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Abstract: Half-lives of α decay for Z≥ 84 nuclei are calculated based on the WKB theory applied for a phenomeno-
logical potential barrier composed of a centrifugal contribution and a screened electrostatic interaction represented by
a Hulthen potential. For favored decays, the model has a single adjustable parameter associated with the screening of
the electrostatic potential. The description of half lives for unfavored decays requires an additional hindrance term. A
good agreement with experimental data is obtained in all considered cases. The evolution of the screening parameter
for each nucleus revealed its dependence on shell filling. The model is also used for theoretical predictions on a few
nuclei with uncertain or incomplete decay information.
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1    Introduction
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The emission of  clusters represents the favored de-
cay mode for  most  unstable  medium mass  nuclei,  heavy
nuclei, and super-heavy nuclei. Since its first experiment-
al  observation  by  Rutherford  [1, 2],  it  naturally  became
one of  the  standard  tools  for  the  study  of  nuclear  struc-
tures and reactions and the exclusive way for  the identi-
fication of new super-heavy nuclei. Moreover, the theor-
etical  interpretation  of  decay  as  a  quantum  tunneling
effect through a nuclear Coulomb barrier [3] represented
a  real  breakthrough  for  quantum  physics  in  general,  by
validating its  hypotheses  experimentally.  The  basic  ex-
perimental  observables  related  to  this  phenomenon  are
the  decay energy  and the associated half-lives .
The  first  notable  success  of  treating  decay as  a  semi-
classical one-dimensional quantum tunneling process lead
to simple but extremely precise correlations relating half-
lives,  values,  and  nucleon  numbers  through  a  WKB
estimation of the barrier penetration probability. The first
correlation of this type was proposed by Geiger and Nut-
tall [4], which became the basis for various continuously
improved empirical formulas for  [5-7]. Alternat-
ively,  decay  constitutes  a  convenient  test-ground  for
nuclear  structure  models  used  to  describe  predominantly
the cluster preformation and formation stages of the pro-
cess,  such  as  for  example  the  super-asymmetric  fission
model  [8],  the  density-dependent  cluster  model  [9, 10],

the  generalized  liquid  drop  model  [11], the  unified  fis-
sion  model  [12],  the  relativistic  mean  field  theory  [13],
the  double-folded  potential  approach  [14],  and  the
coupled  channel  formalism  [15]. Nuclear  structure  ef-
fects are  usually  incorporated in  the  inner  part  of  a  phe-
nomenological  potential  barrier.  Such  phenomenological
potential models  vary  basically  in  the  theoretical  treat-
ment of the short-range nuclear interaction.
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The external part of a potential barrier represented by
electrostatic repulsion is usually considered to be well un-
derstood  and  appropriately  accounted  for  by  a  Coulomb
potential.  In  this  paper,  one  aims  to  investigate  in  what
measure deviations from this idealized picture of the elec-
trostatic  interaction  influence  the  half-lives  of  the  de-
cay process. To do this, one considers here a Hulthen po-
tential [16, 17] for the electrostatic interaction, which is a
generalization  of  the  Coulomb  potential  by  means  of  a
screening effect. The idea of a screened electrostatic bar-
rier defined  through  a  Hulthen  potential  was  first  pro-
posed for  nuclear  decays in Ref.  [18], where it  was suc-
cessfully  used  to  describe  proton  emission  half-lives.  It
was  later  also  employed  for  the  decay  process  [19],
with  similar  success.  We  propose  here  a  new  analytical
model for the determination of  decay half-lives, based
on a WKB approximation applied to a barrier  composed
of a Hulthen potential matched with an inner barrier part
associated  with  the  nuclear  interaction  and  simulated  by
an infinite square well.  The model is  applied to describe
the half-lives for 209 favored and 70 unfavored  decays

        Received 30 June 2020, Published online 14 September 2020
     1) E-mail: abudaca@theory.nipne.ro

Chinese Physics C    Vol. 44, No. 12 (2020) 124102

     ©2020 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd

124102-1



Z ⩾ 84

α

of  nuclei  with .  The  dependence  of  the  proposed
formalism mainly on the screening measure is used to as-
certain the validity of the Coulomb potential for the con-
sidered experimental data. Additionally, model interpola-
tions are used for 6  decays with uncertain data.

