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Conformal field theory on the horizon of a BTZ black hole *
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Abstract: In a three-dimensional spacetime with negative cosmological constant, general relativity can be written

as two copies of SO(2,1) Chern-Simons theory. On a manifold with a boundary, the Chern-Simons theory induces a

conformal field theory—Wess-Zumino-Witten theory on the boundary. In this paper, it is shown that with suitable

boundary conditions for a Banados-Teitelboim-Zanelli black hole, the Wess-Zumino-Witten theory can reduce to a

chiral massless scalar field on the horizon.
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1 Introduction

In a three-dimensional spacetime, general relativity
becomes much simpler, since it has no local degrees
of freedom [1]. Indeed, the theory is equivalent to a
Chern-Simons theory with a suitable gauge group [2, 3].
Even so, there exists a black hole solution in the the-
ory [4] when the cosmological constant Λ is negative.
In such a case, the gauge group is SO(2,1)×SO(2,1).
The black hole, named after Banados, Teitelboim and
Zanelli (BTZ), can have very large entropy if the radius
of the horizon is large. The entropy cannot be explained
by counting the local degrees of freedom, because a 3D
gravitational theory has no local degrees of freedom.

There are several ways to explain the entropy of a
BTZ black hole with the help of conformal theories. For
a good review, see Ref. [5]. It is well known that a
Chern-Simons (CS) theory on a manifold with a bound-
ary induces a Wess-Zumino-Witten (WZW) theory on
the boundary, which is a conformal field theory. By use
of the SO(2,1)×SO(2,1) WZW theory, Carlip explained
the entropy of the BTZ black hole [6]. However, due to
the non-compactness of SO(2,1), it is difficult to quan-
tize the SO(2,1) WZW theory. With a slightly stronger
boundary condition, the SO(2,1)×SO(2,1) WZW the-
ory can reduce to a Liouville theory on the conformal
boundary [7, 8]. The central charge of the Liouville the-
ory with the Cardy formula [9, 10] can be used to explain
the entropy of the BTZ black hole [5]. On the other

hand, in their seminal work [11], Brown and Henneaux
showed that the asymptotic symmetry group of AdS3 is
generated by two copies of Virasoro algebra, which also
correspond to a conformal field theory. Based on this re-
sult, the entropy of a BTZ black hole can be calculated
[12, 13], and matches the Bekenstein-Hawking formula.

In the above approaches, the conformal theories are
defined either at conformal infinity or at the horizon. For
the former case, it is difficult to distinguish a black hole
from a ‘star’, since they have the same infinity behavior.
So, the more interesting approach is that the conformal
field theories are located at the horizon of a black hole,
and the following discussion is limited to this approach.

From a very different point of view, it has been shown
[14–20] that the boundary degrees of freedom on an iso-
lated horizon in any dimensional spacetime (including in
a 3-dimensional spacetime) can be described by a bound-
ary BF theory on an isolated horizon, so that the entropy
of a black hole can be explained by use of the boundary
BF theory. In this paper, with the same boundary condi-
tions as boundary BF theory, we want to see whether an
explicit form of conformal field theories (CFTs) on the
horizon can be obtained or not. Our strategy is to start
from the Chern-Simons theory with suitable boundary
conditions set by the boundary BF theory, and then show
that the WZW theory reduces to a chiral massless scalar
field on the 2-dimensional isolated horizon. Since 3D
general relativity contains two copies of Chern-Simons
theory, there are, correspondingly, two chiral massless
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scalar fields on the BTZ horizon.
The paper is organized as follows. In Section 2, we

summarize the relations between gravity, Chern-Simons
theory and WZW theory. In Section 3, the BTZ black
hole is considered. With suitable boundary condition,
the boundary WZW theory reduces to a chiral massless
scalar field theory. Section 4 gives our conclusion.

2 Gravity, Chern-Simons theory and

WZW theory

As first shown in Ref. [2], (2+1)−dimensional general
relativity can be written as a Chern-Simons theory. For
the case of negative cosmological constant Λ = −1/L2,
one can define two SO(2,1) connection 1-forms

A(±)a=ωa± 1

L
ea, (1)

where ea and ωa are orthonormal co-triads and spin con-
nection 1-forms, respectively, and a=0,1,2 is the gauge
group index. Then, up to a boundary term, the first
order action of gravity can be rewritten as

IGR[e,ω]=
1

8πG

∫

[ea∧(dωa+
1

2
ǫabcω

b∧ωc)

− 1

6L2
ǫabce

a∧eb∧ec]

=ICS[A
(+)]−ICS[A

(−)], (2)

where A(±) =A(±)aTa are SO(2,1) gauge potentials, Ta

are generators of the SO(2,1) group, and the Chern-
Simons action is

ICS[A]=
k

4π

∫

Tr{A∧dA+2

3
A∧A∧A}, (3)

with

k=
L

4G
. (4)

Similarly, the CS equation

F (±)=dA(±)+A(±)∧A(±)=0 (5)

is equivalent to the requirement that the connection is
torsion-free and the metric has a constant negative Rie-
mann curvature. The equation implies that the potential
A can be locally written as

A=g−1dg. (6)

When the manifold has a boundary, a boundary
term must be added and this term depends on our choice
of boundary conditions. Assume that the boundary has
topology ∂M=R×S1. The standard boundary condition
is chosen to be [5]

δAu|∂M=0, or δAũ|∂M=0, (7)

where u and ũ are two coordinates on the boundary.

