b=0.001/km?, ¢ = 0.0001, M = 1.77M and R = 9.56 km.

Using metric potentials given in Eq. (15) and (16), the

expressions of p, p,,A, and p; can be calculated as
b = f(r)ya[cosh(br? +c)+1]"

' 8 fi(r) (ar2 (cosh(br2 +c)+1)" + 1) ’

(18)

a [cosh (br2 + c) + l]ni1

B 8n [ar2 {cosh(br2 +c)+1}" + 1]2
X [ar2 {cosh (br2 + c) + l}n+1

+2bnr* sinh (br? + ¢) + 3cosh (br +¢) + 3], (19)

_rfs(r)yar*[cosh (br? +c) +1]"
" fu()[cosh(br2+c)+1]
bnsinh (br2 + c) -a [cosh (br2 + c) +1
X ,
[ar2 {cosh(br2+c)+1}" + 1]2

]n+1

A
Pi=prt . (20)
8

The variations of pressures, density, anisotropy, equation
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of state parameters, dp/dr, dp,/dr, and dp,/dr are shown
in Figs. 2—6. As values of n increase the central density,

anisotropy, adiabatic index decrease, however, the pres-
sures, equation of state parameters and speed of sounds

decreas

MeV / fm?

pr & pr

Fig. 2.

in Vela X-1 with parameters n=-2 to —18, b =0.001/km?,
¢=0.0001,M = 1.77M and R = 9.56 km. Here, 6n is the incre-
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(color online) Variation of pressures for neutron star
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(color online) Variation of density for neutron star in
Vela X-1 with parameters n=-2 to —18, b=0.001/km?,
¢=0.0001,M =1.77M and R = 9.56 km.
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(color online) Variation of pressure anisotropy for

neutron star in Vela X-1 with parameters n=-2 to
—18, b =0.001/km?, ¢ = 0.0001, M = 1.77Mg and R = 9.56 km.
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Fig. 5.  (color online) Variation of pressure and density
gradients for neutron star in Vela X-1 with parameters
n=-2 to -18, b=0.001/km?, ¢ =0.0001,M =1.77M, and
R=9.56km.
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Fig. 6. (color online) Variation of equation of state paramet-

ers for neutron star in Vela X-1 with parameters n=-2 to
—18, b=0.001/km?, ¢ =0.0001,M = 1.77M and R = 9.56 km.

where,
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sinh (br2 + c) [cosh (br2 + c) + l]n

brt+c
2

[1 n+l n+3
207 ; ;

- h2
2’2 T2 (

fa(r) =2Ab(n + 1)r |1 —cosh (b2 +¢) - V2B

sinh (br2 + c) \/ar2 [cosh (br? +c)+1]"
br’ +c
5 .

1 n+1 n+3
2Fi| =, ; ;
27 2 2

cosh? (

4 Matching of interior and exterior spacetime

Assuming the exterior spacetime to be the Schwarz-
schild solution, which has to match smoothly with our in-
terior solution and is given by

-1
ds® = (1 - zi4)c1z2 —(1 - 214) dr? = r*(d6* +sin? 0 d¢p?).
r r
(21
By matching the first and second fundamental forms the
interior solution of Eq. (1) and exterior solution of Eq.
(21) at the boundary r=R (Darmois-Israel condition
[54,55]) we get
2M
R
_ fR)Ba?[cosh(bR? +c) + 1)]"
b(n+1)y2—2cosh(bRZ+¢)

e"/? =1-

=A (22)

et =1-"=
R
-1

L+aR*1+cosh(bR* +c)'| . (23)

pe(R) = 0. (24)
Using the boundary conditions (22-24), we get
2M [cosh(bR? +¢)+1] "
R2(R-2M) ’

(25)

B [cosh (bR2 + c) + 1]_n/2

A= :
2 yfab(n+1)+/1 —cosh(bR? +c)

B =%a \J1- %[cosh(bR2+c)+ 1]"/2

X [ V2asinh (bR2 + c) [cosh (bR2 + c) + l]n

(26)

1n+1_n+3' bR% +¢
Ty T 2

+4b(n+1) 4/1 —cosh(bR? +c)

cosh? (

. 27)

5 Properties of a new class of solution

The central pressure and density at the interior are
given by

8mp,(0) =8rp,(0) = { V2aB sinhc(coshc + 1)"

F 1n+1'n+3'cosh2(c)
Ty T 2
{87r( V2Bsinhc va(coshc + 1)

I n+1 n+3 c
Fil5,——:—5: hz(—)
2 1[2 2 T2 g

-1
—2Ab(n+1) V1 —cosh c)} >0, (28)

2(0) = 3a(coshc+ 1;"*1 (coshe+1)
T
The finite central values of the above parameters en-
sure that the solution is non-singular. The Zeldovich's
condition, i.e., p,/p at center is < 1, which is a prerequis-
ite for physical matters.