2    Theoretical framework

α

The  half-life  of  a  parent  nucleus  decaying  by  the
emission of an  cluster can be defined as

T1/2 =
ln2
νP

10h, (1)

α

ν

where P is the probability of the  particle penetrating a
phenomenological  potential  barrier,  is its  assault  fre-
quency on the barrier, and h is a hindrance term account-
ing for some structural characteristics of the parent nucle-
us.

Rt = R1+Rα R1 Rα
α

As  can  be  seen  from Fig.  1,  the  barrier  starts  at  the
distance  associated  with  the  touching  configuration

, where  and  are the radii of the daugh-
ter nucleus and of the  cluster, respectively. Hard nucle-
ar radii are defined by [20]

R = 1.28A1/3−0.76+0.8A−1/3, (2)

µ = 4mA1/(A1+4)

α

where A is  the  corresponding  mass  number.  Beyond  the
touching  radius,  the  potential  is  defined  as  the  sum of  a
centrifugal  contribution  from  the  kinetic  energy  and  an
electrostatic  repulsion  potential.  For  a  reduced  mass

 of the decaying nuclear system, with m
being the nucleon mass, and an orbital momentum l of the
emitted  particle, the centrifugal energy contribution is

Vl(r) =
h̄2
(
l+ 1

2

)2
2µr2 . (3)

This is  modified  with  the  Krammers-Langer  trans-
formation,  which is  necessary when considering the first

order WKB approximation [21]. The orbital momentum l
must satisfy the angular momentum and parity conserva-
tion laws concerning the initial and final nuclear states.

The  electrostatic  interaction  is  modeled  here  by  a
Hulthen [16, 17] type potential,

VH(r) =
2ae2

pZ1

ear −1
, (4)

Z1
ep

a→ 0

212
90

where  is  the  charge  number  of  the  daughter  nucleus,
 is  the  proton  charge,  and  parameter a defines  the

screening effect on the usual Coulomb potential. Thus, in
limit , the  above  potential  acquires  a  Coulomb  in-
teraction form. Here, screening is understood as the com-
bined  contribution  of  various  deviations  from  point-like
electrostatic  approximation,  such  as  finite  size  effects,
nuclear  interactions,  superposition  of  involved  electric
charges, inhomogeneous  charge  distributions,  electro-
dynamic effects,  diffuseness,  deformations,  and  fluctu-
ations of  nuclear  surfaces.  The introduction of  screening
shortens  the  range  of  the  electrostatic  interaction.  The
modifications  with  respect  to  the  simple  Coulomb  case
are shown in Fig. 1, in which the case of Th is shown
with  an  omitted  centrifugal  contribution  and  overstated
screening for better understanding. Basically, the Hulthen
potential acts as a Coulomb interaction at small distances;
however,  it  decays  more  rapidly  due  to  its  exponential
short-range character.  The consequences on the potential
barrier consist  of  the  lowering  of  its  peak  and  more  im-
portantly, of the shortening of the exit radius.

The barrier penetrability is calculated by means of the
WKB approximation:

P = Exp
{
−2

h̄

∫ Rout

Rt

√
2µ [V(r)−Qα]dr

}
, (5)

V(Rout) = Qα V(r) = VH(r)+Vl(r)where  with . The  integ-
ral in the exponent can be calculated numerically, but an
analytical expression is always more desirable. To obtain
such an expression, one must first approximate the centri-
fugal term as [22]:

1
r2 ≈

a2

(ear −1)2 . (6)

As the values of parameter a are expected to be small,
the  radius  of  validity  for  such  an  approximation  is  well
beyond the  exit  radius  corresponding  to  the  total  poten-
tial barrier. Within this approximation, the barrier exit ra-
dius can be analytically expressed as

