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Effects of inhomogeneous magnetic fields and different Dzyaloshinskii-

Moriya interaction on entanglement and teleportation in a

two-qubit Heisenberg XY Z chain *
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Abstract: In this paper we calculate the thermal entanglement and teleportation in a two-qubit Heisenberg XYZ

chain with the different Dzyaloshinskii-Moriya interaction and inhomogeneous magnetic fields. The analytical expres-

sions of the concurrence and the average fidelity are obtained for this model. We have shown that the quantum phase

transition occurs in the system and the quantum phase transition point depends on the inhomogeneity of magnetic

fields. We compare the x-component Dzyaloshinskii-Moriya interaction with the z-component Dzyaloshinskii-Moriya

interaction on the effects of quantum teleportation. It is found that we can take Dzyaloshinskii-Moriya interaction

as one of the effective control parameters for the teleportation manipulation.
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1 Introduction

Entanglement [1] as a fundamental quantum-
mechanical feature makes possible tasks in quantum in-
formation which are impossible without it [2]. Now en-
tanglement is widely studied for different model systems,
such as strongly correlated fermionic models, harmonic
lattice, and linear cluster states [3]. The quantum en-
tanglement in solid state systems, such as spin chain,
is an important emerging field [4–6]. The Heisenberg
spin chain is an effective model to describe some real-
istically physical systems. In semiconductor quantum
dots [7] and single molecular magnets [8], the magnetic
properties of these systems are usually studied by the
Heisenberg spin chains with the asymmetric anisotropic
couplings such as Dzyaloshinskii-Moriya (DM) interac-
tion [9–13]. Quantum teleportation, which uses prior
shared entanglement between the sender and the remote
receiver as a resource, is the most fascinating feature and
potential application of quantum mechanics in quantum
information processing [4, 14, 15]. The quantum tele-
portation can also be realized in the thermal equilibrium
state generated by Heisenberg interactions. In Heisen-
berg spin systems, an unknown state, which is placed
on one site, can be transmitted to a distant site with
some fidelity by using the dynamics of the system [16,
17]. Entanglement teleportation via thermal entangled

states of a two-qubit Heisenberg chain has been reported
[18–20]. Recently, Zhang [21] has investigated the ther-
mal entanglement of a two-qubit spin chain with DM in-
teraction and entanglement teleportation via the model.
The results disclose that a minimal entanglement of the
thermal state in the model is needed to realize the entan-
glement teleportation. Fardin et.al have investigated the
influences of DM interaction on the entanglement tele-
portation of a two-qubit XYZ system at thermal equi-
librium [22]. They show that, by introducing DM inter-
action, the entanglement of the replica state and fidelity
of teleportation can increase for the case of Jz<0. These
studies reveal several interesting aspects of quantum en-
tanglement not reflected by the concurrence, negativity
or other entanglement measures. But only the influences
of the z-component DM interaction on the entanglement
teleportation have been discussed, and the DM inter-
action along the x-axis has rarely been taken into ac-
count©Specifically, the influences of the x-component
DM interaction on the output entanglement and telepor-
tation for XYZ system have never been reported. This
interaction has many important consequences and may
cause a number of unconventional phenomena. For ex-
ample, the x-component parameter of the DM interac-
tion has a more remarkable influence on the entangle-
ment and the critical temperature than the z-component
parameter of the DM interaction. Thus, by changing the
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direction of DM interaction, people can get a more effi-
cient control parameter to enhance the entanglement and
the critical temperature [23]. These are the motivations
of this brief report. In this paper, we investigate the
thermal output entanglement and the average fidelity in
a two-qubit Heisenberg XYZ chain in the presence of the
different DM interaction by teleporting two qubits in an
arbitrary pure state.