0. (29

5.1 Velocity of sound and adiabatic index

The velocity of sound inside the stellar interior can be
determined using

2 dp,/dr 2o dp;/dr
" dp/dr’ T dp/dr’
For a stable configuration, the stability factor v?—v?
should lie between 0 and —1 [56,57]. Variations of sound
speed and stability factor are shown in Figs. 7 and 8, re-
spectively. The figures depict that the class of solution
satisfy the causality condition and stability criterion. If
n =0, some parts of the stability factor becomes positive
and hence introduces instability in the model. However,
for n beyond —18, the stability factor seems stable.
The relativistic adiabatic index is given by

o Ptrr dpr
pr do’
For a static configuration at equilibrium, " has to be

more than 4/3 [58]. Figure 9 shows that the adiabatic in-
dex is >4/3.

(30)

€3]

5.2 Equilibrium via modified Tolman-Oppenheimer-
Volkoff (TOV) equation
The modified Tolman-Oppenheimer-Volkoff (TOV)
equation for anisotropic fluid distribution was given by
[59] as
Me(p+Pr) oy _dpr | 2A
r? dr r

=0, (32)
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Fig. 7. (color online) Variation of velocities of sound for

neutron star in Vela X-1 with parameters n=-2 to
—18, b=0.001/km?, ¢ = 0.0001, M = 1.77M and R = 9.56 km.
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Fig. 8.  (color online) Variation of stability factor for neut-
ron star in Vela X-1 with parameters n=-2 to
—18, b=0.001/km?, ¢ = 0.0001, M = 1.77M and R = 9.56 km.
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Fig. 9. (color online) Variation of adiabatic index for neut-

ron star in Vela X-1 with parameters n=-2 to
—18, b =0.001/km?, ¢ = 0.0001, M = 1.77Mg and R = 9.56 km.

provided,
1
My(r) = 3 P2y e V2, (33)

The above Eq. (32) can be written in terms of balanced
force equation due to anisotropy (F,), gravity (F,) and
hydrostatic (Fy), i.e.,

Fo+Fp+F,=0. (34)
Here

M,(p+p,

Fo=- 202 P) e (35)
r

dp,
Fp=——=, 36
h=g (36)

2A
F,= - 37)

The TOV Eq. (34) is plotted in Fig. 10, which shows that
all the three forces counter-balance each other. As n de-
creases from —2 to —18, the peak of the F, increases, F} is
almost same from the center up to about 4 km and show
significant increment up to the surface. However, F, de-
creases as n approaches —18.

5.3 Stability Harrison-Zeldovich-Novikov criterion

The satisfaction of the static stability criterion en-
sures that the solution is static and stable. This was pro-
posed independently by Harrison et al. [60] and Zel-
dovich-Novikov [61]. According to this criterion, the
mass of compact stars must be an increasing function of
its central density, i.e., dM/dp. > 0.

For this class of solution, mass as a function of cent-
ral density can be written as

4nr3p, [cosh (bR2 + c) + l]n

M = , (38
(0e) 87R2p, [cosh (bR? +¢) +1]" +3(coshc + 1) (38)
0.0002 T T T T
0.0001 _ Fai -
Fn
©_0.0000
E Fa+Fg+Fn
~ =0.00011 1
&
-0.0002 i
Fg
-0.0003 ]
0 2 4 6 8
r(km)

Fig. 10. (color online) Variation of forces acting on system
via TOV-equation for neutron star in Vela X-1 with para-
meters n=-2 to —18, h=0.001/km?, ¢ =0.0001, M = 1.77Mg
and R = 9.56 km.
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oM 127R%[cosh (bR +¢) +1]'

(coshc+1)™"

= [3(coshc + 1)
9pc

+87R%, [cosh (bR +¢) + 1) ]_2 >0, (39)

Referring to Fig. 11, we see that the class of solution ful-
fills this criterion.
Now, the gravitational red-shift is given by
Ar)=e"* -1
[ fB+Jar?[cosh(br? +c)+1)]
_[ - b(n+1)r+/2=2cosh(br? +c)

The variation of red-shift is shown in Fig. 12.