Rout =
1
a

ln

 2V1√
V2

0 +4V1Qα−V0

+1

, (7)

where

V0 = 2ae2
pZ1, V1 =

a2h̄2
(
l+ 1

2

)2
2µ

. (8)
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Fig.  1.     (color  online)  Schematic  representation  of  the  total
potential for Th as a function of the distance between the
centers of the decaying nuclei, with screened and bare elec-
trostatic interactions.  For  simplicity,  the  centrifugal  contri-
bution is omitted.
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I = −h̄ ln P/(2
√

2µ)The  integral  in the  same  approx-
imation is analytically given by [18]:

I =
1
a

[I1(r)+ I2(r)]
∣∣∣∣Rout

Rt

. (9)

The two terms have the following expressions:

I1(r) =−
√

V1x2+V0x−Qα

+
√

Qα arcsin

 xV0−2Qα

x
√

4QαV1+V2
0


− V0

2
√

V1
ln
[
2
√

V1
(
V1x2+V0x−Qα

)
+V0+2V1x

]
,

(10)

I2(r) =
√

V1y2+U0y−U1

−
√

U1 arctan

 yU0−2U1

2
√

U1
(
V1y2+U0y−U1

) 
+

U0

2
√

V1
ln
[
2
√

V1
(
V1y2+U0y−U1

)
+U0+2V1y

]
,

(11)

where the following notations are used:

x = (ear −1)−1, y = 1+ (ear −1)−1,

U0 = V0−2V1, U1 = Qα+V0−V1. (12)

α

ν = v/2Rt

v =
√

2E/µ

α

E = h̄2x2
l /(2µR

2
t ) xl

jl(x)

The assault frequency of the  particle on the poten-
tial  barrier  is  defined  as ,  where  the  speed  is

.  Here,  one  will  consider  only  the  decay  of
nuclei  from  ground  state  to  ground  state.  Therefore,  the
kinetic energy of the  particle is just the ground state en-
ergy  for  an  infinite  square-well  potential,  which  is

, where  is the first zero of the spheric-
al  Bessel  function  [23] associated with the solution
for  a  spherical  infinite  square  well.  Combining  all  these
definitions,  one  obtains  the  following  simple  expression
for the assault frequency:

ν =
xlh̄

2µR2
t
. (13)

In this  way,  the  angular  momentum  becomes  in-
volved  in  both  sides  of  the  touching  configuration  [24].

l = 0 x0 = πWhen ,  and  one  recovers  the  formula  for  the
assault frequency from Ref. [25].

3    Results

α

Z ⩾ 84

The model contains only two free parameters by con-
struction: the screening measure a and the hindrance term
h. Their values are determined by fitting the experiment-
al data [26], which are limited here to only the half-lives
of  ground  state  to  ground  state  decays  of  nuclei  with

, for which the branching ratios, decay partial per-
centages, and the spins of the involved ground states are
well established. In the first stage, fits were performed on
distinct parities of proton and neutron numbers, and sep-
arately  for  favored  and  unfavored  decays.  The  latter  are
decays  with  non-zero  angular  momentum  transfer.  The
transferred angular momentum is determined as being the
minimal value  among  the  allowed  ones.  The  initial  res-
ults showed that the hindrance term h has a negligible ef-
fect on the rms deviation,

σ =

√√√
1
n

n∑
i=1

log10

 T i
th

T i
exp

2, (14)

h = 0

in  the  case  of  favored  decays,  where n is  the  number  of
considered data points. Therefore, the screening paramet-
er  actually  accounts  effectively  for  the  additional  odd
neutron or  proton.  Finally,  for  favored  decays,  one  con-
sidered  and fitted the experimental data only against
variations  of  the  screening  parameter a. The  fitting  res-
ults are listed in Table 1, where one compared them with
fits  on  the  same  data  with  the  Universal  Decay  Law
(UDL) [27-29]:

log10 T1/2 = Aχ′+Bρ′+C, (15)
A,Bwhere , and C are free parameters and

χ′ = 4Z1

√
A1

(A1+4)Qα
, ρ′ =

√
8A1Z1(A1/3

1 +41/3)
A1+4

. (16)