Then the boundary term is

Ibd=
k

4π

∫

∂M

dudũTr(AuAũ). (8)

With the boundary term, the total action, ICS[A]+
Ibd[A], is not gauge-invariant under the gauge transfor-
mation

Ā=g−1Ag+g−1dg. (9)

To restore the gauge-invariance, the Wess-Zumino-
Witten term is introduced for the first boundary con-
dition [21, 22]:

IWZW[g−1,Au]=
1

4π

∫

∂M

dudũTr(g−1∂ugg
−1∂ũg+2g−1∂ũgAu)

+
1

12π

∫

M

Tr(g−1dg)3, (10)

which is a chiral WZW action for a field g coupled to a
background gauge potential Au.

With the WZW term, the full action is gauge-
invariant,

(ICS+Ibd)[Ā]+kIWZW[e−1,Ā]

=(ICS+Ibd)[A]+kIWZW[g−1,A], (11)

where e is the unit element of the group.
Thus, the gauge transformation g becomes a dynam-

ical variable at the boundary, and is described by the
WZW action, which is a conformal field theory. Those
‘would-be gauge degrees of freedom’ [23] are present be-
cause the gauge invariance is broken at the boundary.

3 Boundary action on the horizon of a

BTZ black hole

In the previous section, the boundary of the manifold
could be arbitrary. If the horizon of the BTZ black hole
is considered, more reductions can be made due to the
special properties of the horizon.

3.1 BTZ black hole

To study the physics at a horizon ∆, it is more suit-
able to use advanced Eddington coordinates (v,r,ϕ). The
metric of a BTZ black hole can be written as

ds2=−N 2dv2+2dvdr+r2(dϕ+Nϕdv)2. (12)

We choose the following null co-triads [24],

l=−1

2
N 2dv+dr, n=−dv, m=rNϕdv+rdϕ, (13)

which relate to the orthonormal co-triads by

l≡e−=

√

1

2
(e0−e1), n≡e+=

√

1

2
(e0+e1), e2=m.

(14)

123110-2



Chinese Physics C Vol. 42, No. 12 (2018) 123110

After some calculations, the Chern-Simons connections
(1) are:

A(±)−=−(Nϕ∓ 1

L
)dr−N 2

2
d(ϕ± v

L
),

A(±)+=−d(ϕ± v

L
),

A(±)2=r(Nϕ± 1

L
)d(ϕ± v

L
), (15)

where A±=(A0±A1)/
√
2. Those connections also define

the boundary BF theory on the isolated horizon.
We define new variables,

u=ϕ− v

L
, ũ=ϕ+

v

L
, (16)

which gives
A=Ardr+Audu+Aũdũ. (17)

A crucial property of the connections (15) is that, on the
whole manifold, one has

A(+)±
u =A(+)2

u ≡0, A(−)±
ũ =A(−)2

ũ ≡0. (18)

Another crucial property is that when approaching the
horizon ∆ [24],

A(+)−
ũ =A(−)−

u =
N 2

2
→0. (19)

These two properties are important for later calculation.
Since the topology of the space-section is cylindrical,

which is non-trivial, the vacuum Chern-Simons equation
F =0 will be solved by a non-periodic group element Q
with [8]

A=Q−1dQ. (20)

A general SO(2,1) group element Q(ũ,u,r), using the
Gauss decomposition, can be written as

Q=





1
1√
2
x1

0 1





(

eΨ1/2 0

0 e−Ψ1/2

)





1 0

− 1√
2
y1 1



. (21)

With those parameters, the WZW action is [7]

kIWZW=
k

4π

∫

∆

dudũ
1

2
(∂uΨ∂ũΨ−eΨ(∂ux∂ũy+∂uy∂ũx)).

(22)

3.2 Gauge transformation

Now we consider the gauge transformation (9) with
group element g1 for the A(+).