7T -1
+A} —1. (40)

5.4 Maximum allowable mass and compactness factor

The mass function and compactness factor of the
solution can be determined using the equations given be-
low:

Mass

0 TS S S I S S S N S S S S E S S S S N S S S S S S
0.000 0.005 0.010 0015 0.020 0.025 0.030
pc (km=2)

Fig. 11.  (color online) Variation of mass with central dens-

ity for neutron star in Vela X-1 with parameters n=-2 to
—18, b=10.001/km? and R = 9.56 km.

\\'

0.45F

0.40

z (r)

0.35 n=-2 (Violet)
n=-18 (Dashed)

030 =7
0.25 - : - -
0 2 4 6 8
r(km)
Fig. 12.  (color online) Variation of red-shift for neutron star
in Vela X-1 with parameters n=-2 to -I8,

b=0.001/km?, ¢ = 0.0001, M = 1.77M and R = 9.56 km.

m(r) = fr 4mp(r) P dr
0

ar’ [cosh (br2 + c) + 1]"

" 2ar? [cosh(br2 +c)+1]"+2’ “h)
u(r) = 2m(r)
ar’ [cosh (br2 + c) + 1]” @)

T ar [cosh(br2+c)+1]"+1°
The surface red-shift can be found as
zy=et =1 =(1-u) 1. (43)

Using the Buchdahl limit, i.e., u=8/9, we obtain the
maximum surface redshift z;(max) =2. When the com-
pactness parameter is zero, the surface red-shift is like-
wise zero. As the compactness parameter reaches the
Buchdahl limit, i.e., u=38/9, the surface red-shift be-
comes exactly two. However, if the compactness para-
meter is beyond the Buchdahl limit, then because of the
formation of singularity, the surface red-shift blows up.
However, Ivanov [62] has derived that for a realistic an-
isotropic star models the surface red-shift Z; cannot go
beyond to 5.211 (this value corresponds to a model
without the cosmological constant).

6 Slow rotation approximation, moment of in-
ertia, and Kepler frequency

For a uniformly rotating star with angular velocity Q,
the moment of inertia is given by

8 R
== f o+ pPed 2 dr (44)
3 Jo Q
where the rotational drag w satisfies the Hartle's equation
d{, do , dj
— (== -4rw -2 45
dr(rjdr) " ar (43)
with j=e /2 which has boundary value j(R) = 1. The

approximate solution of the moment of inertia 7 up to the
maximum mass Mp,x is provided by Bejger and Haensel
[63] as

I= %(1 +x)MR?, (46)

where parameter x = (M/R)-km/My. For this class of
solution, we plotted the mass vs. 1 in Fig. 15 that shows
as n increases, the mass also increases, while the moment
of inertia increases up to certain value of mass and sub-
sequently decreases. Comparing Figs. 13 and 15, we see
that the mass corresponding to I, is not equal to M.
from the 7 — R diagram. In fact, the mass corresponding
to Imax 1 lower by ~1.46% from the My,.«. This happens
to the equation of states without any strong high-density
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Fig. 13.  (color online) Variation of mass with radius for

a=0.01, b=0.001 and ¢ = 0.0001.
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taking  a=0.01/km?,

mass for n=-2 to
b =0.001/km?, ¢ =0.0001.

n=-3

softening due to hyperonization or phase transition to an
exotic state [64]. Using this graph, we can estimate that
the maximum moment of inertia for a particular compact
star or by matching the observed J with the I,,x, we can

determine the validity of a model. The causality of the
maximum mass in Fig. 13, especially the star for 2.529M,
and 12 km is verified from the behaviour of velocity of
sound in Fig. 14.