This formula  combines  the  most  common dependen-
cies, and due to its high success in reproducing the exper-
imental data, it is currently considered as a reference em-
pirical  formula  for  cluster  radioactivity  in  general  and

(Z−N) α

σ

∆σ a = 0

Table 1.    Parameters a, A, B,  and C resulting from fitting  parity differentiated data sets of favored ground state to ground state  decay half
lives with the present model and with UDL formula (16) are listed together with the corresponding rms values , number of considered data points,
and the present model rms gain  with respect to the  case.

parity Z-N n σH −1a/fm ∆σ σUDL A B C

e-e 113 0.395 ·10−46.38939695708103 0.135 0.392 0.398 −0.422 −20.383

e-o 33 0.314 ·10−42.46665033427710 0.021 0.246 0.418 −0.478 −18.724

o-e 44 0.377 ·10−92.61840144529958 0.085 0.365 0.432 −0.493 −19.396

o-o 19 0.211 ·10−93.44650362496230 0.086 0.139 0.431 −0.557 −14.659
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even  for  the  proton  emission  process  [30].  It  must  be
mentioned  here  that  due  to  the  exponential  dependence
on a,  the sum of residuals in this  fitting procedure has a
highly oscillatory behavior. The numerical search for the
best a value is then performed with different starting val-
ues,  and  the  final  result  is  expressed  in  a  high  precision
format.

a = 0

aee > aeo > aoe > aoo

The  present  model  fits  are  in  very  good  agreement
with  the  experiment.  This  is  an  impressive  result,  when
one takes into account that the proposed formalism uses a
single  adjustable  parameter  in  comparison  to  the  UDL
formula, in which three free parameters are used. The rms
values for  even-even  and  odd-even  emitters  are  essen-
tially the same as those obtained with the UDL formula.
UDL fares significantly better only for the remaining data
sets. Its newly determined parameters are very similar to
those  obtained  originally  in  Ref.  [28].  The  effect  of
screening can be judged by the gain in rms value with re-
spect  to  the  usual  Coulomb electrostatic  interaction with

.  Surprisingly,  the  results  for  even-even  nuclei  are
improved  the  most,  even  though  these  nuclei  constitute
the largest data set (113 nuclei). This is because the fitted
value of the screening parameter a for these nuclei is the
largest  one.  As  a  matter  of  fact,  the  whole  relationship

 is  counterintuitive,  because  one
would expect that an odd proton would generate greater,
not  lower  screening.  The  origin  of  this  feature  comes
from  the  even-odd  staggering  of  the  charge  radii  [31],
which is leveled here by the hard radius formula (2). This
averaging effect  tends to overestimate the effective radi-
us of the electric charge in odd-Z nuclei, such that its in-
fluence on the screening of the electrostatic interaction is
subdued.

α

α

α

The theoretical description and systematization of un-
favored  decay  half  lives  is  notoriously  deficient  with
regards to overall agreement with experimental data. The
particularity of these decays resides in the fact that the 
cluster  has  a  non-zero  orbital  momentum l, and  its  pre-
formation  probability  is  very  sensitive  to  the  nuclear
structure  of  the  emitting  nucleus,  such  as  neutron  and
proton  shell  filling  or  deformations.  Due  to  the  fact  that
all these effects have various contributions, the  cluster
preformation probability has a very erratic evolution with
decay data. Attempts to model its evolution from nucleus
to nucleus by means of the simple algebraic functions of