To preserve the boundary condition (18)

δA(+)
u |∂M=0, (23)

the gauge transformation should be g1 = g1(r,ũ). How-
ever, this boundary condition is still not enough to
determine whether the system we are dealing with is
a black hole or not. So, more restricted boundary
conditions are needed. A crucial property of horizon ∆

is non-expansion. In other words, the expansion θl of the
null normal vector l, which is defined by θl,mamb∇alb,
vanishes on ∆. The , means that the equality is valid on
the horizon ∆. This property reflects on the vanishing
of the connection A(+)−, since after some calculation it
can be shown that

A(+)−=−θlm+(
1

L
−τ)l,0, (24)

where τ =nalb∇amb is the spin coefficient in Newman-
Penrose formalism [25]. We want the gauge transforma-
tion to keep this condition.

We assume the gauge transformation is given by the
SO(2,1) group element,

g1(x1,y1,Ψ1)

=





1
1√
2
x1

0 1





(

eΨ1/2 0

0 e−Ψ1/2

)





1 0

− 1√
2
y1 1



. (25)

Under the gauge transformation (9),

Ā(+)−=eΨ1(A(+)−−A(+)2x1+A(+)+x2
1/2+dx1). (26)

Since A(+)2,A(+)+ are both finite at the horizon, to keep
the boundary condition (24), one needs

x1(r,ũ),0, (27)

and Ψ1(r) is finite at the horizon.
The other components transform into

Ā(+)2=A(+)2(1−eΨ1y1x1)−A(+)+x1(1−eΨ1y1x1/2)

+A(+)−eΨ1y1+dΨ1+eΨ1y1dx1,

Ā(+)+=A(+)+e−Ψ1(1−eΨ1y1x1/2)
2

+A(+)2y1(1−eΨ1y1x1/2)+A(+)−eΨ1y2
1/2

+y1dΨ1+dy1+y2
1e

Ψ1dx1/2. (28)

Those components are required to be finite at the hori-
zon, so that

y1(r+)=finite, Ψ1(r+)=finite, (29)

where r+ is the outer radius of the black hole. Due to
Eq. (27), the derivatives of x1 with respect to (u,ũ) are
0. So the second term in the action (22) vanishes on the
horizon

eΨ1(∂ux1∂ũy1+∂uy1∂ũx1)),0. (30)

So the final action on the horizon is then

kIWZW=
k

4π

∫

∆

dudũ
1

2
∂uΨ1∂ũΨ1

=
k

4πL

∫

∆

dvdϕ[L2(∂vΨ1)
2−(∂ϕΨ1)

2], (31)

with Ψ1 depending only on ũ= ϕ+ v
L
. This is a chiral

massless scalar field theory which is very similar to the
edge theory for the quantum Hall effect [26]. Even the
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on-shell action is zero; it has non-trivial dynamics. Af-
ter quantizing this theory, the Hilbert space forms the
representation of the Abelian Kac-Moody algebra.

Similar results can be obtained for the A(−), which
gives another chiral massless scalar field Ψ2 depending
only on u.

4 Conclusion

In this paper, field theory on the horizon of a BTZ
black hole was investigated. Starting from the Chern-
Simons theory, one can get a chiral WZW theory on any
boundary. Restricting to the horizon, this WZW theory
reduces further to a chiral massless scalar field theory.
Since general relativity is equivalent to two copies of CS
theory, the final theory on the horizon is two chiral mass-
less scalar field theories with opposite chirality. The sum
of those two chiral boson actions can be written in Liou-
ville form [27].

Compared with the conformal field theories on
the conformal boundary, the massless scalar field
theory–which is also a conformal field theory–is more
relevant to black hole physics. It is just on the horizon.
In this paper, we give an explicit action for the scalar
field. The scalar field was also obtained in Refs. [28, 29],
from near-horizon symmetry algebra. The Fourier modes
of its energy-momentum tensor form a Virasoro algebra
with central charge c=1. From this near horizon Vira-

soro algebra Ln one can construct a Virasoro algebra Ln

with c=3L/2G, which is the algebra on the conformal
boundary [30, 31]. The map is given by

Ln=
1

c

(

Lcn+

(

c2

24
− 1

24

)

δn,0

)

, n∈Z,c∈N. (32)

We assume that the central charge c is integer-valued.
Roughly speaking, this can be understood by the fact
[32] that the central charge is c=6k where k is the level
of the Chern-Simons theory (4). To have a well-defined
quantized Chern-Simons theory, k should be an integer,
and so is c.

The difference between those two central charges
might be understood as the red-shift effect. In Ref. [31] it
was shown that the energy scale at the stretched horizon
and the asymptotic one are related by a factor c=3L/2G.
The massless free scalar field (which has c=1) has lit-
tle entropy by the Cardy formula, so only captures part
of the degrees of freedom in the bulk. There might be
some possible way to solve the “mismatching of entropy”
issue.

As a final remark, the conformal symmetry used here
is different from that which appears in Carlip’s effective
description of the black hole entropy in arbitrary dimen-
sions [33]. As noticed in Ref. [34], the symmetry of this
paper is on the “ϕ−v cylinder”, while the symmetry of
Ref. [33] is on the “r−v plane”.
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