2 The entanglement teleportation and

the fidelity of entanglement teleporta-

tion with the DM interaction parame-

ter Dx

The Hamiltonian of a two-qubit anisotropic Heisen-
berg XYZ chain with the x-component DM interaction
Dx and inhomogeneous magnetic fields is[23]

H = Jxσ
x
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where Jx, Jy, and Jz are the real coupling coefficients,
and σi (i = x, y, z) are Pauli matrices. Here, all the
parameters are dimensionless.

At thermal equilibrium, the density matrix of this
two-qubit spin chain system has the form as follows:
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Now we take Lee and Kim’s [18] two-qubit teleportation
protocol using two copies of the above state ρ(T )⊗ρ′(T )
as our resource. We consider inputting a two-qubit state
|ψ〉in=cos(θ/2)|10〉+eiϕsin(θ/2)|01〉(06θ6π,06ϕ62π).

The output replica state can be obtained by applying
a joint measurement and local unitary transformation to
the input state [24]

ρout=
∑

i,j

pij(σi⊗σj)ρin(σi⊗σj), (3)

where σi (i=0, x, y, z) signify the unit matrix I and
three components of the Pauli matrix respectively, pij =
tr[Eiρ(T )]tr[Ejρ(T )],

∑

pij =1 and ρin = |ψ〉in〈ψ|. Here
E0 = |ψ−〉〈ψ−|, E1 = |Φ−〉〈Φ−|, E2 = |Φ+〉〈Φ+|, E3 =

|ψ+〉〈ψ+| and |ψ±〉= 1√
2
(|01〉±|10〉),|Φ±〉= 1√

2
(|00〉±|11〉).

Hence, one can obtain ρout as
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Then by the standard procedure, the corresponding concurrence [25] quantifying the output entanglement of this
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model is readily obtained as

Cout = 2max{0,|CinV2U2|
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The concurrence of the initial state is Cin =
2|eiϕcos(θ/2)sin(θ/2)|=sinθ. When the input is a pure
state, we can apply the concept of fidelity as a useful indi-
cator of teleportation performance of a quantum channel.
The fidelity between ρin and ρout characterizes the qual-
ity of the teleported state ρout. The fidelity is defined as
[26]

F (ρin,ρout)=
{

tr[
√

(ρin)1/2ρout(ρin)1/2]
}2

. (6)

Fig. 1. (color online) The output entanglement
Cout and the average fidelity FA as a function
of the spin coupling Jz and DM interaction Dx

where J=1, γ=0.3, B=1, b=0.5, T=0.1, and
Cin=1. All the parameters are dimensionless.

Fig. 2. (color online) The output entanglement
Cout and the average fidelity FA as a function
of the magnetic fields B and the inhomogeneous
magnetic fields b where J=1, γ=0.3, D=0.2,
T=0.1 and Cin=1. All the parameters are dimen-
sionless.

The average fidelity FA is another useful concept for
characterizing the quality of teleportation. FA can be
obtained by averaging F over all possible initial states

FA=

∫2π

0

dϕ

∫
π

0

F sinθdθ

4π

. (7)
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For this model FA can be written as

FA=
1

3Z2
(V 2

2 +U 2
1 +2V 2

1 ). (8)

Here we are mainly concerned with the entanglement
teleportation and the fidelity of entanglement telepor-
tation caused by the Dx interaction. We introduce the
mean coupling parameter J and the partial anisotropic

parameter γ in the XY -plane, where J =
Jx+Jy

2
, γ =

Jx−Jy

Jx+Jy

.

The quantity Cout and FA as a function of the x-
component DM interaction Dx and the spin coupling Jz

are plotted in Fig. 1. From Eq. (5) we know that Cout is
dependent on the entanglement of the initial state and
the parameters of the channel. The Fig. 1(a) shows that
Cout decreases monotonically with the increasing Dx in
both antiferromagnetic and ferromagnetic cases. It is
particularly worth mentioning that Cout is not zero re-
gardless of the ferromagnetic cases (Jz =−1), which is
different from Ref. [22]. In Fig. 1(b) we find that the av-
erage fidelity FA becomes greater than 2/3 for Jz >0.1,

which makes the channel useful for performance in a tele-
portation protocol. Clearly the channel is inferior to the
classical communication for teleportation when Jz is in
ferromagnetic cases. The entanglement in antiferromag-
netic cases is more robust than that in ferromagnetic
cases. This is the reason why the system in antiferro-
magnetic cases can get better fidelity.