l , 0 α

α

α

N −Z

deformation, orbital  momentum,  proton-neutron  asym-
metry,  and  mass  number  were  made  in  Refs.  [32, 33].
However,  such parametrizations  exhibit  only  a  moderate
improvement in terms of agreement with experiments, at
the cost of considerably raising the number of adjustable
parameters. Here,  one  will  approach  this  issue  by  aver-
aging  the  inhibition  of  the   cluster  preformation
probability  into  the  hindrance  parameter h, while  the  in-
fluence  of  the  resulting  orbital  momentum  of  the 
cluster is  taken  into  consideration  with  the  assault  fre-
quency. The collected data sets of unfavored  decays are
then used to fit a and h for specific  parities. The fit
details are given in Table 2, where one also listed the fits
performed with the UDL formula amended with a centri-
fugal term

log10 T1/2 = Aχ′+Bρ′+D
l(l+1)
ρ′
+C. (17)

Rt

α

aeo > aoe > aoo

The above  formula  was  shown  to  be  extremely  suc-
cessful  in  the  description  of  proton  emission  half  lives,
for  which  the  transferred  orbital  momentum  is  of  major
importance.  A  similar  term  added  to  the  Ni-Ren-Dong-
Xu  formula  [27],  which  is  an  approximated  UDL  with
constant  touching  radius ,  was  shown  to  provide  very
good  results  for  decay  [34]. Nevertheless,  this  exten-
sion of the UDL formula has not yet been fully exploited,
even  though,  as  can  be  seen  from Table  2,  it  provides  a
very good  description  of  the  experimental  data  for  un-
favored decays. The fits with the proposed formula have
once again  an  rms  value  very  close  to  that  of  the  modi-
fied UDL formula. The hindrance factor h has almost the
same value, around 2, while the a values keep their rela-
tionship  also for unfavored decays. The fit-
ted parameter a for unfavored decays from odd-even and
odd-odd nuclei has a similar order as for favored decays,
while for even-odd nuclei its value is significantly lower
in the unfavored case. Regarding the modified UDL fits,
the  corresponding  parameters  suffer  obvious  changes
from  the  simple  UDL  formula  parameters  determined
from  fitting  favored  decay  data.  Only  parameter A re-
mains  roughly  similar.  A  distinct  negative  value  of  the
additional parameter D is obtained for the fit of the odd-
even unfavored decay data set. It is related to the predom-
inance of small l values in this particular set.

αThe logarithms of  decay half-lives  calculated  with

(Z−N) α

σ

Table 2.    Parameters a, h, A, B, C and D resulting from fitting  parity differentiated data sets of unfavored ground state to ground state  decay
half lives with the present model and with the modified UDL formula (18) are listed together with the corresponding rms values  and the number of
considered data points.

parity Z-N n σH −1a/fm h σUDL A B C D

e-o 40 0.987 ·10−81.78941575339607 1.998 0.567 0.446 −0.269 −35.882 2.302

o-e 19 0.886 ·10−92.80959277085025 2.133 0.675 0.434 −0.128 −45.325 −1.3947

o-o 11 0.740 ·10−81.96239498909705 1.779 0.650 0.415 −0.182 −37.998 2.532
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194

N = 126

the  present  formalism and using  the  parameters  listed  in
Tables  1 and 2 are  compared  with  the  corresponding
measured data for the most extended eight isotopic chains
in Fig. 2. Agreement with the experiment is overall good.
The enhancement  of  experimental  half-lives  for  un-
favored decays is  theoretically reproduced.  Although the
favored decay data is  described better,  there are singular
nuclei, for which sizable differences are encountered, es-
pecially  with  undervalued  theoretical  results.  One  such
example  is  the  lightest Rn  isotope.  Furthermore,  the
low Z isotopic chains  have  some  undervalued  calcula-
tions for isotopes right below the  shell closure.