A rotating compact star can hold higher My,,x than a
non-rotating one. The mass relationship between a non-
rotating and rotating compact star is given in the units
(G =C=1) and can be written as [65]

1
Mot = Myon—rot + _IQZ- (47)

2

Because of the centrifugal force, the radius at the equator
increases up to some factor as compared to the static one.
Cheng and Harko [66] found the approximate radii for
static and rotating stars as Ryot/Rnon—rot & 1.626, respect-
ively. Assuming the compact star is rotating in the Kepler
frequency Qg = (GMpon—rot/R>,,_o)"> and using the
Cheng-Harko formula, we plotted the a7 — R graph for ro-
tating and non-rotating stars (Fig. 16). The correspond-
ing frequency of a rotating star can be determined as [67]

10km M

The variation of frequency with mass is shown in Fig. 17.
This shows that the frequency of rotation corresponds to
the maximum mass. In contrast, we like to mention that
recently, the direct detection of the gravitational wave
(GW) signal GW1-70817 has been reported by the
LIGO-Virgo collaboration from a binary compact star
system [68]. New constraints for the tidal deformability
of the 1.4 solar mass compact stars (A} 4) have been es-
timated as Aj4 <800 [69], which can also place con-
straints on the equation of state (EOS) for the star matter
and constrain the parameter sets for phenomenological
models. In the studies of Refs. [69—71], researchers have
used different phenomenological models to calculate the
properties of the tidal deformability and the maximum

vx1.22 (Rnon_mt )73/2 (Mnon—rol )1/2 kHz. (48)

, (9.854,1.941) TN
O M= Red gy (15.99,2.138) |
Mnon—rot --Blue l| |'
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h /
I 1
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7 / !
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= / /7
;,‘_: 1.0 II/ //
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/ S
o5 (6.362,0.4333) ./ (10.26,0.448)
00 5 10 15
R km
Fig. 16. (color online) Variation of mass with radius for

n=-2 & n=-4 taking a = 0.01/km?, b = 0.001/km?, ¢ = 0.0001
for a rotating and non-rotating star.
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n=-3 taking

mass of neutron stars or quark stars with the constraints
of GWI1-70817, which can provide other alternative
methods to constrain the parameter sets in the models.

6.1 Energy conditions

Any physical solutions other than those representing
exotic matters must fulfill all the energy conditions, i.e.,
strong, weak, null, and dominant energy conditions,
which are stated as follows,

NEC : T/l >0o0rp+p; >0 (49)

WEC : T,t#t">00rp>0,p+pi =0 (50)
1

SEC : Tytt’ =T 1"ty > 0orp+ Zp,' >0. y

DEC : T, >0orp>|pil (51

where T#"t, € nonspace — like vector.

where i = (radial r, transverse 1), #* and /* are the time-like
vector and null vector, respectively.

Because the pressure and density are positive
throughout the stellar objects, it is obvious that the en-
ergy conditions NEC, WEC, and SEC are satisfied vacu-
ously. We have shown the graphical representation for
dominant energy conditions in Figs. 18-20, where it can
be observed that our solutions are also valid under domin-
ant energy conditions.

7 Results and conclusion

A new family of non-singular solutions of the Ein-
stein field equations for compact stars under embedding
class one condition is presented. The thermodynamical
quantities for stellar matter like anisotropic pressures, ba-
ryon density, red-shift, and the velocity of sound have
been investigated using the Karmarkar condition of em-
bedding class one spacetime.

Based on various physical analyses, such as the equi-

600
« 550
E
~ 500
2
= 450
N n=-2 (Violet)
@ 400F | __1g (Dashed)
% 350F on=-4
300
0 2 4 6 8
r(km)
Fig. 18. (color online) Variation of p+ p, for neutron star in

Vela X-1 with parameters n=-2 to —18, b=0.001/km?,
¢=0.0001, M =1.77M and R = 9.56 km.
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E
S 500
o
= 450
3 400f "=-2 (Violet)
Q n=-18 (Dashed)
350 o6n=-4
300[ ) ) )
0 2 4 6 8
r(km)
Fig. 19. (color online) Variation of p+ p, for neutron star in

Vela X-1 with parameters n=-2 to —18, b=0.001/km?,
¢=0.0001, M = 1.77M and R = 9.56 km.
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500¢
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P+pr+2p;

3501

0 2 4 6 8
r(km)

(color online) Variation of p+ p,+2p, for neutron
Vela X-1 with parameters n=-2 to
—18, b =0.001/km?, ¢ = 0.0001,M = 1.77M and R = 9.56 km.