The quantity Cout and FA as a function of the mag-
netic fields B and the inhomogeneous magnetic fields b
are plotted in Fig. 2. We consider first the case as b=0.
With increasing B, the Cout and FA are maximal and
constants, but it drops suddenly as B crosses the crit-
ical value Bc. At the critical point (b=0, B =Bc) the
entanglement becomes a nonanalytic function of B and
a quantum phase transition occurs [27, 28]. It means
that there will be a quantum phase transition in the
absence of the inhomogeneous field. We also see that
the quantum phase transition field depends on the in-
homogeneity. From Fig. 2(a) we also find that increas-
ing inhomogeneous magnetic fields can induce the output
entanglement, which means we can make entanglement
birth using the inhomogeneity of the magnetic field. In

Fig. 3. (color online) The average fidelity FA as a function of temperature T for different values of spin coupling J

and anisotropy coupling Jz, (a) J=1, Jz=0.4 (b) J =−1, Jz=0.4 (c) J =−1, Jz =−0.4 (d) J=1, Jz=−0.4. γ=0.1,
B=0.4, b=0.2. Dz=0.2 (red, dotted line), Dx=0.2 (blue, solid line). All the parameters are dimensionless.
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Fig. 2(b) the trend for average fidelity accords with the
Cout. The model is not superior to classical communica-
tion for teleportation when B>2.2. These results show
that the fidelity of teleportation and entanglement of the
replica state are tunable by the channel parameters such
as Dx, b, B [12].

3 The comparison between different DM

interactions

The Hamiltonian of the two-qubit Heisenberg XYZ

chain with the z-component DM interaction Dz is

H = Jxσ
x
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Fardin et al. has investigated the influences of the z-
component DM interaction on the entanglement and
the entanglement teleportation of a two-qubit system at
thermal equilibrium [22]. We mainly study the differ-
ences between the two different DM interactions Dx and
Dz.

The effects of the different DM interactions on the av-
erage fidelity are shown in Fig. 3. We depict the average
fidelity as a function of temperature T for different values
of J and Jz. With the increase of temperature, the aver-
age fidelity of the overall trend is downward. But we also
note that the x-component fidelity will maintain a steady
value first and then decrease with the increase of temper-
ature. It is found that the z-component DM interaction

can get a higher average fidelity than the x-component
DM interaction for some regions. In addition, we also
see some other novel properties, such as the z-component
DM interaction, can get optimal teleportation when the
system is at ground state. For certain values of param-
eters, FA becomes greater than 2/3, which makes the
channel more useful for the performance in a teleporta-
tion protocol. Especially for the x-component, fidelity
can be even greater than 2/3 for a higher temperature T
(for example the case T=1 in Fig. 3(b)). These results
show that we can get proper fidelity by introducing Dx

or Dz interaction for different conditions.

4 Conclusion

In summary, we have investigated the effects of the
different DM interaction on the entanglement and tele-
portation in a two-qubit Heisenberg XYZ chain under
inhomogeneous magnetic fields. We analyze in detail the
effects of different DM interaction and other parameters
of the system on the entanglement and the average fi-
delity. By introducing the x-component DM interaction,
the output entanglement can exist even for the ferro-
magnetic case. It also shows that we can get optimal
entanglement teleportation (FA≈1) for certain values of
parameters. In particular, we also find ways of how to
birth entanglement when we need it. All of the above
results might be helpful in the investigation of entangle-
ment production and teleportation manipulation in the
spin system.
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