Having fewer model parameters and a better descrip-
tion is not just a mathematical goal: it has some physical

α

advantages.  For  example,  one  can  judge  more  precisely
the  validity  of  the  theoretical  formalism and  methods  to
improve it by studying the evolution of the involved para-
meters with decay data.  This method is  especially suited
for the present model description of favored  decay half-
lives, for which just a single parameter was used, namely
the screening a. Equating the theoretical and experiment-
al half-lives, one determines the value of a for each nuc-
leus in part. For mere completeness, one applies the same
procedure  to  the  unfavored  decay  data,  by  keeping  the
hindrance  term h fixed to  the  value  found  from  the  fit-
tings. Obviously,  there  are  cases  where  the  aforemen-
tioned equation does not have a physical solution. In this
situation,  one considers the value of a, which minimizes

log10 T1/2Fig. 2.    (color online) Comparison between experimental data and theoretical values for  obtained with the fitted values of a
and h for the isotopic chains of Po, At, Rn, Fr, Ra, Ac, Th, and U.
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N = 126 N ⩽ 126 N = 126

N ⩽ 126
Z = 82

N = 162 Z = 108

N = 152
N = 162 α

N = 126

the absolute difference between the theoretical and exper-
imental  half-lives.  The evolution of the screening a with
neutron and proton numbers is schematically depicted in
Fig.  3,  where  the  shell  effects  are  clearly  observable.
Considering only the favored decay data in the first stage,
one can see that the determined values of a have a well-
defined  discontinuity  at  the  neutron  magic  number

.  The  a values  decrease  up  to ,
and then,  suddenly  jump  to  higher  values.  The  phe-
nomenology behind this sudden transition is related to the
fact  that  a  nucleus  with  a  closed  shell  is  naturally  more
compact, whereas  adding  nucleons  to  such  nuclei  signi-
ficantly  extends  their  effective  radius.  There  is  also  a
small  gradient of a with Z,  in the  region, which
is  a  consequence  of  the  low-lying  proton  shell
closure. The  small  screening  found  before  the  intersec-
tion of both proton and neutron closed shells seems to re-
occur at  higher  mass,  just  below  the  supposedly  de-
formed  neutron and  proton closed shells
[35, 36].  The  predominance  of  low a values  actually
starts  close  to  another  deformed  neutron  shell  closure  at

. As its effect is known to be smaller than that of
, at least for the  decay half lives [8], there is no

discontinuity observed similar to the case of the spherical
shell closure . The a values for unfavored decays
also  follow  the  same  trends  listed  above,  but  more
loosely.

β2

β2

α
β2

Deformed shell closures are highly localized at relat-
ively large quadrupole deformations  [37]. Therefore, a
corresponding  deformation  dependence  of  the  screening
parameter  is  expected.  This  is  confirmed  by  the  plot  in
Fig. 4, in which few available values of  extracted from
measured quadrupole  transition  probabilities  are  correl-
ated with parameter a determined for each corresponding
nucleus from its measured  decay data. As can be seen,
there  is  a  parabolic-like  evolution  of a with .  The

screening is heightened for moderate deformations where
the shell  structure is  essentially destroyed, and it  is  min-
imal for  spherical  nuclear  shapes  and  considerably  sup-
pressed  at  very  high  deformations,  where  deformed
single-particle energy gaps are generated.

N = 126

N = 124,126

N = 123

Z = 84−87
Z = 82

Z = 84,85

The strong effect of the  shell closure can be
better seen from the evolution along the isotopic chains of
the a values reproducing the experimental data, shown in
Figs.  5 and 6.  The  shell  closure  is  reflected  in  a  sharp
minimum  of a near  for  even N nuclei. Al-
though not  always  obvious,  a  similar  minimum is  found
for  odd N nuclei,  which  is  shifted  down  to  around

 in  even Z data.  The  minima  in  the  isotopic
curves of a are extended over more nuclei in the case of

 isotopic chains,  which  speaks  for  the  influ-
ence  of  the  proton  magic  number .  The  evolution
of  the  odd N data  points  is  in  general  more  erratic,  with
staggering sequences  of  alternating  favored  and  un-
favored  decay  processes.  This  staggering  increases  with
Z,  such  that  for  chains  the  odd N data  have  a
completely  smooth  evolution  that  closely  mirrors  the

Fig.  3.     (color  online) Z-N chart  of  values  of  screening parameter a determined from experimental  data.  For  unfavored decays,  the
hindrance term is fixed to the fitted value reported in Table 2.