Fig. 20.
star in

librium condition (TOV-equation), static stability cri-
terion (AM/dp. > 0), Bondi condition (T, > 4/3), singular-
ity free (¢, pre = pre > 0), Zeldovich condition (p,./p. < 1)
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Table 1. Central and surface values of some parameters for different values of n.

n a A B M Mo Rkm Ze pex 10 gjcc  pyx 101 g/cc pex 103 dyne/ecm?  Tre
-2 0.0259 0.6766 0.03183 1.77 9.56 0.477 10.44 4.89 5.31 1.91
-6 0.4170 0.6763 0.03183 1.77 9.56 0.478 10.50 4.85 5.22 1.93

-10 6.7279 0.6759 0.03183 1.77 9.56 0.479 10.59 4.81 5.13 1.95
—-14 108.55 0.6756 0.03183 1.77 9.56 0.480 10.68 4.76 5.04 1.98
-18 1751.4 0.6753 0.03183 1.77 9.56 0.481 10.77 4.71 4.94 2.00

and satisfaction of energy conditions, imply that the new
family of solutions is possible to represent realistic mat-
ter. Therefore, these solutions are suitable to model phys-
ical compact stars.

For n=0, some parts of the stability factor becomes
positive, resulting in instability of the model. However,
beyond n =-18, the stability factor is stable. From Fig.
10, one can observe that as n decreases from —2 to —18,
the peak of the F, increases, F), is almost same from the
center up to about 4 km and shows significant increment
till the surface. However, F, decreases as n approaches
—18. Using the Buchdahl limit, we obtain the maximum
surface red-shift z;(max) = 2. For a zero value of the com-
pactness parameter, the surface red-shift is likewise zero.
As the compactness parameter reaches the Buchdahl lim-
it, the surface red-shift becomes exactly two. However, if
the compactness parameter is beyond the Buchdahl limit,
then because of the formation of singularity the surface
red-shift blows up. The unique character of these solu-
tions can be observed from the fact that for a large range
of parameter n, the profiles of density, pressures, equa-
tion of state parameters, and speed of sounds seem to be
different, however, the profiles of the adiabatic index,
mass with central density, and red-shift are not very dif-
ferent. This indicates that for modeling compacts, vari-
ous choices of the equation of state (EoS) can be made
for a single compact star. These choices of EoS lead to
various structures of interior space-times, however, phys-
ical properties like mass, radius, luminosity etc., look the
same to an external observer. Fig. 13 shows that smaller
values of parameter n lead to smaller My, and Ryax-
From Fig. 13, we can see that for n=-2 the values of
(Mmax, Rmax) are (12.8 km, 2.529M,,), which is under the
theoretical limit proposed by Rhoades and Ruffini [72],
while for n = -5, the values are 6.107 km and 0.1995M,,.
However, in recent studies, heavy pulsars such as PSR
J1614-2230, PSR J0348+0432, and MSR J0740+6620
were discovered [73—75], which has set the new record of
the maximum mass of the pulsars. Further, from Fig. 7, it
is also clear that the values of v2 and v? are at their max-
imum for n = -2. Therefore, we conclude that the stiff-
ness of the equation of state decreases as n decreases. The
sensitivity to EoS is sharper in the p—71 graph than

M — R, because the peak points in these graphs are sharp-
er in the former graph than the latter. After the complete
analysis of solutions with various mathematical and
graphical representations, we conclude that the solution is
physically reasonable. With the inclusion of a small rota-
tion, we also showed that the maximum mass that can be
held by the system increases, and the corresponding radi-
us likewise increases due to the centrifugal force. Larger
values of n yield higher Mpy.x. The corresponding fre-
quency of rotation can also be determined using the
Haensel et al. formula [67]. In Table 1, we have shown
different physical quantities and their corresponding para-
meters for n=-2 to n=-18.

8 Generating functions

Herrera et al. [76] proposed an algorithm for generat-
ing all types of spherically symmetric static solutions us-
ing two physical quantities, namely anisotropy and a
function related to the redshift. These two generators are
respectively defined as

J

1
{(r) = VE +— and TI(r) = 8x(p, = ).

For this solution, they are found to be

(52)

) L 4bB(n + 1)r* sinh? [1 (br* +c)
r 2

\/a (cosh(br? +¢)+1)"| Bsinh (br2 + c)

\/2 —2cosh(br? +¢) \/ar2 (cosh(br2 +c)+1)"

1 n+1 n+3 1
2F1[ . 'cosh2(§{br2+c})

222 2

-1

+4Ab(n + 1)rsinh? (% {br*+ c}) , (53)

1(r) = —A(r). 5
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