 

 

β2

B(E2)

Fig.  4.     Dependence  of a values determined  from  experi-
mental  data  on  the  quadrupole  deformation  deduced
from experimental  transition rates [38].
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even N data. With increasing Z, staggering appears and a
alternates between values similar to the even N curve and
much lower ones. At higher Z chains, the staggering once
again  disappears  from  the  evolution  of  the  odd N data
points,  which  favors  now  the  lower  values  (Cm  and  Cf
plots of Fig. 5).

Despite  the  occasional  staggering,  the  evolution  of a
with odd or even N is predictably smooth in extended re-
gions of  the nuclei.  This fact  is  used here to make some
predictions for nuclei for which only uncertain or incom-
plete decay data is available. Taking into account the dis-
tinct  characteristics  of  nuclei  with  even  or  odd  numbers
of protons and neutrons, one linearly interpolates the im-
mediate  neighboring a values  from  an  isotopic  chain,

α

α 206
85

5+

5− 6−

which  also  has  the  same  neutron  number  parity  as  the
nucleus considered in the predictions. Given this specific
rule, there are only few cases to be calculated, which are
listed  in Table  3.  For  completeness,  one  also  listed  the
predictions  of  the  present  formalism  with  fitted a and h
values,  as  well  as  with  the  UDL formula  and  the  newly
determined parameters.  One  source  of  uncertainty  in  the
data  corresponding to  these  decays is  the  angular  mo-
mentum assignment to the ground states of the parent and
daughter nuclei, which establishes the orbital momentum
l of  the  emitted  cluster.  This  is  the  case  for  the At
emitter, whose ground state is considered to be the same
as that of its daughter nucleus, i.e. . Other experiments
do  not  exclude  and  ground  states  for  the  same

Fig. 5.    (color online) Evolution of a values determined from experimental data along selected even Z isotopic chains. For unfavored
decays, the hindrance term is fixed to the fitted value reported in Table 2.
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225
92

emitter, which is the preferred case according to the pre-
dictions of all three methods. The interpolation approach,
however,  gives  the  best  result.  The U  nucleus  is  in  a
similar  situation,  whereas  its  ground  state  is  not  even

α

α

α 198
86

207
88

α
239
94

α

236
96

known. All  calculations  suggest  however  that  it  under-
goes  most  likely  a  favored  decay, which  is  better  de-
scribed with  fitted a and h parameters.  The other  source
of uncertainty in the decay data comes from the interplay
with  other  decay  channels,  such  as  proton  and  cluster
emission,  spontaneous  fission,  and  decay  to  excited
states.  When  the  exact  branching  ratios  are  not  known,
the measured half-live represents the lower bound of the
considered  decay.  This  type  of  situation  is  found  for
ground  state  to  ground  state  decays  from Rn  and

Ra  nuclei.  The  predictions  for  these  two  nuclei  with
interpolated values of screening are one of the closest to
the  boundary  value,  whereas,  the  decay  from  the
ground state  of Pu  to  the  ground state  of  its  daughter
nucleus  has  not  yet  been  experimentally  observed.
However, it is theoretically allowed with a small probab-
ility from systematic considerations. Its  decay half-live
is  better  reproduced  by  the  UDL  formula.  Finally,  the
half-live  of Cm  has  not  yet  been  measured  and  the
considered theoretical calculations predict around 49, 63,
and  70  min,  respectively.  It  is  worth  mentioning  that  in
all  other  cases  considered  in Table  3,  the  present  model
predictions  with  interpolated  or  fitted  screening are  very
close to the measured half-lives. This is a supporting fea-
ture for the prediction power of the proposed formalism.

4    Conclusions

α
A simple analytical model based on the WKB approx-

imation  is  proposed  for  the  calculation  of  decay  half-
lives. The WKB formalism was used to calculate the pen-
etrability  of  a  phenomenological  barrier  defined  by  the
centrifugal contribution and a screened electrostatic inter-
action  described  by  a  Hulthen  potential.  The  additional
preformation probability  is  accounted for  by considering
an infinite  square well  for  the nuclear interaction part  of
the  phenomenological  barrier.  For  favored  decays,  the
model depends  solely  on  the  screening  parameter  defin-

αTable 3.    Predictions for  emitters with uncertain or incomplete experimental data, calculated with interpolated values of the screening parameter a
and fixed hindrance h to the value from Table 2 (Th1.), with both a and h fitted to data (Th2.) and with the UDL formula, whose parameters are up-
dated. Uncertain data are written in round parentheses, while missing information is indicated by "?".

nucleus Qα /MeV l −1a/fm log10 T1/2 Exp. log10 T1/2 Th1. log10 T1/2 Th2. log10 T1/2 UDL
206
85 At 5.8884 (0) ×10−104.900 7.355 4.558 4.590 4.969

(1) 6.418 6.335 5.605

198
86 Rn 7.3490 0 ×10−31.143 ⩾−1.184 −1.113 −0.913 −0.879

207
88 Ra 7.2700 0 ×10−42.991 ⩾0.130 0.148 0.171 0.147

225
92 U 8.0150 (0)? ×10−31.242 −1.080 −1.411 −1.015 −1.185

239
94 Pu 5.2445 3 ×10−91.494 ∗15.404 14.525 14.329 15.378

236
96 Cm 7.0670 0 ×10−48.475 ? 3.466 3.577 3.621

* Ground state to ground state decay not observed. The associated branching ratio is deduced from systematics.

 

Fig. 6.    (color online) Evolution of a values determined from
experimental data along selected odd Z isotopic chains. For
unfavored  decays,  the  hindrance  term is  fixed  to  the  fitted
value reported in Table 2.
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α

ing  the  Hulthen  potential,  while  for  unfavored  ones,  an
additional  hindrance  term  is  introduced.  The  parameters
are  fixed  by  fitting  279  data  points  divided  in  separate
sets  for  favored/unfavored  decays  and N-Z parity. Al-
though the model uses one or two parameters, agreement
with  the  experiment  is  very  good  and  comparable  with
the  results  of  the  universal  decay  law  employing  two
more  parameters.  The  highest  screening  is  found  for
even-even  emitters,  while  the  lowest  is  reported  for
odd-odd parent nuclei.

N = 126

Using the fact that the barrier penetration probability
depends only  on  the  screening  parameter,  one  determ-
ined the optimal screening for each nucleus by matching
the  theoretical  model  to  each  experimental  data  point.
The systematics  of  the  obtained values  for  the  screening
parameter showed its dependence on the proton as well as
the  neutron  shells  filling.  A  specific  discontinuity  in  the
screening  is  observed  at  the  neutron  magic  number

,  marking  a  sudden  transition  from  low  to  high
values.  The  dependence  of  the  screening  on  the  neutron

and proton numbers  acknowledges in  a  similar  way also
the deformed shell  closures.  This  is  supported by an en-
hancement of the screening at moderate deformations, for
which the shell structure disappears. The evolution of the
screening  with  the  neutron  number  was  found  to  be
smooth  within  isotopic  chains  close  to  closed  proton
shells. This aspect is used to make some interpolated pre-
dictions for nuclei with uncertainties in the decay data.

α

α

In  conclusion,  the  generalization  of  the  electrostatic
interaction by  a  mean  screening  effect  can  account  effi-
ciently for missing secondary ingredients affecting the 
decay, and provides a good description of the particularit-
ies  of  the  experimental  data.  Moreover,  the  dependence
of the optimal screening effect for each  emitter on the
degree of shell  filling demonstrates the deficiency of the
Coulomb potential in modeling the outer potential barrier.
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